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While most binary inspirals are expected to have circularized before they enter the LIGO/Virgo
frequency band, a small fraction of those binaries could have non-negligible orbital eccentricity depending
on their formation channel. Hence, it is important to accurately model eccentricity effects in waveform
models used to detect those binaries, infer their properties, and shed light on their astrophysical
environment. We develop a multipolar effective-one-body (EOB) eccentric waveform model for compact
binaries whose components have spins aligned or antialigned with the orbital angular momentum.
The waveform model contains eccentricity effects in the radiation-reaction force and gravitational modes
through second post-Newtonian (PN) order, including tail effects, and spin-orbit and spin-spin couplings.
We recast the PN-expanded, eccentric radiation-reaction force and modes in factorized form so that the
newly derived terms can be directly included in the state-of-the-art, quasi-circular–orbit EOB model
currently used in LIGO/Virgo analyses (i.e., the SEOBNRv4HM model).
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I. INTRODUCTION

The observation of gravitational waves (GWs) by the
LIGO-Virgo detectors [1,2] have corroborated the existence
of binary black holes (BBHs) in our universe. But how and
in which astrophysical environments these binaries form
are not yet fully understood. However, the masses, spins
(magnitude and orientation), and binary eccentricities
inferred from GWs provide invaluable clues to determine
BBH formation channels [3,4]. So far, the observed GWs
are consistent with binary coalescences of negligible
eccentricity, i.e., on quasicircular orbits [5–8].
In general, binaries are expected to circularize [9,10] as

they approach merger due to the emission of gravitational
radiation. But depending on their astrophysical formation
channel, a small fraction of binaries could have non-
negligible orbital eccentricity, as they enter the frequency
bands of current detectors. This can occur in dense stellar
environments, such as globular clusters or galactic nuclei,

where dynamic capture [11–16] or the Lidov-Kozai mecha-
nism in hierarchical triples [17–19] can lead to eccentric
binary inspirals at close separations.
In particular, Ref. [13] (and Ref. [14]) showed that ∼5%

(or ∼10%) of all mergers in globular clusters enter the
LIGO band with eccentricity e > 0.1. Binaries formed via
dynamic capture in galactic nuclei are expected to have
high eccentricities [16], with 92% having e > 0.1 and
50%–85% having e > 0.8 at 10 Hz. For a BBH around a
supermassive BH, the Lidov-Kozai mechanism can secu-
larly drive the BBH to eccentricities near unity for some
orientations [19]. Hence, inferring those eccentricities from
GWs is important for understanding the origin and envi-
ronment of BBHs. Interestingly, Ref. [8] pointed out that
GW190521 [20] could be consistent with either an eccen-
tric nonprecessing or a quasicircular precessing binary,
which illustrates both the difficulties and the prospects of
further observations in the upcoming and future LIGO,
Virgo, and KAGRA runs [21].
While the expected fraction of eccentric GW observa-

tions with current detectors is small, neglecting eccentricity
for the parameter inference can cause significant bias [22].
This becomes more relevant for LISAwhere a large fraction
of stellar-mass binaries is expected to be eccentric [23–27].
Hence, it is important to develop accurate waveform
models for eccentric binaries to detect them, infer their
properties, and shed light on their astrophysical environ-
ment and formation channels. Several studies developed
post-Newtonian (PN) waveform models for eccentric
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orbits, such as Refs. [28–38], or hybrid models that use
PN results for the inspiral and quasicircular numerical-
relativity (NR) simulations near merger [39–41]. Recently,
NR simulations for eccentric binaries were reported in
Refs. [41–43], and the first NR surrogate model for
eccentric BBHs has been developed in Ref. [44].
The effective-one-body (EOB) formalism [45–47]

improves inspiral-merger-ringdown waveforms by combin-
ing information from PN theory, NR simulations, and the
strong-field test-body limit. EOB Hamiltonians have been
constructed to include spin [48–56], tidal effects [57–60],
information from the small mass-ratio [61–65] and the
post-Minkowskian approximations [66–68], and have been
refined and calibrated to NR simulations [69–77]. While
the EOB Hamiltonian is valid for generic orbits, most EOB
waveform models use quasicircular orbit results for the
radiation-reaction (RR) force, gravitational waveform
modes, and the calibration with NR simulations.
Recent approaches to extend the EOB formalism to

eccentric orbits include Ref. [78], which derived the RR
force with eccentricity up to 2PN order, but without tail
effects and for nonspinning BHs. More recently, Ref. [79]
incorporated eccentricity effects in the RR force and in the
(2,2) waveform mode through 1.5PN order, including tail
effects, using the Keplerian parametrization and phase
variables that evolve only due to RR. References [80,81]
extended the quasicircular SEOBNRv1 [72] model to
eccentric orbits, while Ref. [82] added eccentric corrections
in the SEOBNRv4 [74,83] waveform model, notably in the
(2,2),(2,1),(3,3),(4,4) modes through 2PN order, including
spin-orbit (SO) and spin-spin (SS) couplings,1 but not tail
effects. They employed these eccentric modes to construct
a RR force for eccentric orbits, which, however, does not
include the Schott terms. As argued in Ref. [78] and Sec. II
below, these Schott terms are necessary for generic
orbits to satisfy the flux-balance equations. Furthermore,
Refs. [84,85] incorporated noncircular effects in the
TEOBResumS_SM [76,86] model at leading PN order in
the azimuthal component of the RR force and used a
quasicircular 2PN-expanded radial RR force without spin
or tail effects. They included eccentric corrections at
leading PN order to all modes m ≠ 0 up to l ¼ jmj ¼ 5.
In this paper, we develop a multipolar EOB waveform

model for eccentric binaries with the compact-objects’
spins aligned or antialigned (henceforth, for short aligned)
with the orbital angular momentum. We derive the eccen-
tric PN expressions for the RR force (including the Schott
terms) and the gravitational modes up to l ¼ jmj ¼ 6,
including the m ¼ 0 mode, through 2PN order, including
tail effects, and SO and SS couplings. We recast our results
for the RR force and modes in a form that can be directly

incorporated in the state-of-the-art, quasi-circular–orbit
EOB model currently used in LIGO/Virgo analyses
(SEOBNRv4HM [74,83]).
The paper is structured as follows. In Sec. II, we derive the

RR force from the energy and angular momentum fluxes
using the balance relations. We use the gauge freedom in the
RR force to impose that it reduces to the relation used in
SEOBNRv4HM in the quasi-circular–orbit limit. In Sec. III,
weobtain initial conditions for eccentric orbits. In Sec. IV,we
calculate all the gravitational waveform modes that contrib-
ute up to 2PN order relative to the leading order (LO) of the
(2,2) mode, i.e., up to the l ¼ jmj ¼ 6mode. These higher-
order modes are even more important for eccentric orbits
than for quasicircular ones [87].We conclude inSec.Vwith a
discussion of results and potential future work. Finally,
Appendix A provides the coordinate transformation from
harmonic to EOB coordinates, Appendix B includes a
derivation of the LO spin-squared contribution to the angular
momentum flux, Appendix C lists the spin contributions to
the waveform modes in harmonic coordinates, Appendix D
provides some relations for dynamic quantities in the
Keplerian parametrization, and Appendix E includes the
transformation to tortoise coordinates. We provide our
results for the RR force and waveform modes as
Mathematica files in the Supplemental Material [88].

A. Notation

We use the metric signature ð−;þ;þ;þÞ, and use units
in which c ¼ G ¼ 1, but write c explicitly in PN
expansions.
We consider an aligned-spin binary with masses m1 and

m2, with m1 ≥ m2, and we define the following constants:

M ¼ m1 þm2; μ ¼ m1m2

M
; ν ¼ μ

M
;

δ ¼ m1 −m2

M
; X1 ¼

m1

M
; X2 ¼

m2

M
: ð1Þ

In the binary’s center of mass, we introduce the canonical
phase-space variables ðR;ϕ; PR; PϕÞ, where R is the
separation, ϕ the azimuthal angle, PR the radial momen-
tum, and Pϕ the angular momentum. The total relative
momentum P is given by P2 ¼ P2

R þ P2
ϕ=R

2. We use the
rescaled dimensionless variables

r ¼ R
M

; t ¼ T
M

; pr ¼
Pr

μ
; pϕ ¼ Pϕ

Mμ
;

Ĥ ¼ H
μ
; Ŝi ¼

Si
Mμ

; χi ¼
Si
m2

i
; ð2Þ

where the dimensionless quantities are denoted with either
a hat or a lowercase letter.
The energy and angular momentum fluxes far away from

the binary are denoted by ΦE and ΦJ, respectively, and
scale as follows:

1Our results for those modes are mostly in agreement with
Ref. [82] except for the SO part, where we disagree with their
findings (their expressions contain two extra SO terms).
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ΦE ¼ Gc5Φ̃E; ΦJ ¼ c5
Φ̃J

M
; ð3Þ

where quantities with a tilde are the physical dimensionful
fluxes. The components of the RR force are denoted
by F r and Fϕ, and are scaled similarly to ΦE and ΦJ,
respectively.

II. RADIATION REACTION FORCE

The RR force accounts for the energy and angular
momentum losses by the system, and is added to the
right-hand side of the Hamilton equations of motion
(EOMs) such that

_r ¼ ∂Ĥ
∂pr

; _pr ¼ −
∂Ĥ
∂r þ F r;

_ϕ ¼ ∂Ĥ
∂pϕ

; _pϕ ¼ −
∂Ĥ
∂ϕ þ Fϕ; ð4Þ

where the leading order of F r;ϕ is of order 1=c5 (2.5 PN).
From the EOMs, with ∂H=∂ϕ ¼ 0, the time derivatives of
energy and angular momentum are given by

_Esystem ¼ dĤ
dt

¼ _rF r þ _ϕFϕ;

_Jsystem ¼ dpϕ

dt
¼ Fϕ: ð5Þ

The energy and angular momentum lost by the system are
not equal to the energy and angular momentum fluxes, ΦE
and ΦJ, because of additional contributions to E and J
due to interactions with the radiation field. The balance
equations are modified by Schott terms, as in electrody-
namics, that appear as total time derivatives in the balance
equations [78]

_Esystem þ _ESchott þΦE ¼ 0;

_Jsystem þ _JSchott þΦJ ¼ 0: ð6Þ

Substituting the expressions for the energy and angular
momentum losses, we obtain

_rF r þ _ϕFϕ þ _ESchott þΦE ¼ 0;

Fϕ þ _JSchott þΦJ ¼ 0: ð7Þ

The energy and angular momentum fluxes are gauge
independent, but the RR force and Schott terms are gauge
dependent. This coordinate gauge freedom in the RR force
was discussed by Iyer and Will in Refs. [89,90], and by
Gopakumar et al. in Ref. [91]. Bini and Damour showed in
Ref. [78] how the gauge freedom in F is related to the
freedom in defining the Schott terms.

Note that while we only consider aligned spins in this
paper, an extension to precessing spins is straightforward;
the RR force F is added to the EOM for the total
momentum p, and a RR contribution is added to the spin
evolution equations, such that

dr
dt

¼ ∂H
∂p ;

dp
dt

¼ −
∂H
∂r þF ;

dSi
dt

¼ ∂H
∂Si × Si þ _SRRi : ð8Þ

The balance equations are then given by

_Esystem þ _ESchott þΦE ¼ 0;

_Jsystem þ _JSchott þΦJ ¼ 0; ð9Þ

with

_Esystem ¼ _r ·F ;

_Jsystem ¼ r ×F þ _SRR1 þ _SRR2 : ð10Þ

See, e.g., Refs. [92,93] for more details.

A. Summary of the approach used in this paper
for the RR force

The aim of this paper is to extend the quasicircular
RR force and gravitational modes employed in the
SEOBNRv4HM waveform model to eccentric orbits.
The Hamilton equations that describe the dynamics of
the SEOBNRv4HM model use the following relations
between the RR force and the energy flux for quasicircular
orbits, which are based on results from Refs. [46,94]:

F qc
ϕ ¼ −

Φqc
E

Ω
;

F qc
r ¼ F qc

ϕ

pr

pϕ
¼ −

Φqc
E pr

Ωpϕ
; ð11Þ

with Ω being the (angular) orbital frequency. However,
these two relations are only valid for quasicircular orbits
and are not consistent for generic orbits, since they use the
circular-orbit relation Φqc

E ¼ ΩΦqc
J and do not include the

Schott terms.
Hence, the approach we use to obtain the RR force is to

write a generic ansatz with unknown coefficients for the
Schott terms, and calculate the RR force from the fluxes
using the balance equations

Fϕ ¼ −ΦJ − _JSchott;

_rF r ¼ −ΦE þ _ϕΦJ − _ESchott þ _ϕ _JSchott: ð12Þ
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Then, we specify the free unknown coefficients in the
Schott terms such that the force reduces to the conditions in
Eq. (11) in the limit of quasicircular orbits, i.e.,

Fϕ ¼ −ΦJ þOð _prÞ þOðp2
rÞ;

F rpϕ

Fϕpr
¼ 1þOðp2

rÞ; ð13Þ

since both pr and _pr are zero for circular orbits. Finally, we
factorize the RR force into the quasicircular part used in
SEOBNRv4HM times eccentric corrections

F r ¼ F qc
r F ecc

r ; Fϕ ¼ F qc
ϕ F

ecc
ϕ ; ð14Þ

where the quasicircular parts are given by Eq. (11), and the
eccentric corrections scale as F nc

i ∼ 1þ _pr þ p2
r þ � � �. In

the following subsections, we provide the details of
these steps.

B. EOB Hamiltonian and angular momentum

The EOB Hamiltonian is calculated from an effective
Hamiltonian Heff via the energy map

HEOB ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ν

�
Heff

μ
− 1

�s
; ð15Þ

with Heff given in Refs. [50,51,56]. When calculating the
RR force to 2PN, we only need to work with the PN
expansion of the EOB Hamiltonian. The nonspinning part
to 2PN order is given by

Ĥ0
EOB ¼ c2

ν
þ p2

2
−
1

r
þ 1

c2

�ðν − 1Þp2

2r
−
1þ ν

8
p4 −

p2
r

r

−
1þ ν

2r2

�
þ 1

c4

�
1þ νþ ν2

16
p6 þ ð1þ 2νÞp2

r

r2

−
ð1þ ν − 3ν2Þp2

4r2
þ ð1þ ν − 3ν2Þp4

8r

þ ð1þ νÞp2p2
r

2r
−
1 − νþ ν2

2r3

�
; ð16Þ

the LO (1.5PN) spin-orbit part

ĤSO
EOB ¼ pϕ

2c3r3
½χ1ð2þ 2δ − νÞ þ χ2ð2 − 2δ − νÞ�; ð17Þ

and the LO (2PN) spin-spin part

ĤSS
EOB ¼ 1

2c4r3

�
χ21

�
X4
1

�
1 −

p2
ϕ

r
þ rp2

r

�
− C1ES2X

2
1

�

þ χ22

�
X4
2

�
1 −

p2
ϕ

r
þ rp2

r

�
− C2ES2X

2
2

�

þ 2χ1χ2

�
ðν − 1Þν − ν2p2

ϕ

r
þ ν2rp2

r

��
; ð18Þ

where CiES2 are the spin quadrupole constants, which equal
one for BHs.
The orbital frequency expanded to 2PN is given by

Ω≡ _ϕ ¼ ∂ĤEOB

∂pϕ
¼ pϕ

r2
þ pϕ

c2

�
ν − 1

r3
−
ðνþ 1Þp2

2r2

�
þ 1

2c3r3
½χ1ð2þ 2δ − νÞ þ χ1ð2 − 2δ − νÞ�

þ pϕ

c4

�
3ðν2 þ νþ 1Þp4

8r2
þ ð−3ν2 þ νþ 1Þp2

2r3
þ ðνþ 1Þp2

r

r3
−
−3ν2 þ νþ 1

2r4

�

−
pϕ

c4r4
ð2ν2χ1χ2 þ χ21X

4
1 þ χ22X

4
2Þ: ð19Þ

From the EOM _pr ¼ −∂Ĥ=∂r, we can obtain an expression for pϕðr; _pr; prÞ,

p2
ϕ

r
¼ 1þ r2 _pr þ

1

2c2r
½6þ ðνþ 1Þr4 _p2

r − ðν − 5Þr2 _pr þ rp2
rððνþ 1Þr2 _pr þ 4Þ�

−
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3 _pr þ r

p
2c3r2

½χ1ð2þ 2δ − νÞ þ χ2ð2 − 2δ − νÞ�

þ 1

8c4r2
½ðν2 þ 5νþ 1Þr6 _p3

r − ðν2 − νþ 1Þr4p4
r _pr þ 2ð5νþ 8Þr4 _p2

r − ðν2 þ 7ν − 63Þr2 _pr

− 24ðν − 3Þ þ 2ð8 − 24νþ 3νr4 _p2
rÞrp2

r þ 2ðν2 þ νþ 3Þp2
rr3 _pr�

þ 1

2c4r2
fχ21½3C1ES2X

2
1 þ X4

1ð1þ 4r2 _pr − 2rp2
rÞ� þ χ22½3C2ES2X

2
2 þ X4

2ð1þ 4r2 _pr − 2rp2
rÞ�

þ νχ1χ2½2ðνþ 4νr2 _pr þ 3Þ − 4νrp2
r �g; ð20Þ
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which we use to express the noncircular part of the RR
force and modes in terms of pr and _pr. It will also be
useful below, when taking the circular-orbit limit, to
have an expression for pϕ as a function of r for circular
orbits. Setting _pr ¼ 0 ¼ pr in the previous equation
yields

p2
ϕ

r
¼circ 1þ 3

c2r
þ 3ð3 − νÞ

c4r2

−
3

2c3r3=2
½χ1ð−2δþ ν − 2Þ þ χ2ð2δþ ν − 2Þ�

þ 1

2c4r2
½χ21ð3C1ES2X

2
1 þ X4

1Þ þ 2νχ1χ2ð3þ νÞ
þ χ22ð3C2ES2X

2
2 þ X4

2Þ�: ð21Þ

C. Energy and angular momentum fluxes

The energy and angular momentum fluxes for non-
spinning binaries were derived to 3PN order in harmonic
and Arnowitt-Deser-Misner (ADM) coordinates in
Refs. [95–97]. The 2PN instantaneous part of the fluxes
for nonspinning bodies is given in EOB coordinates in
Appendix A of Ref. [78]. The leading order reads

Φinst
E ¼ 8ν2

15r4
ð12p2 − 11p2

rÞ þO
�
1

c2

�
;

Φinst
J ¼ 8ν2

5r3
pϕ

�
2p2 − 3p2

r þ
2

r

�
þO

�
1

c2

�
: ð22Þ

The hereditary contributions to the fluxes can be
expressed as an infinite sum over Bessel functions
[79,96] that can be evaluated numerically or resummed
analytically [31,98]. Here, we follow the method from
Ref. [79] to obtain the LO tail part (1.5 PN) of the orbit-
averaged fluxes in an eccentricity expansion, and we extend
their derivation to Oðe6Þ, which yields2

hΦtail
E i ¼ 128πν2

5c3
x13=2

�
1þ 2335

192
e2 þ 42955

768
e4

þ 6204647

36864
e6 þOðe8Þ

�
;

hΦtail
J i ¼ 128πν2

5c3
x5
�
1þ 209

32
e2 þ 2415

128
e4 þ 730751

18432
e6

þOðe8Þ
�
; ð24Þ

where x≡Ω2=3. The eccentricity e in these equations is
defined using the Keplerian parametrization, which is
given by

r ¼ 1

upð1þ e cos χÞ ; ð25Þ

where up is the inverse semilatus rectum and χ is the
relativistic anomaly.
Since we are not using the adiabatic approximation and

are not working with orbit-averaged fluxes, we can obtain
an approximate expression for the tail contribution to the
fluxes by writing an ansatz in terms of ðr; pr; pϕÞ in a pr
expansion of the form

Φtail
E ¼ 128πν2pϕ

5c3r4

�
1

r3
þc1

p2
r

r2
þc2

p4
r

r
þc3p6

r þOðp8
rÞ
�
;

Φtail
J ¼ 128πν2

5c3r2

�
1

r3
þc4

p2
r

r2
þc5

p4
r

r
þc6p6

r þOðp8
rÞ
�
; ð26Þ

calculate the average of that ansatz in terms of ðe; xÞ (see
Appendix D), and then match it to the average flux in
Eq. (24) to determine the unknowns cn. This yields

Φtail
E ¼ 128πν2pϕ

5c3r4

�
1

r3
þ 415p2

r

96r2
þ 5p4

r

288r
−

73p6
r

11520
þOðp8

rÞ
�
;

Φtail
J ¼ 128

5c3r2
πν2

�
1

r3
þ 49p2

r

16r2
−
49p6

r

5760
þOðp8

rÞ
�
: ð27Þ

The LO (1.5PN) SO fluxes for generic orbits and generic
spins were derived in Refs. [92,100]. (The next-to-leading-
order (NLO) SO energy flux was derived in Ref. [101].) It
should be noted that Ref. [100] used the Tulczyjew-Dixon
(covariant) spin supplementary condition (SSC) [102–105],
while Ref. [92] used the Newton-Wigner (NW), or canoni-
cal, SSC [106,107]. In this paper, we use the NW SSC since
we are working in a canonical Hamiltonian formulation of
the spinning two-body dynamics [108,109]. Changing the
velocities in Eq. (17) of Ref. [92] to momenta, which
involves spin-orbit terms, the aligned-spin fluxes reduce to

2Calculating the tail contribution to the fluxes is similar to that
for the waveform modes (see Sec. IV B) except for using the
integrals [99]

Φtail
E ¼ 4

5
Ið3Þij

Z
∞

0

dτIð5Þij ðt − τÞ ln
�
τ

b

�
;

Φtail
J ¼ 4

5
ϵzij

�
Ið2Þil

Z
∞

0

dτIð5Þjl ðt − τÞ ln
�
τ

b

�

þ Ið3Þjl

Z
∞

0

dτIð4Þil ðt − τÞ ln
�
τ

b

��
; ð23Þ

where Iij is the mass quadrupole moment and b ¼ 2r0e−11=12
with r0 a gauge parameter.
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ΦSO
E ¼ 4ν2pϕ

15c3r6

�
χ1

�
p2ð36ν− 37− 37δÞ þ 4ð9þ 9δ− 4νÞ

r

þ 9p2
rð3þ 3δ− 2νÞ

�
þ 1↔ 2

�
;

ΦSO
J ¼ 4ν2

15c3r3

�
χ1

�
p4ð8ν− 9δ− 9Þ þ 9þ 9δ− 4ν

r2

þ ð9þ 9δ− 24νÞp2p2
r − ð17þ 17δþ 6νÞp

2
r

r

þ 15νp4
r þ ð11þ 11δþ 10νÞp

2

r

�
þ 1↔ 2

�
: ð28Þ

For the LO (2PN) SS contributions, the LO spin1-spin2
energy and angular momentum fluxes in harmonic coor-
dinates were derived in Refs. [93,100], while the spin-
squared energy flux was derived in Refs. [110,111], and we
obtain in Appendix B the spin-squared angular momentum
flux. Transforming from harmonic to EOB coordinates,
using the transformations in Appendix A, we get the
following SS contributions to the fluxes for aligned spins:

ΦSS
E ¼ ν2

15c4r6
fχ21½C1ES2ðδ − 2νþ 1Þð144p2 − 156p2

rÞ
þ 3ð96νδ − 47δ − 96ν2 þ 190ν − 47Þp2

þ ð149δ − 280νδþ 280ν2 − 578νþ 149Þp2
r �

þ νχ1χ2½10ð28ν − 33Þp2
r − 6ð48ν − 47Þp2�

þ 1 ↔ 2g;

ΦSS
J ¼ ν2pϕ

5c4r5

�
χ21

�
ð32νδ − 15δ − 32ν2 þ 62ν − 15Þ 1

r

þ ðδ − 2δνþ 2ν2 − 4νþ 1Þð22p2
r − 20p2Þ

þ C1ES2ðδ − 2νþ 1Þ
�
12p2 − 30p2

r þ
24

r

��

þ νχ1χ2

�
2ð23 − 16νÞ

r
− 8ð5ν − 3Þp2

þ 4ð11ν − 15Þp2
r

�
þ 1 ↔ 2

�
: ð29Þ

The total 2PN energy and angular momentum fluxes are
the sum of all the above contributions, i.e.,

ΦE ¼ Φinst
E þΦtail

E þΦSO
E þΦSS

E ;

ΦJ ¼ Φinst
J þΦtail

J þΦSO
J þΦSS

J : ð30Þ

D. Ansatz for the Schott terms

As an ansatz for the Schott terms ESchott and JSchott, we
consider

JinstSchott ¼
ν2prpϕ

r2

�
α1 þ

1

c2

�
α2p2

r þ α3p2 þ α4
r

�

þ 1

c4

�
α5p4

r þ α6p2p2
r þ α7

p2
r

r
þ α8p4 þ α9

p2

r

þ α10
r2

��
;

Einst
Schott ¼

ν2pr

r2

�
β1p2

r þ β2p2 þ β3
r
þ 1

c2

�
β4p4

r þ β5p2p2
r

þ β6
p2
r

r
þ β7p4 þ β8

p2

r
þ β9

r2

�

þ 1

c4

�
β10p6

r þ β11p2p4
r þ β12

p4
r

r
þ β13p4p2

r

þ β14
p2p2

r

r
þ β15

p2
r

r2
þ β16p6 þ β17

p4

r

þ β18
p2

r2
þ β19

r3

��
: ð31Þ

Note that this ansatz for ESchott is more general than the one
used in Eq. (4.4) of Ref. [78], since we found that such an
ansatz is needed for the RR force to satisfy the conditions
in Eq. (11).
For the LO tail, we use the ansatz

JtailSchott ¼
πν2pr

c3r2

�
λ1p2

r þ λ2p2 þ λ3
r

�
;

Etail
Schott ¼

πν2pϕpr

c3r4

�
λ4p2

r þ λ5p2 þ λ6
r

�
; ð32Þ

while for the LO SO part,

JSOSchott ¼
ν2pr

c3r2

�
χ1

�
σ1p2

r þ σ2p2 þ σ3
r

�

þ χ2

�
σ4p2

r þ σ5p2 þ σ6
r

��
;

ESO
Schott ¼

ν2prpϕ

c3r4

�
χ1

�
σ7p2

r þ σ8p2 þ σ9
r

�

þ χ2

�
σ10p2

r þ σ11p2 þ σ12
r

��
; ð33Þ

and for the SS part,
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JSSSchott ¼
ν2pϕpr

c4r4
½χ21ðζ1 þ C1ES2ζ2Þ

þ χ1χ2ζ3 þ χ22ðζ4 þ C2ES2ζ5Þ�;

ESS
Schott ¼

ν2pr

c4r4

�
χ21

�
ζ6p2

r þ ζ7p2 þ ζ8
r

�

þ χ21C1ES2

�
ζ9p2

r þ ζ10p2 þ ζ11
r

�

þ χ1χ2

�
ζ12p2

r þ ζ13p2 þ ζ14
r

�

þ χ22

�
ζ15p2

r þ ζ16p2 þ ζ17
r

�

þ χ22C2ES2

�
ζ18p2

r þ ζ19p2 þ ζ20
r

��
: ð34Þ

The total energy and angular momentum Schott terms
are the sum of the above contributions, i.e.,

JSchott ¼ JinstSchott þ JtailSchott þ JSOSchott þ JSSSchott;

ESchott ¼ Einst
Schott þ Etail

Schott þ ESO
Schott þ ESS

Schott: ð35Þ
Note that when taking the time derivative of these Schott
terms using the EOMs, the LO nonspinning part contributes
to the LO SO and SS parts of the RR force.

E. Solving for the eccentric-orbits RR force

Using the fluxes and the Schott terms, the RR force can
be calculated from the balance equations (12), which fix
some of the unknowns in the ansatz for the Schott terms.
The remaining unknowns can be determined by requiring
that the RR force satisfies the conditions (13) in the
circular-orbits limit.

1. Leading order

At leading order, calculating the RR force with the ansatz
in Eqs. (31) and expanding in pr gives

F r ¼
ν2

5prr3

�
p2 −

1

r

��
p2ð5α1 − 5β2 þ 16Þ − 5

β3
r

�

þOðprÞ: ð36Þ
Requiring that the 1=pr term is zero leads to the solution

β3 ¼ 0; α1 ¼
1

5
ð5β2 − 16Þ: ð37Þ

Expanding F rpϕ=ðFϕprÞ − 1 in pr yields

F rpϕ

Fϕpr
− 1 ¼ 9ð5β1 − 8Þp2 − ð45β1 þ 30β2 þ 88Þ=r

15β2p2 þ 3ð32 − 5β2Þ=r
þOðp2

rÞ: ð38Þ
Requiring that the first term in that series expansion is zero
gives the solution

β1 ¼
8

5
; β2 ¼ −

16

3
; α1 ¼ −

128

15
: ð39Þ

With that solution, we obtain the LO RR force

FLO
ϕ ¼ 8ν2

15r3
pϕ

�
10p2 − 39p2

r −
22

r

�
;

FLO
r ¼ −

16ν2

15r3
pr

�
−5p2 þ 12p2

r þ
11

r

�
: ð40Þ

This force satisfies the conditions in Eq. (13) for circular
orbits since

FLO
ϕ ¼ −ΦLO

J −
128

15r3
pϕν

2ð2p2
r − _prrÞ;

FLO
r pϕ

FLO
ϕ pr

¼ 1þ 15p2
r

10p2 − 39p2
r − 22=r

: ð41Þ

2. 1PN

Following the same steps as above, we obtain the
following solution for the unknowns at 1PN:

β8 ¼
1

15
ð371 − 15α3 þ 268νÞ;

α2 ¼
1

35
ð35β5 þ 108ν − 22Þ;

β6 ¼
2

315
ð105α3 − 1760νþ 1743Þ;

β9 ¼ −
32

105
ð4ν − 1Þ;

β7 ¼ α3 þ
2

35
ð4νþ 93Þ;

α4 ¼
893

21
− α3 þ

2924ν

105
; ð42Þ

with three arbitrary coefficients out of nine coefficients at
that order. To simplify the resulting expressions for the
RR force, we choose to set all arbitrary coefficients to zero,
i.e., α3 ¼ β4 ¼ β5 ¼ 0, which yields the following 1PN
contribution to the RR force:

F 1PN
ϕ ¼ ν2pϕ

105c2r3

�
18ð4νþ 93Þp2

rp2 − 6ð4νþ 93Þp4

þ 180ð7ν − 5Þp4
r þ ð9780νþ 19198Þp

2
r

r

− ð484νþ 3833Þp
2

r
þ 1684νþ 6213

r2

�
;

F 1PN
r ¼ ν2pr

105c2r3

�
180ð7ν − 5Þp4

r − 6ð4νþ 93Þp4

þ 4ð691νþ 3958Þp
2
r

r
− 198ð6ν − 13Þp2

rp2

− ð484νþ 3833Þp
2

r
þ 1684νþ 6213

r2

�
: ð43Þ
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3. LO tail

Solving for the unknowns at the LO tail contribution
leads to the solution

λ2 ¼ −
334

15
; λ3 ¼

128

5
; λ4 ¼ −

334

15
þ λ1;

λ5 ¼ −
334

15
; λ6 ¼

128

5
; ð44Þ

with either λ1 or λ4 arbitrary. Choosing λ1 ¼ 0, the tail
contribution to the RR forces becomes

F tail
ϕ ¼ πν2

c3r2

�
334p4

15r
−
718p2

15r2
−
334p2p2

r

5r
−
308p2

r

15r2
þ49p6

r

225

�
;

F tail
r ¼ πν2pϕpr

c3r4

�
334p2

15r
−
p4
r

18
−
7034p2

r

45r
−
718

15r2

�
: ð45Þ

4. LO spin orbit

At LO SO, we obtain the solution

σ5 ¼
1

15
ð−36δ − 32νþ 15σ11 þ 36Þ;

σ6 ¼
1

15
ð−68δ − 40νþ 15σ12 þ 68Þ;

σ2 ¼
1

15
ð36δ − 32νþ 15σ8 þ 36Þ;

σ3 ¼
1

15
ð68δ − 40νþ 15σ9 þ 68Þ;

σ12 ¼
8

15
ð4δþ 3ν − 4Þ;

σ9 ¼ −
8

15
ð4δ − 3νþ 4Þ;

σ4 ¼
1

15
ð−6δþ 44νþ 15σ10 þ 6Þ;

σ1 ¼
1

15
ð6δþ 44νþ 15σ7 þ 6Þ;

σ11 ¼ −
2

15
ð9δþ 22ν − 9Þ;

σ8 ¼
2

15
ð9δ − 22νþ 9Þ; ð46Þ

where either σ1 or σ7 is arbitrary, and either σ4 or σ10 is
arbitrary. Choosing σ7 ¼ σ10 ¼ 0, we obtain

F SO
ϕ ¼ 2ν2

15c3r3
χ1

�
p4ð22ν − 9δ − 9Þ þ 5ð3þ 3δþ 16νÞp4

r

þ ð66ν − 23δ − 23Þp
2
r

r
þ ð179þ 179δ − 146νÞp

2

r

þ 6ð9þ 9δ − 22νÞp2p2
r

�
þ 1 ↔ 2: ð47Þ

F SO
r ¼ 2ν2prpϕ

15c3r5
χ1

�
179δ− 146νþ 179

r
þ ð22ν− 9δ− 9Þp2

− 5ð3þ 3δþ 16νÞp2
r

�
þ 1↔ 2: ð48Þ

5. 2PN no spin

At 2PN, we obtain

α6 ¼ β13 −
463ν2

63
−
1909ν

315
þ 922

315
;

β15 ¼ −
2β18
3

þ 1060ν2

189
−
12116ν

189
−
347236

2835
;

β16 ¼ −β17 − β18 −
5276ν2

315
−
109609ν

630
þ 9175

378
;

β14 ¼ α7 −
2β17
3

−
2β18
3

þ 244ν2

45
−
12466ν

135
−
28204

2835
;

β19 ¼ −
640ν2

189
þ 416ν

35
−
2608

945
;

α8 ¼ −β17 − β18 −
5018ν2

315
−
105491ν

630
þ 52223

1890
;

α10 ¼ β18 −
92ν2

9
−
309ν

5
−
10019

315
;

α9 ¼ β17 −
78ν2

7
þ 1201ν

90
þ 5711

126
; ð49Þ

with eight arbitrary coefficients out of 16. Choosing α5 ¼
α7 ¼ β10 ¼ β11 ¼ β12 ¼ β13 ¼ β17 ¼ β18 ¼ 0 yields

F 2PN
ϕ ¼ ν2pϕ

c4r3

��
5276ν2

315
þ 109609ν

630
−
9175

378

�
p6 þ

�
1519

54
−
9964ν2

315
−
100847ν

630

�
p4

r
þ
�
3512ν2

315
−
4234ν

45
þ 3355

21

�
p2

r2

þ
�
9175

126
−
5276ν2

105
−
109609ν

210

�
p4p2

r þ
�
104296

945
−
15121ν2

105
−
254732ν

315

�
p2
rp2

r
þ
�
52

3
−
152ν2

9
−
310ν

9

�
p6
r

þ
�
−
185ν2

63
þ 2171ν

63
−
269

63

�
p4
rp2 þ

�
4112

35
−
278ν2

45
þ 344ν

35

�
p4
r

r
þ
�
−
1604ν2

315
−
2054ν

7
−
8803

21

�
p2
r

r2

þ
�
8ν2

15
þ 9728ν

315
−
190244

2835

�
1

r3

�
; ð50Þ
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F 2PN
r ¼ ν2pr

c4r3

��
5276ν2

315
þ 109609ν

630
−
9175

378

�
p6 þ

�
1519

54
−
9964ν2

315
−
100847ν

630

�
p4

r
þ
�
3512ν2

315
−
4234ν

45
þ 3355

21

�
p2

r2

þ
�
9713

126
−
2129ν2

45
−
350537ν

630

�
p4p2

r þ
�
26459

945
−
1745ν2

63
−
449227ν

315

�
p2
rp2

r
þ
�
52

3
−
152ν2

9
−
310ν

9

�
p6
r

þ
�
293ν2

21
þ 1447ν

21
−
1361

63

�
p4
rp2 þ

�
41612

315
−
1894ν2

45
þ 28648ν

315

�
p4
r

r
þ
�
34528ν2

945
−
481624ν

945
−
18761

45

�
p2
r

r2

þ
�
8ν2

15
þ 9728ν

315
−
190244

2835

�
1

r3

�
: ð51Þ

6. LO spin-spin

At LO SS, we obtain the unique solution

ζ1 ¼
1

30
½δð73 − 128νÞ þ 128ν2 − 274νþ 73�; ζ2 ¼ −

42

5
ðδ − 2νþ 1Þ; ζ3 ¼

2

15
νð64ν − 261Þ;

ζ4 ¼
1

30
½δð128ν − 73Þ þ 128ν2 − 274νþ 73�; ζ5 ¼

42

5
ðδþ 2ν − 1Þ;

ζ6 ¼ −
74

15
ð−2δνþ δþ 2ν2 − 4νþ 1Þ; ζ7 ¼

1

10
½δð43 − 80νÞ þ 80ν2 − 166νþ 43�;

ζ8 ¼ 0; ζ9 ¼ 2ðδ − 2νþ 1Þ; ζ10 ¼ −6ðδ − 2νþ 1Þ; ζ11 ¼ 0;

ζ12 ¼
8

15
ð15 − 37νÞν; ζ13 ¼

2

5
νð40ν − 63Þ; ζ14 ¼ 0; ζ15 ¼ −

74

15
½δð2ν − 1Þ þ 2ν2 − 4νþ 1�;

ζ16 ¼
1

10
½δð80ν − 43Þ þ 80ν2 − 166νþ 43�; ζ17 ¼ 0; ζ18 ¼ −2ðδþ 2ν − 1Þ;

ζ19 ¼ 6ðδþ 2ν − 1Þ; ζ20 ¼ 0: ð52Þ

With that solution, we get

F SS
ϕ ¼ ν2pϕ

30c4r5

�
χ21

�
24X2

1C1ES2

�
15p2 − 90p2

r −
49

r

�
þ ð361δ − 632νδþ 632ν2 − 1354νþ 361Þp2

r

þ ð400νδ − 209δ − 400ν2 þ 818ν − 209Þp2 þ ð355δ − 704νδþ 704ν2 − 1414νþ 355Þ 1
r

�

þ νχ1χ2

�
ð378 − 400νÞp2 þ ð632ν − 2250Þp2

r þ
704ν − 1182

r

�
þ 1 ↔ 2

�
; ð53Þ

F SS
r ¼ ν2pr

30c4r5

�
χ21

�
24X2

1C1ES2

�
15p2 − 55p2

r −
49

r

�
þ ð301δ − 512δνþ 512ν2 − 1114νþ 301Þp2

r

þ ð400νδ − 209δ − 400ν2 þ 818ν − 209Þp2 þ ð355δ − 704δνþ 704ν2 − 1414νþ 355Þ 1
r

�

þ νχ1χ2

�
ð378 − 400νÞp2 þ ð512ν − 1410Þp2

r þ
704ν − 1182

r

�
þ 1 ↔ 2

�
: ð54Þ

F. Factorizing the RR force into circular and noncircular parts

The total RR force is the sum of the contributions calculated in the previous section, i.e.,

Fϕ ¼ FLO
ϕ þ F 1PN

ϕ þ F 2PN
ϕ þ F tail

ϕ þ F SO
ϕ þ F SS

ϕ ;

F r ¼ FLO
r þ F 1PN

r þ F 2PN
r þ F tail

r þ F SO
r þ F SS

r : ð55Þ
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We have checked that our gauge-dependent RR force
agrees with that in Refs. [78,92,93] by using the balance
equations. Denoting the RR force from those references by
ðF̄ r; F̄ϕÞ with corresponding Schott terms ðĒSchott; J̄SchottÞ,
Eqs. (7) lead to

_̄rF̄ r þ _̄ϕF̄ϕ þ _̄ESchott ¼ _rF r þ _ϕFϕ þ _ESchott;

F̄ϕ þ _̄JSchott ¼ Fϕ þ _JSchott: ð56Þ

Then, by writing an ansatz for ðĒSchott; J̄SchottÞ with
unknown coefficients, we checked that a solution exists,
implying that ðF r;FϕÞ and ðF̄ r; F̄ϕÞ are related via a
coordinate transformation.
To implement our results in the SEOBNRv4HM model,

we factorize the RR force into a quasicircular part times
eccentric corrections as in Eqs. (14) and (11), which read

Fϕ ¼ F qc
ϕ F

ecc
ϕ ; F r ¼ F qc

r F ecc
r ;

F qc
ϕ ¼ −

Φqc
E

Ω
; F qc

r ¼ −
Φqc

E pr

Ωpϕ
; ð57Þ

and for the quasicircular part we use the unexpanded force
used in SEOBNRv4HM, in which the energy flux has the
following PN expansion in terms of the orbital velocity
vΩ ≡Ω1=3:

Φqc
E

ν2
¼ 32

5
v10Ω −

2

105c2
ð980νþ 1247Þv12Ω þ 128π

5c3
v13Ω

þ 4v13Ω
5c3

½χ1ð12ν − 11δ − 11Þ þ χ2ð12νþ 11δ − 11Þ�

þ 2

2835c4
v14Ω ð32760ν2 þ 166878ν − 44711Þ

þ 2

5c4
v14Ω ½ð32C1ES2 þ 1Þχ21X2

1 þ 62νχ1χ2

þ ð32C2ES2 þ 1Þχ22X2
2�: ð58Þ

This leads to the eccentric part

F ecc
ϕ ¼ 29p2

rr − 10 _prr2 þ 12

12ð _prr2 þ 1Þ2=3 þ ½� � ��
c2rð _prr2 þ 1Þ5=3 þ � � � ;

F ecc
r ¼ 7p2

rr − 5 _prr2 þ 6

6ð _prr2 þ 1Þ2=3 þ ½� � ��
c2rð _prr2 þ 1Þ5=3 þ � � � : ð59Þ

The full 2PN expressions are provided in the Supplemental
Material [88].
In these eccentric corrections to the RR force, we used _pr

instead of pϕ because it improves the agreement of our
model with SEOBNRv4HM in the quasicircular orbit limit,
in which pr ¼ 0 ¼ _pr leading to F ecc

r;ϕ ¼ 1. However,
having _pr on the right-hand side of the EOM for pr would
complicate solving the system of differential equations (4).

Therefore, when evolving the EOMs, we simply replace _pr
in the RR force with the derivative of the Hamiltonian with
respect to r calculated numerically, i.e., _pr → −∂ĤEOB=∂r.
SEOBNR waveform models use pr� (the conjugate

momentum to the tortoise radial coordinate r�) instead
of pr since it improves stability of the EOMs near the EOB
event horizon [69,112]. The two momenta are related by
Eq. (E3). In Appendix E, we also obtain Eq. (E8) for the
transformation between _pr and _pr� .

III. INITIAL CONDITIONS

Having determined the RR force that enters the EOMs,
we need to specify the initial conditions to be used in
evolving the system of equations. In this section, we first
review how the initial conditions are implemented in
SEOBNRv4HM for quasicircular orbits [46,94], and then
discuss a simple extension for eccentric orbits.

A. Initial conditions for quasicircular orbits

Let us recapitulate the initial conditions for quasicircular/
spherical orbits in the SEOBNRv4HM model as derived in
Refs. [46,94]. We start by specifying an initial orbital
frequency Ω0, with initial orbital phase ϕ0 ¼ 0, and solve

�∂H
∂r

�
0

¼ 0;

� ∂H
∂pϕ

�
0

¼ Ω0 ð60Þ

for the initial values of r and pϕ, while neglecting RR,
pr ≈ 0. The initial condition for pr is then obtained by
solving

½_r�0 ¼
�∂H
∂pr

�
0

ð61Þ

for pr, after calculating ½_r�0 using the result from adiabatic
evolution [46]

½_r�0 ¼
�
dpϕ=dt

dpϕ=dr

�
0

¼
�

_E
dE=dr

�
0

; ð62Þ

where _E is the circular-orbits energy flux, and the derivative
dE=dr ¼ dH=dr can be determined using the following
equations for circular orbits:

dH ¼ ∂H
∂r drþ ∂H

∂pr
dpr þ

∂H
∂pϕ

dpϕ; ð63Þ

pr ¼ 0; dpr ¼ 0; d

�∂H
∂r

�
¼ 0: ð64Þ

This leads to
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d
dr

∂H
∂r ¼ 0 ¼ ∂2H

∂r2 þ ∂2H
∂r∂pϕ

dpϕ

dr
; ð65Þ

which can be solved for dpϕ=dr to obtain

dpϕ

dr
¼ −

∂2H=∂r2
∂2H=∂r∂pϕ

: ð66Þ

Plugging that solution into dH=dr ¼ ð∂H=∂pϕÞdpϕ=dr
yields the result in Eq. (4.14) of Ref. [94], which reads

dH
dr

¼ −
ð∂H=∂pϕÞð∂2H=∂r2Þ

∂2H=∂r∂pϕ
; ð67Þ

and hence

�∂H
∂pr

�
0

¼ ½_r�0 ¼
�
−
dE
dt

∂2H=∂r∂pϕ

ð∂H=∂pϕÞð∂2H=∂r2Þ
�
0

: ð68Þ

The complete procedure to obtain the initial conditions
for the orbital phase space is now as follows. Given Ω0,
masses, and spins, we numerically solve the relations in
Eq. (60) for the initial values r0 and pϕ0, choosing ϕ0 ¼ 0

and assuming pr ≈ 0. Using these values, we numerically
solve Eq. (68) for the initial value pr0.

B. Initial conditions for eccentric orbits

Since eccentricity is a gauge-dependent concept, we do
not need to calculate accurate initial conditions for eccen-
tric orbits in a specific gauge. Instead, we can choose a
measure for eccentricity that can be adjusted to be as
convenient as possible for numerical implementation. The

only strict requirement is that for zero eccentricity e ¼ 0
one recovers the quasicircular case. Hence, we can start
with very accurate initial conditions for quasicircular orbits
and perturb them for eccentric orbits.
We choose to specify an initial orbital frequency Ω0 and

an initial eccentricity e0 using the Keplerian parametriza-
tion 1=r ¼ upð1þ e cos χÞ. We also assume that the orbit
starts with ϕ0 ¼ 0 at periastron (χ ¼ 0), where pr ¼ 0 in
absence of RR, which simplifies calculating the initial
conditions for r and pϕ. An advantage of starting at
periastron instead of apastron is that the specified initial
frequency is then the maximum orbital frequency (over the
first orbit), and can be used to estimate the frequency
at which the binary enters a GW detector’s frequency band.
To obtain r0 and pϕ0, we solve Eq. (60) with a nonzero

_pr, i.e.,

�∂H
∂r

�
0

¼ −½ _prðpϕ; eÞ�0;
� ∂H
∂pϕ

�
0

¼ Ω0; ð69Þ

with pr ≈ 0, and ½ _pr�0 given as a 2PN expansion in terms of
pϕ and e. For quasicircular orbits, these equations reduce
exactly to Eqs. (60) since _pr ∝ e.
To obtain the PN expansion for _pr at periastron, we first

invert the Hamiltonian at the turning points r� ¼
1=ðupð1� eÞÞ with pr ¼ 0 and solve for the energy and
angular momentum as functions of e and up, which are
given by Eqs. (D2). Then, we invert pϕðe; upÞ to obtain
Eq. (D3) for upðpϕ; eÞ and insert it into the PN expansion
for _pr ¼ −∂H=∂r at periastron (r ¼ 1=½upð1þ eÞ�). This
yields

½ _pr�0 ¼
e0ðe0 þ 1Þ2

p4
ϕ0

þ e0ðe0 þ 1Þ2
2c2p6

ϕ0

½e20ð5 − νÞ − 4e0 þ νþ 7�

þ e0ðe0 þ 1Þ2ð3e20 − 2e0 þ 3Þ
2c3p7

ϕ0

½ðν − 2δ − 2Þχ1 þ ðνþ 2δ − 2Þχ2�

þ e0ðe0 þ 1Þ2
8c4p8

ϕ0

½3ν2 − νþ 95 − 6e20ðν2 þ 5ν − 39Þ þ 8e0ðν − 25Þ þ e40ð3ν2 − 17νþ 55Þ þ 8e30ðν − 7Þ�

þ e0ðe0 þ 1Þ2
2c4p8

ϕ0

fχ21½C1ES2ð3e20 − 2e0 þ 3ÞX2
1 þ ð5e20 − 6e0 − 3ÞX4

1�

þ νχ1χ2½e20ð5νþ 3Þ − 2e0ð3νþ 1Þ − 3νþ 3� þ 1 ↔ 2g: ð70Þ

The initial condition can now be obtained in analogy to
the quasicircular case: given Ω0, e0, masses, and spins, we
obtain r0 and pϕ0 from Eqs. (69) and (70) (assuming
pr ≈ 0), pr0 then follows from Eq. (68) as before, and
ϕ0 ¼ 0 by convention. We can keep using the circular-
orbits energy flux in Eq. (68), instead of replacing _E with

ΩFϕ for eccentric orbits, because the difference on the
orbital dynamics is negligible since it involves pr (which at
periastron is numerically much smaller than r or pϕ).
To assess the accuracy of the initial conditions for

eccentric orbits, we compare the specified value for the
eccentricity in the Keplerian parametrization with the value
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calculated from the orbital frequency [or the frequency of
the (2,2) mode] at periastron Ωp and apastron Ωa, which is
given by [113]

eΩ ¼
ffiffiffiffiffiffi
Ωp

p
−

ffiffiffiffiffiffi
Ωa

p
ffiffiffiffiffiffi
Ωp

p þ ffiffiffiffiffiffi
Ωa

p ; ð71Þ

and to calculate it, we follow the steps explained after
Eq. (2.8) of Ref. [41]. Since we evaluate eΩ by evolving the
binary over one orbit (including RR), it only holds
approximately that Ωp ≈ Ωa in the quasicircular case.
That is, eΩ does not vanish exactly for quasicircular orbits,
in contrast to our e0. Table I shows the value of the
eccentricity eΩ calculated from the orbital frequency
compared to the specified eccentricity e0, and we see good
agreement between the two measures of eccentricity.

IV. GRAVITATIONAL WAVEFORM MODES

In this section, we obtain the 2PN waveform modes to
2PN order including LO tail effects, and SO and SS
couplings for aligned spins. The instantaneous nonspinning
part of the modes was derived for eccentric orbits in
Refs. [114,115] in harmonic coordinates and we convert
their results to EOB coordinates. For the LO tail part, we
extend the results of Ref. [79] toOðe6Þ and to higher modes
using the Keplerian parametrization, and then we convert
those results to an expansion in pr and _pr. The spin
contributions to the modes were derived to 2PN order for
circular orbits in Ref. [116], and here we derive them for
eccentric orbits.
The GW spherical harmonic modes hlm are the expan-

sion of the complex polarization waveform h ¼ hþ − ih×
into spin-weighted s ¼ −2 spherical harmonics Ylm

−2 ðΘ;ΦÞ
such that

hþ − ih× ¼
X∞
l¼2

Xl
m¼−l

hlmYlm
−2 ðΘ;ΦÞ: ð72Þ

The modes hlm can be calculated directly from the radiative
multipole moments via [117–119]

hlm ¼ 1ffiffiffi
2

p
DLclþ2

½Ulm −
i
c
Vlm�; ð73Þ

where DL is the luminosity distance of the source and the
radiative multipole moments are related to the symmetric
trace-free (STF) moments UL and VL by

Ulm ¼ 16π

ð2lþ 1Þ!!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 1Þðlþ 2Þ

2lðl − 1Þ

s
Ȳlm

L UL;

Vlm ¼ −32π
ð2lþ 1Þ!!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 2Þ

2ðlþ 1Þðl − 1Þ

s
Ȳlm

L VL; ð74Þ

where Ȳlm
L is the complex conjugate of the STF tensors

relating the unit vectors NhLi (which point from the source
to the detector) to the spherical harmonics basis YlmðΘ;ΦÞ
such that

YlmðΘ;ΦÞ ¼ Ylm
L NhLiðΘ;ΦÞ; ð75Þ

NhLiðΘ;ΦÞ ¼ 4πl!
ð2lþ 1Þ!!

Xl
m¼−l

Ȳlm
L YlmðΘ;ΦÞ; ð76Þ

Ȳlm
L ¼ ð2lþ 1Þ!!

4πl!

Z
dΩNhLiȲlm; ð77Þ

Ȳlm
L Ylm0

L ¼ ð2lþ 1Þ!!
4πl!

δmm0 ; ð78Þ

and we can express the unit vector N in terms of the angles
Θ and Φ as

N ¼ sinΘ cosΦêx þ sinΘ sinΦêy þ cosΘêz: ð79Þ

For planar binaries, nonspinning or with aligned spins, it
was shown in Ref. [119] that the modes can be determined
using the mass-type multipole moments for even lþm, or
the current-type multipole moments for odd lþm, i.e.,

hlm ¼ 1ffiffiffi
2

p
DLclþ2

Ulm; lþm even;

hlm ¼ −
iffiffiffi

2
p

DLclþ3
Vlm; lþm odd: ð80Þ

We define Hlm such that

hlm ¼ −
8μ

c4DL

ffiffiffi
π

5

r
e−imϕHlm; ð81Þ

which makes the LO part of H22 ¼ x for circular orbits.
Note that different conventions for the phase origin
contribute a factor of ð−iÞm to the modes [120].
In this paper, we compute the modes to 2PN order

beyond the leading order of the (2,2) mode, which means
we consider modes up to the l ¼ 6; m ¼even modes. To
2PN order, the instantaneous contributions to the radiative

TABLE I. Nonspinning initial conditions given the parameters
(e0;Ω0; ν) and the eccentricity eΩ measured from the orbital
frequency using Eq. (71). The initial frequency Ω0 was chosen to
give ∼30 GW cycles between r0 and r ¼ 5.

e0 Ω0 ν r0 pϕ0 pr0 eΩ

0.01 0.03 0.25 10.4 3.8 −0.0012 0.0087
0.2 0.045 0.25 8.1 3.7 −0.0024 0.19
0.7 0.065 0.25 6.7 4.0 −0.0033 0.69
0.2 0.058 0.1 6.8 3.6 −0.0011 0.20
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multipole moments coincide with the source multipole
moments. Including the hereditary terms that contribute to
2PN, the radiative multipole moments are given by
[115,117,118]

Uij ¼ Ið2Þij þ 2M
c3

Z
∞

0

dτIð4Þij ðt − τÞ ln
�
τ

b1

�
þO

�
1

c5

�
;

Uijk ¼ Ið3Þijk þ
2M
c3

Z
∞

0

dτIð5Þijkðt − τÞ ln
�
τ

b2

�
þO

�
1

c5

�
;

UL ¼ IðlÞL þO
�
1

c3

�
;

Vij ¼ Jð2Þij þ 2M
c3

Z
∞

0

dτJð4Þij ðt − τÞ ln
�
τ

b3

�
þO

�
1

c5

�
;

VL ¼ JðlÞL þO
�
1

c3

�
; ð82Þ

where the constants bi are gauge parameters that will be
eliminated via a phase shift as was done in Ref. [117]. The
source multipole moments for nonspinning binaries are
given in, e.g., Refs. [115,117], while the spin contributions
to the source moments are given in Refs. [116,121].

A. Instantaneous nonspinning contributions

The instantaneous contributions to the modes for non-
spinning binaries in eccentric orbits were derived in
Ref. [114] to 2PN and in Ref. [115] to 3PN. The results
of Ref. [115] are in harmonic coordinates and in terms of
the variables (r;ϕ; _r; _ϕ). Hence, we can simply transform
their results from harmonic to EOB coordinates using the
transformations in Appendix A. For the (2,2) mode we
obtain

Ĥ22
inst ¼

1

2

�
1

r
þ p2 − 2p2

r

�
þ i

pϕpr

r
þ 1

c2

��
ν

28
−

5

28

�
p4 þ

�
31ν

28
−
157

84

�
p2

r
þ
�
5

14
−

ν

14

�
p2
rp2 þ

�
13

3
− ν

�
p2
r

r

þ
�
ν

2
− 2

�
1

r2
þ i

pϕpr

r

��
ν

14
−

5

14

�
p2 þ

�
2ν

7
−
185

42

�
1

r

��
þ 1

c4

��
−
17ν2

336
−
13ν

336
þ 5

48

�
p6

þ
�
−
671ν2

1008
−
1375ν

1008
þ 481

504

�
p4

r
þ
�
127ν2

54
−
1355ν

189
−
5519

3024

�
p2

r2
þ
�
17ν2

168
þ 13ν

168
−

5

24

�
p2
rp4

þ
�
−
67ν2

126
þ 20ν

9
−
659

504

�
p2
rp2

r
þ
�
−
464ν2

189
þ 2249ν

756
−

811

3024

�
p2
r

r2
þ
�
17ν2

18
−
25ν

36
−

919

1008

�
p4
r

r

þ
�
205ν2

252
−
49ν

36
þ 95

63

�
1

r3
þ i

prpϕ

r

��
−
17ν2

168
−
13ν

168
þ 5

24

�
p4

r
þ
�
−
4ν2

21
þ 29ν

28
þ 67

56

�
p2

r2

þ
�
−
523ν2

378
þ 1226ν

189
þ 193

54

�
1

r3
þ
�
43ν2

63
−
125ν

126
þ 787

504

�
p2
r

r2

��
: ð83Þ

The expressions for the other modes that contribute to 2PN,
i.e., up to l ¼ jmj ¼ 6, are provided as a Mathematica file
in the Supplemental Material [88]. Note that the ðl; 0Þ
modes are zero for circular orbits but not for eccentric
orbits. For example, the LO part of the (2,0) mode is
given by

Ĥ20
inst ¼

1ffiffiffi
6

p
�
p2 −

1

r

�
þO

�
1

c2

�
; ð84Þ

which is zero for circular orbits since p2 ¼ 1=rþ � � �.

B. Hereditary contributions

The hereditary contributions to the modes can be calcu-
lated analytically in an eccentricity expansion, as was done
in Ref. [79] for the (2,2) mode toOðe2Þ, and in Ref. [122] for
all modes to 3PN order and to Oðe6Þ. The results of
Ref. [122] use the quasi-Keplerian parametrization, while

here we use the Keplerian parametrization following the
method developed in Ref. [79], which is based on results
from Refs. [96,117,123], to derive the leading order tail
effects that contribute to the modes up to 2PN order and to
Oðe6Þ. (See Ref. [79] for a discussion of the advantages of
the Keplerian parametrization over the quasi-Keplerian
parametrization.) We finally convert the eccentricity–
expanded tail contributions to an expansion in pr and _pr.

1. Modes with even l+m

The LO mass-type multipole moments are given by [96]

IL ¼ μslrlnhLi; ð85Þ

where sl ≡ Xl−1
2 þ ð−1ÞlXl−1

1 , and the unit vectors nhLi
are related to spherical harmonics via Eq. (75), leading to
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IL ¼
Xl
m¼−l

YL
lmalmr

le−imϕ; ð86Þ

with the coefficients (for equatorial orbits)

alm ≡ 4πμsll!
ð2lþ 1Þ!! Ȳlm

�
π

2
; 0

�
: ð87Þ

Decomposing the phase ϕ into an oscillatory part and a
linearly growing part ϕ ¼ ϕ0 þ ωϕtþ Δϕr allows express-
ing the oscillatory part Δϕr as a Fourier series expansion.
Hence,

IL ¼
Xl
m¼−l

YL
lmalmJlme

−imψϕ ; ð88Þ

with the functions Jlm defined by

Jlm ¼ rle−imϕ0e−imΔϕr ¼
X∞
k¼−∞

Jlmke−ikψ r ; ð89Þ

where ψ r and ψϕ are the radial and azimuthal angle
variables associated with the frequencies ωr ¼ dψ r=dt
and ωϕ ¼ dψϕ=dt. The coefficients Jlmk are given by

Jlmk ¼
1

2π

Z
2π

0

dψ reikψ rJlm

¼ωr

2π

Z
2π

0

dχ
P
rle−imϕ0e−imΔϕreikψr

¼ωr

2π
u−l−3=2p

Z
2π

0

dχ
ð1þecosχÞlþ2

e−imΔϕreikψ r ; ð90Þ

where, in the last line, we assume ϕ0 ¼ 0. The function P
denotes the conservative part of _χ and is related to the radial
angle ψ r via dψ r=dχ ¼ ωr=P, with P ¼ ð1þ e cos χÞ2u3=2p

at LO (see Ref. [79] for more details).
Thus, the Newtonian mass multipole moments can be

expressed as

IL ¼
Xl
m¼−l

X∞
k¼−∞

YL
lmalmJlmke−iðkψ rþmψϕÞ; ð91Þ

where the azimuthal angle is related to the radial angle by
ψϕ ¼ ϕ − Δϕr with Δϕr ¼ χ − ψ r at LO. This allows us to
write the LO tail contribution to the mass-type radiative
moments as

Utail
L ¼ 2M

c3

Z
∞

0

dτIðlþ2Þ
L ðt − τÞ ln

�
τ

b

�

¼ ð−iÞlþ2
2M
c3

Xl
m¼−l

X∞
k¼−∞

Ylm
L almJlmkΩlþ2

mk

× e−iðkψrþmψϕÞIðΩmkÞ; ð92Þ

where Ωmk ≡mωϕ þ kωr and

IðxÞ≡
Z

∞

0

dτeixτ ln

�
τ

b

�

¼ −
1

x

�
π

2
sgnðxÞ þ i lnðjxjbÞ þ iγE

�
: ð93Þ

The exponential e−ikψ r can be expressed in terms of χ and e
by integrating dψ r ¼ ωrdχ=P, with ωr ¼ ðup − e2upÞ3=2,
leading to Eq. (3.41) of Ref. [79], which reads

e−ikψ r ¼ eik
e
ffiffiffiffiffiffi
1−e2

p
sin χ

1þe cos χ

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
þ eeiχ

eþ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
Þeiχ

�k

: ð94Þ

Hence, the modes with l ¼ 2 and m even are given by

h2mtail ¼
ffiffiffiffiffi
24

p
Ma2m
c7R

e−imϕ
X∞
k¼−∞

J2mkΩ4
mk

× eimχe−iðkþmÞψrIðΩmkÞ; ð95Þ

while the modes with l ¼ 3 and m odd are given by

h3mtail ¼ −i
4

ffiffiffi
5

p
Ma3m

3
ffiffiffi
6

p
c8R

e−imϕ
X∞
k¼−∞

J3mkΩ5
mk

× eimχe−iðkþmÞψ rIðΩmkÞ: ð96Þ

To obtain analytical expressions for the modes, we
expand the above equations in eccentricity, where the
infinite sum over k can be stopped at the order of the
expansion in e. The result of that expansion is complicated,
but we can perform a phase redefinition in the leading order
instantaneous part3 of the form ϕ → ϕþ x3=2δϕ and absorb
in δϕ all terms that are not proportional to π3=2. This
modifies the phase at 4PN relative order, which we can
ignore when working to 2PN order. (See Ref. [117] for
more details.) The result for the (2,2) mode to Oðe6Þ is
given by

3One first needs to express the leading order part in terms of
the variables (e, x, χ) instead of (r; pr; pϕ) using the relations
from Appendix D. For example, for the (2,2) mode, we obtain

h22LO ¼ −8μ
c4DL

ffiffiffi
π

5

r
e−2iϕ

x
1 − e2

�
1þ e

4
ðe−iχ þ 5eiχÞ þ e2

2
e2iχ

�
:

KHALIL, BUONANNO, STEINHOFF, and VINES PHYS. REV. D 104, 024046 (2021)

024046-14



Ĥ22
tail ¼

2π

c3
x5=2

�
1þ e

�
11e−iχ

8
þ 13eiχ

8

�
þ e2

�
5

8
e−2iχ þ 7

8
e2iχ þ 4

�
þ e3

�
121e−iχ

32
þ 143eiχ

32
þ 3

32
e−3iχ þ 1

12
e3iχ

�

þ e4
�
25

16
e−2iχ þ 203

96
e2iχ −

5

96
e4iχ þ 65

8

�
þ e5

�
55e−iχ

8
þ 6233eiχ

768
þ 15

64
e−3iχ þ 281e3iχ

1536
þ 53e5iχ

7680

�

þ e6
�
175

64
e−2iχ þ 1869

512
e2iχ −

449e4iχ

3840
þ 31e6iχ

23040
þ 30247

2304

��
; ð97Þ

while for the (2,0) mode

Ĥ20
tail ¼

πx5=2

2
ffiffiffi
6

p
c3

�
eðe−iχ þ eiχÞþ e2ðe−2iχ þ e2iχ þ 2Þþ e3

�
3e−iχ þ 3eiχ þ 1

4
e−3iχ þ 1

4
e3iχ

�
þ e4

�
29

12
e−2iχ þ 29

12
e2iχ þ 9

2

�

þ e5
�
179e−iχ

32
þ 179eiχ

32
þ 125

192
e−3iχ þ 125

192
e3iχ

�
þ e6

�
805

192
e−2iχ þ 805

192
e2iχ −

7

960
e−4iχ −

7

960
e4iχ þ 121

16

��
: ð98Þ

The (3,3) mode is given by

Ĥ33
tail ¼−

9iπδ
4c4

ffiffiffiffiffi
15

14

r
x3
�
1þ e

�
47e−iχ

27
þ 19eiχ

9

�
þ e2

�
61

54
e−2iχ þ 91

54
e2iχ þ 155

27

�
þ e3

�
691e−iχ

108
þ 841eiχ

108
þ 35e−3iχ

108
þ 65e3iχ

108

�

þ e4
�
32

9
e−2iχ þ 287

54
e2iχ þ 5e−4iχ

144
þ 115e4iχ

1728
þ 3139

216

�
þ e5

�
503e−iχ

36
þ 613eiχ

36
þ 35e−3iχ

36
þ 3095e3iχ

1728
−
457e5iχ

25920

�

þ e6
�
131

18
e−2iχ þ 150503e2iχ

13824
þ 5

48
e−4iχ þ 151

810
e4iχ −

41e6iχ

20736
þ 219

8

��
; ð99Þ

and the (3,1) mode

Ĥ31
tail ¼

iπδx3

12
ffiffiffiffiffi
14

p
c4

�
1þ eðeiχ −9e−iχÞþ e2

�
−
27

2
e−2iχ −

5

4
e2iχ − 15

�
þ e3

�
−
177

4
e−iχ −

19eiχ

2
−
25

4
e−3iχ −

4

3
e3iχ

�

þ e4
�
−
89

2
e−2iχ −

125

24
e2iχ −

15

16
e−4iχ −

55e4iχ

192
−
1703

32

�
þ e5

�
−
10141

96
e−iχ −

2867eiχ

96
−
75

4
e−3iχ −

629

192
e3iχ −

7

960
e5iχ

�

þ e6
�
−
142903e−2iχ

1536
−
2965

256
e2iχ −

45

16
e−4iχ −

239

240
e4iχ þ 37e6iχ

23040
−
16343

144

��
: ð100Þ

We checked that our results agree with those of Ref. [122] after converting between the quasi-Keplerian and Keplerian
parametrization, and performing a phase shift.
To express the modes in terms of ðr; pr; pϕÞ instead of ðx; e; χÞ, we use the following leading order relations:

pϕ ¼ 1ffiffiffiffiffiup
p ; pr ¼ e

ffiffiffiffiffi
up

p
sin χ;

1

r
¼ upð1þ e cos χÞ; x ¼ upð1 − e2Þ: ð101Þ

As explained above, it is advantageous to replace p2
ϕ with _pr using _pr ¼ ðp2

ϕ − rÞ=r3 and expand in both pr and _pr (since
pr and _pr are both of order e) to obtain
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Ĥ22
tail ¼

2π

c3

�
pϕ

r3
þ ipr

4r2
þ
�
7

32
pϕp2

r _pr −
7

96
pϕr3 _p3

r þ i

�
7p3

r

96r
−

7

32
r2pr _p2

r

��
þ
�
3pϕ

32
r5 _p4

r −
pϕ

8
r2p2

r _p2
r þ

pϕp4
r

48r

þ i

�
r4

12
pr _p3

r −
r
96

p3
r _pr

��
þ
�
31

384
pϕrp4

r _pr −
173pϕr7 _p5

r

1920
−

1

192
pϕr4p2

r _p3
r þ i

�
r6pr

768
_p4
r −

49

384
r3p3

r _p2
r þ

89p5
r

3840

��

þ
�
97pϕr9 _p6

r

1152
þ 1

16
pϕr6p2

r _p4
r −

47

384
pϕr3p4

r _p2
r þ

pϕp6
r

96
þ i

�
−

1

64
r8pr _p5

r þ
137r5p3

r _p3
r

1152
−

23

640
r2p5

r _pr

���
;

Ĥ20
tail ¼

πffiffiffi
6

p
c3

�
pϕ _pr

r
− pϕr _p2

r þ
�
3

4
pϕr3 _p3

r −
1

4
pϕp2

r _pr

�
þ
�
−

7

12
pϕr5 _p4

r −
pϕp4

r

6r

�
þ
�
95

192
pϕr7 _p5

r þ
13

96
pϕr4p2

r _p3
r

þ 11

192
pϕrp4

r _pr

�
þ
�
−
139

320
pϕr9 _p6

r −
11

96
pϕr6p2

r _p4
r þ

3

64
pϕr3p4

r _p2
r −

pϕp6
r

480

��
;

Ĥ33
tail ¼ −

9iπδ
4c4

ffiffiffiffiffi
15

14

r �
1

r3
þ
�
23 _pr

27r
þ 10ipϕpr

27r3

�
−

2p2
r

27r2
þ
�
i

�
25

432
pϕp3

r _pr −
25

432
pϕr3pr _p3

r

�
−
25r5 _p4

r

1728
þ 25

288
r2p2

r _p2
r

−
25p4

r

1728r

�
þ
�
i

�
109pϕr5pr _p4

r

2592
þ 41pϕr2p3

r _p2
r

1296
−
41pϕp5

r

12960r

�
þ 293r7 _p5

r

25920
þ 41r4p2

r _p3
r

1296
−
157rp4

r _pr

5184

�
þ
�
2845r3p4

r _p2
r

41472

−
1561r9 _p6

r

207360
−
775r6p2

r _p4
r

13824
−
653p6

r

69120
þ i

�
4211pϕrp5

r _pr

103680
−
2173pϕr7pr _p5

r

103680
−
307pϕr4p3

r _p3
r

3456

���
;

Ĥ31
tail ¼

iπδ

12
ffiffiffiffiffi
14

p
c4

�
1

r3
þ
�
10ipϕpr

r3
−
11 _pr

r

�
−
�
11ipϕ _prpr

2r
þ 13p2

r

4r2
þ 11r _p2

r

4

�
þ
�
i

�
6pϕrpr _p2

r −
pϕp3

r

6r2

�
þ 35

12
r3 _p3

r

−
p2
r _pr

2

�
þ
�
i

�
45

16
pϕp3

r _pr −
61

16
pϕr3pr _p3

r

�
−
269

192
r5 _p4

r þ
37

32
r2p2

r _p2
r −

63p4
r

64r

�
þ
�
643

960
r7 _p5

r þ
5

16
r4p2

r _p3
r

þ 101

192
rp4

r _pr þ i

�
83

32
pϕr5pr _p4

r −
43

48
pϕr2p3

r _p2
r þ

379pϕp5
r

480r

��
þ
�
317

768
r3p4

r _p2
r −

5039r9 _p6
r

11520
−
289

768
r6p2

r _p4
r −

297p6
r

1280

þ i

�
151

576
pϕr4p3

r _p3
r −

4267pϕr7pr _p5
r

1920
þ 271

640
pϕrp5

r _pr

���
: ð102Þ

2. Modes with odd l+m

The Newtonian order current quadrupole moment is
given by [96]

Jij ¼ −δμr2nkvlϵklhinji ¼ −δrpϕê
hi
z nji; ð103Þ

where êiz is the unit vector in the z direction. The term ehiz nji

can be expressed in terms of Yij
21, as was done in Ref. [124],

by defining the complex vector

ζi ¼ eix þ ieiy; ð104Þ

which leads to

Yij
21 ¼ −

1

2

ffiffiffiffiffiffi
15

2π

r
ζhiejiz : ð105Þ

Since, for equatorial orbits, ni ¼ cosϕêix þ sinϕêiy and
λi ¼ − sinϕêix þ cosϕêiy, we obtain

ni þ iλi ¼ e−iϕζi: ð106Þ

Hence,

ehiz nji ¼ Re½e−iϕehiz ζji�

¼ −2
ffiffiffiffiffiffi
2π

15

r
Re½e−iϕYij

21�

¼ −
ffiffiffiffiffiffi
2π

15

r
ðe−iϕYij

21 þ eiϕȲij
21Þ: ð107Þ

Since Vij is contracted with Ȳlm
ij in Eq. (74), and

Ȳlm
ij Ȳij

lm ¼ 0, only the term with Yij
21 in the above equation

contributes to the modes. Thus, we only need to consider
the following part of the current quadrupole

Jij ¼ μδ

ffiffiffiffiffiffi
2π

15

r
Yij

21pϕre−iϕ þ � � � : ð108Þ

Then, we follow the same steps as in the previous
subsection. Decomposing the phase into ϕ ¼ ωϕtþ Δϕ
leads to
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Jij ¼ μδ

ffiffiffiffiffiffi
2π

15

r
Yij

21pϕe−iψϕJ11 þ � � � ; ð109Þ

with

J11 ¼ re−iΔϕ ¼
X∞
k¼−∞

J11ke−ikψr ð110Þ

and

J11k ¼
1

2π

Z
2π

0

dψ rJ11eikψ r

¼ ωr

2πu5=2p

Z
2π

0

dχ
ð1þ e cos χÞ3 e

−iΔϕeikψ r : ð111Þ

Thus, the current quadrupole source moment can be
expressed as

Jij ¼ μδ

ffiffiffiffiffiffi
2π

15

r
Yij

21pϕ

X∞
k¼−∞

J11ke−iðkψrþψϕÞ þ � � � ; ð112Þ

and the current quadrupole radiative moment

V tail
ij ¼ 2Mμδ

c3

ffiffiffiffiffiffi
2π

15

r
Yij

21pϕ

X∞
k¼−∞

J11kΩ4
1k

× e−iðkψ rþψϕÞIðΩ1kÞ; ð113Þ

leading to the (2,1) mode

h21tail ¼
16i
3

ffiffiffi
π

5

r
δM
Rc8

e−iϕpϕ

X∞
k¼−∞

J11kΩ4
1ke

iχ

× e−iðkþ1ÞψrIðΩ1kÞ; ð114Þ

with pϕ ¼ 1= ffiffiffiffiffiup
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − e2Þ=x

p
. Expanding in eccen-

tricity yields

Ĥ21
tail ¼

iπδ
3c4

x3
�
1þ eð3e−iχ þ eiχÞ þ e2

�
3e−2iχ þ 1

4
e2iχ þ 6

�
þ e3

�
45e−iχ

4
þ 4eiχ þ 5

4
e−3iχ þ 1

6
e3iχ

�

þ e4
�
19

2
e−2iχ þ 25

24
e2iχ þ 3

16
e−4iχ þ 17

192
e4iχ þ 493

32

�
þ e5

�
2375e−iχ

96
þ 865eiχ

96
þ 15

4
e−3iχ þ 91

192
e3iχ −

7

960
e5iχ

�

þ e6
�
29957e−2iχ

1536
þ 593

256
e2iχ þ 9

16
e−4iχ þ 241

960
e4iχ þ 37e6iχ

23040
þ 8417

288

��
; ð115Þ

which is in agreement with the results of Ref. [122]. In terms of ðr; pr; pϕ; _prÞ, we obtain

Ĥ21
tail¼

iπδ
3c4

�
1

r3
þ
�
_pr

r
−
2ipϕpr

r3

�
þ
�
ipϕ _prpr

2r
−
p2
r

4r2
þ1

4
r _p2

r

�
þ
�
−
ipϕp3

r

6r2
−

1

12
r3 _p3

r −
1

2
_prp2

r

�

þ
�
i

�
5

16
pϕp3

r _pr−
5

16
pϕr3pr _p3

r

�
−

1

192
5r5 _p4

r þ
13

32
r2p2

r _p2
r −

7p4
r

64r

�

þ
�
i

�
11

32
pϕr5pr _p4

r −
19

48
pϕr2p3

r _p2
r þ

19pϕp5
r

480r

�
þ 43

960
r7 _p5

r −
3

16
r4p2

r _p3
r þ

29

192
rp4

r _pr

�

þ
�
i

�
−
511pϕr7pr _p5

r

1920
þ115

576
pϕr4p3

r _p3
r −

61

640
pϕrp5

r _pr

�
−
79r9 _p6

r

2304
−

13

768
r6p2

r _p4
r þ

17

768
r3p4

r _p2
r þ

59p6
r

1280

��
: ð116Þ

C. Aligned-spin contributions

The spin contributions to the modes were derived for
circular orbits in Refs. [116,120,125]. To derive the spin
part of the modes to 2PN for eccentric orbits, we use the
source moments from Refs. [116,121], which are in
harmonic coordinates and in terms of the covariant SSC.

Differentiating the source moments to obtain the radiative
moments (82), and plugging them into Eq. (73), we obtain
the modes listed in Appendix C. Transforming from
harmonic to EOB coordinates, and from the covariant to
the NW SSC using the transformations in Appendix A, we
obtain the following spin contributions to the modes:
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Ĥ22
spin ¼

1

c3

�
χ1
12r3

½ð6δþ νþ 6Þpϕ þ 2ið3δ − νþ 3Þrpr� þ
χ2
12r3

½ð−6δþ νþ 6Þpϕ − 2ið3δþ ν − 3Þrpr�
�

þ 1

4c4r3
fχ21½3C1ES2X

2
1 − X4

1ð2p2rþ 1Þ� þ χ22½3C2ES2X
2
2 − X4

2ð2p2rþ 1Þ� − 2νχ1χ2ðν − 3þ 2νp2rÞg;

Ĥ21
spin ¼

i
4c2r2

½−ð1þ δÞχ1 þ ð1 − δÞχ2� þ
χ1

84c4r2

�
ip2

ϕ

r2
ð43νδ − 42δþ 153ν − 42Þ þ prpϕ

r
ð3δð2νþ 49Þ − 104νþ 147Þ

þ i
2
p2
rðδð38νþ 105Þ þ 74νþ 105Þ þ i

r
ð63δ − 38νδ − 74νþ 63Þ

�
þ χ2
84c4r2

�
ip2

ϕ

r2
ð43νδ − 42δ − 153νþ 42Þ

þ prpϕ

r
ð3δð2νþ 49Þ þ 104ν − 147Þ þ i

2
p2
rð38νδþ 105δ − 74ν − 105Þ þ i

r
ð63δ − 38νδþ 74ν − 63Þ

�
;

Ĥ20
spin ¼

ffiffiffi
3

p
pϕ

2
ffiffiffi
2

p
c3r3

½ð2δ − νþ 2Þχ1 þ ð−2δ − νþ 2Þχ2� þ
ffiffiffi
3

p

2
ffiffiffi
2

p
c4r3

�
χ21

�
X4
1

3r
ð2r2p2

r − 2p2
ϕ þ rÞ − C1ES2X

2
1

�

þ χ22

�
X4
2

3r
ð2r2p2

r − 2p2
ϕ þ rÞ − C2ES2X

2
2

�
þ 2νχ1χ2

3

�
ν − 3 − 2ν

p2
ϕ

r
þ 2νrp2

r

��
;

Ĥ30
spin ¼

−iνprffiffiffiffiffi
42

p
c3r2

ðχ1 þ χ2Þ;

Ĥ31
spin ¼

1

24
ffiffiffiffiffi
14

p
c4r2

�
χ1

�
ip2

ϕ

2r2
ð55νδ − 96δþ 375ν − 96Þ þ i

�
p2
r −

2

r

�
ð2νδ − 6δþ 23ν − 6Þ

þ prpϕ

r
ð−6νδþ 30δ − 127νþ 30Þ

�
þ χ2

�
ip2

ϕ

2r2
ð55νδ − 96δ − 375νþ 96Þ þ prpϕ

r
ð−6νδþ 30δþ 127ν − 30Þ

þ i

�
p2
r −

2

r

�
ð2νδ − 6δ − 23νþ 6Þ�

�
;

Ĥ32
spin ¼

ν

6c3r3

ffiffiffi
5

7

r
ð4pϕ þ irprÞðχ1 þ χ2Þ;

Ĥ33
spin ¼

ffiffiffi
5

p

8
ffiffiffiffiffi
42

p
c4r2

��
−
23iðδþ 1Þνp2

ϕ

2r2
þ ð2νδþ 6δ − 19νþ 6Þprpϕ

r
þ i

�
2

r
− p2

r

�
ð2νδ − 6δþ 23ν − 6Þ

�
χ1

þ
�
−
23iðδ − 1Þνp2

ϕ

2r2
þ ð2δνþ 6δþ 19ν − 6Þprpϕ

r
þ i

�
2

r
− p2

r

�
ð2δν − 6δ − 23νþ 6Þ

�
χ2

�
;

Ĥ41
spin ¼ −i

ffiffiffi
5

2

r
ν

336c4r4
ð−10irprpϕ þ 6r2p2

r − 12rþ 11p2
ϕÞ½ðδ − 1Þχ1 þ ðδþ 1Þχ2�;

Ĥ43
spin ¼

ffiffiffiffiffi
5

14

r
ν

48c4r4
ð10rprpϕ þ 2ir2p2

r − 4ir − 23ip2
ϕÞ½ðδ − 1Þχ1 þ ðδþ 1Þχ2�: ð117Þ

The circular-orbit limit of these modes, when expressed in terms of the orbital frequency, agrees with the results of

Refs. [116,125]. The spin contributions to the (2,2),(2,1), and (3,3) modes for eccentric orbits were calculated in Ref. [82];

however, we find a small disagreement with their results for the SO part.
4

4The difference between the modes in Ref. [82] (denoted with a bar) and the modes in Eq. (117) (with C1ES2 ¼ C2ES2 ¼ 1) is given by

ˆ̄H22
spin− Ĥ22

spin ¼
iνpr

2c3r2
ðχ1þ χ2Þ; ˆ̄H21

spin− Ĥ21
spin ¼

iδνpr

6c4r3
ðrprþ ipϕÞðχ1þ χ2Þ; ˆ̄H33

spin− Ĥ33
spin ¼

ffiffiffi
5

p
δνpr

8
ffiffiffiffiffi
42

p
c4r3

ð17pϕþ5irprÞðχ1þ χ2Þ;

which is likely due to the coordinate/SSC transformations detailed in Appendix A.
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D. Factorized modes

The quasicircular waveform modes used in
SEOBNRv4HM are factorized as follows [70,83,126,127]:

hF;qclm ¼ hN;qc
lm ŜqceffT

qc
lme

iδlmfqclm; ð118Þ

where hN;qc
lm is the Newtonian part of the mode, Ŝqceff is an

effective source term given by

Ŝqceff ¼
�
ĤeffðvΩÞ lþm even

L̂eff ≡ vΩpϕðvΩÞ lþm odd
; ð119Þ

Tqc
lm resums the infinite number of “leading logarithms”

entering the tail effects, δlm contains the part of the tail not
included in Tqc

lm, and flm contains PN corrections such that
the expansion of hF;qclm agrees with the known PN expansion
of the modes. See Refs. [70,83] for more details and for
expressions of these terms.
We include the eccentric corrections in the factorized

modes as follows:

hFl0 ¼ Ŝeffð1þ Tecc
l0 Þfeccl0 ;

hFlm ¼ hN;qc
lm ŜeffðTqc

lm þ Tecc
lmÞeiδlmðfqclm þ fecclmÞ; ð120Þ

where the effective source term is given by

Ŝeff ¼
�
Ĥeffðr; pr; pϕÞ lþm even

L̂eff ≡ vΩpϕ lþm odd
; ð121Þ

Tecc
lm contains the eccentric corrections to the hereditary

contributions, δlm is the same as in the quasicircular case,
and fecclm contains the eccentric corrections to the instanta-
neous contributions (both spinning and nonspinning,
including the Newtonian part). For example, for the leading
order of the (2,2) mode, we obtain

fecc22 ¼ 1

2ðr2 _pr þ 1Þ1=3
h
2þ r2 _pr − rp2

r − 2ðr2 _pr þ 1Þ1=3

þ 2ipr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3 _pr þ r

q i
þ � � � : ð122Þ

For the tail part, we simplified the results of Sec. IV B
and eliminated the gauge parameter by using a phase shift,
which led to the circular part of the tail contribution to the
(2,2) mode simply being 2πv5Ω; however, this phase
redefinition is not done in SEOBNRv4HM, and the corre-
sponding expression reads v5Ωð2π þ 12i log ð2ϵvΩÞ−
17i=3þ 12iγE=3Þ. Therefore, when including the eccentric
corrections in Tecc

lm, we assume that the phase redefinition
was done only for the eccentric part and keep using the
same circular part as in SEOBNRv4HM. In addition, since
we expanded the tail part in eccentricity to Oðe6Þ, when
factorizing the modes as in Eq. (120) and writing the

quasicircular part in terms of frequency, we reexpand Tecc
lm

in eccentricity (or pr and _pr). For example, for the (2,2)
mode, we obtain

Tecc
22 ¼ −

π

4r
½4r3=2 _pr þ iprðr2 _pr þ 6Þ þ 2

ffiffiffi
r

p
p2
r þOðp3

rÞ�:
ð123Þ

The full expressions for Tecc
lm and fecclm are provided in the

Supplemental Material [88].

V. CONCLUSIONS

Extending the waveform models used today in GW
astronomy from quasicircular to eccentric orbits is impor-
tant for future observations with LIGO, Virgo, and
KAGRA detectors [21], and with new facilities on the
ground (Cosmic Explorer and Einstein Telescope), and in
space (LISA). In fact, sources with non-negligible eccen-
tricity might come into reach of observations soon and
should routinely be included in searches and parameter
inference. While this presents a challenge for waveform
modeling and data analysis, it also offers the unique
opportunity to unveil the formation channels of compact
binaries and probe their environment (through eccentricity
measurements). In this paper, we constructed an EOB
waveform model for eccentric binaries. For this purpose,
we obtained analytical results for the RR force and wave-
form modes to 2PN order, including the leading-order tail
effects, and SO and SS couplings for aligned spins.
In particular, we first derived the RR force for eccentric

orbits in PN expanded form, and then we recast it in a form
that it can be directly incorporated in the quasicircular RR
force employed in the SEOBNRv4HM [74,83] model,
currently used in LIGO/Virgo analyses [1]. We then
obtained initial conditions for the binary evolution which
generalize those from Ref. [94] to eccentric orbits, and
which allow starting the binary’s evolution from a specified
initial frequency at periastron and an initial eccentricity
(in the Keplerian parametrization). We also calculated all
the waveform modes that contribute up to 2PN order
relative to the leading order of the (2,2) mode. It should
be noted that the ðl; 0Þ modes are proportional to the
eccentricity and are hence important for eccentric orbits,
especially the (2,0) mode since it starts at the same PN
order as the (2,2) mode. Also the gravitational modes were
rewritten in a factorized form to be straightforwardly
implemented in the SEOBNRv4HM model.
Our results for the RR force and modes are valid for

moderate to high eccentricities during the inspiral phase,
since we do not use an eccentricity expansion except for the
tail part, which is known analytically as an infinite series
expansion. We provided expressions for the tail part in an
expansion to Oðe6Þ, but we checked that expanding to
Oðe10Þ produces negligible difference on the waveform
even for high eccentricities (≲0.9). If results for e close to
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1 are needed, one could calculate the series expansion for
the tail part numerically, or use analytical resummation
methods as was done in Refs. [31,98].
We are currently incorporating the eccentric RR force

and gravitational modes of this paper in the inspiral-
merger-ringdown quasicircular–orbit SEOBNRv4HM wave-
form model (SEOBNRv4EHM [128]) and validating it
against NR simulations with eccentricity. We leave to
future work the extension of the model to higher PN orders
and the inclusion of spin precession.
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APPENDIX A: COORDINATE
TRANSFORMATION FROM HARMONIC

TO EOB COORDINATES

The coordinate transformation from harmonic to EOB
coordinates with no spin is given in Appendix A of

Ref. [78]. In this Appendix, we include LO SO and SS
contributions to the transformation. We label harmonic,
ADM, and EOB coordinates by ðxh; vhÞ, ðxa; paÞ, and
ðx; pÞ, respectively.

1. ADM to EOB transformation

To find the canonical transformation from the ADM
Hamiltonian with LO SO and SS using the NW SSC (see,
e.g., Refs. [129–131]) and the 2PN expansion of the EOB
Hamiltonian of Ref. [50], we write an ansatz with unknown
coefficients for the generating functionGðx; pÞ, perform the
following transformation on the ADM Hamiltonian [45]:

xia ¼ xi þ ∂G
∂pi

−
∂G
∂xj

∂2G
∂pj∂pi

þO
�
1

c6

�
;

pi
a ¼ pi −

∂G
∂xi þ

∂G
∂xj

∂2G
∂pj∂xi þO

�
1

c6

�
; ðA1Þ

and match it to the EOB Hamiltonian to solve for the
unknowns.
The result for the generating function is given by

Gðx; pÞ ¼ pr

c2

�
−1 −

ν

2
þ 1

2
νp2r

�
þ pr

c4

�
1

8
νð3ν − 1Þp4r −

1

8
νðνþ 14Þp2 −

ν2 − 7νþ 1

4r
þ 1

8
ν2p2

r

�

þ ν2

2c4r
½prðŜ1 þ Ŝ2Þ2 − ðn · Ŝ1 þ n · Ŝ2Þðp · Ŝ1 þ p · Ŝ2Þ�; ðA2Þ

which has no LO SO terms since the ADM and EOB Hamiltonian are the same at that order. This generating function
yields

xa ¼ xþ 1

c2

�
x

�
νp2

2
−
νþ 2

2r

�
þ νrprp

�
þ 1

c4

�
x

�
3ðν − 2Þνp2

8r
−
1

8
νðνþ 1Þp4 −

νð5νþ 16Þp2
r

8r
−
ν2 − 7νþ 1

4r2

�

þ ppr

�
1

2
ðν − 1Þνp2rþ ðν − 10Þν

4

�
þ ν2

2r

�
ðŜ1 þ Ŝ2Þ2

x
r
− ðŜ1 þ Ŝ2Þðn · Ŝ1 þ n · Ŝ2Þ

��
;

pa ¼ pþ 1

c2

�
p

�
νþ 2

2r
−
νp2

2

�
− x

ðνþ 2Þpr

2r2

�
þ 1

c4

�
p

�
1

8
νð3νþ 1Þp4 −

νð7νþ 2Þp2

8r
þ νðνþ 8Þp2

r

8r
þ 2ν2 − 3νþ 5

4r2

�

þ xpr

�
3ðν − 2Þνp2

8r2
−
3ν2 − 10νþ 6

4r3
þ 3ν2p2

r

8r2

�
þ ν2x

r3
½ðŜ1 þ Ŝ2Þ2pr − ðn · Ŝ1 þ n · Ŝ2Þðp · Ŝ1 þ p · Ŝ2Þ�

þ ν2

2r2
½−ðŜ1 þ Ŝ2Þ2pþ ðŜ1 þ Ŝ2Þðp · Ŝ1 þ p · Ŝ2Þ�

�
: ðA3Þ

2. Harmonic to EOB transformation

The transformation from harmonic to ADM coordinates is given by Eq. (E1) of Ref. [78], which is independent of spin
since the ADM and harmonic coordinates agree at LO SO and SS. Using that equation together with Eq. (A3), we obtain the
following transformation from harmonic to EOB coordinates:
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xh ¼ xþ 1

c2

�
x

�
νp2

2
−
νþ 2

2r

�
þ νrprp

�
þ 1

c4

�
x

�
−
1

8
νðνþ 1Þp4 þ ð3ν − 1Þνp2

8r
−
νð5νþ 17Þp2

r

8r
−
ðν − 19Þν

4r2

�

þ ppr

�
1

4
ðν − 19Þνþ 1

2
ðν − 1Þνp2r

�
þ ν2

2r

�
ðŜ1 þ Ŝ2Þ2

x
r
− ðŜ1 þ Ŝ2Þðn · Ŝ1 þ n · Ŝ2Þ

��
;

vh ¼ pþ 1

c2

�
p

��
ν −

1

2

�
p2 −

νþ 4

2r

�
− x

ð3νþ 2Þpr

2r2

�
−

1

4c3r2
½n × Ŝ1ð3 − 3δþ 2νÞ þ n × Ŝ2ð3þ 3δþ 2νÞ�

þ 1

c4

�
p

��
3

8
− ν

�
p4 þ ð7ν2 − 41νþ 8Þp2

8r
þ ð−15ν2 þ 29νþ 8Þp2

r

8r
þ −ν2 þ 15νþ 1

2r2

�

þ xpr

�ð4 − 7ν2 − 23νÞp2

8r2
þ 4 − 3ν2 þ 9ν

4r3
þ 3νð5νþ 1Þp2

r

8r2

�
þ ν2

2r2
½ðŜ1 þ Ŝ2Þðp · Ŝ1 þ p · Ŝ2Þ − ðŜ1 þ Ŝ2Þ2p�

þ ν2x
r3

½ðŜ1 þ Ŝ2Þ2pr − ðn · Ŝ1 þ n · Ŝ2Þðp · Ŝ1 þ p · Ŝ2Þ�
�
; ðA4Þ

and for the scalars (ϕ; r; _ϕ; _r), we obtain

ϕh ¼ ϕþ pϕνpr

c2r
þ prpϕ

c4

�
3ðν − 5Þν

4r2
−
νp2

2r
−
ν2p2

r

r

�
;

rh ¼ rþ 1

c2

�
ν

2
p2rþ νrp2

r − 1 −
ν

2

�
þ 1

c4

�
ν

8
ð3ν − 1Þp2 −

ν

8
ðνþ 1Þp4r −

ν

4r
ðν − 19Þ þ ν

2
ð2ν − 1Þp2p2

rr

−
ν

8
ð3νþ 55Þp2

r −
1

2
ν2rp4

r þ
1

2r
ðX4

1χ
2
1 þ 2ν2χ1χ2 þ X4

2χ
2
2Þ
�
;

_ϕh ¼
pϕ

r2
þ pϕ

c2r2

�
ν − 1

2
p2 − 2νp2

r −
1

r

�
þ 1

2r3c3
½χ1ð2þ 2δ − νÞ þ χ2ð2 − 2δ − νÞ� þ pϕ

c4r2

�
4ν2p4

r þ
ð3ν2 − 17νþ 2Þp2

4r

− 2ðν − 1Þνp2
rp2 −

ðν2 þ 5ν − 3Þp4

8
þ 4 − 5ν2 þ 65ν

4r
p2
r −

ν2 − 9νþ 2

4r2
þ 1

2r2
ðX4

1χ
2
1 þ 2ν2χ1χ2 þ X4

2χ
2
2Þ
�
;

_rh ¼ pr þ
pr

c2

��
2ν −

1

2

�
p2 − ð2νþ 3Þ 1

r
− νp2

r

�
þ pr

c4

��
ν2 − 2νþ 3

8

�
p4 þ ðν2 − 55νþ 6Þp2

4r
þ
�
ν −

5ν2

2

�
p2
rp2

þ 4 − ν2 þ 39ν

4r
p2
r þ

3

2
ν2p4

r þ
6 − 5ν2 þ 39ν

4r2
þ 1

2r2
ðX4

1χ
2
1 þ 2ν2χ1χ2 þ X4

2χ
2
2Þ
�
: ðA5Þ

3. Transformation for the SSC

When calculating the spin contributions to the waveform
modes, we used the source moments from Refs. [116,121]
which are in terms of the covariant SSC. To transform the
resulting modes to the NW SSC, we use the center-of-mass
shift [100]

xiAðcovÞ → xiA þ 1

2c3mA
ðvA × SAÞi ðA6Þ

and the spin transformation [132]

Scov1 ¼
�
1 −

m2

c2r

�
S1 þ

1

2c2
v1ðv1 · S1Þ; ðA7Þ

where the spin transformation is required only for the NLO
SO part of the 2PN (2,1) mode.

For the scalars (r;ϕ; _r; _ϕ; χ1; χ2), we obtain the trans-
formations

rcov ¼ r −
νr _ϕ
2c3

ðχ1 þ χ2Þ;

ϕcov ¼ ϕþ ν_r
2c3r

ðχ1 þ χ2Þ;

_rcov ¼ _rþ ν_r _ϕ

2c3
ðχ1 þ χ2Þ;

_ϕcov ¼ _ϕ −
ν

2c3r3
ð1þ r_r2 − r3 _ϕ2Þðχ1 þ χ2Þ;

χcov1 ¼ χ1 −
χ1
2c2r

ð1 − δÞ;

χcov2 ¼ χ2 −
χ2
2c2r

ð1þ δÞ: ðA8Þ
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APPENDIX B: ANGULAR MOMENTUM
FLUX AT LEADING-ORDER

SPIN-SQUARED

In this Appendix, we derive the angular momentum
flux at leading spin-squared (S2i ) order. Here, we use
unscaled variables in harmonic coordinates, but we drop

the subscript h to simplify the notation. We denote the
orbital angular momentum L ¼ μr × v, the relative position
r ¼ x1 − x2, and relative velocity v ¼ dr=dt.
The relative acceleration a≡ a1 − a2 with LO SO and

SS contributions, in harmonic coordinates and the NW
SSC, is given by [100]

a ¼ −M
n
r2

þ 1

c3

�
3

�
2þ 3m2

2m1

�
n · ðv × S1Þ

n
r3

−
�
4þ 3m2

m1

�
v × S1
r3

þ 3

�
2þ 3m2

2m1

�
_r
r3
n × S1 þ 1 ↔ 2

�

−
3

c4μr4
½nðS1 · S2Þ þ S1ðn · S2Þ þ S2ðn · S1Þ − 5nðn · S1Þðn · S2Þ�

þ 3

2c4r4

�
m2C1ES2

m1μ
ð−nS21 þ 5nðn · S1Þ2 − 2S1ðn · S1ÞÞ þ 1 ↔ 2

�
: ðB1Þ

Since the spin evolution equations start at 1PN order,
we can assume _S1 ¼ 0 ¼ _S2 for the calculation of the LO
fluxes.
The source multipole moments needed are the spin

quadrupole Iij and the current quadrupole Jij, which are
given by [100,110,121]

Iij ¼ m1x
hi
1 x

ji
1 þ 3

c3
xhi1 ðv1 × S1Þji −

4

3c3
d
dt

xhi1 ðx1 × S1Þji

−
C1ES2

c4m1

Shi1 S
ji
1 þ 1 ↔ 2; ðB2Þ

Jij ¼ m1x
hi
1 ðx1 × v1Þji þ

3

2c
xhi1 S

ji
1 þ 1 ↔ 2; ðB3Þ

where the indices in angle brackets denote a symmetric
trace-free part.
To transform from the coordinates of the two bodies xi1

and xi2 to the center-of-mass relative coordinates xi ¼
xi1 − xi2, we use [133]

xi1 ¼
m2

M
xi þ δxi; xi2 ¼ −

m1

M
xi þ δxi; ðB4Þ

where

δxi ¼ −
ν

2c3

�ðv × S1Þi
m1

−
ðv × S2Þi

m2

�
: ðB5Þ

The energy and angular momentum fluxes in terms of the
multipole moments, to the order needed for the LO fluxes,
are then calculated from [100,134]

ΦE ¼ 1

5
Ið3Þij I

ð3Þ
ij þ 16

45c2
Jð3Þij J

ð3Þ
ij ; ðB6Þ

Φi
J ¼

2

5
ϵijkI

ð2Þ
jl I

ð3Þ
kl þ 32

45c2
ϵijkJ

ð2Þ
jl J

ð3Þ
kl : ðB7Þ

This yields the LO SO and S1S2 fluxes derived in
Refs. [92,93,100], in addition to the S2i energy flux from
Ref. [110]. For the S2i angular momentum flux, we obtain

Φ
S2i
J ¼ 2m2

2

5c4r5

�
L
μr

S21 − n · S1ðv × S1Þ þ v · S1ðn × S1Þ�

þ 2m2
2C1ES2

5c4Mr4

�
L
μr

S21

�
−30_r2 þ 12v2 þ 24

M
r

�
þ L
μr

ðn · S1Þ2
�
210_r2 − 60v2 − 90

M
r

�

þ v × S1ðn · S1Þ
�
30_r2 − 18v2 − 12

M
r

�
þ 6n × S1ðv · S1 − _rn · S1Þ

M
r

− 90
L
μr

_rðn · S1Þðv · S1Þ þ 6
L
μr

ðv · S1Þ2 − 6_rðv · S1Þv × S1

�
þ 1 ↔ 2: ðB8Þ
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This is in agreement with the recent results of Ref. [135], although our expression appears simpler because of using the
individual spins Si and masses mi, instead of different combinations of them.

APPENDIX C: ALIGNED-SPIN CONTRIBUTIONS TO THE MODES IN HARMONIC COORDINATES

The modes calculated from the source moments of Refs. [116,121] in harmonic coordinates and using the covariant SSC
have the following spin contributions:

Ĥ20
spin ¼

_ϕffiffiffi
6

p
c3r

½χ1ð1þ δþ νÞ þ χ2ð1 − δþ νÞ� −
ffiffiffi
3

p

2
ffiffiffi
2

p
c4r3

½C1ES2X
2
1χ

2
1 þ 2νχ1χ2 þ C2ES2X

2
2χ

2
2�;

Ĥ21
spin ¼ −

i
4r2

½ð1þ δÞχ1 þ ðδ − 1Þχ2� þ
i

168c4r3
fχ1½154þ 22δðνþ 7Þ þ 34νþ 4r3 _ϕ2ð4νδ − 21δþ 66ν − 21Þ

− 2i_rr2 _ϕð13νδþ 147δ − 83νþ 147Þ þ _r2rð−60δνþ 105δ − 52νþ 105Þ� þ χ2½−154þ 22δðνþ 7Þ − 34ν

þ 4r3 _ϕ2ð4νδ − 21δ − 66νþ 21Þ − 2i_rr2 _ϕð13νδþ 147δþ 83ν − 147Þ þ _r2rð−60δνþ 105δþ 52ν − 105Þ�g;

Ĥ22
spin ¼ −

1

6c3r2
fχ1½r _ϕð3δ − 5νþ 3Þ þ i_rð3δ − 8νþ 3Þ� þ χ2½r _ϕð−3δ − 5νþ 3Þ − i_rð3δþ 8ν − 3Þ�g

þ 3

4c4r3
½C1ES2χ

2
1X

2
1 þ C2ES2χ

2
2X

2
2 þ 2νχ2χ1�;

Ĥ30
spin ¼ −

iν_rffiffiffiffiffi
42

p
c3r2

ðχ1 þ χ2Þ;

Ĥ31
spin ¼

i

48
ffiffiffiffiffi
14

p
c4r3

fχ1½−4þ 20δν − 4δþ 20νþ r3 _ϕ2ð−31δν − 24δþ 87ν − 24Þ þ i_rr2 _ϕð−70δν − 12δþ 62ν − 12Þ

þ _r2rð−30δνþ 12δ − 50νþ 12Þ� þ χ2½4þ 20δν − 4δ − 20νþ r3 _ϕ2ð−31δν − 24δ − 87νþ 24Þ
þ i_rr2 _ϕð−70δν − 12δ − 62νþ 12Þ þ _r2rð−30δνþ 12δþ 50ν − 12Þ�g;

Ĥ32
spin ¼

ffiffiffi
5

7

r
ν

6c3r2
ð4r _ϕþ i_rÞðχ1 þ χ2Þ;

Ĥ33
spin ¼

ffiffiffiffiffi
5

42

r
i

16c4r3
fχ1½4 − 20δνþ 4δ − 20νþ r3 _ϕ2ð−33δνþ 24δ − 119νþ 24Þ þ i_rr2 _ϕð−78δνþ 36δ − 154νþ 36Þ

þ _r2rð30δν − 12δþ 50ν − 12Þ� þ χ2½−4 − 20δνþ 4δþ 20νþ r3 _ϕ2ð−33δνþ 24δþ 119ν − 24Þ
þ i_rr2 _ϕð−78δνþ 36δþ 154ν − 36Þ þ _r2rð30δν − 12δ − 50νþ 12Þ�g;

Ĥ41
spin ¼ −i

ffiffiffi
5

2

r
ν

336c4r3
ð11r3 _ϕ2 − 10i_rr2 _ϕþ 6_r2r − 12Þ½ðδ − 1Þχ1 þ ðδþ 1Þχ2�;

Ĥ43
spin ¼

ffiffiffiffiffi
5

14

r
ν

48c4r3
ð−23ir3 _ϕ2 þ 10_rr2 _ϕþ 2i_r2r − 4iÞ½ðδ − 1Þχ1 þ ðδþ 1Þχ2�: ðC1Þ

APPENDIX D: KEPLERIAN PARAMETRIZATION

This Appendix provides expressions for some orbital quantities in the Keplerian parametrization that are needed for
calculating the initial conditions, and the tail part of the RR force and waveform modes.
In the Keplerian parametrization,

r ¼ 1

upð1þ e cos χÞ ; ðD1Þ

where up is the inverse semilatus rectum and χ is the relativistic anomaly. Inverting the Hamiltonian at the turning points
r� ¼ 1=ðupð1� eÞÞ and solving for the energy and angular momentum to 2PN order yields
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E ¼ 1

2
ðe2 − 1Þup −

u2p
8c2

ðe2 − 1Þ2ðν − 3Þ

þ u3p
16c4

ðe2 − 1Þ2½e2ðν2 − 3νþ 5Þ − ν2 − 5νþ 27�

þ ð1 − e2Þ2u5=2p

4c4
½χ1ðν − 2δ − 2Þ þ χ2ðνþ 2δ − 2Þ�

þ ð1 − e2Þ2u3p
4c4

½χ21ðC1ES2X
2
1 þ X4

1Þ
þ 2νð1þ νÞχ2χ1 þ χ22ðC2ES2X

2
2 þ X4

2Þ�;

pϕ ¼ 1ffiffiffiffiffiup
p þ

ffiffiffiffiffiup
p
2c2

ðe2 þ 3Þ þ u3=2p

8c4
ðe2 þ 3Þð3e2 − 4νþ 9Þ

þ 1

4
ðe2 þ 3Þup½χ1ð−2δþ ν − 2Þ þ χ2ð2δþ ν − 2Þ�

þ ðe2 þ 3Þu3=2p

4c4
½χ21ðC1ES2X

2
1 þ X4

1Þ
þ χ22ðC2ES2X

2
2 þ X4

2Þ�

þ νu3=2p χ1χ2
2c4

½e2ð3νþ 1Þ þ νþ 3�: ðD2Þ

Inverting pϕðup; eÞ, we obtain upðpϕ; eÞ

upðpϕ; eÞ ¼
1

p2
ϕ

þ ðe2 þ 3Þ
c2p4

ϕ

þ ðe2 þ 3Þð2e2 − νþ 6Þ
c4p6

ϕ

þ 3þ e2

2p5
ϕc

3
½ðν − 2δ − 2Þχ1 þ ðνþ 2δ − 2Þχ2�

þ 1

2p6
ϕc

4
fνχ1χ2½e2ð3νþ 1Þ þ νþ 3�

þ χ21½C1ES2ðe2 þ 3ÞX2
1 þ ð3e2 þ 1ÞX4

1�
þ 1 ↔ 2g: ðD3Þ

Inverting the Hamiltonian to obtain prðE; pϕÞ, and plug-
ging Eðe; upÞ and pϕðe; upÞ, yields

pr¼e
ffiffiffiffiffi
up

p
sinχþeu3=2p

2c2
sinχðe2þ2ecosχþ1Þþ���: ðD4Þ

The radial and azimuthal periods are given, respec-
tively, by

Tr ¼
I

dt ¼
I �∂H

∂pr

�
−1
dr ¼ 2

Z
π

0

�∂H
∂pr

�
−1 dr

dχ
dχ

¼ 2π

ðup − e2upÞ3=2
−

πðν − 6Þ
c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
up − e2up

q þ � � � ;

Tϕ ¼
I

_ϕdt ¼
I ∂H

∂pϕ
dt ¼ 2π þ 6πup

c2
þ � � � : ðD5Þ

The associated frequencies are

ωr ¼
2π

Tr
; ωϕ ¼ Tϕ

Tr
: ðD6Þ

The dimensionless frequency variable x≡ ω2=3
ϕ to 2PN

order is given by

x ¼ up − e2up þ
u2p
3c2

ðe2 − 1Þðe2ðν − 6Þ − νÞ − u3p
36c4

ðe2 − 1Þ
n
e4ð8ν2 − 33νþ 180Þ þ 8ν2

− 2e2
h
3
	
12

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
þ 5



ν − 90

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
þ 8ν2 þ 27

i
þ 9

	
8

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
− 13



ν − 180

	 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
− 1


o

þ u5=2p

6c4
ðe2 − 1Þð3e2 þ 1Þ½χ1ð2þ 2δ − νÞ þ 1 ↔ 2�

−
u3p
2c4

fχ21½C1ES2ðe4 − 1ÞX2
1 þ ðe2 − 1Þ2X4

1� þ νχ1χ2½e4ðνþ 1Þ − 2e2νþ ν − 1� þ 1 ↔ 2g; ðD7Þ

which can be inverted to obtain upðx; eÞ, the 1PN part of
which reads

up ¼ −
x

e2 − 1
þ x2½e2ðν − 6Þ − ν�

3c2ðe2 − 1Þ2 þ � � � : ðD8Þ

APPENDIX E: _pr IN TORTOISE COORDINATES

The tortoise coordinate r� is defined by [69,112]

dr�
dr

¼
ffiffiffiffiffiffiffiffiffiffi
DðrÞp
AðrÞ ≡ 1

ξðrÞ ; ðE1Þ
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where AðrÞ and DðrÞ are the metric potentials

ds2eff ¼ −AðrÞdt2 þDðrÞ
AðrÞ dr

2 þ r2dΩ2: ðE2Þ

The conjugate momentum to r� is denoted pr� , and
invariance of the action gives the relation

pr� ¼ prξðrÞ: ðE3Þ

The Hamiltonian and EOMs used in SEOBNRv4 [see
Eqs. (10) of Ref. [136] ] are expressed in terms of the
variables ðr; pr� ;ϕ; pϕÞ. However, the RR force we derived
in Sec. II is expressed in terms of ðr; pr; _prÞ. We use
Eq. (E3) to replace pr with pr� , and to obtain a relation
between _pr and the derivatives ofHEOBðr; pr� ; pϕÞ. We use
the following relations:

dH ¼
�∂H
∂r

�
pr�

drþ
� ∂H
∂pr�

�
r

dpr� þ
∂H
∂pϕ

dpϕ

¼
�∂H
∂r

�
pr

drþ
�∂H
∂pr

�
r
dpr þ

∂H
∂pϕ

dpϕ; ðE4Þ

dpr� ¼
�∂pr�

∂r
�

pr

drþ
�∂pr�

∂r
�

r
dpr; ðE5Þ

leading to

�∂H
∂r

�
pr

¼
�∂H
∂r

�
pr�

þ
� ∂H
∂pr�

�
r

�∂pr�
∂r

�
pr

; ðE6Þ

where

�∂pr�
∂r

�
pr

¼ pr
dξðrÞ
dr

: ðE7Þ

Hence,

_pr ¼ −
�∂H
∂r

�
pr

¼ −
��∂H

∂r
�

pr�

þ
� ∂H
∂pr�

�
r

pr�
ξðrÞ

dξðrÞ
dr

�
: ðE8Þ
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