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Abstract: A reliable model order reduction process for parametric analysis in electromagnetics is detailed.
Special emphasis is placed on certifying the accuracy of the reduced-order model. For this purpose, a sharp
state error estimator is proposed. Standard a posteriori state error estimation for model order reduction
relies on the inf-sup constant. For parametric systems, the inf-sup constant is parameter-dependent. The
a posteriori error estimation for systems with very small or vanishing inf-sup constant poses a challenge,
since it is inversely proportional to the inf-sup constant, resulting in rather useless, overly pessimistic error
estimators. Such systems appear in electromagnetics since the inf-sup constant values are close to zero
at points close to resonant frequencies, where they eventually vanish. We propose a novel a posteriori
state error estimator which avoids the calculation of the inf-sup constant. The proposed state error
estimator is compared with the standard error estimator and a recently proposed one in the literature. It
is shown that our proposed error estimator outperforms both existing estimators. Numerical experiments
are performed on real-life microwave devices such as narrowband and wideband antennas, as well as a dual-
mode waveguide filter. These examples show the capabilities and efficiency of the proposed methodology.

Keywords: Antennas, error analysis, finite element methods, Galerkin method, integral equation meth-
ods, microwave circuits, reduced basis methods, reduced order systems.

AMS subject classifications: 65M15, 65M60, 65R10, 78A50

Novelty statement: We propose efficient, sharp a posteriori state error estimation for reduced-order
models of general linear parametric systems. Robustness of the estimator is demonstrated via its appli-
cations in computational electromagnetics. It avoids computing a quantity that normally tends to blow
up existing error estimators at or near resonance frequencies. Our new estimator is integrated within an
adaptive greedy algorithm that iteratively builds the reduced-order model.

1 Introduction

The rapid rise in demand for novel communication de-
vices with an emphasis on optimal performance has posed
a challenge to the standard design and prototyping work-
flow to manufacture such devices. As a result, a great

computational effort is carried out to get physical in-
sight from time-consuming electromagnetic simulations
by means of parametric studies. The ultimate goal of
these parametric analyses is to develop robust and effec-
tive electrical designs, which are of paramount importance
for industry. Different efforts in the computational elec-
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tromagnetic (CEM) community have been carried out to
speed this costly process up and many of them follow the
model order reduction (MOR) trend [1, 6–8,21, 24, 27, 32,
36,44].

MOR has demonstrated its robustness in reducing the
complexity of parametric systems [4, 33]. Often, algo-
rithms or methods are proposed without guaranteed ac-
curacy, due to missing error analysis or are lacking effi-
ciently computable error estimators. It is quite usual that
the proposition of corresponding error estimation lags be-
hind new algorithms. So far, the standard a posteriori
state error estimator is widely used if no better choice is
available, namely, residual norm divided by the inf-sup
constant [21, 22, 33, 40]. As already stated in [17], keep-
ing the inf-sup constant in the denominator of the error
estimator causes risk for many problems with small inf-
sup constants. The system of time-harmonic Maxwell’s
equations is one of them since it has inf-sup constants
close to zero near to resonant frequencies. This leads to
an error estimator having very large magnitude at those
frequencies, even though the true error is already very
small [19, 34,37].

Some a posteriori error estimators independent of the inf-
sup constant are recently proposed in [17, 39]. There, in-
stead of computing the inf-sup constant, additional dual
or residual systems are solved to obtain the error esti-
mators. A state error estimator is proposed in [39], and
an output error estimator is considered in [17]. The out-
put error estimators are of interest when the accuracy
of the outputs needs to be guaranteed by the reduced-
order model (ROM). However, for some cases, e.g., for
fast frequency sweeps in electromagnetics as well as in
acoustics [19, 34], the state vector should be accurately
approximated by the ROM. Therefore, state error estima-
tion is important for generating accurate ROMs in such
situations.

As the central contribution of this work, we introduce
a new a posteriori error estimator for the state error in-
troduced by the ROM approximation. The proposed es-
timator avoids computing the inf-sup constant. Instead,
it exploits a residual system to construct the estimator.
The same residual system was also used in [39]. However,
our newly proposed error estimator is more accurate that
the one detailed in [39], according to our analyses in Sec-
tion 4.1. Further, an adaptive algorithm is proposed to
iteratively build the ROM by using this new state error
estimator.

The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the parametric problem in electro-
magnetics considered in this work, and the standard state
error estimation. The new state error estimation is pro-
posed in Section 3. The estimator proposed in [39] is
reviewed and theoretically compared with our proposed
estimator in Section 4. Numerical simulations in Section 5
show the performance of the proposed estimator, as well
as the results of the standard estimator and the estimator

in [39]. Finally, in Section 6, we provide conclusions.

2 Parametric Problem and Standard
State Error Estimation

The systems we are interested in are steady (time-harmonic),
linear, parametric systems in the form of,

A(µ)x(µ) = B(µ). (1)

Here, µ ∈ Cm is the vector of parameters, A(µ) ∈ Cn×n,
B(µ) ∈ Cn×p are system matrices, and x(µ) ∈ Cn×p is
the state solution, n is assumed to be large, say n ∈
O(105). System (1) is referred to as the full order model
(FOM). Such systems arise from numerical discretization
of partial differential equations (PDEs) and integral equa-
tions (IEs), such as the time-harmonic Maxwell’s equa-
tions where differential and integral approaches are both
possible.

The ROM can be obtained based on Galerkin projec-
tion,

Â(µ)z(µ) = B̂(µ), (2)

where the reduced matrices are given by Â(µ) = V TA(µ)V ∈
Cr×r, B̂(µ) = V TB(µ) ∈ Cr×p and V ∈ Rn×r is the pro-
jection matrix spanning the reduced space. z(µ) ∈ Cr×p
stands for the reduced state vector. r � n is the order
of the ROM. The approximate state vector obtained from
the ROM is x̂(µ) = V z(µ), such that x(µ) ≈ x̂(µ). By
considering each column of B(µ) separately, the error es-
timators presented in the following can be easily extended
for systems with multiple inputs [17]. Please also refer to
the details in Section 5, where a circuit with two ports is
used to test the error estimators. For simplicity of expla-
nation in the following sections, we assume that B(µ) is
a vector.

Next, we introduce the standard state error estimation
and point out the role of the inf-sup constant.

2.1 Standard State Error Estimation

The residual obtained by substituting the approximate
solution into the FOM is given by

r(µ) = B(µ)−A(µ)x̂(µ). (3)

Then from (1), we obtain,

r(µ) = A(µ)x(µ)−A(µ)x̂(µ), (4)

so that
‖x(µ)− x̂(µ)‖ = ‖A(µ)−1r(µ)‖. (5)

The standard a posteriori state error estimation is ob-
tained by invoking the sub-multiplicativity property of
the operator norm in (5). Considering the 2-norm, it can
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be shown that the error e(µ) := x(µ) − x̂(µ) is bounded
above and below by the residual r(µ) as

1

σmax
‖r(µ)‖ ≤ ‖e(µ)‖ ≤ 1

σmin
‖r(µ)‖ (6)

with σmax and σmin the largest and smallest singular val-
ues of A(µ), respectively. Through this inequality, we
define the upper bound for the state approximation error

‖e(µ)‖ = ‖x(µ)− x̂(µ)‖ ≤ 1

σmin
‖r(µ)‖ =: δ(µ). (7)

Further, in this discretized setting, σmin plays the role of
the inf-sup constant. However, the standard error estima-
tor δ(µ) approaches infinity when the matrix A(µ) is close
to singular at some values of µ, resulting in a rather poor
estimation and a naive bound. This is true for many prob-
lems [17]. Furthermore, the above error estimation leads
to unacceptable overestimation of the state error even for
well-conditioned problems [38]. Given no better choices,
the residual norm ‖r(µ)‖ is often used as a heuristic error
estimator [2,10–12,18,30,35,41,42]. In Section 5, we also
numerically compare the proposed error estimator with
the residual norm ‖r(µ)‖.

3 Proposed State Error Estimation

From (4), we know that

A(µ)(x(µ)− x̂(µ)) = r(µ).

To compute the error e(µ) for each value of µ, we need to
solve the residual system corresponding to each µ:

A(µ)e(µ) = r(µ). (8)

Note that the residual system (8) is of the original large
dimension n. It is not practical to solve many large sys-
tems at many values of µ in order to know the error dis-
tribution in the whole parameter domain. For fast error
estimation, we first construct the ROM of the residual
system using a projection matrix Ve ∈ Rn×` that spans
the error subspace. This is given as,

Ã(µ)ze(µ) = r̃pr(µ), (9)

where Ã(µ) = V Te A(µ)Ve, r̃pr(µ) = V Te r(µ), and ẽ(µ) :=
Veze(µ) approximates e(µ). Then, our proposed state er-
ror estimation is given by ‖ẽ(µ)‖, i.e.

‖x(µ)− x̂(µ)‖ = ‖e(µ)‖ ≈ ‖ẽ(µ)‖. (10)

We obtain the following analysis for the rigorousness and
tightness of the state error estimator ‖ẽ(µ)‖.

Theorem 1. The state error ‖e(µ)‖ can be bounded by
‖ẽ(µ)‖ as follows:

‖ẽ(µ)‖ − γ(µ) ≤ ‖e(µ)‖ ≤ ‖ẽ(µ)‖+ γ(µ). (11)

Here γ(µ) = ‖e(µ) − ẽ(µ)‖ ≥ 0 is a small value if ẽ(µ)
well approximates e(µ), which is achievable by accurate
MOR of the residual system (8).

The theorem can be easily proved by applying the tri-
angular inequality to ‖e(µ) − ẽ(µ)‖, and is not detailed
here.

Remark 1. Theorem 1 is also valid for a complex matrix
V ∈ Cn×r. Considering that a real matrix V is used in
our numerical tests (see Remark 5), we keep V real all
through the paper to avoid confusion.

3.1 Computing the State Error Estimator

In order to compute the state error estimator ‖ẽ(µ)‖, we
need to construct the ROM (9) for the residual system (8).
Consequently, the projection matrix Ve has to be com-
puted. In a similar manner as in [17], we look at the
residual system (8) in order to identify the subspace for
the trajectory of the state error vector e(µ):

e(µ) = A(µ)−1r(µ)
= A(µ)−1(B(µ)−A(µ)x̂(µ))
= A(µ)−1B(µ)− x̂(µ)
= A(µ)−1B(µ)− V z(µ).

(12)

Note that A(µ)−1B(µ) is nothing but the state solution
x(µ). If we could find a subspace to approximate the tra-
jectory of x(µ), say range(Vr), then x(µ) can be approx-
imately represented by the columns of Vr, i.e. x(µ) ≈
Vrzr(µ). Thus,

e(µ) = A(µ)−1B(µ)− V z(µ)
≈ Vrzr(µ)− V z(µ).

(13)

Since the state error vector e(µ) 6= 0, range(Vr) should be
different from range(V ) used for constructing the original
system ROM (2). It is clear from (13) that e(µ) can be
approximated by linear combination of the columns in Vr
and V . Therefore, we can construct Ve as

Ve = colspan{Vr, V }. (14)

In the next subsection, we propose an algorithm for con-
structing the ROM (2) of the original FOM (1) by using
the proposed state error estimator ‖ẽ(µ)‖.

3.2 Constructing the ROM

The algorithm for constructing the ROM (2) is detailed
in Algorithm 1, where the proposed state error estimator
is used to select samples of the parameter µ for comput-
ing the projection matrix V . We make some remarks to
highlight various aspects of Algorithm 1.

• The algorithm is automatic. The user needs only to
provide a training set Ξ. Adaptive sampling ap-
proaches for iteratively updating the training set
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exist [5, 16, 23, 26] and can be combined with Al-
gorithm 1. Since it is not the focus of the paper, we
will present the corresponding algorithm elsewhere.

• In Steps 3-4, parameter dependent matrices V (µ∗)
and Vr(µ

∗
e) can be computed using a favorite MOR

method. When using the reduced basis method, we
have

V (µ∗) = A(µ∗)−1B(µ∗), Vr(µ
∗
e) = A(µ∗e)

−1B(µ∗e).

In [17], a multi-moment-matching method [3] is used
to compute V (µ∗), which can also be used to com-
pute Vr(µ

∗
e). We do not repeat the details in this

work.

• It is important that the parameter samples µ∗ and
µ∗e must be different, otherwise, this may lead to
V = Vr, which is in contradiction with the analysis
in Subsection 3.1 (see (13)). Therefore, we choose
two different initial samples, and select two different
sequential ones in Step 7 and Step 8, respectively.
In Step 8, we simply use ‖re(µ)‖, the residual norm
introduced by ẽ(µ), the approximate solution to the
residual system (8), as the indicator for selecting µ∗e
in a greedy strategy.

• ε is taken as the maximal value of the state error
estimator, i.e. ‖ẽ(µ∗)‖.

4 Review of the Randomized State
Error Estimator

A randomized state error estimator is proposed in [39]
for Galerkin projection based MOR. It is stated that the
‖ · ‖Σ norm of the state error satisfies

‖e‖2Σ = eTΣe = eTE(zzT )e = E((zT e)2), (15)

where z ∈ Rn is a zero mean Gaussian random vector
with covariance matrix Σ ∈ Rn×n.

An approximation to E((zT e)2) is firstly proposed,

E((zT e)2) ≈
( 1

K

K∑
i=1

(zTi e)
2
)1/2

, (16)

where zi ∈ Rn are K samples of z. After simple deriva-
tions, it is proved that [39]

( 1

K

K∑
i=1

(zTi e)
2
)1/2

=
( 1

K

K∑
i=1

(ξi(µ)T r(µ))2
)1/2

, (17)

where r(µ) is the residual defined in (3) and the paramet-
ric functions ξi(µ), i = 1, . . . ,K, satisfy the following K
random dual systems, respectively,

A(µ)T ξi(µ) = zi, 1 ≤ i ≤ K. (18)

Algorithm 1 Constructing the ROM (2) using the state
error estimator ‖ẽ(µ)‖
Input: System matrices A(µ), B(µ), training set Ξ in-

cluding a certain number of samples of µ, tolerance
tol for the acceptable state error.

Output: ROM (2).
1: Initialize V = [ ], Ve = [ ], ε = 1 + tol. Two different

samples µ∗ and µ∗e randomly taken from Ξ.
2: while ε > tol do
3: Compute V (µ∗) using a favorite MOR method and

update V : V = orth
(
[V, V (µ∗)].

4: Compute Vr(µ
∗
e) using a favorite MOR method and

update Vr: Vr = orth
(
[Vr, Vr(µ

∗
e)].

5: If a real V is preferable, then
V := orth

[
real(V ) , imag(V )

]
; also, if a real Vr is

preferred, then Vr := orth
[
real(Vr) , imag(Vr)

]
.

6: Form Ve: range(Ve) = colspan{Vr, V }.
7: Compute the estimated state error vector ẽ(µ) us-

ing V and Ve.
8: Choose the next sample µ∗ from Ξ as

µ∗ = arg max
µ∈Ξ
‖ẽ(µ)‖.

9: Choose the next sample µ∗e from Ξ following

µ∗e = arg max
µ∈Ξ
‖re(µ)‖.

Here re(µ) = r(µ)−A(µ)ẽ(µ) is the residual intro-
duced by ẽ(µ).

10: ε = ‖ẽ(µ∗)‖.
11: end while
12: Use V to construct the ROM: Â(µ) = V TA(µ)V ,

B̂(µ) = V TB(µ).

To define the error estimator, reduced systems for those
K random dual systems are first constructed as,

V TrdA(µ)TVrdξ̂i(µ) = V Trdzi, 1 ≤ i ≤ K.

Then ξi(µ) can be approximated by Vrdξ̂i(µ) as ξi(µ) ≈
ξ̃i(µ) := Vrdξ̂i(µ). Finally, the state error estimator is
defined as

∆̃(µ) =
( 1

K

K∑
i=1

(ξ̃i(µ)T r(µ))2
)1/2

. (19)

It is proved in [39] that if Vrd = Ve, then ∆̃(µ) in (19) can
be written as

∆̃(µ) =
( 1

K

K∑
i=1

(zTi ẽ(µ))2
)1/2

. (20)

Note that Ve and ẽ(µ) are defined in (9). This means,
with the assumption Vrd = Ve, ∆̃(µ) is an average of K
inner products of zi and ẽ(µ), i = 1, . . . ,K.
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4.1 Comparison between ∆̃(µ) and ‖ẽ(µ)‖
• It is clear that ∆̃(µ) is an approximation to(

1
K

K∑
i=1

(ξi(µ)T r(µ))2
)1/2

in (17). The approxima-

tion is caused by MOR for the K random dual sys-
tems in (18); or alternatively by MOR for the resid-
ual system (8) if ∆̃(µ) in (20) is considered. Com-
bining (15), (16) and (17), we see that(

1
K

K∑
i=1

(ξi(µ)T r(µ))2
)1/2

is again an approximation

to the state error ‖e‖Σ. Whereas, our proposed
state error estimator ‖ẽ‖ is a direct approximation
to the state error ‖e‖, where the approximation is
only introduced by MOR for the residual system (8).
If similar accuracy of MOR for both error estima-
tors is obtained, then ‖ẽ‖ should be more accurate
than ∆̃(µ).

• For computing ∆̃(µ), no efficient method is pro-
posed in [39] to compute the projection matrix Ve
for the reduced residual system (9). Instead, two
algorithms are proposed [39, Algorithms 3.1, 3.2]
to compute Vrd and reduce the K random dual sys-
tems (18). In contrast, we have proposed an efficient
method of computing Ve in subsection 3.1, so that
only one system needs to be reduced.

• If ‖ · ‖2 is used for both error estimators, then Σ for
‖e‖Σ is the identity matrix, according to (15).

5 Numerical Results

We test the proposed state error estimator ‖ẽ(µ)‖ and the
existing ones on four different real-life applications. The
first is a dual-mode circular waveguide filter, and two ex-
citation ports are considered. The other three examples
include models of narrowband and wideband antennas,
where only one excitation port is taken into account. Af-
ter numerical discretization of the time-harmonic Maxwell’s
equations by means of the finite element method (FEM),
the systems can be written in the form of (1). The in-
house code for FEM simulations uses a second-order first
family of Nédélec’s elements [25, 31] on meshes provided
by Gmsh [20]. Fast frequency sweep is considered in all
the examples. As a result, only one parameter models
are taken into account in this work with µ = s := 2πf .
Here, s is the complex frequency variable,  is the imag-
inary unit, and f is the frequency with unit Hz. The
system matrix has the affine form given by,

A(s) := S + sU + s2T ,

where S is the stiffness matrix, T is the mass matrix and
U is the FEM matrix related to the first-order absorbing
boundary conditions (ABC) and S,U , T ∈ Rn×n. B(s) :=
sQ with Q ∈ Rn×p, with p being the number of ports

and Q being a matrix related to the excitation currents
at the ports. Finally, the state solution x(s) ∈ Cn×p
stands for the electric field in the analysis domain. It
should be pointed out that integral equation methods for
electromagnetic scattering can be taken into account as
parametric problems in (1) [30, 43]. By the same token,
other parameters than frequency are also possible [9].

In our experiments, we define the true error (εtrue)
based on the number of input ports. We first consider
the error for each column xi(s) of the solution x(s) sepa-
rately and define the maximal true error as,

εtrue = max
i∈{1,...,p}

s∈Ξ

‖xi(s)− x̂i(s)‖,

where x̂i(s) is the i-th column of the approximate solu-
tion x̂(s). Here, Ξ denotes the training set consisting of
elements sampled from the parameter space. Note that
for each i, the system of xi(s) is a single input system,
i.e. A(s)xi(s) = Bi(s), where Bi(s) is the i-th column of
B(s). We use the maximal error estimator to estimate
εtrue:

εest = max
i∈{1,...,p}

s∈Ξ

∆i(s).

∆i(s) refers to any of the four error estimators used to es-
timate the error ‖xi(s)− x̂i(s)‖: the residual norm ‖r(s)‖
(3), the standard error estimator δ(s) (7), the randomized
error estimator ∆̃(s) (20), and the proposed state error
estimator ‖ẽ(s)‖ (10). We use the metric of effectivity to
gauge how close the estimated error is to the true error:
eff := Error estimator

True error = εest
εtrue

. For each of the four exam-
ples considered, we evaluate the performance of the four
error estimators. In the sequel,

• Test 1 refers to the greedy algorithm with the stan-
dard error estimator δ(s),

• Test 2 denotes the greedy algorithm employing the
residual norm ‖r(s)‖ as a heuristic error estimator,

• Test 3 uses the randomized error estimator ∆̃(s)
from [39], to drive the greedy algorithm and

• Test 4 consists of the proposed error estimator ‖ẽ(s)‖
in the greedy algorithm.

In all numerical tests, the vector 2-norm ‖ · ‖2 is used for
both the true and estimated errors.

Remark 2. Note that the error εtrue and error estimators
are defined for the scaled solution after scaling the right
hand side matrix B(s) with a proper scaling constant in
order to avoid large norm of the solution x(s). This is
due to the fact that the entries in the left hand side ma-
trix A(s) have much smaller magnitudes than those in
B(s) because of the large value of s associated with Q.
Without scaling, both x(s) and x̂(s) have large norms,
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leading to large absolute errors, which cannot reflect the
real accuracy of the ROM. Therefore, we first scale the
right hand side and then construct the ROM. The ap-
proximate solution x̂(s) can be recovered by scaling back
without losing any accuracy. The scaling constant we take
here is scale = 105, and the right hand side after scaling
is sQ/scale.

Remark 3. Algorithm 1 is tailored for the proposed er-
ror estimator ‖ẽ‖, which can be seen from Steps 7-8 of the
algorithm. Similar greedy algorithms can be developed for
the other three error estimators. To avoid redundancy,
we do not list the corresponding algorithms for those es-
timators. However, we should point out that although we
use the same name: greedy algorithm for all the error
estimators, they are not the same algorithm, but the cor-
responding algorithm for each of the estimators. The fact
that greedy algorithms may be different with different error
estimators is mainly due to the fact that different compu-
tational steps (e.g., projection matrices) could be involved
in computing the error estimators. For example, instead
of Ve, Vrd is needed for computing the randomized error
estimator ∆̃(s). In particular, we use the greedy algorithm
proposed in [39] for the randomized estimator.

Remark 4. For the randomized error estimator ∆̃(s) in
Test 3, we make use of Algorithm 3.1 from [39] to con-
struct Vrd, where a separate greedy algorithm is used. For
this purpose, tolrd is defined to be the tolerance for this
separate greedy procedure to generate Vrd.

Remark 5. For the three antenna examples in this work,
the state vectors are complex, so that the projection ma-
trix V obtained in Steps 3-4 of Algorithm 1 is complex.
However, the system matrices S, U , T are all real. To
make the reduced matrices Ŝ, Û , T̂ also real, we use V :=
orth

(
[real(V ), imag(V )]

)
(in MATLAB®notation) to con-

struct a real projection matrix. In fact, the columns of this
new real V span a subspace over R which is isomorphic
to the one spanned by the original complex V over C.

For the first example, the simulations were performed
on a laptop with Intel®Core™i5-7200U @ 2.5 GHz, with
8 GB of RAM in MATLAB®2015a. Owing to the large
size of the models, the simulations for the three antenna
examples were performed on a workstation with 3 GHz
Intel®Xeon E5-2687W v4 processor and 256 GB of RAM,
with MATLAB®2017a. It should be pointed out that, in
our experiments, the CPU time performance is not op-
timized, since MATLAB®code is used in the numerical
computations. However, a fair comparison among the dif-
ferent methodologies is taken into account.

5.1 Example I : Dual-Mode Circular
Waveguide Filter

Fig. 1 shows a dual-mode circular waveguide filter as well
as its geometry dimensions and mesh for FEM analysis.

The scattering parameter response of this filter is detailed
in Fig. 2. Dual-mode filters are widely used in satellite
communication, due to their power handling capabilities
[10,14]. We consider a system with p = 2 input ports. The
dimension of the system is n = 36, 426 and the system
matrix is A(s) = S + s2T . This time, we solve for the
E-wall cavity problem and no ABC is needed, as a result,
U ≡ 0. The frequency band of interest is [11.5, 12] GHz.
The tolerance for the state error of the ROM is set to be
tol = 10−6. The training set Ξ for Algorithm 1 is made
up of 101 uniformly sampled f ∈ [11.5, 12] GHz.

5.1.1 Test 1. Standard error estimator

For the first test, we use the standard error estimator δ(s),
which involves computing the inf-sup constant. Calculat-
ing the inf-sup constant for all parameters in the training
set is expensive. Fig. 3a shows that the greedy algorithm
requires 11 iterations to converge to the defined tolerance.
Fig. 3b plots the effectivity changing with iteration num-
ber. It is of order O(100), showing that δ(s) is not sharp.
The algorithm results in a ROM of size 20.

5.1.2 Test 2. Residual norm as a heuristic error
estimator

We use the norm of the residual ‖r(s)‖2 as an estimator
for the state error. Fig. 4a illustrates the convergence of
the corresponding greedy algorithm which stops within
10 iterations. The effectivity in Fig. 4b is of order O(10).
The algorithm results in a ROM of size 20.

5.1.3 Test 3. Randomized error estimator

To compute the randomized estimator ∆̃(µ) from [39],
K = 20 random vectors are generated from a normal dis-
tribution by the MATLAB®command mvnrnd with seed
0, using the MersenneTwister random number genera-
tor. The projection matrix Vrd is constructed for the K
random dual systems in (18), using Algorithm 3.1 in [39]
with tolrd = 0.5. It is seen from Fig. 5a that the greedy
algorithm takes 8 iterations to converge leading to a ROM
of order 16. In Fig. 5b, the effectivity of ∆̃(µ) is plotted.
Although it is close to one, there are obvious underesti-
mations at some iterations. Furthermore, generating Vrd
takes considerable time as shown in Table 1, even for rel-
atively large error tolerances (∼ O(10−1)).

5.1.4 Test 4. Proposed error estimator

The performance of ‖ẽ(s)‖2 is tested by using Algorithm
1. As illustrated in Fig. 6, Algorithm 1 needs 8 itera-
tions to converge with effectivity very close to 1. Com-
pared with the standard error estimator δ(µ) and the

Preprint (Max Planck Institute for Dynamics of Complex Technical Systems, Magdeburg). 2021-04-28
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Figure 1: Dual-mode circular waveguide filter. Cavity
length 43.87 mm, radius 14 mm, iris thicknesses
1.5 mm, slot lengths 10.05 mm, slot widths 3
mm, arm widths 2 mm, horizontal arm length
7.65 mm, vertical arm length 8.75 mm, tunning
screw depth 3.59 mm and coupling screw depth
3.31 mm.
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Figure 2: Dual-mode circular waveguide filter scattering
parameter response.

residual norm error estimator ‖r(µ)‖2, ‖ẽ(s)‖2 is much
tighter, and therefore converges faster leading to a ROM
of smaller order r = 16. It is also more reliable than the
randomized estimator ∆̃(µ) with almost no underestima-
tion. For the next set of tests, we consider three
different antenna models:

(i) Substrate Integrated Waveguide (SIW) antenna.

(ii) Antipodal Vivaldi (AV) antenna.

(iii) Dielectric Resonator (DR) antenna.

For each of the models, we perform Tests 2, 3 and 4, as
for Example I. For these examples, performing Test 1 is
computationally expensive; moreover, the resulting esti-
mation of the error is not sharp, just like in Example I.
Therefore, for the remaining examples, we do not show
the additional results involving the standard error esti-
mator.
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Figure 3: Dual-mode circular waveguide filter: results for
Test 1. (a) Convergence of the greedy algo-
rithm. (b) Effectivity (eff).
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Figure 4: Dual-mode circular waveguide filter: results for
Test 2. (a) Convergence of the greedy algo-
rithm. (b) Effectivity (eff).
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Figure 5: Dual-mode circular waveguide filter: results for
Test 3. (a) Convergence of the greedy algo-
rithm. (b) Effectivity (eff).
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Figure 6: Dual-mode circular waveguide filter: results for
Test 4. (a) Convergence of Algorithm 1. (b)
Effectivity (eff).

5.2 Example II : Substrate Integrated
Waveguide Antenna

Such antennas have gained popularity recently owing to
their low-cost and efficiency [15]. Fig. 7 shows the model
of the antenna along with the mesh used for its discretiza-
tion. The input reflection coefficient response at the coax-
ial port is depicted in Fig. 8. The system is of order
n = 390, 302, with just one input. The frequency band
of interest is [6, 9] GHz. The training set Ξ consists of
61 uniformly sampled parameters from this band. The
tolerance (tol) for the greedy algorithm is set as 10−4.

5.2.1 Test 2. Residual norm as a heuristic error
estimator

We illustrate the convergence of the greedy algorithm us-
ing the residual estimator in Fig. 9a. The algorithm
converges in 8 iterations to a ROM of size r = 16. The ef-
fectivity shown in Fig. 9b is less than one for the first four
iterations, meaning the estimator underestimates the true
error. For the next four iterations, it is of order O(10).
Using the residual norm as an error estimator enjoys the
advantage that it is very easy to implement, with only
marginal overhead costs in terms of computation. How-
ever, in general, it is a crude approximation to the actual
error.

5.2.2 Test 3. Randomized error estimator

Next, we use the error estimator from [39]. We use K = 5
randomly distributed vectors, each of length n to con-
struct Vrd. The random number generator MersenneTwister
was used with the seed set to 1. The tolerance used to ob-
tain Vrd is tolrd = 1. Even for such a crude tolerance, the
algorithm requires around 80 minutes to converge. The
long time to converge and the lack of any a priori knowl-
edge to choose the number of random vectors K and the

Figure 7: Geometry of the SIW antenna proposed in [15].
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Figure 8: Reflection coefficient at the coaxial port for the
SIW antenna.

tolerance are the main disadvantages of using this algo-
rithm. Fig. 10 shows the convergence of the greedy algo-
rithm and the effectivity. The overall procedure requires
7 iterations to converge to a ROM of dimension r = 14.

5.2.3 Test 4. Proposed error estimator

For the proposed error estimator, we show the results of
Algorithm 1 in Fig. 11. It requires 7 iterations to converge
to a ROM with r = 14. The overall time to converge
was around 50 minutes, much less than the time required
to precompute Vrd in Test 3. Further, compared to the
other methods, the proposed method achieves a better
effectivity, where only at the first two iterations, the error
estimator underestimates the true error. This is quite
reasonable, since at those stages the ROM of the residual
system (8) is not yet accurate enough, leading to large
γ(µ) in (11).

5.3 Example III : Antipodal Vivaldi Antenna

For the next example, we employ an Antipodal Vivaldi
antenna. It is known for good wide-band impedance per-
formance [29]. The discretized model, shown in Fig. 12
is of dimension n = 283, 846 with f ∈ [1, 6] GHz being
the parameter space of interest. The input reflection co-
efficient at the coaxial port of the optimized Antipodal
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Figure 9: SIW antenna: results for Test 2. (a) Conver-
gence of the greedy algorithm. (b) Effectivity
(eff).
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Figure 10: SIW antenna: results for Test 3. (a) Conver-
gence of the greedy algorithm. (b) Effectivity
(eff).
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Figure 11: SIW antenna: results for Test 4. (a) Conver-
gence of Algorithm 1. (b) Effectivity (eff).

Vivaldi antenna is detailed in Fig. 13. This model is
particularly challenging to approximate with MOR tech-
niques, owing to the larger number of in-band resonances.
The tolerance for the ROM is set as 10−3. The training
set is made up of 51 uniform samples from the parameter
range of interest.

5.3.1 Test 2. Residual norm as a heuristic error
estimator

As noted previously, the Antipodal Vivaldi antenna is a
challenging model to approximate with MOR techniques.
This is evident from Fig. 14a, where the convergence of
the greedy algorithm is shown. The algorithm requires
up to 20 iterations to achieve the set tolerance. For this
model, the norm of the residual overestimates the true
error by roughly one order of magnitude, as seen in Fig.
14b, where the effectivity is illustrated. The resulting
ROM has dimension r = 40.

5.3.2 Test 3. Randomized error estimator

To construct Vrd for this example, we draw K = 6 ran-
dom vectors using the mvnrnd command and set tolrd to
be 1. The random number generator MersenneTwister

was used with the seed set to 1. The procedure based
on Algorithm 3.1 from [39] to generate Vrd takes nearly
3 hours and 12 minutes. The results of the greedy algo-
rithm are displayed in Fig. 15. Compared to Test 2 for
this example, Test 3 requires only 17 iterations to con-
verge. It results in a ROM of dimension r = 34.

5.3.3 Test 4. Proposed error estimator

Using Algorithm 1 for the Antipodal Vivaldi antenna re-
sults in a ROM of dimension r = 36, with the convergence
achieved in 18 iterations. The convergence of the maxi-
mum error and the corresponding effectivity are shown in
Fig. 16. Although in comparison to the randomized error
estimator in Test 3, the proposed approach takes one ex-
tra iteration to converge, the overall time for Test 4 is only
1 hour and 20 minutes. Moreover, the effectivity is nearly
1 for most of the iterations. The randomized estimator
tending to underestimate the true error also explains why
it takes fewer iterations to converge: the algorithm stops
according to the already small error estimate, even be-
fore the true error is below the tolerance over the whole
frequency domain.

5.4 Example IV : Dielectric Resonator
Antenna

The last example we consider is the model of a dielec-
tric resonator antenna [13] shown in Fig. 17. Reducing
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Figure 12: Antipodal Vivaldi antenna detailed in [29].
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Figure 13: Input reflection coefficient of the optimized
Antipodal Vivaldi antenna.
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Figure 14: Antipodal Vivaldi antenna: results for Test 2.
(a) Convergence of the greedy algorithm. (b)
Effectivity (eff).
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Figure 15: Antipodal Vivaldi antenna: results for Test 3.
(a) Convergence of the greedy algorithm. (b)
Effectivity (eff).
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Figure 16: Antipodal Vivaldi antenna: results for Test 4.
(a) Convergence of Algorithm 1. (b) Effectiv-
ity (eff).
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the metallization part, such antennas tend to have low
losses and are light weight [28]. The input reflection co-
efficient response is shown in Fig. 18. Among the four
examples considered, this model has the largest dimen-
sion with n = 484, 294. The frequency band of interest
spans [2.5, 4.5] GHz. For the training set, we sample 41
points uniformly. The tolerance for the greedy algorithms
is tol = 10−3.

5.4.1 Test 2. Residual norm as a heuristic error
estimator

The residual error estimator serves as a fairly good sur-
rogate for the true error, as can be seen in Fig. 19. The
algorithm converges in 12 iterations to a ROM of size
r = 24.

5.4.2 Test 3. Randomized error estimator

We set K = 5, tolrd = 1 to determine Vrd. Once
again, the random number generator MersenneTwister

was used with the seed set to 1 to draw the random vec-
tors. As for the previous example, this process takes up
a large time, requiring almost 2 hours and 44 minutes.
Fig. 20a shows the convergence of the greedy algorithm
while Fig. 20b displays the effectivity of the estimator.
Evidently, the randomized error estimator shows a mean
effectivity around one, but with a tendency to slightly
underestimate the true error. The resulting ROM of size
r = 22 is achieved in 11 iterations.

5.4.3 Test 4. Proposed error estimator

For the final test, we apply Algorithm 1 to reduce the
model of the dielectric resonator antenna. Fig. 21 shows
the procedure results in a ROM with size r = 22, as in
Test 3. However, unlike the randomized error estimator,
there is no underestimation of the true error. In fact, the
effectivity is almost unity, for most of the 11 iterations.
Also, the time required for Algorithm 1 is about 1 hour
and 49 minutes.

The time taken (in hours) for the greedy algorithms for
all the four examples are summarized in Table 1. The
second column gives the split for Test 1 times as: (Time
for precomputing inf-sup constant + Time for generat-
ing V ). Further, the third column of the table gives
the split for the Test 3 times as: (Time for precomput-
ing Vrd + Time for generating V ). The greedy algorithm
based on the residual norm requires the least computa-
tional time among the four error estimators. However,
as illustrated in our numerical examples, its accuracy is
not uniformly good. The proposed error estimator, while
acceptably more expensive than the residual estimator,

Table 1: Offline time to generate projection matrix V .

Example
Time Taken (h)

Test 1 Test 2 Test 3 Test 4

Dual-mode filter
0.14 + 0.01

= 0.15 0.01
1.02 + 0.01

= 1.03 0.03

SIW antenna - 0.26
1.32 + 0.24

= 1.56 0.83

AV antenna - 0.66
3.20 + 0.57

= 3.77 1.33

DR antenna - 1.04
2.73 + 0.93

= 3.66 1.81

Figure 17: Dielectric resonator antenna designed in [28].

gives a far superior estimation of the true error. Also,
in our tests, it requires significantly smaller offline time
when compared to the randomized error estimator.

6 Conclusions

We have introduced a novel a posteriori error estimator
capable of accurately estimating the state error, even for
systems where the inf-sup constant is very small. Many
engineering systems involving resonant electromagnetic
devices, such as microwave filters, antennas show this be-
haviour. A waveguide filter model and models of three
types of antenna are used to demonstrate the robustness
of the proposed error estimator. The proposed error esti-
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Figure 18: Reflection coefficient at the coaxial port for the
dielectric resonator antenna.
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Figure 19: Dielectric resonator antenna: results for Test
2. (a) Convergence of the greedy algorithm.
(b) Effectivity (eff).
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Figure 20: Dielectric resonator antenna: results for Test
3. (a) Convergence of the greedy algorithm.
(b) Effectivity (eff).
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Figure 21: Dielectric resonator antenna: results for Test
4. (a) Convergence of Algorithm 1. (b) Effec-
tivity (eff).

mator outperforms the standard estimator and a recently
proposed one in the literature, both theoretically and nu-
merically, thus showing its great potential in electromag-
netic simulation and analysis. As a result, compact re-
duced order models for challenging real-life applications
have been obtained.
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