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Learning theory in a nutshell 

Learn  from examples 
generated from 

Goal: minimize expected error 

Problem: P is unknown. 
Induction principle: “empirical risk minimization” 

V. Vapnik 

Vapnik & Chervonenkis: this is consistent* iff the “capacity” of the        
function class is asymptotically well-behaved (e.g., finite VC dim). 
Computing the capacity is nontrivial… 
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Example of a Pattern Recognition Algorithm 

µ+ µ-

µ+

µ-

µ+ - µ -



Bernhard Schölkopf, September 11, 2008 4 

Feature Spaces 
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Example: All Degree 2 Monomials 
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The Kernel Trick 

More generally: works for positive definite kernels 
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Positive Definite Kernels 

 (RKHS) 

If for pairwise distinct points, Σ=0 iff all ai = 0, call k strictly p.d. 
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Construction of Φ 

Φ(x) := k(x,.)   (Aronszajn 1950),  take linear hull  -> vector space 

< Φ(x), Φ(x’) > := k(x,x’),  linear extension, can prove this is a dot product 

Point evaluation:   f(x) = < f, k(x,.) >.  “Reproducing kernel Hilbert space” 
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The Kernel Trick – Main Points 



Bernhard Schölkopf, September 11, 2008 10 

An Example of a Kernel Algorithm (Schölkopf & Smola 2002) 

µ+ µ-

µ+

µ-

µ+ - µ -
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ctd. 

If k is a density, this is a classifier based on Parzen windows plug-in 
estimates of the two classes. 
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•  sparse expansion of solution in terms of SVs (Boser, Guyon, Vapnik 1992): 

   representer theorem (Kimeldorf & Wahba 1971, Schölkopf et al. 2000) 

•  unique solution found by convex QP 

Support Vector Machines in one Slide 

Φ

k(x,x’)            =           <Φ(x),Φ(x’)> 

class 1 class 2 



Bernhard Schölkopf, September 11, 2008 13 

Kernel PCA 

Schölkopf, Smola & Müller, 1998 

 PCA in the RKHS 

 Contains LLE, Laplacian Eigenmap, and (in the 
limit) Isomap as special cases with data dependent 
kernels (Ham et al. 2004) 
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Application examples 
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MNIST Benchmark 
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MNIST Error Rates 
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PETCTAC 

CT 
Pseudo-CT 

MR 

PETMRAC 

With M. Hofmann, B. Pichler, Radiologische Klinik, Tübingen 
Tracer: [68Ga]DOTA-TOC 
Reconstruction performed on PET/CT Scanner, using Image Size 
128x128, OSEM Reconstruction with 4 Iterations, 8 Subsets; 
Gaussian Filter FWHM 5 mm 

Visual Impression of PETMRAC 
and PETCTAC almost identical  

Quantification Error below 1% 

PET attenuation correction 



Learning of a Motor Primitive (Work in Progress) 
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Kernel Means 

Joint work with: K. Borgwardt, K. Fukumizu, A. Gretton, J. Huang,  
D. Janzing, Q. Le, M. Rasch, A. Smola, L. Song, B. Sriperumbudur, X. Sun 
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Large distance  can find a function distinguishing the two samples 
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Proof Idea:  combine Theorem 2 with 

Discussion:  solves a high-dim. optimization problem… 
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•  assume we have densities, the kernel is shift invariant, k(x,y) = φ(x-y),  
 and all Fourier transforms exist. Note that µ is invertible iff 

  i.e., 

(Sriperumbudur et al., 2008) 
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Causal Inference 

Bernhard Schölkopf, September 11, 2008 33 

Forward model: y = f(x) + n with x, n independent.  
Question: when is there a corresponding backward model? 

f(x)=x 

f(x)=x+x3 



(Hoyer, Janzing, Mooij, Peters, Schölkopf, 2008) 
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Implicit Surface Fitting 

Given a sampling of a surface 

possibly with corresponding surface normals 

Construct a function  f  whose zero level approximates the surface 
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SVM Implicit Surface Approximation 

Schölkopf, Giesen, & Spalinger, 2005 
Walder, Chapelle, & Schölkopf, 2005 

Steinke, Schölkopf, & Blanz, 2005 
Signed distance functions f: 
| f(x)| = distance of  x to the surface 
sign( f (x))=1 iff x is outside the object 

{x: f(x)=0} 

min(f1,f2) 
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Large Scale Example (Walder et al. 2006) 

Left: Rendered model of Lucy, constructed from 14 million points with normals.  
Middle: Each of the 364,982 basis function centres 

Right: A planar slice that cuts the nose. 
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More Examples 

Dragon 1: 440K points – decreasing regularisation 

Dragon 2: 3.6M points 
Thai Statue: 5M points 



Interpolation in 4D 
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4D implicit. No data during red interval. 
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The Morphing Problem 

I1 I2 ½ (I1+ I2) 
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Correspondence 

Given a dense correspondence field (or warp), we can interpolate (and 
extrapolate) images, almost as in a linear space 

(cf. Blanz & Vetter, 1999) 
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Correspondence via Machine Learning (Schölkopf, Steinke, Blanz, 2005) 

•  Objects O1 and O2 living in X. The warp is a mapping 
                     τ : X -> X. 

•  Given surface points xi of the O1 and zi of O2.  
•  If they are in correspondence, we have a training set (x1,z1),…,

(xm,zm) of “landmark points” and can do regression. 
•  What if they are not in correspondence? 

•  Formalize this as a locational cost 
             c (O1, x, O2, τ (x)) 

•  Main idea: τ should be such that 
  O1 relative to x “looks like” O2 relative to τ(x) 
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Locational Cost Functions 

1. 

2. 

3. If      is the feature map associated with a p.d. kernel 
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Optimization Problem 

•  Component functions: for d=1,…,D, 

•  Minimize 

•  For          = 0:  D SVR problems with quadratic loss 
•  in the generic case, nonconvex 
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Toy Example 

Signed 
distance 

Signed 
distance 

+ normals 
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Object Morphing 

(signed distance and normals, no landmark points, no color information) 
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Head Morphing 

(signed distance and normals, no landmark points, no color information) 
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Steinke et al., NIPS 2006 
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with Dept. of Physiology, MPI for Biological Cybernetics 



Markerless Automatic Tracking of 3D Surfaces 

Walder et al., 2008  
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•  Geometry and color approximated by 4D 
implicit and 3D regression 

•  Mesh is initialized and tracked by 
minimizing an energy involving 
•  Surface distance 
•  Color change 
•  Acceleration 
•  Mesh regularity  
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thank you for your attention 


