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The development of a numerical wave prediction model incorporating a parametrical wind-sea model
and a characteristic swell model is described. The parametrical model is an extension of an earlier two-
parameter model to the full five Jonswap spectral parameters. An application is presented in which the
model is used to hindcast severe wave conditions in the North Sea as part of an engineering study to define
long-term extreme wave statistics for the area. The limitations of the model and the needs for future

research are discussed.

INTRODUCTION

In this paper we describe the continued development of a
parametrical wave prediction model. In the Jonswap study
(Hasselmann et al. [1973]; referred to as I) the overriding
importance of nonlinear wave-wave interactions in the dynam-
ics of a growing wind-sea was demonstrated. It was shown that
the nonlinear energy transfer controls the rate of growth of the
spectrum and furthermore leads to a self-similar spectral
shape. A particular spectral parameterization was introduced
which fitted closely all the orthogonal fetch limited spectra
obtained during Jonswap and in the paper by Hasselmann et
al. [1976] (referred to as I1); it is shown to agree well with data
obtained elsewhere under widely differing conditions.

A mathematically rigorous description of the nonlinear in-
teraction is complex, involving as it does the evaluation of the
triple Boltzmann integrals. However, a computationally trac-
table approximation is afforded if the transport equation is
projected onto the Jonswap parameter space. A general pro-
jection technique is described in I, and a simple two-parameter
version of this is given in I1. The purpose of the present paper
is to extend the wind-sea model developed in II to the full five
Jonswap parameters, to incorporate a fully developed sea
state, and to include the propagation of swell. The model
described herein has a wider application than the early two-
parameter model and is expected to be valid for all except the
most rapidly varying wind conditions.

SPECTRAL WIND-SEA MODELS: BACKGROUND

A number of wave prediction schemes have been generated
during the past two decades. They can be classified broadly
into two categories, frequency resolving spectral models and
parametrical models. The earliest attempts at wave fore-
casting, reviewed for instance by Kinsman [1965], used signifi-
cant wave height and wave period and are examples of para-
metrical models. Early examples of spectral models are those
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similar to that of Gelci et al. [1957], for instance, Pierson et al.
[1966].

Spectral models, and indeed most modern wave prediction
schemes, are based on the energy transport equation, which in
deep water has the form

-t Vio—= (1

F(f, 0) is the wave spectrum energy density, and V,, V, are
the components of the wave group velocity for frequency f and
direction 6. T is the net source function which regulates the
energy budget of the wave field. In general, T contains a
generation and a dissipation term. The generation term is
composed of a linear growth [Phillips, 1957] and an ex-
ponential growth [Miles, 1957, Phillips, 1966]. The linear
growth term is only effective in the early stages of wave
growth. The theoretical estimates of the exponential Miles
mechanism lead to growth rates an order of magnitude smaller
than those actually observed. Therefore the exponential
growth coefficient is usually taken from experiment (for ex-
ample, Barnett and Wilkerson [1967] or Snyder and Cox [1966]
as described by Inoue [1967]). The dissipation term can be
taken from models of white capping or more usually by empir-
ical functions describing the approach of the spectrum to some
fully developed condition.

In the papers of Phillips [1960] and Hasselmann [1962] the
nonlinear interaction of wave trains of different wave number
vectors was introduced as a new term in the source function 7.
The importance of the nonlinear interaction in the develop-
ment of a wind-sea spectrum has been demonstrated in the
Jonswap experiments (I). The addition of this source term to
the picture also explains the above-mentioned discrepancy
between the measured exponential growth term and that pre-
dicted by the theory of Miles-Phillips. In the spectral models of
Barnert [1968] and Ewing [1971] the nonlinear term has been
included in a rather simple, parameterized, form. Some
method of parameterizing the nonlinear source term is neces-
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sary, since the exact numerical computations are not feasible
within the usual time scale of the model. Once it is admitted
that the nonlinear transfers play a dominant role in the energy
balance, there is little point in describing the remaining source
terms, or the spectrum itself, in greater detail than the parame-
terized nonlinear term. In the following the methods in-
troduced in I and II will be used to project the energy transport
equation (1) onto the five-parameter (Jonswap) space.

THE PARAMETRICAL WIND-SEA MODEL

To transform the transport equation into an equivalent
prognostic equation for the spectral parameters, we make the
following assumptions concerning the wind-sea wave spec-
trum.

1. The two-dimensional energy spectrum F has a fre-
quency independent angular distribution @, centered on the
local wind direction ¢, i.e.,

F(f, 6) = ©(0 — $)E() (2)

where
E(f) = [F({, 6) db

2. The one-dimensional energy spectrum E can be approx-
imated by the class of functions suggested in I, viz.,

E(f) = ag*27) 4% exp [_ % (fim)-.

+ In v exp {— %j:z)z}:l 3)

where

a Phillips ‘constant’;
fm peak frequency;
v peak enhancement factor (= 1 for the Pierson-Moskow-
itz spectrum);
o ogforf < fm;
oy forf > fn.

Both assumptions depend upon the existence of a dynamic
equilibrium between the energy input from the atmosphere
and the transfer through wave-wave interactions. In Il these
assumptions are shown to hold well except when the wind field
suffers rapid changes in space or time.

We will further assume that the angular distribution is given
by

9(0—¢)=%cos’(0—¢) |6 —¢| < /2

OB —9¢)=0

This form is in broad agreement with the findings of the
Jonswap experiments. In any case the model is not critically
sensitive to the precise choice of angular distribution. The
transport equation (1) can now be integrated over the propa-
gation direction to give

otherwise

oF . 0E
= Vi—=§

at + ox; “)

where V is the mean group velocity of the one-dimensional
spectrum £, i.e.,

v, = !V,Fdﬂ 8 g wu

E " 3x 4af Tu]
where u is the wind velocity and S equals [ Td9.
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Having removed the angular dependence, the next step is to
project the one-dimensional transport equation (4) onto the
Jonswap parameter space. The result is (see Appendix A for
details) the prognostic equation
—L =8 k=12 ij=1-,5 (5

]
wherea, = fu, @ = @, @ = v, and a,5 = 0g4,. The D,y matrix
is a generalized propagation velocity, the details of which are
given in Appendix B.

Turning now to the source function, as was discussed in the
above section, three contributions to S can be identified. That
is, we may write

S = S(ln) + S(dls) + S(nl) (6)

Sum, gl g are the mean energy input from the atmo-
sphere, the dissipation of energy, and the nonlinear transfers,
respectively. $'9®), includes all energy losses except, of course,
the nonlinear transfers. A discussion of these terms is given in I
and II.

The general form of the nonlinear source function S°V can
be deduced to be [Hasselmann, 1973]

S~ ofm = Y(f/ fm) (M

which when projected onto the five-parameter space yields (see
Appendix A)
S/ = Blazfmz

sz(nl) = Bzaafm (8)

SM = B, i=3,45
The coefficients B,, **+, B; have been determined from
computations of the nonlinear source term for the mean Jon-
swap spectrum (I; Sell and Hasselmann [1972]), i.e., for y ~ 3.3,

s ~ 0.07 and o, ~ 0.09.
The values obtained are

B,= —054 B,=-50 By=—-160(y — 3.3)
B, = —[25.5(c4 — 0.07) — 0.5(c, — 0.09)] 9)
By = —[25.5(c» — 0.09) — 0.5(c — 0.07)]

The coeflicient B, is not particularly well defined by these
calculations. An alternative method is to fix the value of B, so
as to reproduce the experimentally observed fetch dependence
of f,, and a, which we take from II to be

fn = £ 2845700

(10a)

and

0.0662x-"2

(106)

where X = gx/u?, x is fetch, and u is wind speed at 10 m above
sea surface.

Substituting (10) into (5) for i = 1 yields a value of B, =
—0.586, which is agreeably close to the theoretical estimate.
This value of B, is the one used in the model.

For the remainder of the source term we assume the mini-
mal dissipation case discussed in I. That is, in the frequency
range we are dealing with (f < 0.7 Hz), dissipation is ne-
glected. This leaves just the input source term for which we
assume the spectral dependence predicted by the Miles genera-
tion mechanism, i.e.,

a

s = B(HE() (11)
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Projecting S9™ onto the spectral parameter space leads to
only one nonzero source function, viz.,

S = af.g(v) (12)

where
v = fnu/g

The function g(v) can be determined from the fetch-limited
behavior of f,, and «, i.e., from (5) and (10), with the result

Sy = 5,022 X 10-%Y%f, (13)

Finally, to complete our description of the wind-sea para-
metrical model, we need to incorporate a transition to the fully
developed sea (PM) [Pierson and Moskowitz, 1964]. The spec-
tral parameters o and f, have fixed values for the PM spec-
trum, namely, o = 0.0081 and

0.74
e (33)"

Note that allowance has to be made for the differing choice
of anemometer heights (19.5 m in the Pierson-Moskowitz
study and 10 m in the present case [Pierson, 1977]).

With the peak enhancement factor ¥ = | the Jonswap
spectral form then reduces to the PM spectrum. Thus transi-
tion to the PM fully developed sea requires « — 0.0081 and
v — lasv — 0.13. Also, of course, the source terms vanish, i.c.,

S, — 0. This is achieved by modifying the source functions as
follows:

—& _ 013

27|'U195 (14)

— 1
23

S; = —0.586a%f,,* ( ) »>0.13

S, =0 otherwise

Sy = (5.022 X 10-%*% — 5a*)afm

(15)
Ss = —16.0(y — vo)a?fm
S, = —[25.5(c, — 0.07h) — 0.5(¢» — 0.09h)]a*fm
Sy = —[25.5(o» — 0.094) — 0.5(cc — 0.07h)]a*fm
where
Yo = 3.3 v 2 0.16
_ v —0.13
'y.,—-l+23 003 0.16 > v > 0.13
Yo=1 013 =2»
and

o 40 )2
h= (‘y+0.7

The modified source functions given in (15) produce the de-
sired transition from the growing sea to the fully developed sea
in the frequency range 0.13 < » < 0.16.

THE SWELL MODEL

The parametrical model described above is only valid in the
wind-sea region of the energy spectrum, that is, for wind
speeds such that » > 0.13. For wind speeds below that corre-
sponding to » = 0.13, i.e., for u < g(0.13/f,), the phase
velocity of the waves exceeds the wind speed, and it is assumed
that no energy is absorbed from the atmosphere. Thus the
energy spectrum cannot be maintained at a level at which the
nonlinear wave-wave interactions are effective and the wave
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Fig. 1. The modelled fetch dependence of the wind-sea parame-
ters, shown by circles. ¥ = gx/u? is the nondimensional fetch (x is
fetch, g is gravitational constant, and u is wind speed).

field propagates freely as swell (if bottom dissipation is ig-
nored). The problem therefore reduces to solving the transport
equation (1) without a source function input (i.e., T = 0). This
can be handled by one of two methods. The transport equation
can be modelled by using a finite difference scheme, i.e., (1) is
discretized on a space-time grid and the various derivatives are
approximated by finite differences. This approach has the ad-
vantage that the swell field can be represented on the same
space-time grid as the wind-sea parameters. It has the dis-
advantage of requiring the use of high-order finite difference
schemes to control the effects of numerical dispersion which
would otherwise seriously distort the swell field as it propa-
gates. In addition, a finite difference representation of the
transport equation does not extend very easily to the inclusion
of refraction effects.

The alternative is to represent the swelil field on a set of
characteristics (rays). That is, for each swell frequency f re-
quired, the model is covered with a mesh of rays at appropriate
angles and spacing (curvature due to refraction being included
if necessary). A similar technique has been used by Barnert et
al. [1969]. Swell is represented as discrete energy packets at
points spaced along each ray at intervals of Al = Atv, where
At is the model time step and v is the group velocity at
frequency f (= g/4nf in deep water). If the ray points are
stored in a one-dimensional string, propagation by one or
more time steps is a simple array or input-output process.
There remains, of course, the problem of transforming back
and forth between the ray characteristics and the cartesian
wind-sea grid. However, provided the spatial density of the ray
points is comparable with that of the wind-sea grid (and in-
deed there is little point in describing the swell field to a greater
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Fig. 2. Relaxation of the five model parameters to equilibrium. The initial values for the six runs shown are given in Table
1. The numbers along the curves give the elapsed time in minutes.

resolution than the wind-sea), the transformations can be
treated as a more or less one to one correspondence. In the
application described in the following the characteristic
method has been adopted.

THE HYBRID WIND-SEA/SWELL MODEL

To combine the parametrical wind-sea model and the swell
model, we have to establish dynamical criteria to decide when
energy is to be transferred between the two domains of the
wave spectrum. The implications of the existing theories of
nonlinear interactions and atmospheric input have not yet
been fully explored and so it is necessary to formulate our
exchange criteria on intuitive grounds. In doing so, two prin-
ciples have been observed. First, it is assumed that the total
energy (wind-sea + swell) is conserved in any exchange. Sec-
ond, the nonlinear interaction between swell and wind-sea is
very weak unless the swell and wind-sea frequency domains
overlap. When overlap occurs, the interaction is such that the
coupling or decoupling of the two is rapid (i.e., within a model

TABLE 1. [Initial Values for the Grid Points in Runs 1-6 of Figure 2
Runl Run2 Run3 Run4 Run$ Run 6

fry 571 0.8 0.6 0.35 0.8 0.6 0.35

a 0.01 0.03 0.025 0.035  0.008 0.008

Y 20 20 2.0 5.0 5.0 5.0

0, 0.14 0.14 0.035 0.035 0.035 0.14

ay 0.18 0.18 0.045 0.045  0.045 0.18

time step). Support for this point of view can be found in the
computations of Hasselmann [1963)].

The following criteria have been adopted for wind-sea to
swell transfers, when the peak frequency f,, falls below the
peak frequency of a fully developed sea fpy, i.c., when

0.13¢
u

Im

l. fm is set to fep.

2. a is adjusted to a new value o’ such that the spectral
energy for frequencies above fpy is conserved in the wind-sea,
ie.,

(16)

= fru

fm Ewc(as fm’ 'Y) df = [Q Ewa(a" fPMa Y= 1) df (17)
Tpm Ten

where E,, denotes the parametrical wind-sea spectrum as
given in (3).

3. Overall energy conservation is achieved by transferring
to swell the wind-sea spectrum for f < f,, where the cutoff
frequency f. is defined so that the total energy in the remaining
wind-sea spectrum is equal to the energy in the original wind-
sea spectrum for [ > f, i.e., '

_/:mes(aq fms 7) df = _/‘:m Ews(a's fPMv 7) df (18)

Because the integrals in (17) and (18) cannot be expressed
analytically (except when v = 1), it is necessary to evaluate o'
and f. numerically. The wind-sea energy transferred to swell is
distributed with a cos? spreading function.
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Fig. 3. Modeled growth of duration-limited wind-sea when swell

energy exists. A constant wind of 20 m/s is blowing.

The reverse exchange of swell to wind-sea is called into play
whenever swell energy is found at a frequency greater than
0.9f, where f,, as usual is the frequency of the wind-sea peak.
The swell within this frequency range is assumed to be instan-
taneously absorbed (i.e., within one model time step) into the
wind-sea irrespective of direction. Energy is conserved by ad-
justing the frequency of the wind-sea peak from f, to f,’,
keeping & and ¥ fixed, i.e.,

6Eswell + _/:n Ews(aa fmy 'Y) df = f:’ Ews(as fm's 'Y) df (19)

where 6E,y.n is the total swell energy transferred. Again, the
integrals involved generally cannot be expressed analytically.
However, they are readily approximated numerically as tabu-
lated functions of .

To conclude this discussion of wind-sea and swell exchange,
a further eventuality must be considered. Situations will arise
in which energy exists in the swell domain at frequencies
outside the range of the wind-sea nonlinear interaction (i.e.,
f < 0.9f,) but within the influence of the atmospheric input,
i.e., [ > fo = g/27u cos 6, where 0 is the angle between the swell
direction and the wind velocity vector. Thus swell in the range
fo < f < 0.9f,, is assumed to grow through the Miles-Phillips
mechanism with a source function given by [Snyder, 1974]

S(, 8) = B(f, O)FU, 0) (20)

where

B=21rf(?f;—l):—;c £> 1

8=0 fsfo

F is the swell energy density, p,, p., is the density of air,
water, and c is a constant taken as 0.05.

The wind-sea model and the swell model together with the
exchange criteria outlined above constitute the hybrid wave
model.

Detailed accounts of the numerical and computational tech-
niques employed in implementing the hybrid model can be
found in Hydraulics Research Station [1977a, b]. A brief out-
line of some of the more important aspects is given by Ewing et
al. [1979].
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APPLICATION TO IDEALIZED SITUATIONS

In order to demonstrate that the model describes the devel-
opment of the wind-sea parameters (f,., a, v, g4, 05) correctly,
it is applied to simple idealized situations.

Figure 1 shows the modelled behavior of the five wind-sea
parameters under fetch-limited conditions. In the case shown
the wind velocity is 5 m/s blowing orthogonally offshore. The
parameters f, and a obey the prescribed fetch laws (10) and
adjust at large fetch to their Pierson-Moskowitz limiting val-
ues. The shape parameters v, o, 0, stay at their statistical
means for the developing sea and adjust for large fetches to
reproduce the fully developed sea state.

For the small range of v (f,, u/g) in which the wave spectrum
is expected to approach the Pierson-Moskowitz form, the
source functions are adjusted as defined in (15) to achieve a
smooth transition from the solution for a growing wind-sea to
that of the fully developed sea state. The extent of this transi-
tion range, although not critical for practical purposes, is not
well defined in terms of the presently available wave data.

Other comparison of numerical results for simple wind situ-
ations (for which analytical solutions of the two-parameter
model are given in I1) can be found in the work of Giinther and
Rosenthal [1976].

Figure 2 shows the relaxation of the wind-sea parameters
after an initial displacement from their equilibrium curves. In
equilibrium, fetch-limited conditions exist with a wind of 10
m/s blowing orthogonally offshore. An integration time step
of 60 s and a grid spacing of 2000 m are used. There are 23 grid
points along the wind direction, the first point, 5000 m from
the shore, having fixed boundary conditions.

Six runs are presented with the spatially constant initial
values given in Table 1. The results are plotted for the eleventh
grid point.

The straight lines in the figures show the equilibrium lines of
o, v = ufy/g and the average values of the shape parameters,
respectively. The numbers by the curves give the integration
time in minutes.

The examples show that » and a behave as in the two-
parameter model (IT).

The evolution of v, ¢4, 0, shows a relaxation time to return
to their statistical mean which is of the same order as the time
taken by » and « to return to their equilibrium curve.

This return to equilibrium is governed by the stabilizing
nonlinear transfer and is an order of magnitude more rapid
than the rate of migration of the peak frequency along the
equilibrium line once equilibrium has been established.

Figure 3 shows the growth of duration-limited wind-sea
under the action of a constant wind of 20 m/s when swell
energy exists. An integration time step of 13 hours is used.

The wind-sea absorbs the swell and grows at a faster rate
than it would without the swell. The rate of growth of total
energy however (inclusive of swell) is similar to what would
have occurred if all the original energy were in the wind-sea.

NoRswAM PrROJECT

The sharp increase of engineering activity in the North Sea
in recent years has generated a need for reliable long-term
extreme wave statistics to assist in the design of offshore struc-
tures. In view of the long period and high cost involved in
gathering wave measurements, a numerical model offers the
only method of establishing a statistically valid data base. For
this reason the Norswam model was developed to hindcast
wave conditions from a retrospective analysis of the wind field
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Fig. 4. Grid used in the numerical wave model. The wind field is defined on a 100-km grid within the North Sea and a
300-km grid elsewhere. Wave computations are made on the 100-km grid over the whole area. Wave measurements have

been made at stations Famita, Fitzroy, and Stevenson.

for a number of severe storms representing the decade 1966-
1976. The project has been jointly financed by the UK Depart-
ments of Energy and Industry, the Hydraulics Research Sta-
tion (UK), and the UK Offshore Operators Association. The
collaborating German group is supported by the Deutsche
Forschungsgemeinschaft, Sonderforschungsbereich 94 at the
University of Hamburg.

The model grid selected for the wave calculations is shown
in Figure 4. It is part of the grid used by the UK Meteor-

ological Office atmospheric model. Based on a stereographic
projection, it has an average grid spacing of 100 km. The
model boundaries extend well to the north and west of the area
of primary interest, the northern North Sea.

The analysis of the wind field was carried out [Harding and
Binding, 1978] by the Institute of Oceanographic Sciences
(UK). From a total of more than 200 gale occurrences during
the period 1966-1976 a subset of 42 severe storms was selected
for analysis. As far as possible, the relative occurrence of
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Fig. 5.

storms according to type and monthly/annual frequency was
preserved in the selection. Synoptic weather charts were reana-
lyzed to incorporate late ship reports and oil-rig observations.
Corrections were made for atmospheric stability and for
markedly cyclonic flows. The wind field is specified every 3
hours throughout each storm at the grid points indicated in
Figure 3. Linear interpolation in space and time provides
values on the 100-km grid and 14-hour integration step re-
quired by the model. An example of the wind field input for
one time step is shown in Figure 5.

In the hybrid wave model used in this study only the f,, a,
and vy parameters were treated as free, the peak width parame-
ters being fixed at their mean Jonswap values of o, = 0.07 and
g, = 0.09,

Calibration of the model was achieved by comparison with
wave recorder data for 15 storms at two sites (see Figure 3 for
locations). It is clear that there is some latitude in fixing the
atmospheric input source term S,'™ by reference to the fetch

Example of the wind field input to the numerical model. The vectors show strength and direction of the wind.

dependence of a and f,, observed in the Jonswap experiment.
Therefore the source function was not assumed to be fixed as
given in (13) but was parameterized as

S = avPaf,,

21

Various combinations of the values of the coefficient ¢ and
exponent p were tested, and the model and observed values for
the significant wave height H, and mean zero upcrossing pe-
riod T, compared, where

H;, = 4.0m,"? T, = (”'lo/”'lz)l/2 my, = ‘/;m an(f)df

Values of @ = 5.12 X 1072 and p = 1.314 were found to
minimize the bias in H, at the Famita and Stevenson weath-
ership positions (see Figure 3). These values are very close to
those deduced from the Jonswap data in (13).

Comparisons of model and measured H,, 7, and wave

® =)
T

Tz (secs) Hg(metres)
(-]

-~

271074

29.10.7%

28.10.74.

1
00 ' 06 @ 12
10 12 14 16

1 1 1 1 1
18 T 00 T 06 ' 12 ' 18 " 00 " 06 ' 12 Time(hours)
18 20 2

24 26 28 30 32 34 Iteration

Fig. 6. Comparison of measured (solid line) and hindcast (dashed line) significant wave height and zero-crossing period at
station Famita for the storm of October 26-29, 1974.
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Fig. 7. Comparison of measured (solid line) and hindcast (dashed
line) wave spectra at station Famita for the storm of October 26-29,
1974.

spectra for the storms of October 26-29, 1974, and December
17-18, 1974, at the Famita weathership position (57°30N,
3°00'E) are presented in Figures 6-9. The measured spectra
were obtained from a shipborne wave record by a fast Fourier
transform method.

To determine whether the inaccuracy of the model for some
storms is due to the rather coarse (eight directions) swell
definition, a test run was made for one storm (October 26-29,
1974) with swell rays defined every 30° rather than 45°. Very
little difference occurred, indicating that the 45° spacing is
adequate. The resolution provided by such a coarse spacing is
probably sufficient, since the model is here being applied to
extreme wave conditions and thus swell in the model is gener-
ally used for temporary dumping of wind-sea energy during
the passage of a depression and is rapidly absorbed when the
wind rises.

The correlation between model results and measured wave
data can be summarized for the Famita and Stevenson posi-
tions by a straight line fit by regression analysis, weighting
each point according to storm distribution and relative abun-
dance of data for that storm’s class.

For predicted and observed maxima of H, the fit is

H, = 0.985H

measured Smodel

with a standard error of 0.7 m, or 10% of the mean.

121
'510 i -Model T,
@ Mode! Iz
@ s /W \\\\
N i /——\Qiodel Hg ™Y
w s ///-\ \\\\\ —— A \
] - ~ N
E 4 - Measured \\_
o | //’ \\\/,\\V//’

16127% 1712 7% 18.12.7%
0 1 | L L 1 1 1 1

1
12 18 00 06 12 18 ' 00 06 ' 12 ' 18 ' 00 06 Time(hours)

0 2 4 6 8 10 12 14 16 18 20 22 Iteration

Fig. 8. Comparison of measured (solid line) and hindcast (dashed
line) significant wave height and zero-crossing period at station Fam-
ita for the storm of December 17-18, 1974.
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Fig. 9. Comparison of measured (solid line) and hindcast (dashed
line) wave spectra at station Famita for the storm of December 17-18,
1974.

When all of the observed data, that is, not just the storm
maxima, are taken into account, the fit becomes

H, = 1.010H

‘measured ®model

with standard error 1.4 m, or 25% of the mean.

Further details of these and other comparisons can be found
in Hydraulics Research Station [1977a].

Many different causes contribute to the above scatter, e.g.,
errors in the wave measurements or a breakdown in the theo-
retical assumptions underlying the model. But probably the
most important effects stem from errors in the wind field input
and from the inherent small-scale variability in the wave field.
To estimate the size of the errors involved in the wind analysis,
the model input wind speed has been compared with reported
winds at the weathership Fitzroy (60°00’'N, 4°00’'W) (see Fig-
ure 10). These observations were not incorporated in the origi-
nal analysis of the wind field and therefore constitute an inde-
pendent check. The scatter has a standard deviation of 24% of
the mean (based on 110 points) with a bias of about 6%. Since
the wind speed and significant wave height H, are more or less
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i : 1
[} 10 (mls) 20
QObserved
Fig. 10. Comparison of reported winds with model input winds at

station Fitzroy for storm of winter 1974/1975.
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linearly related for fetch and duration limited conditions, a
scatter of a similar magnitude is expected in H,.

In addition to the input ‘noise’ due to the limitations of the
meteorological information, there is an inherent variability in
the wave field stemming from small-scale gustiness in the wind
(see I and II for further discussion of this point). In II it is
shown that the scale parameters « and f, obtained from a
large number of field studies group around a universal curve in
the a-v plane, a fact which receives a natural explanation in
terms of a dynamic balance between the atmospheric input
and the nonlinear transfers. However, there is a scatter of
about 38% about this equilibrium curve (see II, data set J). If
the variability in a is due to a small-scale variability in the
wave field, then we would expect a scatter in the comparison of
the model and measured H, values of about 19% due to this
cause alone (H, ~ a'/?). The overall agreement between the
model predictions and wave recorder data is therefore reason-
able, and long-term wave statistics have been deduced from
the model output [Ewing et al., 1979].

CONCLUSIONS

The development of the parametrical wave prediction model
started by Hasselmann er al. [1973, 1976] has been taken a
stage further with the inclusion of swell and of a transition to a
fully developed sea. The model in its present form should have
a wide applicability. The parametrical description of the wind-
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sea which has been pursued here constitutes a practical com-
promise in which only the essential physical processes which
govern the evolution of the spectrum are modelled. In this way
an economically feasible model has been achieved.

A number of limitations have been identified, some of a
fundamental nature and others which we fully expect will be
removed in the next phase of development. The inherent varia-
bility in the wave field sets a fundamental limit to the accuracy
of model predictions, as does the reliability of the input wind
field. Areas deserving further research concern the wind-sea to
swell transitions, the approach to a fully developed state, and
the assumption of a fixed angular distribution tied to the local
wind direction. A more detailed study of the nonlinear source
term is planned and promises to shed light on these problems.
The aim is to extend the model so that rapidly varying winds
can be accommodated, enabling extreme situations, such as a
hurricane or waves generated under severely restricted fetch
conditions, to be handled by the model.

APPENDIX A. FUNCTIONALS FOR WIND
SEA PARAMETERS
AND THEIR FUNCTIONAL DERIVATIVES

The technique for optimally fitting the wind-sea parameters
to a spectrum which defines the parameter functionals is given
by Miiller [1976]. For our purposes, however, we redefine
some of the functionals slightly for computational simplicity.

TABLE Bl. The Coefficients D,; as They Emerge From (B1)
J
i 1 2 3
1 v+(l + 5K) —vhl( —v&K
a Y
) fl 0.4588 0-0.6047
2 £0.7216D,,
m
+ ﬂr‘n-o.msDu +-20.7216D,,
3 —u?7—-5+77—50u vL+ 5D, v+ 7L 5D,
m m m m
_%Dﬂ —_;LDH _‘Z‘LD”
1 —_ o,a el/2 {— 1 1 Oa e1/2 { l — Oq e1/2 {
4 m Dy, + n~ °e v T 7 Dy, + maa R T Dy + mda v
In -2
|:5(1 = gl)" + U_je"“:l i(l — o)+ fim(l — 05)"*De ey (I—a.)'+ fim(l — 0.)"*Dys
5 1 e~ V2 ~1/2 1 —1/2
+f_m(l—0'a)‘Du_;;Dzl‘TDal} —c—l!Dgg—eTD”} ;Dza* e_y D”}
1+ e’ 1 1 + vz 1+ ¢ el
5 T ® Dy, + Ty {—u Tn - fm"" Dy Ii oy {v Bl £ Dys + Iy % {v
l -1/2
[5(1 +ab)"’—"7}e“”:| 1a +a,,)-'+fi(1 + 05) Dz -0+ a,,)-1+fi(1 + 05)~Dis
5 ) 1 e-12 -~z 1 e~ /2
*f—m“”»)“’u-;')nTDu} —i')ﬂ—eTD"} TaPrm g o,,}

All coeflicients not shown are zero.
Dy = v(l — a5)7, Dy =

ol + 0p)"', v = g/47fm, K = ¢%/(200% + In v), and ¢ = % (6o + 0»).
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TABLE B2. The Coefficients D,;, Modified to Prevent Singularities Caused by Special ¢ Values
J
i 1 2 3
1 v(l + 5K) —U‘&K —vhl(
a Y
2 f (0.2628 + 3.608K) (0.6047 — 0.7216K) - % 0.7216K
3 —1v X (0.2628 — 21.392K) v 71— (0.3953 — 4.2784K) ol — 4.2784K)
4 L - 1 1 { Sy + Ze
v T {SK(G,, 1)+ oa v {K(a,, ln‘y v Y K(o, — 1) + iny
+ h‘)’—_{ [8.24360, + 0.17048 [—K(2.7755 + 32.9740,) loa — K(32.9740,
— K(164.870, + 13.877]} + 1.64870, + 0.25644]} + 2.7755)]}
1 1
5 vy { SK(1 + a5) — —v_ {—K(l +as) + lr‘l’—ﬁy o {—K(l + 64) + l:—ﬁ’
+ h?y [8.24360, — 0.17048 [—K(—2.7755 + 32.97403) [o» — K(32.9740,
— K(164.87¢, — I3.877)]} + 1.64870, — 0.25644]} - 2.7755)]}
Du = (1 + 62), Dy = (1 — a03), v = g/4xfm, K = 6°/(206% + In), and ¢ = } (¢5 + 05).
In the first part of this appendix we list the functionals we have () = In Ef) . In (A6)
chosen; in the second we give the functional derivatives that g Epu(f) € R4
are used to project the prognostic equation (4) into the param- The zeros of g(f) are
eter space.
The peak frequency f, of a one-dimensional spectrum E(f) hy = fm(l — 64) hy = fn(l + a) (A7)
is defined as the solution of the equation
Therefore we get
E'(f) = 2ED _ Al 1
of (A a=a=1-72 [ pemaem @8
To give our functional a more tractable form, we write "
1
as =0, =1+ m fm fog(fdg(f) (A9)
a; = fm = 0:i(E) = ffﬁ(E'(f))d(E'(f)) (A2) "
The functional derivatives ¢, are defined by
The parameter a, = « is defined by = $,(5F) (A10)

1

0.65m
E(f)f*

L A3 () e e

For the parameter ¥ we first form the Pierson-Moskowitz
spectrum according to the above defined parameters f,.,

Epy = ag®(2m)~4f-%exp [— %(fim)_‘:l (A4)

and find ¥ by

a = = $dE) =

=v-o® = [ Dsg-far (a5))

To define the remaining functionals, we use the function

These follow from (A2), (A3), (A5), (A8), and (A9) as

8060 = = i [ 30 -ty 6 am

#GU) = G5 f " g GO
+ ?"‘—0.722¢l'(a(f)) (A12)
#:'(G()) = f5(f—fm E u(f) [G(N)] df

v [fim 8/ G()) - édn’(G(f))] (A13)
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8GO = 7- B’—m #/G())

1 G()
+m(f6(f—h")E_(f)df

e

— ¢a'(c(f)>)]

) “siGun - ~ 96

f<im (Al4)

1

! = ﬁ !
GO = - 7 [f $/(G()

G(f)
E(f)

+sz)(f5(f—h,,) df

1 (;’—”"‘)“'w(c(f)) - L4:60))
e—O.E ,
— s (G(f)))]
hq, hy, are given in (A7).

I>fn (AD5)

ApPENDIX B.  CALCULATION OF D;j), IN THE PARAMETERIZED
TRANSPORT EQUATION

The basic method is discussed in 1. It is shown there that

oE
Diw = o/ (V )
ijk ¢t k aaj

(BI)
where V), is the k component of group velocity ¥V which in deep
water has a magnitude of g/4xf. To simplify, assume that the x
axis lies in the V direction and therefore that D, vanishes for
k = 2. The calculated values of Dy;; = D,; according to (B1)
are given in Table BI.

For certain parameter regions the parametrized spectrum
becomes insensitive to small changes of the parameters. Thus,
inversely, the derivatives of the functionals ¢, given in Appen-
dix A become very large with respect to these parameters and
lead to singularities in the coupling coefficients D,,. This oc-
curs for

D.j=1234
Disi=45 j=1273

a‘—'l

(B2)

a3—>l

The value of a, in (B2) corresponds to an unrealistic wind-sea
spectrum. However, the numerical model may produce, lo-
cally, parameter values near the values given in the first case of
(B2) for special wind fields (jumps in the source function).

Because of this possibility the D,; are modified in the region
of the singular points to stabilize the numerical procedure and
enable the model to return to realistic parameter values. The
modified D,, are given in Table B2.

The second case of (B2) is associated with spectra at or near
the fully developed wind-sea state. From (3) we see that the
spectrum becomes insensitive to the magnitude of a, = ¢, a5 =
o, for a3 — 1. Therefore it is unimportant that the prognostic
equations for a,, a; become singular then. However, to avoid
large numbers in the computer runs we change the coefficients
Dy, Dy, in Table B2 to the coefficients D, *, Ds*, i = 1, 2, 3:

WAVE PREDICTION

D,,,* = D“,*(a,, cee,a5) = D"t(al, s, as) a; =2
Dy* = Dy*ay, - -+, a5) (B3)
=(y — l)Dllt(al’ as, as = 2, a,, as) a; <2
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