Kyushu J. Math. 74 (2020), 337-352
doi:10.2206/kyushujm.74.337

ANALOGUES OF CYCLIC INSERTION-TYPE
IDENTITIES FOR MULTIPLE ZETA STAR VALUES

Steven CHARLTON
(Received 17 August 2019 and revised 4 January 2020)

Abstract. We prove an identity for multiple zeta star values, which generalizes some
identities due to Imatomi, Tanaka, Tasaka and Wakabayashi. This identity gives an analogue
of cyclic insertion-type identities, for multiple zeta star values, and connects the block
decomposition with Zhao’s generalized 2—1 formula.

1. Introduction

For integers s1, ..., s, > 1, the multiple zeta values (MZVs) and multiple zeta star values
(MZSVs) are defined by the following series, respectively,

C(s1, v v 8p) = > ST
O<ni<np<--<n, 1 ny

(s, ..., 8p) = Z -
O<ni<ny<--<n, ny---ny
These series are convergent for s, > 1. In each case r is called the depth, and s1 + - - - + 5, is
called the weight. We make use of the shorthand ‘wt’ for the weight of the MZVs appearing
in an identity, and write {s}" to mean s repeated n times.
In [8], the following identities for multiple zeta star values are conjectured.

CONJECTURE 1.1. [8, Conjectures 4.1 and 4.3] For any integers ay, . . . , ax, > 0, we have

S ST L @3 2L L3, 2 €Qr ()

permute ao,..., axy,

Z £, {239, 3, {2}, ..., 1L {219t 3, {219 é Qn™. 2)

permute ay,..., azp

Notice the blocks of 2 all have lengths a;, except for the initial one; it has length ag + 1 in
the first identity and length 0 in the second identity.

These identities are similar in structure to the cyclic insertion conjecture of [1], on
classical MZVs, and should perhaps be regarded as an analogue. The cyclic insertion
conjecture states the following.
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CONJECTURE 1.2. [1, Conjecture 1] For any integers ag, . . . , az, > 0, we have
0 W

2390 1, {2)91, 3, {2}92, ..., 1, {2}9n-1 3, 2}y = —

Do 1L 2,3, 2) {2} 21 = ST

cycle ag,...,azn

In [4], a symmetrized version of Conjecture 1.2 was proven by the author, up to a rational,
using the motivic MZV framework of Brown [2, 3]. This symmetrized result was generalized
by the author to a wider class of MZVs using the (alternating) block decomposition of iterated
integrals [5], along with a conjectural cyclic version. A proof of a generalization of the cyclic
version has since been claimed by Hirose and Sato [6], under the name of block-shuffle
identity.

Zhao’s generalized 2—1 formula, Theorem 1.4 in [9], gives an expression for an arbitrary
MZSV as a sum of alternating MZVs, with arguments from a certain indexing set IT(s'").
As a consequence, in Theorem 5.2 of [9] Zhao gives a concise proof of Conjecture 1.1. The
goal of this paper is to generalize Zhao’s proof of Conjecture 1.1, by connecting Zhao’s
construction s with the block decomposition of the multiple zeta value ¢ (s). This allows us
to give analogues of other MZV cyclic insertion identities in the MZSV case.

Before stating the main result, we must first recall the construction of the block
decomposition from [5]. Any word in {0, 1}* can be written as a concatenation of some
number of ‘alternating words’ 0, 1, 01, 10, 010, 101, 0101, 1010, . . .. By deconcatenating
w at a repeated letter, one obtains the (unique) decomposition of w into the minimal possible
number of such words. Moreover, by assuming w starts with 0, the lengths of the alternating
words uniquely determine w since the concatenation occurs at a repeated letter.

Definition 1.3. (Block decomposition [5]) For w € {0, 1}*, starting with a 0, write w as
a concatenation of the fewest alternating words wy, ..., w,, with lengths €1, ..., £,,
respectively. The block decomposition of w is

bl(w) := (41, ..., £y).

Note that the block decompositions ({1, ..., £,) corresponding to words describing
an MZV via the integral representation (i.e. first letter O, last letter 1 for the bounds of
integration) satisfy the parity condition

n
n—Y fi=1 (mod2).

i=1
Convergence reasons mean that such a block decomposition will also satisfy £; > 1 and
£, > 1.

Example 1.4. For w =01100101010010101 (corresponding to ¢(1, 3,2, 2, 3, 2, 2)), we
have
bl(w) =bl( 01 | 10 |0101010]010101) = (2, 2,7, 6).
I S T

From the lengths (2, 2, 7, 6) we recover a unique word starting with 0, by writing

bl='(2,2,7,6)=01]10]010101 0|0 10101 = w.
| Iy E—| | I

repeat  repeat repeat
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We also make use of the following notation around partitions. For n > 1 a positive
integer, write Part(n) for the set of all unordered partitions r = {ry, ..., ry} of the set
{1,...,n} into subsets ry, ..., rr. Write Partygq(n) for those such that the cardinality
#r; of each subset r; is odd. These partitions are unordered and consist of subsets, which
means r = {{1}, {2, 4, 5}, {3}} and ¥’ = {{4, 5, 2}, {3}, {1}} both represent the same element
of Partyqq(5). The subsets in the partition may be canonically indexed in lexicographic order.
For notational simplicity, I may drop all of the set brackets when writing a partition, and
simply use | to separate the subsets of this partition. So I can write the above as r = 1|245|3,
say.

We can now state the main result of this paper.

THEOREM 1.5. For integers £; > 1, the following identity on MZSVs holds:

DO Qoloys o lom)) = Y 2#f]_[(#ri—1)!]_[2(23j>.

oges, r={ry,....'x} i=1 i=1 jeri
€Partyqq(n)

Here
Cr0; 1007 104 ) =, L 1)

as in the iterated integral representation of an MZV, including also the bounds of integration.
Moreover we define ¢ and o by

c(n) if n odd, ‘“+’ ifn#£) ¢ (mod 2),
“ i) ifn even, and 0= { ifn=Y¢ (mod?2).
In particular, the sum is always a polynomial in Riemann zeta values, since
o2 e Qr.

In the case all ¢; even, we recover the identities in Conjecture 1.1, and can give explicit
terms for the right-hand side in various cases.

Z(n)

Example 1.6. If (L1, €3, £3) = 2a +2,2b+2,2c+2), we are in the case n =3, and
o="‘4’since ) ; ¢; #3 (mod 2). Then

O Q4+ 2a+2,2b+ 2,2 +2) = {2141 1, (208, 3, {2)9).

To give the corresponding identity, Theorem 1.5 tells us that we need to sum over
r € Partoqq(3) = {1]2|3, 123}, and so for the right-hand side we obtain

23(1 - 1)'3 . %(*({Z}er) . %é—*({z}b+l) . %(*({2}C+1)
+2'3a =1 %é—*({z}a+b+c+3)'

The first line corresponds to the partition r = 1]2|3, and the second to the partition r = 123.
This combination simplifies to

U2 THe 2y T2yt 4 2¢r ()T,
This gives the identity
o @t L@ 3,219

permute a, b, ¢
= (21 Ther A2 the 2t + 20 (210 e ™,

as in case (1) of Conjecture 1.1.
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If 1,...,04)=Qa+2,2b+2,2c+2,2d +2), we are in the case n =4, and
o=""since ) ; £; =4 (mod 2). Then

g7 2, 2a 42,26+ 2, 2c + 2, 2d +2)) = £*(1, {2}, 3, {2)". 1, 2}, 3. (2.
We sum over r € Partygq(4) = {1]|234, 134|2, 124|3, 123|4, 1|2|3|4}, and obtain

Yo 23,20 1, (213, 121

permute a, b, ¢, d
= 2(¢* (2P 2 + (@) eyt
+ AT (@2 4+ (@ 2t th)
+ @ Her @ thedath et e @™,
as in case (2) of Conjecture 1.1.

Example 1.7. (Hoffman’s identity) For integers a, b, ¢ > 0, Hoffman’s identity on MZVs
(generalized and proven up to QQ by the author in [5], and the generalization itself proven
exactly by Hirose and Sato in [6]) states

c({2)%, 3. (27, 3. (2)) — ¢ ({27, 3. {21, 1. 2, (2)) + ¢((2)°. 1. 2, 2}, 1, 2, (219)
— _;({2}a+b+c+3).
It arises from the block decomposition (£1, €2, €3) = (2a + 3, 2b + 3, 2¢ + 2) of the first
MZV above.
We can apply Theorem 1.5 to (¢, €2, £3) = (2a + 3, 2b 4 3, 2c 4+ 2) to obtain an

analogue on MZSVs. We are in the case o = ‘4, since Zi £; %3 (mod 2), and we obtain
the following combination of MZSVs:

cr21*T 3, 127, 3, (2)9) + ¢ (210 3, 204, 3, (2)9)
+ 2P 3, (20, 1,2, {28 + o2yt 3, (206, 1, 2, {2))
+ 2T L2, (209 1L, 2, 280 + ey 1L, 2, 208, 1, 2, (2)9).
Theorem 1.5 tells us that we need to sum over r € Partygq(3) = {1]2|3, 123}, and so we obtain
(1= 1Pra+3)¢(2b+3) - (21
+ 21(3 _ 1)' . %é.*({z}a+b+C+4)’

where the first line corresponds to r = 1|2|3 and the second line to r = 123. This combination
simplifies to
47 Q2a +3)¢ b+ 3" (2)) + 207 ((2)0 .

Similar identities can be given for a wide range of initial block lengths, allowing one to
produce identities for many MZSVs with indices 1, 2 and 3. Consider the following example.

Example 1.8. Starting with ¢*(1, 3, 3, {2}""), one reads off the block decomposition

bI~'(0; 1100 100 (10)™; 1) = (2, 2, 3, 2m + 2).
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By taking (£1, €2, £3) = (2, 3, 2m + 2), we are in the case o="," as »_ ¢; =3 (mod 2).
Theorem 1.5 gives us the following identity containing ¢*(1, 3, 3, {2}"):

£*(1, 3,3, 2V +¢*(1, 2, 1, {2V, 3) + ¢*(1, {2}, 3, 3)
+05(1,2, 1,3, 2" + 07 (1,3, {2, 1, 2) + ¢ (1, {2}, 3,1, 2)
= 202" + 4c2m + 7).

2. Background on Zhao’s generalized 2-1 formula

Warning: since I use the opposite convention for MZVs, the version of ‘s'1)” defined here is
the reverse of the one obtained from Zhao’s definition. In fact, I will construct s) by forward
induction, so that the last element s*) is the relevant one. These changes are incorporated into
the text below and the proofs thereafter.

Much of the proof relies on Zhao’s generalization of the 2—1 formula, proven in [9].
In this section we recall the necessary notation and concepts from [9] in order to apply the
generalized 2—1 formula.

Introduce D =Z- U Z-¢ and Dy = Zso U Z_Zo, where Z-o = {1 | n > 0} is the set of
signed positive numbers and Z-o = {77 | n > 0} is the set of signed non-negative numbers.
The absolute value and sign functions are extended to Z_zo via |a| = |a| and sgn(a) = —1, for
@ € 7. (Note that sgn(0) = 1.) Under the operation ‘@’ defined by

. lal + |b| if exactly one of @ and b is in Zxy,
~ial+ 161 ifa, beZogorifa, beZ,
the set Dy forms a semi-group.
Since 0 and 0 do not play a role for us, we can just think that 7 is essentially —n, and
then the operation @ is addition of absolute values and multiplication of the signs.
The multiple zeta values ¢ (sq, . . ., sx) then extend to so-called alternating MZVs, with
arguments s; € D, via

§ s

;(Sla~~-asr) = |Sl| ‘Sr‘
0<ny<ny<--<n, nycny
This series is convergent provided s, # 1, even including the case where s, = 1.

Zhao’s generalized 2—1 theorem [9, Theorem 1.4] gives a relation between a truncated
MZSV and a sum over a certain indexing set IT(s¥)) of a certain mollified companion to the
truncated (alternating) MZVs. We recall first the construction of s¢). Let s = (s1, .. ., 5¢)
be an argument string, then with my reversed MZV convention, we construct s@ for
i=1,2,..., ¢, byforward induction. (Zhao would define s i=¢ ...,2,1, by backward
induction.) Set

S (D ~ ifs; =1,
{1}172,2) ifs; > 2.
Then for 1 <i < ¢ define
s@=D (1) ifs; =1,
s =150 g (2) if s; =2,
sV, (1)973,2) ifs; =3
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Here, fora=(ay,...,a,) andb=(by, ..., b;), one sets

a'(l):(als -"sarv ])7
a@b:(al, ey Ar—1, ay @bh bz, e e ey bl)
From Zhao’s generalized 2—-1 theorem involving truncated MZ(S)Vs, one obtains the

following result directly relating MZSVs and alternating MZVs. (Here I use s*), whereas
Zhao would use s with the other MZV convention.)

LEMMA 2.1. (Zhao) For any arguments s = (sy, ..., Sk) € (Z-0)* with s;, > 1, we have
s)=e6s) Y 2",
pels®)
where T1(t1, . . ., te) is the set of all indices of the form (t| o - - - o t;), where o is either *,” or

‘D, and e(s) =1ifs;=1,and e(s) = —1if s; > 2.

Proof. Apply Theorem 1.4 of Zhao [9], and pass to the limit # — oo using Lemma 4.5 of
Zhao [9]. Lemma 4.5 requires that the last argument of the alternating harmonic sum has
absolute value > 1; this is the case since the last entry of s® has absolute value > 2 when
S > 2. O

Example 2.2. For clarity, we give an illustration of this result in the case of £*(1, 3, 3, {2}"),
from Example 1.8. Since 51 = 1, we set

s =(1).

Then since 5o = s3 = 3 we obtain
sP=med1),2=02"2,
sY=2, 201, {1)°,2=2,3,2.

Finally since s; =2, for i > 4, we get

W) — 2,3,2) @ (2)eai—3 = (2,3,2i —4),

so in particular s""*3 = (2, 3, 2m + 2). Since s; = 1, we find &(s) = 1, and applying the
generalized 2—1 theorem gives

£(1,3,3,2)") =20Q@m +7) + 405, 2m +2) + 402, 2m +5) + 8¢(2, 3, 2m + 2).
Recall that the block decomposition of ¢ (1, 3, 3, {2}") is (2, 2, 3, 2m + 2); this already

suggests a close relationship between the block decomposition and Zhao’s s') construction.

3. Proof of Theorem 1.5

The key step in the proof is to relate the block decomposition to Zhao’s s, with the following
lemma. This will allow us to directly apply Zhao’s generalized 2—1 theorem and obtain the
result.
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LEMMA 3.1. Let s=(s1,...,Sk) be a sequence of MZV arguments (not necessarily
convergent). Let L = (£1, . . ., £,) be the corresponding block decomposition. If {1 = 2, then
the last s®) associated to s in Zhao’s s construction is given by

sO =, ..., 4y,

otherwise €1 > 2 and then o
S(k) = (Zl - 2» ey en)»

where

Z’ o Ei ifﬂi Odd,

o A if £; even.
Proof. The proof of this proceeds by induction on the depth of s. We directly check the claim
for depth 1, when s = (s1).
Case s; = 1: then sV) = (1) and bl(1) = (2, 1).
Case s; = 2: then s = (2) and bl(2) = (4).
Case s1 > 3: then sV = ({1}*1=2, 2) and bl(s;) = (3, {1}*1 73, 2), by writing the word for s
out
0; 10{0}'30; 1 =010 {0 [}*' 3| O1.

Now suppose the result holds for all depth-d argument sequences s. Notice that whether
¢1 =2 or £ > 2 does not change when adding a new argument, since it is tied to whether
the first argument s; = 1 or s1 > 1, respectively. We can also consider both cases together,
by viewing the first as a degenerate version of the second, where El/_\—/Z =0 := ¢ makes no
contribution.

Let (¢1, ..., £;,) be the block decomposition of (s1, . . ., s¢). By induction we know that

s(k)z(gl/—\__/zy [2» 751)

In general, observe that the integral word corresponding to (sy, ..., Sk, Sk+1) iS obtained
from the integral word for (s, ..., sx) by appending {0}*+ ~!1. This is just a streamlined
version of removing the upper bound 1 of integration, appending the string 1{0}*+1~! which
corresponds to sx1, then re-appending the upper bound 1 of integration.

Case s¢y1 = 1: then
s = (0, 22,85, .. By - (1)
= (01 =2.05. ... 0y 1)

= (01— 2,6, ..., by, D).

Since the upper bound of integration is 1, appending the extra {0}°1 = 1 produces a new
block with length 1, as

cee]---01010---|---0101 ~>---]---01010---|---0101| 1.
—_—  — — —_— — —
£n,1 ln enfl Zn
So the block decomposition of (sq, ..., sk, 1) is ({1, ..., €,, 1), which matches the result

of s+ D,
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Case si+1 = 2: then

s = =2,..., ) ® ()

—_~

= =2 1 b ®2)
= =2 b1, b+ 2).
This is because @ 2 does not change the parity or sign of the result, so é:, ®2= m
Since the upper bound of integration is 1, appending the extra {0}!1 = 01 increases the

length of the last block by 2, as

)
oo 01010 -« |- 0101 ~o« -« [+~ 01010~ |---0101 01 .
—_— ) — — —_— — —
Ly—1 [ o] Ly
So the block decomposition of (sy, .. ., Sk, 2) is (¢1, ..., €y—1, £» + 2), which matches the

result of s®+1),
Case si+1 > 3: then
s = (0 =2, By @ (T (113, 2)
=0 =2 b e T, (13,2

—_—~—

= (O =2, gy, b+ 1, (1733,

This is because @ 1 changes both the sign and the parity, so Z, b1= Zn/_\+/1
Since the upper bound of integration is 1, appending the extra {0}*+1~11 = 0{0}*+1 =301
increases the length of the last block by 1, and adds new blocks as

Ly+1
e ) 3
«ee]---01010---]---0101~s---|---01010---]---01010|{ O [}*+17°] 01 .
— ) — — —_——  — — ~—— ~——
Zn—l Zn En—| Zn 1 2
So the block decomposition of (s, ..., Sk, Sg+1) is (1, ..., €u—1, €n + 1, {1}5%+1732),

which matches the result of s*+1) .
In each case the result matches, so by induction the block decomposition of s =

(s1, ..., s) and s®_ the last s in Zhao’s construction, are related as claimed. O
Given integers {1, ...,¢,, with ¢, >1, we can form a block decomposition
2 o £y,...,4¢,) where

‘+ ifn#d> ¢ (mod 2),
o=
7 ifn=)"4¢ (mod2).

This corresponds to some MZV argument string s = (sq, . . . , Sx), by the parity condition.
From the lemma we find that s = 1, ..., Ly).

We now give a result which allows us to symmetrize the result of Zhao’s generalized 2—1
theorem.
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PROPOSITION 3.2. Let s=(s1,...,S,) be given, and assume S, acts on the indices
1, ..., nin the standard way. Then

#q
> Prw= ) 2#q<1"[#qi!)csym<69sj,.'.,EBSJ-),
t} i=1

€S, pell(o-s) q={q1,....q J€q1 JE€q
ePart(n)

where Cym(ai, ..., a) = ZteS, ¢(acqy, - - -5 Arr)) Symmetrizes the arguments of the
MZV.

That is, one can move the Sy action from s to the arguments of the zeta, at the expense of
some coefficients.

[

Proof. Firstly, observe that p € I1(c - s) means p = Sg(1) © - - - © S5(n), Where each o is *,
or ‘@’. But this is equivalent to p =0 - (s; o - - 0 s,), under the induced S, action, and
(sto---0s8,) €Il(sy, ..., s,). So we can write

Yo > 20 -p).
oeS, pell(s)

Warning: o acts on the elements s; inside p = (s1 o - - - o 5,), and not on the comma-separated
blocks. So ¢ (o - p) is not simply {sym(p). We need to do further manipulation to obtain the
desired form.

An element p € T1(s) is of the form s; o - - - o s, for some choices o = *,” or ‘@’. That is

P:(Sl@"'@Si1,5i1+1@"'@5i2,---asi;_1+1$"'@s ir )
~—~—
=n

and

o-p= (Scr(l) D Do) Soi1+1) D - P So(ir)s - -5 Soliy_1+1) B - D Sa(i,))-
—
iy=n
We can therefore define a surjective map
¢: (I1(p), Sp) — Part™(n),
P, o) = Ho(l),...,oG@)} {oG+1),...,002)},
o {ol—1 + 1), .., ()},
where iy, ..., i, are given by the expression for o - p above. Here Part*(n) is the set of
ordered partitions r = [ry, ..., r¢] of the set {1, ..., n}, into subsets ry, 2, ..., r;. The

order of the elements of the parts is not important, but the order of the parts themselves is.
That is [{a, b}, {c}] = [{b, a}, {c}], but these are different from [{c}, {a, b}].

If q=¢@Mp.0)=Iq1,...,q9:], then ¢(oc-p)= {(EBjeql Sjyens EB/Eq, s;j), and
#q = #p. Notice that #¢~! (q) = #q1! - - - #¢;, since any permutation which respects the parts
of p maps to the same q. So we can write that the desired sum is

— Z 2#q<ﬂ#qi!>§<@ Sjy s @sj),

qa=lq1.,....9:] J€q1 J€qr
ePart*(n)
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Finally, we have a surjective map
Y. Part*(n) — Part(n),
g1, - gl g1, - o qils

with v '{q1, ..., @) ={[g01)s - - - » Go)] | 0 € St}
So the sum can be written

> Z#q#q1!-~~#qt!2§<@ sj-- B s,»).

q={q1,-.-.qr} 0ES  NjEqo(n) J€45()
ePart(n)

=Lsym
This completes the proof. O

Using the symmetric sum formula [7] (or rather Zhao’s generalization to alternating
MZVs, a special case of which is stated in Lemma 5.1 of [9]), one can evaluate the right-
hand side above. This symmetric sum formula states that

Csym(slw-wsk)_ Z (— l)k #bl_[(#b —1)'1_[ <@ )

bePart(k) i=1 jeb;
We obtain the following.
PROPOSITION 3.3. The following evaluation holds:

> 2#Q(ﬁ#qiz)gsym<@ si-- P s.,.)

qePart(n)  Ni=I = J€ar
#r #r
= > 2#r]_[(#r,»—1)!]_[g<@sj>.
rePartogq (n) i=1 i=1 \jer

Proof. Firstly, we must apply the symmetric sum formula to evaluate the left-hand side. It
gives

#q
> ([Jra) > v #tm(#, ) [T(D D)
qePart(n) i=1 tePart(#q) j=1 et feqy

As the parts ¢, are disjoint, the ¢ argument

D D s

a€lj fEqq

D s

oEr;

can be written as

for some partition r € Part(n). This partition is obtained from (q, t) by ‘flattening’ in the
following sense:

flq,t):=r={ry, ..., ra}, r,-:qu.

JEti
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(Recall that we have indexed the subsets in q in lexicographical order.) For example
q1 9 q3 q4 f t
—_—— I = —_—— =
FA{L, 2,4}, (3,5} {6, 8}, {7} ), {{1,3,4}, {2} D
={q1Uq3Uaqs, g2} ={{1,2,4,6,7, 8}, {3, 5}}.

So we may formally write the sum as

> % Z#q(_l)#q—#t<ﬁ #q,-!) (f[l(#t,- - 1)!) ;ﬁ g(@ sa>.

rePart(n) (q’t)ef—l(r) i=1 AEr)

‘We thus need to evaluate the coefficient

#q #t
Cr = Z 2t (_1)ta—#t (]_[ #qi!) (]_[(#zj - 1)!).
i=1 j=I

(@.vef=1m

We want to show two things: firstly that, if the partition r has any even size parts, then the
coefficient is 0. Secondly, if the partition only has odd size parts, the coefficient is as indicated
in the statement of the proposition.

We can describe f~!(r) more explicitly, as follows. The elements q which flatten to
r are obtained as q = U?rzl T;, where T; is any partition of r;. This choice of partitions
Ty, ..., Ty determines t, since r; = U T;. For example, if

r={{1,3,4,5,7} {2, 6, 8}},
then f~1(r) > (q, t), where
q=[J{{1,41315,7), &fﬁi} ={{1. 4}, {2, 6}, {3}, {5, 7}, {8}},
T T,
t={{L, 3,4}, {2, 5},
for the partitions T{ =14 |3 |57 of ry ={1, 3,4, 5, 7} and Ty =26 | 8 of r, = {2, 6, 8}.

Under this construction we have

#r
#t=#r, #, =#T,, #q:Z#T,-.
i=1

Moreover g = Ty ¢ € Ty for some k, £, so that

#r #Ty

#q
[T#ait=T11]#7."
j=1 k=1 =1

Thus
#r #Ty #r
a=ED" Y S X TT [[#Te [T - D
T, ePart(#r;) Ty €Part(#riy) k=1 ¢=1 j=1

This sum can now be factored into a product of the form

#r
ce=(=D" ] g6,

i=1
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where

#w
g):= Y (=M™ w— DI #wel.
=1

wePart(i)

I claim that g can be evaluated as follows:

) =2 — 1! ifi odd,
gl)= .
0 if i even.

If this claim does hold, then

_ 0 if some #r; even,
DI~ @ — D) ifall #r odd,

0 if some #r; even,
N {2"‘r T s — D! if all #7; odd.
So the proposition will follow. O
For the proof to be complete, we need to show the following claim.

CLAIM 3.4. Let
#w
gmy= Y (=2™@w— D! ][ #we,
=1

wePart(n)

then
—2(n — 1! ifn odd,

(n) =
8 0 if n even.

Proof. We show the generalized identity

1 11 .
—g(n, x)=—~+ (1 +x)",
n: n n

where
#w
gn,x):= Y x™@Ew— D[] #wel.
wePart(n) (=1
Hence for x = —2, we obtain
—2(m — 1! nodd,
gn, =2)=—(n—-D!'+m-DI(-D"=
n even,
as claimed.

To show the generalized identity, we can first show that the derivatives agree. Then
integrating gives

1 1 .
—g(n, ) =c+—(1+x)",
n. n

for some constant c. One sees that c = —1/n by setting x = 0; the left-hand side is 0 and the
right-hand side is ¢ + 1/n, which proves the claim.
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To see the derivatives agree, we must show

1
—g'n, x)=(1+x)""",
n!
equivalently,
g'(n,x)=nl(1+x)""". 3)

Term-by-term differentiation of g(n, x) gives

#w
gnxy= Y ™ lawt ] #we.

wePart(n) =1

The coefficient of x'~! on the right-hand side of equation (3) is

n—1
n! .
(21
The coefficient of x'~! on the left-hand side is

#w
Z #w! - ]_[ we!.
=1

wePart(n) ;)
#w=i

These two expressions give two different ways to count the number of ordered partitions of
[1, ..., n] into i non-empty ordered parts, and hence are equal. Here an ordered partition
with ordered parts means that [ [1, 2], [3] ], [ [2. 11, [3]1 ], [ [3]. [1, 2] ] and [ [3], [2, 1] ] are
all counted as distinct. In the following, we refer to such a partition as an ordered/ordered
partition.

We can form an ordered/ordered partition of [1, ..., n] into i parts by first taking
any permutation of [1, ..., n], then inserting i — 1 bars into any choice of the n — 1 gaps,
breaking the i non-empty parts, for example

permute

(1,...,8] [4,5,2,3,7,6,1, 8]
1 to

insert bars
_—

[ (4], [5. 2,31, [7, 6], [1, 8] ].

There are n! permutations, and ('1’:11) ways of choosing i — 1 positions from the n — 1 gaps.
This gives the right-hand side.

Alternatively, we can form an ordered/ordered partition of [1, ..., n] by taking a
partition in Part(n) of {1, ..., n} into i parts, then reordering the i parts arbitrarily, as well
as arbitrarily reordering the elements of each part. Every such ordered/ordered partition of
[1, ..., n] arises in this way, for some unique w, as forgetting about both orderings gives a
surjection onto Part(n), for example

Part(8) > w = {{1, 8}, {2, 3, 5}, {4}, {6, 7}}

e P [ 141, 15, 2, 31, (7, 61, [1, 81 ].

and elements



350 S. Charlton

Let w e Part(n) be a partition of {1,...,n} into i parts, with sizes of each part
#wq, . .., #w;, respectively. Then there are i! ]_[?lv1 #wy! such ordered/ordered partitions
arising from w. We must sum over all such w € Part(n), giving

#w
>0 it ] [ #we.

wePart(n) =1
#w=i

This is the left-hand side.
The coefficients of both sides agree, hence we get the required equality of derivatives,
and so the claim follows. |

Finally, we can use these results to prove Theorem 1.5.

Proof of Theorem 1.5. Using Lemma 2.1 and Lemma 3.1 we have that

YOI Qoloy. o lem) =) Y Y 2r(p),

oES, OESy peM(o-(£1,...,£n))

for e(4) := —1 and ¢(, ) := 1. This is because each &(s) agrees with ¢(o), for the following
reason. If o = “,’, then
b2, by, .. ) =01]1--- .

This means the MZSV {*(bl_1(2, Loy, .- ))=¢*(1,...) and &(s) =1 since s1=1.
Otherwise o = ‘+’, and
b= 2+ Ly1y, . ..) = 0101 - -

since every ¢; > 1. This means the MZSV ol 2+ Lo1)s --))=C%(2,...),and &(s) =
—1 since 51 = 2.

Now interchange the summations, and write the result as a sum over odd-sized partitions
using Proposition 3.2 and Proposition 3.3:

#r #r
—e0) Y z#f]_[(#r,-—l)!]_[g(@ej).
rePartygq (1) i=1 i=l JEri

Since the size of each partition is odd, we can explicitly evaluate &P ENJ-, and the

resulting ¢ as follows.

Jepi

Case #{{; | even} =0 (mod 2): then

@ G=> "1,
JEPDI JEPDI
and this sum is odd. This is because the number of bars is additive (i.e. the sign is
multiplicative), and there are an even number of bars in total. So the @ sum agrees with
the sum of the undecorated ¢;. Moreover, the total is odd since we sum an odd number of odd
numbers.
Overall, this means



Cyclic insertion for multiple zeta star values 351

Case #{¢; | even} =1 (mod 2): then
D=2 ¢
JEDi JEPi
and this sum is even. This is because there are an odd number of bars in total, so one remains

after doing the @ sum. Consequently the & sum agrees with the bar of the undecorated sum.
Moreover, the total is even, since we add an even number of odd numbers.

This means
(@7)=<(Z )
JEPi JEDi
We can now use Zlobin’s evaluation [10] of z*({2}") = —2¢(2n) (which is also contained in

Zhao’s generalized 2—1 theorem) to write

() L)

JEpi

This is almost our definition of E I claim that the number of —1 signs between ¢ (o) and all
the —¢*({2}") is even. We may discard it to obtain an equivalent formula with our original
definition of E

Why is the total number of ‘—1’s even?

Case o = *,’: here ¢(,) = 1, since the MZSVs begin
£OI7N 2, o1y, - ) =CHO1[10- ) =2*(1, ..).

I claim that the number of ‘even-sum’ parts is even, hence the total number of ‘—1’s is even
as claimed. In this case n = >_ ¢; (mod 2), and we can check n odd or even separately.

Suppose n is odd, then )_ ¢; is also odd. By counting the number n of ¢;, we see
p € Partygq(¢;) has an odd number of parts. If an odd number of parts have even sum, we
would have ) ¢; even, a contradiction.

Similarly if n is even, then Y _ ¢; is also even. By counting the number n of ¢;, we see
p € Partygq(¢;) has an even number of parts. If an odd number of parts have even sum, we
would again have ) _ ¢; odd, a contradiction.

Case o = ‘+’: here e(+) = —1, since all ¢; > 1, meaning the MZSVs begin
O R+ Loy, .. ) =C%(0101 - ) =C2%(2, .. ).

I claim that the number of ‘even-sum’ parts is odd, hence the total number of ‘—1’s is even
as claimed. In this case n 2 >_ ¢; (mod 2), so just check n odd or even separately.

Suppose n is odd, then ) ¢; is even. By counting the number n of ¢;, we see that
p € Partygq(¢;) has an odd number of parts. If an even number of parts have even sum, we
would obtain Y _ £; odd.

Finally n is even, so Y ¢; is odd. By counting the number n of ¢;, we see that
p € Partygq(¢;) has an even number of parts. If an even number of parts have even sum,
we would obtain Y_ £; even.

In all cases the overall number of ‘—1’s is even and we can drop the —1 from the
definition of E, to obtain the required result. This completes the proof of Theorem 1.5. O
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