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1. DERIVATION OF THE QED PHONORITONIC HAMILTONIAN

To describe the dressing of excitons by phonons and cavity photons from first principles, we consider the fundamental
many-body Hamiltonian in (non-relativistic) quantum electrodynamics (QED). We consider here a single photonic
cavity mode corresponding to the lowest momentum mode perpendicular to the cavity mirrors and in-plane electric
field polarization. The generalization to multi-modes is not expected to change the conclusions as shown in Ref. [1].
Within the velocity gauge, the QED problem can be written as follows:

N N o AZ . A .
Happ = Ha+wbb+ 22 (0 =) + 40 Y ((6nde - pléadficad’ +hec.) (1)
rsk

where bt and b are the photon creation and annihilation operators respectively, H, is the many-body electronic
Hamiltonian, éik, ésk are the electronic creation and annihilation operators in the {¢, } basis (with r band indices and
k wavevectors in the first Brillouin zone), p the single particle momentum operator, é the photon field polarization

and AO =

coupling of this Hamiltonian to lattice degrees of freedom we consider the parametric dependence of the Hamiltonian
on the phonon displacements of the atoms {Rqq}, corresponding to the phonon mode a with momentum q. To first
order in this displacement, the Hamiltonian can be expanded as

ﬁ, with a the area of the unit cell, is the amplitude of the vector potential. In order to derive the
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where the subscript "eq” indicates the Rqq = 0 condition which corresponds to no phonon displacements. The first
term in the equation is the usual polaritonic Hamiltonian, while the second term describes its coupling to the lattice.
Since the coupling of photons to the electronic structure occurs via the creation/annihilation of neutral excitations
(electron-hole pairs), one can approximate the many-body electronic eigenstates of the Hamiltonian by the excitonic
ones and therefore diagonalize the electronic component, Hej [U§*) o~ €¢ ¥} [1]. This gives matrix elements like
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Since in this work we focus on the effect of the I'-phonons (¢ = 0), in the following we drop the sum over momenta.
Nevertheless the results can be generalized to finite g, which is necessary when dealing, for example, with exciton
coupling with surface acoustic waves or any other finite momentum excitation. The first term of Eq. 3 can be expressed
as follows:
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where MX¢ = (UFE [, o (Prkeqlé - ﬁ\¢sk’eq>éikésk|\lf§f‘ez> are excitonic matrix elements of the bilinear electron-
photon coupling, the same as the ones introduced in Ref. [1]. For completeness we also introduced the energy term

for the phonons with a, and a,, being the creation and annihilating operators for the mode with index .

The second term in Eq. 3 gives origin to two terms, the standard exciton-phonon coupling and the phonoritonic
coupling introduced in the main text. Indeed we can rewrite this term as:
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where V is the electrostatic potential generated by the nuclei. We identify the first term on the right hand side as
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FIG. S1. Three-particle-hybridization in a Phonoriton. Energy level representation of the hybridization of exciton,
phonon and photons involves mutual dressing of the modes: the cavity photon (left panel), coupling directly to the exciton,
creates exciton-polariton states (black line, middle panel), which through the phonoritonic coupling are further mixed with
phonons to yield the phonoritonic states (blue line, right panel).

the exciton-phonon coupling:
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with g,k the standard single-particle electron-phonon matrix elements [2]. The second term on the right hand side of
Eq. 5 contains instead the phonoritonic matrix elements which essentially arise from the variation of the momentum
matrix element with respect to the lattice vibration:

1

Zf;ffx: m ‘?‘;%"Z@R (brilé - P|¢sk> Criclsk|  [V5aq)s (7)

J-eq

eq

where we have included the prefactor coming from the canonical transformation of the phononic displacement into

creation and annihilation operators, i.e. R, =,/ ﬁ(&:& + Go). Finally we can rewrite the full QED Hamiltonian

coupled linearly to lattice degrees of freedom as
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This is the central equation of the main text and we refer to the eigenstates of such Hamiltonian as the phonoriton
quasiparticle states. As sketched in Fig. S1, the photon acts by creating replicas of the purely electronic and phononic
states resulting in an optical Stark effect or Rabi splitting where the originally uncoupled states hybridize to yield
phonoriton states that have simultaneously electronic, phononic and photonic character.

In this work we consider hBN and in particular the non-dispersive (momentum independent) excitonic states
localized around the K-points of the Brillouin zone. These excitonic states occur in a non-hydrogenic series, which
is accurately described by a two-band BSE, where only a single valence and a single conduction band are taken into
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account [3]. With this simplification the matrix elements appearing in Eq. (8) have one of the two following structures:
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In the equations above we have expressed the excitonic states as a linear combination of singly excited electronic
determinants, where the coefficients of the linear combination are given by the solution of the BSE [4-6], [¥§*) =

D vk szkéikévkhll()) with A, the BSE coefficients, or envelope functions and ¢ and v indices running over conduction
and valence bands respectively. The electronic groundstate [Wo) = [W$Xj) can instead be written as a single determi-
nant of only valence states. Similar expressions as in Eq. 9 and 10 can be readily obtained for the exciton-phonon

matrix elements:
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2. ELECTRON-PHONON COUPLING AND EXCITONIC PROBLEM

The ab-initio quantities entering the Hamiltonian in Eq. 2 solved in the main paper require two main calculations:
electron-phonon matrix elements and exciton energies and wavefunctions.

The electron-phonon matrix elements have been calculated from using the octopus code [7], by displacing the lattice
according to the phonon eigenmodes and subsequently projecting the variation of the electronic potential into the
unperturbed Kohn-Sham basis.

The excitonic energies and wavefunctions are instead obtained by solving the Bethe-Salpeter Equation (BSE [6])
on a LDA basis using the GPAW code [8, 9]. The BSE is an equation that can be derived within many-body
perturbation theory and takes into account the many-body screened interaction between the electron and the hole
forming the excitons. In practice, such an equation can be cast in a two-particle Hamiltonian represented in the space
of valence and conduction bands. Given the strongly localized nature of the 1s exciton in hBN (the one considered
in the manuscript), it is enough to include the last valence and the first conduction band [10-12]. The screened
interaction is then calculated at the RPA level by including all the bands up to 100eV. The BSE is then solved by
exact diagonalization on a 60 x 60 k-points grid and the excitonic energies and the corresponding wavefunctions A}
are obtained. In order to properly describe the electronic gap of 7.12 eV as reported in Ref. [13], we have corrected
the LDA bandgap by applying a scissor operator.
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