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1 Introduction

Pure supersymmetric Yang-Mills theories in D = 3, 4, 6 and 10 space-time dimensions [1]
are among the best studied examples of quantum field theories. Especially the maxi-
mally extended N/ = 4, D = 4 theory occupies a central place because of its finiteness
properties [2, 3], its exact quantum conformal invariance, and its possible relevance for a
non-perturbative formulation of string theory (M-theory), either via the AdS/CFT cor-
respondence [4] or, in its dimensionally reduced form, via the maximally supersymmetric
D = 1 matrix model with gauge group SU(c0) [5, 6]. These links clearly warrant a sustained
effort to study supersymmetric Yang-Mills theory from all possible perspectives.

Yet, despite the huge literature on the subject, and especially the maximally extended
N = 4 theory, important questions remain. For instance, in what precise sense is this
theory supposed to exist as a non-trivial quantum field theory beyond perturbation theory,
and how can one ensure that it is not simply a free theory in disguise? The framework of
Wightman axioms is not appropriate here: because of exact quantum conformal invariance
there is no mass gap, consequently there are no asymptotic one particle states, and hence
no S-matrix (at least not in any conventional sense) whose non-triviality would affirm the
non-triviality of the theory. A better framework is provided by the conformal bootstrap
(see e.g. [7]) where one must establish the existence of non-trivial correlation functions
satisfying all the axioms of the conformal bootstrap program. This specifically concerns



n-point correlators for n > 4 and the associated functions of the conformal cross ratios,
whose existence beyond perturbation theory remains to be established, despite consider-
able evidence from integrability [8], progress with amplitude calculations [9, 10], and from
holographic duality (see e.g. [11] and references therein).

Likewise, questions remain with regard to finiteness, especially concerning a non-
perturbative construction of the theory which would require a non-perturbative regulariza-
tion both in the IR and the UV. Beyond the vanishing of the S-function, which has been
confirmed in a variety of ways [12-17], the perturbative finiteness of the N' = 4 theory
has been manifested only in the light-cone gauge [2, 3], whereas for other (in particular,
covariant) gauges one has to cope with the usual quantum field theoretic infinities (wave
function renormalizations) [18]. It is therefore not at all obvious how maximal supersym-
metry can be usefully exploited towards a truly mon-perturbative construction, as every
non-perturbative regularization will break supersymmetry at least partially.

The present work is part of an ongoing effort to develop an alternative perspective
on supersymmetric Yang-Mills theories, in order to eventually address some of the above
questions in a different way. Our approach has its origins in one of the authors’ early
work [19, 20], according to which there exists a non-linear and non-local transformation 7,
of the bosonic fields (Nicolai map) which maps the full interacting functional measure to
that of a free theory, and whose Jacobian equals the product of fermionic determinants, at
least on the gauge hypersurface. While the expansion of 7, for the N’ =1, D = 4 theory
in Landau gauge up to second order in the Yang-Mills coupling g was already given in the
original work, these results were only recently extended to other critical dimensions [21] and
to third order [22, 23], again in the Landau gauge. The latter constructions make crucial
use of techniques developed already long ago by Dietz and Lechtenfeld [24-27], employing
a certain functional integro-differential operator R = R, governing the coupling constant
flow. The inverse map 7;]_1 is then obtained by formally exponentiating this operator.

In this paper we extend these results in two directions. First of all we show how the
construction generalizes to arbitrary gauges, and in particular to the axial gauge, which
includes the light-cone gauge as a special case. Secondly, we present explicit formulas for
the axial gauge up to second order, and to order O(g*) for the Landau gauge. These
formulas illustrate that 7, takes a more complicated form for gauges different from the
Landau gauge. The privileged status of the Landau gauge follows from general properties
of the R-operator, some of which were already discussed in [25-27], and which will be
further elaborated here. We will furthermore distinguish between ‘on-shell’ and ‘off-shell’
R-operators: this distinction goes in parallel with the usual notion of ‘on-shell” vs. ‘off-
shell’ in supersymmetric theories, but here only refers to the need (or not) to restrict the
functional measure to the gauge surface. Therefore the ‘on-shell-ness’ is much less of a
restriction here than it is in the standard formulation of supersymmetric field theories: it
only means that, when using the field transformation to perform higher order quantum
computations, along the lines of [28], one must restrict the gauge parameter to the value
& = 0. We note that light-cone computations are anyway done in this way, by setting
to zero one light-cone component of the gauge field, so one can indeed ignore the ghost
determinant.



The fact that the results in the axial gauge are more complicated is in accord with the
mixed success story of the axial gauge in quantum field theory [29]. Nevertheless, there
are at least two reasons to follow up on it. The first is early work displaying hints of a
polynomial form of the mapping for the N’ =1 and A = 2 theories in the light-cone gauge,
and in terms of the light-cone components of the field strength [30-33]. Unfortunately,
inspection of the relevant formulas reveals that they do not apply to the ‘real’ super-Yang-
Mills theory. Instead, one must simultaneously invoke the light-cone gauge (which exists
only for Lorentzian signature) and introduce a complexification of the basic fields, which
for the fermions would be appropriate for Euclidean spinors. On the other hand, employing
a time-like axial gauge with Euclidean signature, a direct construction fails [34]. A second
reason comes from more recent work where it was shown that the maximal N = 4 theory
admits a reformulation where the Hamiltonian acquires a quadratic form in light-cone
superspace [35, 36]. The relevant formulas there involve a field re-definition in terms of the
light-cone supercharge operator which likewise acts non-locally and non-linearly.

As the explicit formulas derived in this paper are quite involved, readers may wonder
about their possible use. However, one should keep in mind that these complications
are mainly due to the fact that we here consider gauge-variant expressions (operators),
something that is rarely done in more standard investigations of N/ = 4 super-Yang-Mills
theory. If one restricts attention to gauge-invariant combinations, the relevant expressions
simplify, because then only the invariant part Rin, of the R-operator contributes. We plan
to return to these issues in future work, limiting ourselves here to a few brief comments in
the concluding section.

While finalizing the present paper we received the preprint [37] which contains very
similar results, and derives an elegant formula for 7, via a path ordered exponential.

2 Pure super-Yang-Mills theories: preliminaries

We first collect some basic and well known formulas, mainly to fix our notations and conven-
tions. Throughout, we employ the ‘mostly minus’ metric n** with signature (+,—, -+, —)
and the gamma matrices {y*,~v"} = 2nH.
The N = 1 super-Yang-Mills action Sj,, in D = 4 dimensions is given by [38, 39]
1 1< 1

Sing[A%, A7, D] = / dz [_4F3VFW — S (DA + 5 DD" (2.1)

with the standard definitions
Fi, = 0,AL — 0,A% + gf " A} A,
(DuA) = GpA" + gf* AL N,

where g is the coupling constant, and f®¢ are the structure constants of the group in
question (usually SU(N)). A® is a Majorana spinor, and D® is the auxiliary field which

is needed to close the super-algebra off-shell. The action (2.1) is invariant under the
supersymmetry variations

a -ya a 1 v a . a a ya
Sadly = (IX) o 0adG = =5 ()bl +i(17)gaD", 8aD* = (DFA* ) |, (2.4)



where we have stripped off the (anti-commuting) supersymmetry parameter. Thanks to
the presence of the auxiliary field, the supersymmetric action (2.1) can be written as a
super-variation, viz.

Siny = 0alq (2.5)
with
] 1
A, = / da [—m(’y“")\“)aFﬁV + 8(7%@)&13“] . (2.6)
For the full action S = Siuy + Sgr we also need the gauge fixing term (see e.g. [40])

Sl 45,07 €7 = [ da [22 GUAIG"[A] + C° 5?2;] (DuC)b] (27)

with the ghost and anti-ghost fields C® and C?, and the gauge fixing functional G%[A](z)
with gauge parameter ¢ (usually taken as £ = 1, while £ — 0 corresponds to the insertion
of the delta functional [], G*[A](x) in the functional measure). The combined action S is
then invariant under the BRST (Slavnov) transformations:

s(Ay) = (D.C), s(F,) = [F,,0%,  s(X%) = f@A°Ce,

_ 1 2.8

S(Ca) _ _gfabccbcc’ S(Ca) _ _E ga[A] ’ S(Da) _ fabcDch ) ( )

The most general gauge fixing functional compatible with our construction is any functional
obeying the scaling relation

G'[A] = gG°[g ' A] (2.9)

Although our derivation is thus valid for a very large class of possibly non-local and non-
linear gauge functionals, we will mostly restrict attention to linear and local gauge fixing
conditions

GlAl(x) = GHAL(z) (2.10)

in the remainder, so that for G# = 0* and G* = n*, respectively, we recover the Landau
and axial gauges (or light-cone gauge, if n* is null).

For the pure super-Yang-Mills theories in D = 6 and D = 10 dimensions there are
no fully supersymmetric off-shell formulations (at least not with finitely many auxiliary
fields), but the on-shell Lagrangians are the same as in (2.1) with D* = 0, keeping in mind
that the gauginos are Weyl, and Majorana-Weyl, respectively, in those dimensions [1]. The
formula (2.5) can therefore not be directly applied to the extended theories in D = 6 and
D = 10: without auxiliary fields, the variation of Si,, w.r.t. the coupling constant produces
extra terms which cannot be written as super-variations, cf. appendix A of [22]. Neverthe-
less, the vacuum energy vanishes for these theories as well; this can be seen for instance
by formulating them in a partially off-shell version by re-writing them in terms of N' =1
off-shell supermultiplets. Such a re-writing would actually suffice for our purposes here, as
all we need is a formulation where the action S;,, can be expressed as a super-variation.



Although the closure of the super-algebra is not a relevant criterion in a formulation where
all fermions have been integrated out, we will see that the distinction between ‘on-shell’
and ‘off-shell’ still persists, in that the main statements of section 3.1 below are valid only
on the gauge surface G*[A] = 0 for the ‘on-shell’ R-prescription.

The derivation of the off-shell R-prescription will necessitate a ‘detour’ via a reformu-
lation of the theory in terms of rescaled fields

A% =gA® | Xt=gx®, D'=gD", C®=gC*, C"=gC°, (2.11)

u po

such that the coupling constant appears only as an overall factor outside

- _ 1~ -
SmV[Aa )\a Da = /dm [—Fa Fom _ %A‘W“(DW\)“ + iDaDa , (2.12)
where now
a Aa Aa abc 3b fc
F/w = 0,A; — OZ,AM + f AMAV, (2.13)
DAY = G A" + [ AN N (2.14)

The ghost action ng, the supersymmetry and the BRST transformations are obtained
from (2.4) and (2.8) by dropping g and putting tildes on all fields; idem for (2.5) and (2.6)
(it is here that we need the scaling relation (2.9)). For clarity of notation we always put
tildes on all quantities involving rescaled fields.

In both formulations correlation functions are given by the standard formula

(x141), = / DA DA DC DC X|A] e Blo-ANCC] (2.15)

where X is some functional (usually a monomial) in the gauge fields; since we do not
consider matter couplings nor expectation values with the auxiliary D%-fields, we can ignore
them (and eliminate them by trivial Gaussian integration). The formula for the tilded fields
is analogous, so that for instance

<</~1;‘ﬁ (1) .. Aun (xn)>>g =gq" <<AZ11 (z1)... A (l‘n)>>g . (2.16)

Either way, there is no need for a normalizing factor for the expectation value because
of the (piecewise) constancy of the vacuum functional (1), as a function of the coupling
parameters (vanishing vacuum energy in supersymmetric theories). As in [22], we can
re-express the expectation value by means of a purely bosonic functional integral

:/DQ[A] Xl (=(xan,). (2.17)

where the non-local functional measure D4[A] is obtained by integrating out all anti-
commuting fields (gauginos and ghosts), with an analogous formula for the rescaled fields.

There are thus two versions of the theory in which to consider the limit g — 0. For the
untilded version, the limit of S;,y 4 Sgr is simply the free supersymmetric Maxwell theory.
By contrast, the g — 0 limit of Si,y + ng localizes the bosonic Yang-Mills action on zero
curvature configurations. Here we will be concerned with the former case, and make use
of the tilded formulation only as an intermediate device.



3 The R-operator

3.1 Basic properties

The aim is now to construct the transformation 7, [19, 20] which maps the functional
measure to a free measure so that

(x143) = (x[7;71411), = [ Dol) X[7;7 (4] (3.1)

g
More specifically, denoting bosonic Yang-Mills action by Sya[A, g] this means in particular

Sym[A, g] = Sym[Ty[A], 0] (3.2)

Furthermore, the map should have the property that the Jacobian of the transformation
T4 equals the product of the fermionic determinants

0T4[A
det ( (ngl ]) = Angs[A] Appl4], (3.3)
at least on the gauge surface G[A] = 0. Here the Matthews-Salam-Seiler determinant

Ayss[A] [41, 42] is obtained by integrating out the gauginos,! and App[A] is the Faddeev-
Popov determinant [43, 44]. The map 7y is constructed iteratively in terms of a generating
functional differential operator R4, such that

14 s 9" [(mngye
(7, IA)# (@)=>"% ((RQA)M(:::) ) : (3.4)
n=0 g=0
The operator R is determined from the flow equation [25, 26]
d
00, = (R, 5)
and should act distributively:
Ry(XY) =Ry(X)Y + XR,(Y). (3.6)

Furthermore the statement (3.2) is equivalent to

R, ( / dz FjVF‘“‘”> ~0. (3.7)
Finally we require
Ry (G°[A]) = 0. (3.8)

Below we will perform this construction in the tilded formulation and compare the resulting
expression for the new ﬁg—operator with the R -operator obtained in [22]. Importantly, in
the limit ¢ — 0 these operators differ by terms involving the Landau gauge condition, and
in general the latter do not vanish on the gauge surface G*[A] = 0 if G° is different from
the Landau gauge. Consequently, even though we are ultimately interested in constructing
7, in the untilded formulation it turns out that for gauges other than the Landau gauge we
have to perform the construction first for the tilded version, because it reveals the existence
of terms that cannot be obtained from the on-shell R-prescription.

!Because \® is Majorana, Anss is really a Pfaffian.



3.2 On-shell R-operator

Building on earlier results of [24], it was shown in [22] that for all pure super-Yang-Mills
theories in dimensions D = 3, 4, 6 and 10, and with the Landau gauge, the R-operator
can be represented in the form

Rg — Rinv + Rgf (39)

with
R i= A0 = o [ e dy Tr (3,805 A0 P45 00 AL) o (310)

dg 2r K e P 0 Ad ()
and
. 1 ae . v eb . A bed pc d 0

Ryt =~ [[do dy dz (D,G) (a2 ATr (30,5 (2,35 A7) 745 AL () et
(3.11)

where r = 2(D — 2) is the number of effective gaugino degrees of freedom. The gaugino
and ghost propagators in the gauge field background given by AZ(QL‘) appearing in these
expressions are defined by

(D), A) = 5%3(z — ). (3.12)
%(D#G)Cb(ﬂ% y; A) = 0M(DuG) ™ (z,y; A) = 66(x —y). (3.13)
n

For practical calculations it is sometimes useful to write out these equations in Dyson-
Schwinger (integrated) form

S,y A) = 6% Sl — y) — 9f*™ [ dz Solaw — 27 AL(2)S™ (2.4 )
(3.14)
G,y A) = 8"Golx — y) = 9/ [ dz Golw = 2)G" A5 ()G (2. y: )

for linear gauge functions of the form (2.10).
While the above prescription works for all pure super-Yang-Mills theories, it is subject
to the following restrictions [22]:

o It only works for the Landau gauge G*[A] = 9" Af,.

» Ry acts distributively only on the gauge surface 0" Aj; = 0, corresponding to the limit
§ — 0 in Sgr where the measure contains the delta functional J], 5(8“AZ(3:)).

« Beyond order O(g?) the equality (3.3) of the functional Jacobian and the product of
fermionic determinants likewise holds only on the gauge surface 9" Ay, = 0.

In particular, the prescription does not work for the axial and light-cone gauges, for which
one encounters discrepancies in the construction of 7, already at order 0O(g?).



3.3 TR-operator for rescaled fields

Now, already in 1984 Dietz and Lechtenfeld constructed a R-operator for the rescaled
(tilded) N' = 1, D = 4 theory, and for general G*[A] [25-27]. With our notation and
conventions, their result for 7~€g = Rinv + ﬁgf reads

s 41 G, 3 Ay Ey () —ro— + = [ da DO() —
Riny = dg " 8g /dx dy Tr(7u5* (2, y: A" Foa(y) JAg (x) Ty /dx D(@) 5D ()
i Sab . A\ Db L
4 I /dx dy Tr(v57,5%(z,y; A)) D°(y) 5;12(:5) (3.15)
and
: pE) A e SA4 () (3.16)
abe ~bd AP, (ladr A e 0 '
+ gf /dﬂ? dy G (JZ,y,A) Riny (g g [A](y)) D (33) 5Da(x)

(now with r = 4). For the reader’s convenience we summarize the derivation of this result
in appendix A. In the remainder we will disregard all terms involving the auxiliary fields
D as the relevant expressions considered here do not depend on them.

While R is specific to the Landau gauge, but works for all critical dimensions, R exists
for any gauge functional and is manifestly distributive.? The corresponding inverse map is

obtained as

] . (3.17)
A=gAlg=0

The question which we wish to address here is how the operators R and R are precisely
related. The main step will be the demonstration that a proper limit g — 0 exists also for
’lég, which should then yield the above prescription. To compare the two prescriptions we
first rewrite (3.15) and (3.16) by means of the identity [26]

AVPAED, = 2902 (D, Ay — 207 AL — fhien A4S, (3.18)

leaving the gauge functional (2.10) arbitrary. Integrating by parts, so D, acts on the
fermionic propagator to give a d-function, then leads to the new representation

7%9 = 7@0 + 7%1 + 7?,2 (3.19)

with the counting operator (now with D® = 0)

)
6AZ(:/U)

_ d 1 _
= —4 = A . 2
Ro= o+ / dz A%(x) (3.20)

2As we pointed out, analogous off-shell R-operators can in principle be constructed for the extended
theories in D = 4 by formulating them in terms of off-shell A/ = 1 supermultiplets.



The other two operators are given by

)
dA% ()

1 Ja A cd Ac 1
Rii= = oo [ e dy Tr (3,8 (. A A5 (0) A4 (0)

1 Anae(. . & 0G° &b, . ivap) pbed Ge(, N Ad g
- 89/dx dy dz (DMG) (LU,Z,A)TI‘ (71}5‘4,];5( (Z,y,A)’}/ f Ap(y)A)\(y) (SAZ(.T)
(3.21)
and
Ry = — 1 /dx dy Tr (”y S (g y[l)) A5 (y) ~6
4q " ' M5 Aa (x)
) 5t 5 (3.22)
— [dz dy dz (D,G)®(z, y; A)Tr | 7, ——S(y, z; A) | 9*AS .
+ 4, 4 dy 4z (0,60 (. y: 4) (7 S5 >) o
The counting operator Ro obeys
_ _ /1 -
Ro(AZ) = R(] <gAZ) =0 (3.23)
as well as relations like
Ro (gab(:v,y; fl)) = —dee/dz Sac(ac,z;fl)v“flz(z)geb(z,y;fl) etc. (3.24)

It is readily seen that R coincides with the relevant terms from (3.10) and (3.11) for r = 4
upon substituting le = gAj, and adopting the Landau gauge. By contrast, the new term
R5 has no analog in the on-shell R-operator, as it vanishes for 8)‘/1?\ = 0. However, off
the gauge surface it does contribute and thus contains relevant information even for the
Landau gauge. In evaluating it, one must first show that it possesses a well defined limit
for arbitrary gauge functionals G¢[A] subject to the condition (2.9) upon setting flz = gAj,
and taking g — 0. To prove this we need to consider the potentially singular zeroth order
contributions in both integrands of (3.22), using (3.14),

Sz, y; A) = —6"4°9,C(x — y) + O(A), (3.25)
G (x,y; A) = §%Co(z — y) + O(A), (3.26)
‘% — 5ebGhs(z — y) + O(A) (3.27)

where C'(x) is the free scalar propagator obeying OC(z) = —d(z). By (2.9) we can ignore
the O(A) terms since they are non-singular as g — 0. For the Landau gauge (G* = O*)
the cancellation of the singular term follows easily upon use of ¥#0,S50(x) = d(x) and

Go(z) = —C(x). For the axial gauge (G" = n*), we compute
Te (it So(y — 2) = —4n#0,Cly — 2, (3.28)

integrate by parts, and use the defining equation for the free ghost propagator n”@uéo (z) =
0(x) to show that these contributions cancel again (as we pointed out, higher order terms



in the gauge functional do not affect this argument). All remaining terms in (3.22) are at
least of order A and therefore possess a well-defined limit for g — 0.

The calculation of R(A) then proceeds by first computing R(g~'A) and then expanding
in A, setting A = gA. To compute the Taylor coefficients in (3.17) we finally take the
limit ¢ — 0. This limit yields extra contributions over and above the ones from the R-
prescription (3.10) and (3.11) even for the Landau gauge. For the latter these are the terms
that for D = 4 ensure that the equality of the determinants (3.3) remains valid to any order
even without imposing the gauge condition. For the axial gauge we also find extra terms,
and moreover ones which do not vanish on the gauge hypersurface n#Aj, = 0, i.e.

#0. (3.29)

/1 -
lim Rso (AZ)
90 g n-Ae=0

This explains why the on-shell R-prescription does not work for the axial gauge: to get

the correct answer, we need to add the extra terms resulting from (3.29).

4 The map in axial gauge

We next apply the above prescription to determine the expansion of 7, to second order for
the axial gauge. By the above construction this result will contain a part identical to the
result in the Landau gauge, as well as extra terms resulting from (3.29). We shall then
verify all requisite properties. Although we start from the N = 1 theory, it turns out that
at least to second order this expansion remains valid for the other critical dimensions, and
even off the gauge surface n* Ay, = 0. This is a feature which for the extended theories we
do not expect to persist in higher orders, as it would require a formulation of these theories
at least in terms of A/ = 1 off-shell multiplets.

4.1 Expansion to O(g?)

(ToA);, (z) = Ag(x) + gf** [ dy dz (nud(e —y) — 9uGolz — y)m.,)
x {4 (y)Cly —2)0-A%(2) + 9 Cly — 2) A" (2)AS(2) }
+2gf" [ dy dz dw (nud(z —y) — 0.Go(x — y)n.)
x O\C(y — 2) AP (2)0N C(z — w) 9 - A° (w)
et [y dz du (e —y) - 9uGole — pim) |

— 24" (y)C(y — 2)AX(2)0C(z — w) D - A°(w)
A ()Oly — 2)0-ANC(z — w) 0-A°(w)
Lo - 20-4°2)0* e — w) AT () AS (w)

2
L0~ 2) 0 AP Cly — w) A () AS (w)
- %C(y — ) A (2)AS(2)9C (2 — w) B - A°(w)

+ %BAC(y —2) A" (2)A5(2)C(z — w) & - A°(w)
—20,C(y — 2) A (2) A" M (2)C(z — w) 8 - A°(w)
+30,0(y — 2)A5(2)0¥ C (= — w) A? (w) A° P](w)}

~10 -



2
+ Lo [ dy dz dw dv (6(@ = y) = 9uGole —y)me) {

—Cy —2)A""(2)0MNC(z — w) 8- A°(w)0rC (2 — v) B - A(v)
—C(y —2)0-A%(2)\C(z — w) A" (W)Y C(w — v) 9 - A°(v)
+C(y—2)0-A%(z )M(y w) AV ()N C(w —v) - A°(v)
—0r\C(y — 2) A" (2)0VC (2 — w) 9 - A°(w)C(z = v) D - A°(v)
—'C(y — 2)0"C(z — w) - A°(w)d°C (2 — v) AL (v) Aj (v)
+200C(y — 2)0" AN (2)C(z — w) 8- A*(w)C(z — v) & - A°(v) (4.1)
—20,C(y — 2) A ()0 C(z —w) D - Ad( YC(w —v) D -A%(v)
—40\C(y — 2) AV (2)0VC (2 — w) A (W) C(w — v) D - A°(v)
(y —2)

4 60,C(y — 2) A5 (2)0¥ C (2 — w) A ()9 C(w — v) D (v)}

—g*retertie | dy dz dw do du (nu,6(x — y) — 8,Golz — y)n)
x Oy — 2)8"C(z — w) 8- A%(w)d° C(z — v)Afl,\ ()0, C(v —u) 0 - A% (u)
+0(g%).

Recall that C(z) is the free (massless) scalar propagator, while (now with n#n, = 1)
Go(z) = e(n -2) 6P (z) = —Go(—x) (4.2)

is the free ghost propagator for the axial gauge, with the anti-symmetric step function
e(z) == O(z) — 5 and the transverse coordinate :cj =z, — ny(n -x). In writing the above
result we have regrouped terms in such a way that they all appear with the axial projector

0 (@) = 108(2) — BuGolw)ny (43)
in front. This projector obeys n*Il,, (x) = 0 (but II,,(x)n” # 0!). By the definition of the

free ghost propagator Gy we also have

[y o = 9" F(y) =0 (4.4)

for any function F. Hence the second order result in axial gauge can be written in such a
way that it differs from the off-shell result for the Landau gauge only by the insertion of
this projector, since all terms of type (4.4) drop out.

Finally we point out that the above derivation is in principle valid for all n#, regardless
whether they are time-like, space-like or null. It therefore applies to the light-cone gauge
as well.

4.2 Tests

To check the above result, we now go through all relevant tests for A} = (EA)Z The first
test (preservation of the gauge function)

At (x) = nt AS (x) (4.5)

is trivially satisfied up to the order considered, by the defining property of the axial pro-
jector (4.3) and the fact that it appears in front of all terms.
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Free action. Next we test the free action. By (4.5) we can ignore the piece o (n“AZ)2
that needs to be included in the action (2.7). Thus we need only show that

1
5 / dar AL%(z)(—Onpt 4 919”) ALl (x / dz Fo (z)F*™ (z) + O(g°). (4.6)

We notice that any term which can be written as Jj; (...) does not contribute by the gauge
invariance of the free action. At first order we find

1 a 14 v a
5 [ de A (-op + 000 A @)

O(g")
= oo [ o dy {A@)Cla — ) 0-4°(y) + 9*Clo — AL ()}
X (~On + 949”) AL (x) .7
Lo pae / de dy dz 9*C(z — y) AL, (1) Oy Cly — ) 9 - A(2)
X (— O™ + 1Y) A (x) |
We integrate by parts and remove anti-symmetric terms
1 / dz A9(z)(—On™ + 9"9") AL% (x)
2 g o(g")
=~ [ dz o\ AL () AV (@) A @)
+ fobe / de dy { — DAL (2) AP (@)Cla — y) §-A°(y)
+ 0,0 -A%(z) AP (2)C(x — y) 9 - A°(y) — 200 A% () APV (2)0NC(2 — y) O -AC(y)}

= fabc/da: 0, AS (2) APH(2) A (2 /d:c z)FOH (1) : (4.8)
O(g")
At the second order the steps are generally the same. Again we can disregard half the
terms because of the axial projector II,, (x). Performing similar partial integrations as
above yields

1 a 174 14 a
5 [ do A @) (-ap + 000" A @)

O(g?)
- / Az 411 ()] (o (00" + 0°0) AL ()| o0
45 [ A A2 @) g (O + 020 AL @) o1
_ _.ffabCfbde/dx A% () AS () A% () A (z) (4.9)
- 922 / dz dy A%(z)AS5(2)0* A% (2)C(x — y) 0 - A°(y)
% ( fabc fbde + feba fbdc + fcbe fbda)

fabcfbde/d$ Aa )AC( )Adu( Ae/\ /dl‘ Fa;w( ) ’
O(g?)
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where, in the second to last step, we have used the Jacobi identity
0= fabCfbde + febafbdc + fcbefbda (410)
These relations are independent of dimension.

Jacobians, fermion and ghost determinants. Finally we need to perturbatively show
that the Jacobian determinant is equal to the product of the MSS and FP determinants.
This is done as usual order by order in g by considering the logarithms of the determi-
nants, i.e.

log det ( ‘;ig; ((;))) L log (Awss[AlApp[A]) (4.11)

As it turns out, for (4.1) this equality is actually valid for all critical dimensions and off
the gauge surface n**Af, = 0 up to the order considered (but we do not expect this feature
to persist in higher orders). For this reason we re-instate the general values r and D in the
formulas below.

The ghost determinant is computed from the functional matrix

X (a,y; A) = gf " Go(x —y)n-A°(y), (4.12)
using the well-known equation
logdet(1 — X) = Trlog(1l — X). (4.13)
Up to O(g?) this yields

2
log det(1 — X) = %N/dx dy Go(x — y) n-A%(y)Goly — =) n-A%z) + O(¢%),  (4.14)
where we used fob¢fd — N§°d The relevant kernel for the MSS determinant is
Yelh(w,y4) = 9f 0,0 —y) (v7) | ASW). (4.15)

Because of the Majorana condition we must include an extra factor of % in the expan-
sion (4.13) and get

1 2
5 logdet(1-Y) = gZN Tr (VPWW’W”) / dz dy 9,C(x — y)AS(y)0-C(y — x) A} ()
+0(g%). (4.16)

For both determinants there is no contribution at O(g') and also there is no contribution
from the Jacobi determinant at this order. Taking the trace in (4.16) and multiplying the
two determinants yields the right hand side of (4.11)

2
tog (s 4] Arp[A]) o) = SN [ d dy {
7O — y) ALy Cly — 2) AL ()

i (4.17)
— 5 0uC(w = y) AL(y)0"Cly — 2) A (x)

+Golz = y)n -A*(y)Goly — z) n-A(x) } .
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At O(g?) the logarithm of the Jacobi determinant consists of two terms

log det (W> ‘ =Tr FA/ ] 1 T [M LAI
SAL(Y) ) lowe) 0A o] 2 |04 log 04 log

and the final trace is done by setting p = v, a = b, = y and integrating over x. The

(4.18)

computation is straightforward but we must be careful with formally divergent terms.
Subsequently we find

1 léA’ SA

ity bl
27 | 04 o) 04

0A

:Ng2/dxdy{

£ 00— y) A ()0 Cla — y) AS(a)

0(#)]

+ 5 Go(x —y)n-A%(y)Coly — 2)n-A%(x)

+Clx—y) 0" (AL(y)Goly — 7)) n-A"(x)

+ 2200 - 1) 9-4°0) (Cly — ) — 20(0) 0-4%()}

+ Ng? / da dy dz { (4.19)
- %Go(:ﬁ _ POz — 2) 8 -A%(9)9,Cly — ) D - A%(x)

— 26y (1 — 2)0"C(z — ) D -A*(y)n 0}, Cly — ) A% ()
+2Go(z — 2)0"C (2 — y) AL (y)n 0" 9 Cly — 1) ALy ()

1-D
+ 5 8(0)C(z —y)2-A"(y)C(= — v) 0 A @)}
The other term gives
SA ] )
Tr | — = Ng /d:r dy
[514 O(g?) {
4-D a v a
— 5 0"C(z —y) AL ()" Cly — ) Ay (x)

+ 220,00 — ) A3 ()0 Cly — 1) A (2)

— Clw—y) 0" (A4 (y)Goly — ) n-A"(x)

2—-D
C

2P0 - ) 0-4%) (Cly— ) - 200) 0-4° (@)} (4.0

+Ng2/dz dy dz {

+ iGo(x —2)n"'C(z —x)0-A%(y)0,C(y — x) 0 -A%(x)
+2Go(z — 2)0"C(z — x) 0 - A%(y)n" 0y, C(y — z)Aj (2)
2 — 2)0 Oz — 5 ALy INCy — ) A% ()
1-D }

——50(0)C(2 =) 0-A*(y)C (2 — 2) 0 - A%(x)
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The blue terms cancel for any dimension D. Notice that this applies also to the formally
divergent terms including a factor of §(0) (which can be appropriately regularized). The
remaining black terms in (4.19) and (4.20) need to match the three terms from (4.17). One
of them is identically satisfied, while the two others are

D 4-D
L~ _p-2,
22 2 (4.21)
r 2-D
4 2

and are thus satisfied with r = 2(D — 2). In particular this is true even without restricting
to the gauge surface n*Aj, = 0. Let us further remark that we have also computed the
Nicolai map in Landau gauge from the rescaled field formalism. When performing the
tests in Landau gauge we found that the determinants match either on the gauge surface
Ot Af, = 0 for any r = 2(D — 2) or everywhere else for D = 4 only.

5 Outlook

In this paper we have presented explicit results for 7, beyond the ones known so far, and
for different gauge choices. The fact that these are rather complicated is due to the fact
that we have been considering gauge-variant expressions. We anticipate that the pertinent
expressions will simplify substantially for the gauge-invariant operators that are usually
considered in studies of N' = 4 Yang-Mills theory, as well as for the BPS-protected objects
annihilated by the action of the R-operator. These topics will be left for future study.
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A Construction of the R-operator

For the reader’s convenience we here recall the derivation of the R-operator in the rescaled
field formalism [25, 26], pointing out the differences to the derivation of the R-operator
in [22]. In particular, we will see that unlike R, the R-operator does not come with a
multiplicative term ((ZX)) which vanishes only on the gauge surface, and thus violates
distributivity away from this surface. Hence we will see that the R-operator exists in any
gauge. The full action S = Siny + ng is invariant under the BRST variations (2.8) for all
positive ¢ and arbitrary gauge-fixing functionals G[A] (which for simplicity we assume not
to depend on g).
As in [22] we start from the flow equation

50, = (), = () (1) ~@n,. @

g
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Because the g dependence appears only as an overall factor in S = Sinv + ng we have

ds; 25, 2 %
v APinv _ _z 50¢A(X7 (A2)
dg 9 9’
where A, is defined in (2.6) (with tildes); note that, being fermionic, 6 and A, anti-
commute. By contrast, in [22] we needed an extra term on the r.h.s, which is not of the

form of a supervariation, but which is absent here thanks to the auxiliary field. Thus (A.1)

becomes
d 5 dX 2i - 2 -
1= ), [0B0RY, + TS, (A3)
We then continue as before and rewrite
((6aBa)X)), = (0a(BaX))), + (AadaX)), . (A.4)
Next we use the supersymmetry Ward identity
(0aY ), = —i(((0aSer)Y)),, - (A.5)
Employing the Slavnov variations (2.8) one finds that
- 1 - _
Sy = —s (92 / da oaga[A])) , (A.6)

which in particular implies
. 1 = .
P <g2 / dz caaaga[A]) . (A7)

Thus, the Ward identity becomes

(6a V), = — <<;2 / dz C9(2)5.6%(A) s(f/)>> . (A.8)

g

We now apply this identity to Y = A, X. Because A, is gauge invariant we have S(AQ) =0
and thus s(AyX) = —A4s(X) (the minus sign here appears because s anti-commutes with
fermionic expressions). Subsequently we put everything back together to obtain

;g (%), = <<<g>>g — SBas %), = S(( [ 4o C(0)6a0(A) Aus(X)))

4 923<</dm G9(2)G°(A) S(X)>> .

g

9 (A.9)

Unlike the R-operator constructed in [22] the r.h.s. of (A.9) does not contain a multiplica-
tive contribution which only vanishes on the gauge surface, and therefore acts distributively
without further ado, and for any G¢[A]. Finally we integrate (A.9) over all fermionic degrees
of freedom. Each integration absorbs two powers of %, So we arrive at

S dX 2 ok 2 [ a0
RX =S L 25 X A, — g/dxCl' (#)9a8" (A)Bas(X) + g/dx Co(2)G*(A)s(X)

dg gL

(A.10)
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from which the distributivity of R is manifest by the distributivity of d, and s. The final
form (3.9) is arrived at by taking X = le with s(flz) = (D,0)* and substituting the
formulas for the ghost and gaugino propagators.

For gauge invariant X the above formula reduces to

S . aXx 2
RX = RimX = o= + 26, X A, (A.11)
dg g2 5

A straightforward calculation analogous to the one in A.3 of [22] shows that
. 1 .
—5 /daz Fi " and  — 22 /dx D*D*" (A.12)

are in the kernel of R. Thus we can set D = 0 without loss of generality. Using the
definitions of the fermion and ghost propagators

@)X (y) = 5%,y A) and C*(@)CMy) = G (a,y; A) (A.13)

we obtain the final form of R = Riny + Rgr spelled out in (3.15) and (3.16).

B Fourth order result in Landau gauge

In this appendix we give the explicit form of the on-shell map 7, for the Landau gauge
up to and including order O(g?), thus extending the result of [22] by one order. This
expression does satisfy all the tests on-shell, that is, on the gauge surface 0" Aj, = 0; details
of the latter calculation will be provided in a forthcoming thesis [45]. We emphasize that
for the A/ = 1 theory our prescription would also yield the corresponding off-shell result,
but the resulting expressions would be considerably more cumbersome.

(ToA)p(z) = Aj(z) + g [ [ dy 9°Clz — y) AL (y) A5 (y)
+ % Ferertte [ dy dz 8°C(x — y) AN (9)9,Cly — 2) Al (2) A5 (2)
+ g;f‘“”f"de f9 [ dy dz dw 0°C(a — y)
x 0’ C(y — 2) A% (2) A”(2)01,Cy — w) AL (w) AZ (w)
g f [ dy dz dw 9 Clo - A () {
— 97Cly — 2)A5(2)9),C (2 — w) Af (w) A (w)
+ 9,Cly = DAL Cle = w)A] () A% (w) }

3
4 %fabcfbdefdfg/dy dz dw{

(B.1)
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3
- %f“bcfbdefdfg dy dz Aj,(2)C(z — y) A" (9)0*Cly — 2)A](2) AL (2)

+ %f“bcf”de fhogert [ dy dz dw

x C(x = y) AN (y)0"Cly — 2) AL (2) A3 (2)07 C(x — w) A (w) A}, (w)

+ %1 fave prde pdfa peni [ Q0 42 dw dv 9 C(a — y)9,C(y — 2) {
—945(2)9"C(z — w) A” (w) A 9( w)3pC(y — v) A (v) Ay (v)
+447(2)9710(z — w) Al (w) A"V (), Oy — v) AX (v) A7 (v)

— 247 (2)0,C (= — w) AL (w) A% ()07 Cly — v) A5 () A (0) }

- f—;f““fb“fdfgfchi dy dz dw dv 9,C(x — )" C(y - 2)

x A”%(2)07C(z — w) AL (w) A3 (w)d"C(y — v) A7 (v) AL (v)

+ 9—; Feve phde g peri [y dz dw dv 9zC(x — 1) {

+ 0, C(y — 2) A5 ()0 C (2 — w) AT (w) A9 ()97 Cy — v) AG (v) Ay (v)
— P C(y — 2)A7(2)9,C (2 — w) Af (w) A ()0" C(y — v) Ay (v)Ai(v)}
+ gg e pde pdfa pei [ d dw dv Oz — ) {

+30PC(y — 2) A4 (2)9,C (2 — w) AL (w) A% (w)” C(y — v) A (v) A}, (v)
+ OpCly — 2)A”(2)07C(z - w)A], (W) AL ()0 Cly — ) Afy(0) Aly(v) }
- %4 ferefriegdapert [ de dy dz dw

X A (2)C(x = ) Cly — 2) AL (2)A”*(2)07 C(y — w) Ay (w) Ap (w)

- %f”b”fbdefdfgfehi dy dz dw dv 9,C(z — y)

x 0 (AS(y)Cly — 2)) 9°C(z — w) A (w) A" (w)9" Oz — v) Ag (v) A} (v)
+ if““fb“fdfgfeh" dy dz dw dv 9*C(z — y)A"“(y)

—30,C(y — 2)9,C(z — w) AL (w) A% (w)d" C(z — v) A7 (v) A}, (v)
—30"Cly — 2)0,C(z — w) Af (w) A},
Cly — 2)InC(z — w) Al (w) A
~30,C(y — 2)opC(z — w)Ag(w)A
(y — 2)9,C (= — w)Af (w)

( )

Yy —2)0,C(z —w)A wA]w

—20\C(y — 2)0"C Al [(w) A7 (w)o 7C(z —v)AL(v) AL (v)

zZ—w v

+0,C(y — 2)9"C(z — w) Al () A, (w)97C (= — v) Ag (v) A5 (v)
+ %fabcfbdefdfgfehi dy dz dw dv 8*C(z — y) {

TAL(Y)ONC(y = 2)0°C(z — w) Af (w) A (w)d" C (2 — v) Ag (v) A}, (v)
+3AV ooy — 2)0,0(z — w) A (w) A9 (w)0C (= — v) Al (v)Af,(U)}
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. ifabcfbdefdfgffhi/d d d

B y dz dw
x Oz — y) AL, (y) A5 (y) Oy — 2)AP9(2)07C (2 — w) Al (w) Al (w)
+ %fabcf-bdefdfgffhi /diE’ dy dz dw AZ(LE)C(J) _ y) {

+ 94 (y)d°Cy — 2) A7 ()9, C (2 — w) Apy (w) AL (w)
+4AR ()01 C(y — 2) A (2)07 C (2 — w) Al (w) Al (w)

— 3AS()0*Cy — 2)AP9(2)07 C (2 — w) A} (w) A}y (w)

— 30" (A5 ()Cy — 2) A°(2)07C(z — w) Al (w) A} (w) |

+%fabcfbdefdfgffhi/dy dz dw dv auc(x_y)aA (Ai(y)C(y—z)) {

+9A47¢(2)07C(z — w)A” 9 (w)d;,C(w — v) AL (v) AL (v)
+ 44 ()01 C (2 — w) AY(w)° C(w — v) Al (v) AL (v
— 30" (A5(2)C (2 — w)) A”(w)d" C(w — v) Ay (v) A],

)
(v)
—3A%(2)8°Cx — w) A" ()87 C(w — v) A" (v) AL (u)}

+ %f‘“’c fhie pifo pini / dy dz dw dv 9 C(z — y) A, ()03 Cly — 2) {
—0” (A5(2)C (2 — w)) A9 (w)d" C(w — v) Ay (v) A} (v)

— A (2)0°C(z — w) A" ()" Clw — ) AL(v) AL (v) }

+ 2—54 fobe pode pdig prhi / dy dz dw dv 8*C(z — y)

X Af(1)OnCly — 2)A*€(2)0" C(z — w) A7 ()9” Cw — v) Al (v) A} (v)

+ %ff“bCfdefdfgffhi/dy dz dw dv OnC(z — y) {

+4AP(y)dC(y — 2) A" (2)07C (2 — w) AL, (w)D,C(w — v) Al (v) Ay (v)
— 4AL ()0 Cy — 2) A5 ()05 C (2 — w) A7 ()9 C(w — v) A" 7 (v) A" (v)
— A7)0, Cly — 2) A% (2)9,C (= - w) AL(w)OP Clw — 0) A" (0) A" (v) |
3 f‘”’cfbde Flo gt / dy dz dw dv 9*C(x — y) {

—A[x( )0, Cy — 2) A ()87 C (2 — w) A”? (W)}, C(w — v) Ag (v) A} (v)
h

— AP ()OOl — 2) A (2)0,C (= — w) A" ()Y Cw — v) Al (1) Al (v)
+ AP ()8, C(y — 2)A7(2)8,0(z — w) A7 () Cw — v) Al (v) Al (v)
+ AP ()a7 )y — 2)A5(2)8,0 (2 — w) A (1), Clw — v) AL (v) Al (v)
= APE (7Y = 2 AL()0,C(z — w)A” Y (@)IpClw — v) AL () ALy ()}

+ gffabgfbdefdfgffhi/dy dz dw dv 8)\0(13 —y) AP (y) {
—80"C(y — 2)A[.(2)0\C(z — w) AJ(w)9° C(w — v)A|hG (v )A,i,](v)
— 200Cly — ) A" ()0, C (= — w) A% ()0 Clw — v) Al (0) A (v)
—20,C(y — 2)A”°(2)0,C(z — w) A (w)d° C(w — ’U)A‘ |(v) A, (v)
+20,C(y — 2) A" (2)0C(z — w) A% (w)d° C v) f,(

w)0° (w—UA‘ [(v) A, (v)
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= 20,00~ A5 (21070 — w) A (W) Clw — ) A (0) ALy v)

+ 2000y — )45 (2097 C (e — w) A ()0}, Clw — v) AL () Ay (v)

T 20,00y — 2)A45 (2090 (= — w) A" ()2, 0w — ) Ab (1) A (v)

0,0y — 2)AS(2)0" Oz — w) A% ()" C(w — v) AL (v) A} (v)

- %C(y = 2)A5(2)0"C(z = w)Af, ()7 Clw = v) A} (0) A}y (v)}
897 e i s 14 / dy dz dw dv 9 Cla - y)4”(y) {

— 200" Cly — 2)A° *(2)0, C (= — w) AL (w)dyCw — v) AL () Ay (v)
— 49,0(y — 2)A"*(2)9° C (= — w) AT, (w)OrCw — v) Al (v) Al (v)
407 Oy — 2) A% (209" Oz — w) AL, (w)OrClw — v) Al (v) AL (v)
20, 0(y — 2)A” “(2)93 Oz — w) A ? ()2}, C(w — ) A (v) Al (v)

—_— =

+207C(y — 2) A (2)05 C(z — w) A" (w) 9, Cw — v) A7 (v) A}y (v)
— 2070y — 2)Af, (2)8,)C(z — w) A" ()3}, C(w — v) AR (v) 4}, (v)
—201,C(y — 2)AX(2) p]C(Z— w) A" (w) )A5 (0) AL (v)

°C(w—v
—207C(y - )AZ(Z)a C(z —w) Al (W) C(

- 0,C(y —
—07Cy - 2)
—90°C(y —2)A
+97C(y — 2)
+07C(y — 2)

0(g°).
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