PHYSICAL REVIEW D 106, 046002 (2022)

TT deformation on multiquantum mechanics and regenesis

Song He

1,2,* s o347
and Zhuo-Yu Xian™™"'

'Center for Theoretical Physics, College of Physics, Jilin University,
Changchun 130012, People’s Republic of China
*Max Planck Institute for Gravitational Physics (Albert Einstein Institute),
Am Miihlenberg 1, 14476 Golm, Germany
3Institute for Theoretical Physics and Astrophysics and Wiirzburg-Dresden Cluster of Excellence ct.qmat,
Julius-Maximilians-Universitat Wiirzburg, 97074 Wiirzburg, Germany
*Institute of Theoretical Physics, Chinese Academy of Science, Beijing 100190, People’s Republic of China

® (Received 10 April 2022; accepted 26 July 2022; published 10 August 2022)

We study the 7T deformation on multiquantum mechanical systems. By introducing dynamical
coordinate transformation, we reformulate the one-dimensional TT deformation of generic quantum
mechanical systems, which is consistent with the previous proposal in the literature. We further study the
thermo-field-double state under the 77 deformation on these systems, which include the conformal
quantum mechanical system, the Sachdev-Ye-Kitaev model, and the model satisfying the eigenstate
thermalization hypothesis. We find common regenesis phenomena in which the signal injected into one
local system can regenerate from the other local system. From the AdS,/CFT, perspective, we study the
deformation of Jackiw-Teitelboim gravity governed by Schwarzian action and find that these regenesis

phenomena are realized by exchanging boundaries graviton via the nonlocal 77 coupling.
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I. INTRODUCTION

The TT deformation of field theory has recently attracted
significant research interest in field theory and holographic
duality. The 77T deformation of two-dimensional (2D)
rotation and the translational invariant field theory have
been defined in previous research [1-3], as being triggered
by the irrelevant and double-trace operator 77 = —det(T,, ).

Although the TT deformation flows toward ultraviolet (UV),
it exhibits numerous intriguing properties, particularly its
integrability [2,4,5]. If the undeformed theory is integrable, a
set of infinite commuting conserved charges or Korteweg-
de-Vries charges exists in the deformed theory. If the theory
is maximally chaotic, the deformed theory holds the maxi-
mal chaos [6,7], which agrees with the TT deformation, is
irrelevant.

The TT deformation of the (0 + 1)-dimensional quan-
tum mechanical (QM) system is studied in [8,9]. When the
QM system is taken as the Sachdev-Ye-Kitaev (SYK)
model [10-15], the deformed SYK model exhibits the
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maximal chaotic behavior as the undeformed model.
Moreover, the one-dimensional deformation of boson
gas has been studied in [16].

The present study analyzes the 77 deformation in multi-
QM systems. It is a broad class of QM’s integrable
deformations, which can be regarded as a transformation
of the Hamiltonian H — f(H). As shown in [3], the TT
deformation on multi-QM systems effectively couple the
local system and generate a nonlocal phenomenon. In this
paper, we calculate the causal correlation caused by the TT
deformation on the bi-QM system, in which the two local
QM systems, labeled L and R, share the Hamiltonian in the
same form.

We will focus on a particular entangled state in the bi-
QM system, the thermo-field-double (TFD) state, in which
the local system is in a thermal state, and the local entropy
is caused by entanglement. When the QM system has
holographic duality, the geometric correspondence of the
TFD state is an eternal black hole [17,18].

When the two QM systems are coupled with each other,
and their interactions match the entanglement structure of
the TFD state, a phenomenon similar to quantum telepor-
tation appears, in which the signal injected into one QM
system can regenerate from the other QM system [19].
The teleportation of the quantum state is constructed in
the SYK model [20] and in 2D conformal field theory
(CFT) [21]. We call this phenomenon regenesis.
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The geometric correspondence is known as a traversable
wormhole [22-25], in which a signal injected into the
external black hole from one boundary at a proper time
can transverse the Einstein-Rosen bridge and reach the
other boundary. The traversability of the wormhole is
closely associated with the violation of the averaged null
energy condition (ANEC). The ANEC indicates that the
integral of null energy on a null ray must be non-negative
in any UV complete quantum field theory (QFT). The
ANEC has been proven in many particular cases [26—28].
The ANE can measure changes in the causal structure
when the matter stress tensor perturbs the solution of the
vacuum Einstein equation. When the ANE is negative,
the null ray in the unperturbed metric becomes timelike
in the perturbed metric. In classical general relativity, the
existence of a traversable wormhole implies negative ANE.
To construct a traversable wormhole, the authors of [22,23]
added the double-trace deformations O; Oy between the two
sides of the black hole. Under this deformation, the ANEC is
violated, and the Einstein-Rosen bridge of the eternal black
hole becomes traversable.

However, not all the regenesis phenomena have geometric
correspondence in the semiclassical approximation [19,23].
The signal is injected earlier than the scrambling time in the
interference region. The backreaction to the wormhole
destroys the correlation between O; and Oy and contributes
a nonzero phase to the correlator carrying the signal. The
signal regenerates from the other side at the time-reversed to
the injection time. Such a regenesis phenomenon is called a
“quantum traversable wormhole” [19].

The above double-trace deformation on the bi-QM system
is relevant and can change the ground state [24,25]. The
present study considers the 77T deformation of bi-QM
systems in the TFD state. As a double-trace deformation
with stress tensors, it is nonlocal and irrelevant. So we expect
to find regenesis phenomena contributed by UV channels. In
the usual construction of a traversable wormhole, the non-
local deformation should match the entanglement structure
of the TFD state such that the O; and Oy constructing the
deformation should be initially correlated. However, the TT
deformation is unique and unrelated to the entanglement
structure; therefore, we expect a relatively weak but general
regenesis phenomenon.

The organization of this paper is as follows. In Sec. II,
we give a general framework of the 77T deformation of
single or multi-QM systems. In Sec. III, we study the first-
order TT deformation of bi-QM systems in TFD states.
Taking conformal QM, the SYK model, and the system
satisfying the eigenstate thermalization hypothesis (ETH),
we discuss general regenesis phenomena in which a signal
can pass from one QM system to another QM system.
In Sec. IV, we study the 7T deformation in a wormhole
based on Schwarzian theory, the results of which agree
with those of the bi-QM system analysis. A summary
and a discussion of prospects are given in Sec. V, which
concludes the paper.

II. TT DEFORMATION ON
(0 +1)-DIMENSIONAL SYSTEMS

In this section, we give some general approaches to study
the TT deformation on a multi-QM system.

A. Solution of TT deformed Hamiltonian

Consider a pair of canonical variables {g, p} and a
Hamiltonian H(q, p). Given a solution of the Hamiltonian
equation
(2.1)

q(t) = (g0, Po- 1), p(t) = p(qo, Po- 1),

in which the initial conditions are g, = ¢(0) and p, = p(0),
we consider a new Hamiltonian

H = f(Ho) (2.2)

that may be in the form of the 7T deformed Hamiltonian
proposed in Refs. [8,9]. The new Hamiltonian equations are

0H, oH
q = f'(Hy) == pl=—f(Ho)==".

2.
op’ Ox (23)

The solution of the deformed theory with the same initial
condition is

q(t) = 4(qo: po.T),  p(t) = P(qo> Po- T),

T = f'(Ho(qo, po))t. (2.4)

where T is the dynamical coordinate.
For the theory H((g, p) with multiple pairs of canonical

variables {G = (41,92, -+ 4u)- P = (P1: P2+ - Pa) }, SiM-
ilarly, we can construct a new solution

ps(t) = ﬁs(aO’ 1_5()7 T),

s=1,2,...,n,

QS(I) = Qs(ao’ 1_507 T)v
T = f'(Ho(qo. Po))t.

which satisfies the initial conditions ¢, = (¢,(0),
42(0). ... 4,(0)) and By = (p1(0). p2(0). ... pu(0)).

(2.5)

B. TT deformation and dynamical coordinate

In this section, we realize the TT deformation in the
(0 + 1) dimension by generalizing the dynamical coordi-
nate transformation from Refs. [29,30]. One can also
refer to recent extensive studies [31-37] in the (0 + 1)
dimension. We couple the original action S to a (0 + 1)-
dimensional “gravity” as

S{ew vk, ¢] - Sgrav [e/v UM] + S(J[e/l7 ¢]1 (26)

1
Serav]ey, V] = I/dte,B(etv’), (2.7)
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with e, the dynamical tetrad, B the undetermined function,
and ¢* a fixed co-tetrad corresponding to the metric on
which the deformed theory lives. We can take »* = 1 and
then have

dT . dr

er =1, e = (2.8)

Take the scalar theory

So = /dte, (ﬁ 0,¢0,¢p — V(q’))) (2.9)

as an example. By introducing the canonical momentum p,
we can write it into a first-order form

o= [ ate, (- poag-tuia.).  210)

with H, the undeformed Hamiltonian.
The equation of motion of e, is

e, v'B'(e,v") + B(e,w') — AHy = 0. (2.11)
In the T coordinate, from (2.8), it becomes
ar dT dTr
—B'| — Bl — ) —1AH
dt (dt) + (dt) AHo
= f'(Ho)B'(f'(Ho)) + B(f'(Hy)) = 4Hy =0, (2.12)

where dT = f'(H,)dt is used. It could be solved by

i),
fI(H)  f(H)

B(f'(H)) = AH

where C is a constant of integration.

In the ¢ coordinate, one can find the solution B of (2.11)
such that e, = f'(H,). By integrating out ¢, in the action,
the resulting action is

s— [ dr(pog - f(tto)), (2.14)
where the constant term C/1 has been dropped.
For TT deformation [9], we have
1-+v1-8HA
f(H) = ——. (2.15)
42
The function B is determined as
(x=1)?
B(x) = e (2.16)

Finally, one can check that the deformed Hamiltonian
satisfies the flow equation

2

20,H = ——
% 4—-2)H’

(2.17)

which is consistent with [9]. If §, takes the form given
by (2.9), the deformed action after integrating out e, is
given by

S:/dz(WZAI_SW(@_l). (2.18)

We can apply the above approach to the single 1D Liouville
action and obtain the deformed action given in [9].

We follow the dynamical coordinate transformation
proposed by [29,30] in 2D quantum field theories to realize
the 7T flow equation. We extend this approach to 1D;
namely, the undeformed theory couples with the 1D
massive gravity B, which can be regarded as an alternative
way to realize the TT deformation. We introduce an
undetermined function B to characterize the unclear mas-
sive gravity in 1D. Our approach gives the same results
as Ref. [8]. But we work in the Minkowski signature and
use the saddle point approximation, while the authors in
Ref. [8] work in the Euclidean signature and use the exact
path integral.

C. TT deformation on multifields

For the theory with multiscalars J) = (¢1, P2, .-, Py,) In
the (0 + 1) dimension, the TT deformed action can be
obtained as follows. We consider the original Lagrangian

1 -
Lo=32 4= V(@) (2.19)
Then the Hamiltonian is
1 s

where p, is the momentum conjugate to ¢,. We consider
the 7T deformation as

1-+1-81H
B, = LoV (221)
4
Then the deformed Lagrangian is
1+ 425", 4.") (1 = 82V (h
LIS -8V () o)

A 4

It satisfies the flow equation
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oL, -7
—_— =, 2.23
oA 1/2=24T, ( )
where the deformed energy-momentum tensor is
dﬁl

III. CAUSAL CORRELATION CAUSED
BY THE 7T DEFORMATION

A. First-order TT deformation on bi-QM system

We consider a QM system with Hilbert space H and
Hamiltonian H. Denote the dimension of the Hilbert space
as D = dimH and the spectrum density of H as p(E). The
summation of the energy spectrum can be written as an
integral forms >z = D [ dEp(E)

Now, we consider the two copies of the QM system
and call them QM; and QMg. The Hilbert space is H ® H.
The Hamiltonian is Hy = H; + Hg, where H; = H ® 1
and Hp =1 Q H.

We consider the global Hamiltonian as

H, = f(Ho). (3.1)

with

f(H) = H +21H?, (3.2)
which is the 7T deformation (2.15) at the first order. The
TT term couples QM; and QM nonlocally. Because the
TT deformation is irrelevant, new mechanics is introduced
in the UV, but the ground state of the deformed theory
generally remains unchanged. We introduce the 77 defor-

mation of states with two strategies.

B. TT quenched TFD state

1. State

We prepare the undeformed and non-normalized TFD
state as

(P10, (1)) Or(1:)'P)

2

p p :
= 2012021 eXp{——El — EEZ + ltlf

E\E,

=Y 01,0, exp{—§E+ +2iM_E2 + it (1 + 4/1E+)E_}

E\Ey

=Y 0,0, exp{—gE+} / " AP K (<22 it (1 + 4E.) + ) exp{—PE_}.

E\E,

(QE,) - inf QEy) — it f(E, + E2>}

W) = e PIE)|E), (3:3)

E

in which the reduced density matrix on each side is
p= e HIENE
E

Their normalization is

¥)/VZ(P). p=p/Z(p). Z()=y "

E

(3.4)

(3.5)

We consider the TFD state |¥) at r = 0 and let it evolve
with the deformed Hamiltonian H;, namely,

(1)) = e~/ |@). (3.6)

Notably, the reduced density matrix on each side remains
unchanged, namely,

p(t) = p. (3.7)

Therefore, the entanglement between QM; and QMy, is
independent of the time.

2. Correlation

Consider a local and Hermitian operator O acting on H.
Its two copies are

0,=0Q1, O0x=1@0, (3.8)

where the transpose is taken on the energy basis of H,,.
To study the causal correlation between two QM systems
under the 7T quench, we calculate the retarded correlator

GRr(t1.1y) = _i®(t—)<‘il|[0L(tl)’ Ox(12)]|¥)

=20(1_)Im({¥|0, (1) Op(1)[¥). (3.9

where ¢, =1, 1, and O(t) = e™:0e~":, This is the
linear response of the protocol, which is sending a signal
from QMy, at time 7, and measuring QM; at time #;. We
consider z_ > 0 below. We first calculate the correlator on
the energy basis as

(3.10)

(3.11)

(3.12)

(3.13)
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where O;; = (E;|O|E;), Ey = E; + E,, and the kernel
2
Klap) =5 [ de™ o8 = ool (14
- 2\/n'a 4a

To analytically calculate the above transformation,
we consider the weakly coupled limit [1| < 1/Ej4, where
Ey = (P|H,|P) is the energy at the inverse temperature /.
Thus, we can approximate |A|E, < 1 such that

Grr(t1.12) = (P|0. (1)) Og(12)|¥)

zi/ooduK(—Zi/lt_,it++iu)GW(u;ﬁ), (3.15)

where the half-circle Wightman correlator is Gy (u; ) =
Tre~P/2+1H Qe=f/2=)H Q) /7(B). The approximation
becomes exact when 7, =0 or 7. — co. The complex
conjugate of (3.15) shows

A< =4, Grr(ti,12) < Gre(ty, )" (3.16)

at the weakly coupled limit. Thus, we consider a positive
A value.

Furthermore, at weakly coupled limit [1] < 1/E;, we
can use the saddle point approximation u = —f, + du
in (3.15) when the variance \/Az_ in the exponent is small
compared to the characteristic time in Gy, namely,

Gir(t1.1)

~ = 420(1_)(P|0) (1,)OF

= —410(1_) Gl (1,1 B).

When 1 =—1,=1t>0, GRp(t,—1) ~—42G"(0;p) is
completely independent of 7. The signal can instantly pass
through the system from QMy to QM; .

Both kinds of 77 quench lead to a nonvanishing retarded
correlator. The entanglement structure of the TFD state
leads to the quantum correlation between the operator Oy,
and Op. Because the operators also perturb the energy
correlation, under 7T deformation, the quantum correlation
becomes the causal correlation. It can be described as
sending a signal into QMp at a particular time and
measuring it on QM; at the reverse time with the highest
intensity, similar to the traversal phenomenon under non-
local double-trace deformation in the interference region
discussed in [19,20]. However, there is some difference
between ours and theirs. The double-trace deformations in

= —i0(t_)(¥| [eizz(HﬁHR)ZO(LO)(II)e—i2/1(HL+HR>2, 0;0) (1,)]]P)

—i5u2
Grr(ty, 1) dé ’/
LR 1,12 / u 81[

(GW< i)+ Gl (- f+;ﬂ>> (3.17)

= Gy(—t.3p) = 2iM_GY (=1 p). (3.18)
Thus, the retarded correlator is approximated by
Gip(ty 1) m =44t O(1_)Gyy (=13 ). (3.19)

If the characteristic time in Gy, is f, such as conformal
correlators, the valid region of the approximation is
A< P

This is also the result from the first-order perturbation
on A, since

L (0 2 (0

(04(1). Ox(12)] = ~4idr_0} (1) OF (12) +- O], (3.20)
where 00 (1) = e Qe~"™o, Because of the entangle-
ment structure, G, (—7,;f4) is maximized at 7, =0.
Therefore, the signal appears from QM; near the time
1 1 — —t2.

A similar regenesis phenomenon appears if we apply an
instantaneous TT quench on the TFD state

H,(1)

The retarded correlator at the first-order perturbation of 4 is

(3.22)
() |¥) (3.23)

(3.24)

|
their setting are usually relevant, which changes IR physics.
At the same time, the TT deformation is irrelevant, which
only changes the UV physics. So our regenesis could
happen instantly and without a finite waiting time. More
specifically, since the GXp is related to the two-point
function Gy, rather than four-point functions, namely
out-of-time-order correlator, it does not rely on chaos
and is not associated with the scrambling [12,38,39].

C. TT deformed TFD state

1. State

Alternatively, we can prepare a new TFD state with the
TT deformed Hamiltonian

046002-5
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W) =D e PMERIE) |E)y, (3.25)
E
pr =S e B|ENE (3.26)
E
It evolves with the deformed Hamiltonian as
|¥,(1)) = ™), (3.27)
pat) = pa, (3.28)

where p; is the reduced density matrix on each side. The
state can be normalized as |¥,) = |¥,)/\/Z,(5), where
the deformed partition function is Z; () = Tr[e #/())]. The
entanglement is time independent as well. Since f'(E) > 1
for A > 0, the deformation enhances the imbalance of the
energy distribution e#/(£) such that low energy states have
higher probabilities. Therefore, at the same temperature, the
entanglement in the 77 deformed TFD state is generally
lower than that in the 77 quenched TFD state.

2. Correlation

The correlator on the 7T deformed TFD state is

(W2]OL(11)Or(12)[¥)) (3.29)
= 32000s exp{ =4 (B = F(E:) + i 081 = i 2B = o (E: + )} (3:30
E Ey
= 23012021 exp{—ﬂE (1+2E,) + 2/1<it_ —i) E2 +it (1 +4/1E+)E_} (3.31)
E E,
_ EZEZOQO21 exp{ E.(1+ AEQ} /_: dp'K (—2/1 <it_ - g) Lt (1+4IE,) +ﬁ’) exp{—FE}.  (3.32)

Similarly, at the weakly coupled limit 1| < 1/E; = 1/(¥,|H,|'¥,), we use the approximation |4|E, < I and find

Grr(ti.12), = (V|0 (1)) O (1) |¥)) ~ i/

which is coincident with the G (7, 1,) in (3.15) with the
replacement it_ — if_ — g. From (3.20), at the first-order
perturbation on 4, the retarded correlator GX,(t,,1,), is the
same as GRp(1,12).

D. Applications

1. Conformal QM

We can apply the above formula to a conformal QM. For
a primary operator O with dimension A, the Wightman
correlator is

Gy (t: ) = (/3 sech ’; t) * (3.34)

From (3.15), the correlator on the TT quenched TFD state is

24
Grr(t;, 1) = () ”8n’ / du sech?® (rru)

t t
Xexpw x_%_—,

3.35
i8x ( )

® duk (—2,1 <it_

—g),ihr + iu) Gw(u; p), (3.33)

as shown in Figs. 1-3. In Fig. 1, the peak appears near the
timescale /° /A, which indicates the best regenesis. The
correlator on the 7T deformed TFD state is

2A
GLR(t17t2 1= ( ) 8]1'x/ du SeChZA ﬂu)

ol A (),
(3.36)

The behavior is close to that in the case of the 7T quenched
TFD state, except that the correlation is slightly suppressed
due to the loss of entanglement.

2. The SYK model

We consider the SYK model as the QM system, in which
the local Hamiltonian is [12—15]

-4 ~1(,_1\1 72
D Z . . 5 207 (g-1)1T
H__' J .qw/l...w/q’ Jj P _W

(3.37)
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1 L
? 0.100
= A
& 0.010 — 0.25
= 0.001 . — 0.05
10 —— 0.01
1074 0.01 1 100
A/B2
FIG. 1. Gpg(t,—t) for conformal QM, in which the real

(imaginary) part is denoted as a solid (dashed) line. The gray
lines denote power laws ¢ and /2.

The SYK model exhibits free fermionic behavior in
the UV and conformal symmetry in the infrared (IR).
The two-point function interpolating between UV and IR
can be solved at the large-¢ limit. The Wightman function
is [14]

1 cosZ¥ \ 27 1/q v
Gy(t,p) = 3 [(cosh’z”’> ] , v = ﬂjcosT.
p
(3.38)

For the TT quenched TFD state, the correlator at weakly
coupled limit [1| < 1/E; ~BJ%/N is similar to the con-
formal result:

2/111 /
GLR(tl’ tz) = <ﬂv> Sx / du SeChz/q ﬂ'UM)

xexp(u+t+/ﬂ ’ ;TB

i8x
which is close to the result from exact diagonalization in
Fig. 4. For the TT deformed TFD state, the correlator is

2/q 1
Grr(ti t), = < ) 2\ S / du sech® 4 (zvu)

(u+t,/B)? At i
XCXPT, B(?"_Z)
(3.40)

(3.39)

3. The system satisfying the ETH

We can apply the above formula to the system satisfying
the ETH. Consider the Hermitian operator O which
satisfies [40-43]

1
VD
<Rab> <RabR:d>

where R, is a random matrix. We further assume that the
operator O has bandwidth I'™:

OQbN F(E+,E_)Rab, a ?é b, (341)

:O, :5ac5bd’ Ei:EaiEb’ (342)

~ 10p 0.15F
g — a
L 0.8 T o.10fF
3 = A
@ 06 / g f
E o g 0% — 0.25
a 3 0.00—= ] 0.05
g o2 / £ o0 \ / '
2 & -0.05f ]
0.0L ‘ ‘ 3 ‘ ‘ ‘ ‘ J —— 0.01
-1 0 1 2 3 4 -1 0 1 2 3 4
8 g
FIG. 2. Gx(t,—p) for conformal QM, where 1/ = 0.01.
—_ 1'0 -‘ —_
N @ 0.2}
o8} I
= = 0.1
& 06} E A AIB
g \é/ 0.0 P — 0002
£ o4 s T 37 s
(15: 0.2 / E -0 W ] 0.01
~ ook ‘ d T ‘ ‘ ‘ j —— 0.025
-1 0 1 2 3 4 -1 0 1 2 3 4
g t8
FIG. 3. G(t,—p) for conformal QM, where A = 0.25.
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0015}
8 S 0010}
= £ 0.005¢
S o
o S 0.000 -
x = o2
~0.005 \ . ]
-0.010 &, ‘ LA J
1 0 1 2 3 4
/6] /B

FIG. 4. Gx(t,—p) for the SYK model. The dots denote the results from exact diagonalization. The curves denote the results from
(3.39). The parameters are ¢ =4, N =20, 7 =1, =2, 2= 0.02.

F(E_,E_) ~A(E,/2)e”|E-IT, (3.43)

The off-diagonal part of the correlator of the operator on the 77 quenched TFD state is

<IP|0L(I1 OR 153 |lP ZOua exXp {_ﬁEa} (344)
E, i N 2
= —Z RapRp,)A exp =By + 20 B2 + it (1+40E, )E_ - Z|E_| (3.45)
a#b
E+ ﬁ 2
—ZA 55 ) eXpy =5 By 4200 B2 + it E_ ——\E | (3.46)
a#b

based on the weakly coupled limit |1| < 1/E,. For large D, the energy band A = E,x — Eyy, is much larger than the
bandwidth I". So we can calculate the integral in the approximation of the flat spectrum difference as

A 2A +00
> ~D? A dE,dE,p(E,)p(E,) ~ D* A dE. p(E. /2) / dE_. (3.47)

a#b -

Then, the off-diagonal part is simplified as

27 E E +oo 2
D / dE A\ =" p —- ) exp —éE+ / dE_exp{ 2it_E2 + it [E_ — =|E_|
0 2 2 2 . r

- Z{D AA dEA(E)zp(E)e_/’E} @{g(z/i”%) +g<72é%>], (3.48)
where
9(z) = eFerfe(z) = <1 ——/ dxe xz). (3.49)

Let A = Z[|7'D [» dE A(E)?p(E)e™PE. The retarded correlator is

2T — i 2T +i
GRo(11. 1) m4Azlm{1 /_i;t_ [g(éﬁ) +g<%)] } (3.50)

Asymptotically,
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Mt s, 1= 0
GRe(1,—1) — 2A? . : (3.51)
I_— o
whose exponents are the same as the conformal result in Fig. 1.
By replacing ir_ — it_ —%, we obtain the retarded correlator of the 77 deformed TFD state as
2/T — it 2/T + it
GRu(t), 1 z4AZIm{ - { < — >+ <—*>]} 3.52
et f2); 22— 4ir ) |? 22(B — 4it_) g 22( —4it_) (3:52)
|
IV. TT DEFORMATION ON 1
SCHWARZIAN THEORY I=52G ), &V o(K=1) (4-6)
In this section, we consider the T7 deformation on
an eternal black hole in Jackiw-Teitelboim (JT) gravity = —C [ dt|Sch —cothﬁ, u | + Sch tanh(p—R,u
2 2
as [44,45]
+ Ole?] (4.7)
1 2 /
=16z Ud * _gq)(RHHz/,dx _hq)”(K_l)] :g/dt (/AC RSN U
) 2] Monr T T g T
O]
+ surface term, C= g E} (4.8)
with the boundary condition T
Similar to the argument presented in [24], the action has
ds? = —di*/€?, ®, = D, /e, (4.2) SL(2) gauge symmetry, and the gauge charges vanish.

where b denotes the boundary, 4 is the induced metric
on the boundary, @, is the value of the dilaton ® on the
boundary, and ¢ is the UV cutoff. We have introduced a
counterterm to cancel the divergence in the exterior
curvature K. By integrating out the dilaton ®, we have
R + 2 = 0. The solution is an AdS, space. In the global
coordinate and the Rindler coordinate, the metric reads

,  —di* + do?

ds* =———>—=— sinh? pdg?* + dp>.
sin“ o

(4.3)
We consider two boundaries L and R with reparametriza-

tion (¢ (1),pr (1)) and (g@g(1),pr(t)), respectively. To
satisfy the boundary condition, the reparametrizations
are expanded as

1L (1)

sinhp; (1) = “er (0 24, (1) +0(e?), (44)
) B 1 €(p”(l‘>2
sinh pg (1) = 0 + 24)5; 0 +0(e?).  (4.5)

The action is then reduced to the two-sited Schwarzian
theory:

Therefore, the solution can be transformed into the LR-
symmetric form ¢, (1) = @g(t) = ¢(t). Following [8], we
will consider the 7T deformation and use Ostrogradsky
formalism to write down the canonical variables [46]

91 =@, q1 = (P/a
oL oL q0//2 ¢(3)
o el
aL ¢//

The Hamiltonian in Ostrogradsky formalism is

1
Hy=H; +H = p1qy + —piq — Cqs.

e (4.10)

The solution of the TFD state at inverse temperature f is

2rt
t) = t) =—
@(1) = @p(t) 5
and all the canonical variables are determined by (4.9).
With (4.4) and (4.5), the solution of the reparametrization
describes two boundary trajectories on the constant radius
in the Rindler patch of AdS, space, which corresponds to a
wormhole connecting the two boundaries from a higher-
dimensional perspective.

(4.11)
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We first consider a general deformation:

H, = f(Ho). (4.12)

Under the deformation, the canonical relations are deter-
mined by the deformed Hamiltonian equation as

_0H,
=5

OH,
oq;

/

qi

/

pi= (4.13)

Given a solution of the Hamiltonian equation of H, such as
the ¢4(¢) in (4.11), we can find a solution of H, from (2.5).
We introduce the dynamical time as

T = kt, k= f'(Holps(1)]),

(4.14)
where Hygj(t)] = 47*C/f? refers to the value of H, on
the canonical variables determined by the solution in (4.11)
with the canonical relation in (4.9). A solution of the
Hamiltonian equation of H is

@(1) = @p(kt) = @pp(t) = 2zkt/p,  (4.15)
q1=2xkt/B, q,=2x/p, p1=2xC/B, p,=0, (4.16)
and the energy is H,[py(kt)] = f(4x>C/p?).

We select the 77 deformation as
1 —+/1—-8Hy
Hy = f(Ho) = ———— o, (4.17)

Then, k=1/\/1—=32222C/f* and H,|py(kt)] = (1-

V1 =327%C/p%)/44. So, the weakly coupled limit in
Sec. Il means || < #*/C and k =~ 1 here.

The solution (4.15) has two interpretations that corre-
spond to the two strategies separately in Sec. III. First,
recall that the local state p(7) in (3.7) is a thermal state
of the undeformed Hamiltonian H,. Thus, the solution
@(1) = @gi(1) is interpreted as the TT quenched TFD state
|¥(7)) at the inverse temperature f/k in (3.6). Second,
recall that the local state p,() in (3.7) is a thermal state of
the deformed Hamiltonian f(H), in which the dynamical
time is kz as well. Thus, the solution ¢(1) = @g(kt) is
interpreted as the 7T deformed TFD state |¥,()) at the
inverse temperature £ in (3.27).

The deformed solution (4.15) is related to the unde-
formed solution (4.11) by rescaling the time. By plugging
(4.15) into (4.4) and (4.5), respectively, we know that the
TT deformation moves the two boundaries into the bulk but
keeps them spacelike separated, which agrees with the fact
that the deformation is irrelevant. Thus, the causal corre-
lation found in Sec. III is not associated with the causal
structure of a semiclassical wormhole and is instead similar

WWWWWWWAWWAWWWWAA

FIG. 5. Witten diagram in retarded correlator GX, at first the
order of A in the global coordinate of AdS,. The solid line
represents the propagator of the matter field, and the wavy line
represents the propagator of the boundary graviton (reparamet-
rization model). The boundaries are spacelike separated.

to the “quantum traversable wormhole”' in Ref. [19].
Without the 7T deformation, the vanishing of the retarded
correlator is originated from the perfect cancellation
between the two propagators (020) 09) and <01(R0) O(L())),
which are dual to the process of a virtual particle traveling
from R to L and from L to R in bulk, respectively. With
the TT deformation, the virtual particle can release two
gravitons that annihilate on the boundaries via the H; Hg
term in the 77 deformation, as shown in Fig. 5. The
propagators acquire different factors, resulting in the
propagation of real particles.

More precisely, we can directly calculate retarded
correlator GR(t,,1,) at the first order of 1 by using the
Schwarzian action. Taking the GX.(t,,1,) in (3.23) as an
example, where the TT quench is applied instantaneously,
we consider the reparametrization mode ¢(t) = 1 + &(t)
and expand the dynamical part of the Euclidean Schwarzian
action, the correlator, and the nonlocal 7T term with
respect to (1) as

C

=% / de(e" (1) — () + OF]),  (4.18)

(0(21)0(2))

'Notice that the traversability of the semiclassical traversable
wormholes in Ref. [22] is different from the traversability of the
“quantum traversable wormhole” in Ref. [19]. The former
happens after the scrambling time and is related to the spacetime
structure of the bulk. The latter occurs in the interference regime
much later than the scrambling time. It is generated by the
superposition of the bulk states and is not related to the spacetime
structure.
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~42H Hg = Ole] = 42C* () (0) +¢/(0)) () () + € (x))
10, p=2x (4.20)

The quadratic term in [, gives the propagator of reparamet-
rization model (e(7)e) = —(z —|7|)(zx — |z| + 2sin |z])/
(47C) [45]. The brackets (eeee) in the commutator
—4){[[H Hg, Or(1,)], O(t,)]) are factorized into (e€)({ee),
as shown in Fig. 5. The O[¢?] term in /,, and the Ole] term in
—41H; Hy do not contribute to the commutator. The final
result is (3.24) at the tree level.

By Legendre transforming the deformed Hamiltonian
and letting g, = ¢, ¢, = e?, we obtain the deformed
Lagrangian as

Ce? (9 +¢2)  (f—¢')
;C,{ — 7

5 Sl (4.21)

Solving ¢ and substituting it in the Lagrangian, we have

V(1 +8CAp?)(1 +8Cie*?) — 1
Li= 42 ’

(4.22)

which agrees with the TT deformation of the Liouville QM
L =591+ ) + e + e2n) when ¢ = dp = ¢, as
given in (2.22).

To keep the correction of finite cutoff ¢, we substitute
(4.4) and (4.5) into the action (4.6) and obtain the
Lagrangian as

R
57(0:/4 8(ﬂs”/2
<_ 4 (plv4 + (p,z - 6(P/g/2 + 0[63}.
s

(4.23)

Substituting the solution (4.11) in the above Lagrangian,
we get L, =4x’CB2 —167*C?*A/p*, where we use
A = 2me*’G /Dy, based on [9,47]. However, if we substitute
the deformed solution (4.15) into (4.22), we get L, =
Ax>Cp~2 — 322*C?)/p~*, which is the different form L,.
Therefore, the effect of the nonlocal T7T deformation
considered in this study is not simply equivalent to moving
the boundaries into the bulk [48]. Rather, it couples the two
boundaries and leads to nonlocal dynamics.

V. SUMMARY AND PROSPECT

In this study, we reformulate the 77T deformation of
multiple systems in the (0 + 1) dimension in terms of the
dynamical coordinate transformation, which originated
from 2D T7T deformation of quantum field theories
[29-32]. In 2D TT deformation, the deformed quantum
field theory is equivalent to the seed theory coupling with

2D massive gravity. We generalize the philosophy to a
(0 4 1)-dimension quantum mechanic system. By using the
known fact of the 7T deformed SYK model [9], we obtain
the so-called 1D massive gravity formalism and then obtain
the Hamiltonian for the 7T deformation of multiple
systems in the (0 4 1) dimension. It has been confirmed
that it is equivalent to the 7T deformation by flow equation
in 2D deformed quantum field theory. Given a solution
of the original theory, we can find an explanation of
the deformed theory related to the original resolution by
time rescaling. Motivated by this rescaling, we introduce
the dynamical tetrad acting as one-dimensional gravity.
By integrating the dynamical tetrad, we can obtain the
deformed action. The TT deformation of multiscalar theory
follows a similar form.

The TT deformation of bi-systems effectively couples
the local systems. We further consider the TFD states on
the bi-system. The signals injected into one system at a
particular time can appear from the other at the reversal
time. The time of best traversal scales is #%/ in conformal
QM. In the SYK model, our analytical result at the large-g
limit was close to the result obtained from exact diago-
nalization. For the theory satisfying ETH, we find that the
traversal is dependent mainly on the bandwidth of the
operator carrying the signal.

Finally, we study such 77 deformation on two-sited
Schwarzian action, which describes the leading noncon-
formal dynamics of the eternal black hole in JT gravity. We
obtain the deformed Lagrangian and find that the deformed
solution is an external black hole with rescaled time, whose
two boundaries are spacelike separated. It shows that the
regenesis found in the bi-QM system is not associated with
the causal structure of a semiclassical wormhole.

In this study, we focus on the regenesis phenomenon of
the TFD state under 77 deformation. Because 77 coupling
is directly related to energy, the energy transport also merits
investigation in the future [49]. Our study of the regenesis
phenomena under the 77 deformation gives a new per-
spective of the information process, and the causal structure
of TT deformed field theories. We expect that the regenesis
phenomena under 7T deformation are common in highly
entangled states because this deformation is not required
to match the entanglement structure of the TFD state. It is
natural to extend the 77T deformation to the CFT, with
multiple fields and check the regenesis of the deformed
TFED states [6,7,50]. In terms of [51], one can choose proper
two-sided TT coupling to reconstruct the bulk geometry of
the deformed TFD state and compare the correlators from
gravity and field theory.
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