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I. EQUATION OF MOTION OF THE CHARGE
CURRENT

As explained in the main text, we start from the single-
particle Pauli Hamiltonian describing a particle of mass
m and charge e in an external electromagnetic field,

ĥ(t) =
1

2m
Π̂

2
(t)− eV (t) +

e~
2mc

B(t). σ̂

+
e~

8m2c2
[
Π̂(t). (σ̂ ×E(t)) + (σ̂ ×E(t)). Π̂(t)

]
, (1)

While the previous Hamiltonian has been considered
in many theoretical work, it is possible to obtain a local
U(1)×SU(2) symmetry by including a term of the higher
order O(1/m3) as explained in Ref. 1. The motivation for
this choice lies in the fact that this will allow us later to
define a U(1)×SU(2) gauge-invariant spin-current, which
we defined in this work as the physical spin current. For

this, we add the term e2~2

32m3c4 (σ̂ × E(t)). (σ̂ × E(t)) =
e2~2

16m3c4 |E(t)|2, which is half of the corresponding term
in the Foldy-Wouthuysen expansion [1]. Doing so, one
arrives to a locally U(1)× SU(2) gauge-invariant single-
particle Hamiltonian

ĥ(t) =
1

2m

[
Π̂(t)+

e~
4mc2

(σ̂×E(t))
]2
−eV (t)+

e~
2mc

B(t). σ̂ ,

(2)
which is the one we consider in the following.

In second quantization, all operators are expressed in

terms of the field operators ψ̂(x) and ψ̂†(x). The many-

body Hamiltonian Ĥ(t) consists of the time-dependent

one-body part ĥ(t) and the particle-particle interaction
term w(x,x′), and reads as

Ĥ(t) =
∑
σσ′

∫
drψ̂†(r, σ)hσσ′(r, t)ψ̂(r, σ′)

+
1

2

∫
dx

∫
dx′w(x,x′)ψ̂†(x)ψ̂†(x′)ψ̂(x′)ψ̂(x) . (3)

We now define the operators

t̂(x) =
~2

2m
(∇ψ̂(x))†(∇ψ̂(x)) ,

n̂(x) = ψ̂†(x)ψ̂(x) ,

m̂(x) = ψ̂†(x)σ̂ψ̂(x) ,

ĵ(x) = − i~
2m

[
ψ̂†(x)(∇ψ̂(x))− (∇ψ̂(x))†ψ̂(x)

]
,

Ĵ(x) = − i~
2m

[
ψ̂†(x)σ̂(∇ψ̂(x))− (∇ψ̂(x))†σ̂ψ̂(x)

]
,

which are respectively the kinetic energy, density, mag-
netization, current and spin-current operators.
In order to derive the equation of motion of the different
observable, we start by writing the equation of motion of
the creation and annihilation operators in the Heisenberg
picture[2]

i~
d

dt
ψ̂(x, t) =

∑
σ′

hσσ′(x,−i
−→
∇, t)ψ̂(x, σ′, t)

+

∫
dx′w(x,x′)n̂(x′)ψ̂(x, t) , (4)

and

i~
d

dt
ψ̂†(x, t) = −

∑
σ′

ψ̂†(x, σ′, t)hσ′σ(x, i
←−
∇, t)

−
∫
dx′w(x,x′)ψ̂†(x, t)n̂(x′) . (5)

Following Ref. 2, we split the equation of motion of the
field operators in terms of a contribution without any ex-
ternal potential nor field, and the part containing them.
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We obtain that

i~
d

dt
ψ̂(x, t) = i~

d

dt
ψ̂(x, t)

∣∣∣
V=A=0

+
ie

2mc

∑
p

[
2Ap(t)∂p + (∂pAp(t))

]
ψ̂(x, t) + uψ̂(x, t)

+
e~

8m2c2
[
Π̂(t). (σ̂ ×E(t)) + (σ̂ ×E(t)). Π̂(t)

]
ψ̂(x, t) +

e~
2mc

B(t). σ̂ψ̂(x, t) , (6)

and

i~
d

dt
ψ̂†(x, t) = i~

d

dt
ψ̂†(x, t)

∣∣∣
V=A=0

+
ie

2mc

∑
p

[
2Ap(t)∂p + (∂pAp(t))

]
ψ̂†(x, t)− uψ̂(x, t)

− e~
8m2c2

[
Π̂
∗
(t). (σ̂ ×E(t)) + (σ̂ ×E(t)). Π̂

∗
(t)
]
ψ̂†(x, t)− e~

2mc
B(t). σ̂ψ̂†(x, t) , (7)

where we defined

u = −eV (x, t) +
e2

2mc2
|A(x, t)|2 − e2~2

16m3c4
|E(x, t)|2 . (8)

Before obtaining the equation of motion for the physical
charge current, we first need to define it. Such definition
can be obtained from the continuity equation, which de-
fines the conserved charge current for a given Hamilto-
nian. After some algebra, we arrive to the equation of
motion of the charge density, the continuity equation,

∂

∂t
n̂(x, t) = −∇. (̂j(x, t) + ĵd(x, t) + ĵSO(x, t)) . (9)

where the physical, conserved, charge current in presence
of spin-orbit coupling, contains the paramagnetic current

(̂j), the diamagnetic current (̂jd), and a spin-orbit cur-

rent, ĵSO(x, t) = e~
4m2c2 m̂×E(t).

This equation determines the physical conserved current
up to a rotational part. However, as we are interested
in the time-derivative of the macroscopic current (source
term of the Maxwell equations), this rotational part of
the current is irrelevant, and in the following, we use
Eq. 9 to define the physical current associated with the
Hamiltonian of Eq. 2.
In order to obtain the equation of the conserved total

physical current ĵphys = ĵ + ĵd + ĵSO, we need the equa-
tion of motion of the magnetization density and of the
paramagnetic current. Following the same approach as
for the charge density, we obtain the equation of motion
of the k component of the magnetization density

∂

∂t
m̂k(x, t) = −

∑
p

∂p

[
Ĵphys,kp

]
+

e

mc

∑
qr

εkqrBqm̂r

+
e

2mc2

∑
p

[
EpĴphys,pk − EkĴphys,pp

]
,(10)

where, by analogy to the continuity equation for the
charge, we can defined a physical spin current as

Ĵphys,kp =
[
Ĵkp +

e

mc
m̂kAp −

e~
4m2c2

∑
r

εkprErn̂H

]
,

(11)

where we recognize a paramagnetic, a diamagnetic, and
a spin-orbit spin current. The motivation for this def-
inition lies in the fact that the spin current defined in
Eq. 11 is a mixed space and spin quantity, which is for
our definition locally U(1)×SU(2) gauge invariant. This
symmetry is the same as the one of the Hamiltonian of
Eq. 2 and motivates us to use this expression to define the
physical spin current, in the same way that the physical
charge current, which is a spatial quantity only, is invari-
ant under U(1) gauge transformation. Here εijk denotes
the Levi-Civita symbol.
The equation of motion of the paramagnetic current is
found to be

∂

∂t
ĵk(x, t) = −

∑
p

∂pT̂pk − Ŵk

− 1

m
(∂kw(x, t))n̂(x, t)− e~

2m2c

∑
p

∂k(Bp)m̂p

− e

mc

∑
p

[
∂p

(
Apĵk +

~
4mc

∑
q,r

εpqrErĴqk

)
+(∂kAp)

[
ĵp +

e~
4m2c2

∑
q,r

εpqrm̂qEr

]
+

~
4mc

∑
q,r

εpqr(∂kEr)
[
Ĵqp +

e

mc
Apm̂q

]]
, (12)

where T̂pk is the so-called momentum-stress tensor [2]

T̂pk =
1

2m2

[
(∂kψ̂

†)(∂pψ̂) + (∂pψ̂
†)(∂kψ̂)− 1

2
∂k∂pn̂

]
,

(13)

while the operator Ŵk is defined by [2]

Ŵk(x, t) =
1

m

∫
dx′ψ̂†(x)ψ̂†(x′)(∂kv(x− x′)ψ̂(x′)ψ̂(x) .

(14)
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Putting everything together, we get the following expression for the equation of motion of the physical charge
current

∂

∂t
ĵphys,k(x, t) = −

∑
p

∂p

[
T̂pk +

e

mc
(Apĵk + ĵphys,pAk) +

e~
4m2c2

∑
qr

(εkqrĴphys,pqEr + εpqrĴqkEr)
]

−Ŵk −
e2~

4m3c3

[
(mH ×B)×E

]
k

− e

m

[
n̂E +

1

c
ĵphys ×B

]
k

+
e~

4m2c2

[
m̂× ∂tE

]
k
− e~

2m2c

∑
p

m̂p

(
∂k(Bp)

)
+

e~
4m2c2

∑
pqr

Ĵphys,pq

[
εkpr∂q − εqpr∂k + εkqr

e

2mc2
Ep

]
(Er) . (15)

We note that the conserved current is only defined up to a rotational part in the above discussion, and we need to

add to it the magnetization current ĵm = ~
2m∇ × m̂. This current only contributes to the microscopic current, and

not to the macroscopic current. Moreover, adding the contribution from the magnetization current, only adds a term
to the stress tensor, as

d

dt
ĵm,k(x, t) =

[
−
∑
p

∂p
~

2m

∑
st

∂sεkst

[
Ĵphys,tp

]
+

e~
2m2c

∑
p

∂p(Bkm̂p −Bpm̂k) +
e~

4m2c2

∑
pqr

∂pεkpq

[
ErĴphys,rq − EqĴphys,rr

]]
= −

∑
p

∂pM̂pk . (16)

which implies that the magnetization current does not contribute to the radiated light.

Supplementary References
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