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Abstract. An earlier algorithm for retrieving two-dimensional wave spectra from
synthetic aperture radar (SAR) image spectra is improved by using a modified
cost function and introducing an additional iteration loop in which the first-guess
input spectrum is systematically updated. For this purpose a spectral partitioning
scheme is applied in which the spectrum is decomposed into a finite number of
distinct wave systems. At each iteration step, the individual wave systems of
the partitioned nth-guess wave spectrum are adjusted to agree in mean energy,
frequency, and direction with the corresponding mean values of the associated wave
gystems of the SAR-inverted wave spectrum. The algorithm retrieves smooth wave
spectra, avoiding the discontinuities which tended to arise in the previous algorithm
in the transition region near the azimuthal wavenumber cutoff of the SAR image
spectrum. The azimuthal cutoff of the SAR spectrum is also reproduced more
accurately. The greatest improvement of the new retrieval algorithm is obtained
when the discrepancies between the initial first-guess wave spectrum and the
observed SAR spectrum are large. In this case the additional updating loop for the
input spectrum enables the retrieved spectrum to adjust such that the simulated
SAR spectrum matches more closely the observed SAR spectrum. The overall
correlation of a large set of simulated SAR spectra with the measured SAR spectra
is found to be significantly higher than with the previous algorithm, indicating that
the algorithm not only overcomes isolated shortcomings of the earlier algorithm
but also yields retrieved wave spectra which are generally more consistent with the
input SAR data. An additional practical advantage of the new algorithm is that
it returns spectral partioning parameters which can be used in SAR wave data
assimilation schemes.

1. Introduction

For many years, the possibility of quantitative meas-
urements of ocean waves with a synthetic aperture
radar (SAR) was seriously questioned. It was doubted
whether the nonlinear distortions induced in the ima-
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ging process by the Doppler effects of the long-wave
orbital velocities could be properly described. Never-
theless, the SAR imaging of ocean waves is now well un-
derstood (compare review by Hasselmann et al. [1985]),
and the imaging theory has been successfully applied to
compute SAR image spectra from wave spectra using
Monte Carlo techniques [e.g. Brining et al., 1990] or,
more recently, a closed spectral integral transform re-
lation [Hasselmann and Hasselmann, 1991] (referred to
in the following as HH), [Krogstad, 1992; Hasselmann
et al., 1994a; Bao et al., 1994]. The forward mapping
theory has been extensively verified against data from
SEASAT, the Shuttle Imaging Radar-B (SIR-B) and
the First European Remote Sensing satellite (ERS-1)
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[Hasselmann et al., 1988, 1991; Alpers et al., 1986;
Brining et al., 1988; Bruning et al., 1992, 1993; Bao et
al., 1994; Hasselmann et al., 1994a; Hansen et al., 1994;
Wilde et al., 1994] and in various field experiments such
as the Labrador Extreme Waves Experiment (LEWEX)
[Beal, 1991] and the Synthetic Aperture Radar and X-
Band Ocean Nonlinearities - Forschungsplatform Nord-
see (SAXON-FPN) [Plant and Alpers, 1994].

More difficult is the problem of inverting the non-
linear mapping relation to retrieve wave spectra from
SAR image spectra. All frozen-image data suffer from
an unavoidable 180° wave propagation ambiguity. In
addition, because of the orbital wave motion effects,
the SAR image spectrum is nonlinearly distorted and
contains no information beyond a (sea-state depend-
ent) azimuthal cutoff wavenumber. It follows that wave
spectra can be meaningfully retrieved from SAR image
spectra only if a first-guess wave spectrum from a model
(or some other source) is available to resolve the ambi-
guities and supply the missing information beyond the
cutoff.

In the following we shall assume, as in previous inver-
sion algorithms, that both the forward mapping prob-
lem and the technical task of obtaining a calibrated
SAR image of the sea surface from a satellite, for ex-
ample, ERS-1/2, have been resolved. Thus if the SAR
spectrum computed from a predicted wave spectrum
disagrees with the measured SAR spectrum, we con-
clude that the predicted input wave spectrum must be
incorrect. Conversely, if the input wave spectrum can
be adjusted to yield a simulated SAR spectrum which
agrees exactly with the observed SAR spectrum, we
have extracted all the information from the observed
SAR spectrum which is possible; we have solved the
retrieval problem.

In practice, of course, neither the forward mapping
relation nor the SAR image spectrum is free of errors.
For example, although the forward mapping relation is
dominated for typical satellite SAR incidence angles by
the velocity bunching mechanism, which can be com-
puted exactly, it depends to a lesser extent also on the
hydrodynamic modulation transfer function, which is
poorly known. Similarly, SAR image spectra depend
on antenna gain properties which are not always cal-
ibrated perfectly. However, these problems are essen-
tially independent of the problem of devising an effect-
ive retrieval algorithm. If a retrieval algorithm has
been constructed for which the SAR spectrum com-
puted from the retrieved wave spectrum agrees exactly
with the SAR spectrum, but the assumed modulation
transfer functions or SAR calibration factors are in-
correct, the retrieved wave spectrum will, of course,
be incorrect. However, once these errors are correc-
ted, the identical retrieval algorithm will return correct
wave spectra. Thus to demonstrate the quality of a re-
trieval algorithm, it is sufficient to show that the SAR
spectrum computed from the retrieved wave spectrum
agrees with the observed SAR spectrum. In the course
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of an overall system analysis one must investigate also
other sources of error, but the retrieval problem as such
may be regarded as resolved. Previous investigations
cited above suggest that in the case of ERS-1 the other
errors are small.

The standard technique for inverting nonlinear trans-
form relations is to minimize a cost function which in
the present case would penalize simultaneously both the
errors between the first-guess and retrieved wave spec-
tra and the deviations between the observed and sim-
ulated SAR spectra. Since the forward mapping rela-
tion is a complicated nonlinear integral, the retrieval
algorithm involves an iterative loop in which the wave
spectrum is successively adjusted to reduce the cost
function (HH); [Engen et al., 1994]. Through the de-
rivation of a closed spectral integral transform relation
which could be rapidly computed using Fast Fourier
Transforms (HH), the application of such inversion al-
gorithms has become operationally feasible [Brining et
al., 1993, 1994a; Hasselmann et al.,, 1994 a,b,c].

The inversion technique has been applied to the newly
available global ERS-1 SAR wave-mode spectral data,
which are computed and delivered in near real time from
10 km x 5 km imagettes every 200 km along the
satellite track. The first-guess wave spectra required as
input were obtained from the third-generation WAve
Model (WAM) [Wave Model Development and Imple-
mentation (WAMDI) Group, 1988] which runs oper-
ationally at the European Centre for Medium Range
Weather Forecasts (ECMWF, Reading, England). An
important feature of these retrievals is that the wave
spectrum can be calibrated independently of the SAR
calibration using the approximately white-noise clutter
background of the observed SAR image spectrum [Alp-
ers and Hasselmann, 1982; Brining et al., 1994a,b].

The overall agreement between the first-guess and re-
trieved wave spectra in these analyses was very encour-
aging. A still closer agreement was found between the
observed SAR image spectra and the simulated SAR
spectra (computed from the retrieved wave spectra),
indicating that the retrieval was generally working sat-
isfactorily.

However, discrepancies were occasionally found in
wave spectral intercomparisons, particularly in low-
frequency swell systems, suggesting room for improve-
ment. Assuming that the errors lie in the model first
guess rather than in the SAR measurements and that
the WAM model adequately simulates the wave phys-
ics, as verified in a number of studies [ WAMDI Group,
1988; Komen et al, 1994], the most likely origin of the
errors is the wind field. Waves respond very sensitively
to the wind, the wave height being approximately pro-
portional to the square of the wind speed, and the er-
rors, once imprinted, can persist for long periods. Thus
the impact of wind errors can clearly be seen in swell
systems at long distances from their source. Wind field
errors are found most frequently in the South Pacific,
where analyzed winds are often underestimated because
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of the sparseness of data. The identification of such er-
rors through SAR wave mode measurements points to
the considerable potential of a combined wind and wave
data assimilation scheme, based on conventional and
satellite data, for improved wave and weather forecasts
[Hasselmann et al., 1994c; Bauer et al., 1994; S. Has-
selmann et al., An optimal interpolation assimilation
scheme for spectral wave data, submitted to Journal of
Geophysical Research, 1996 (hereinafter referred to as
Hasselmann et al., submitted manuscript, 1996)].

Intercomparisons between observed and simulated
SAR spectra also reveal, however, occasional deficien-
cies in the retrieval algorithm as such. In this paper we
remedy these problems, while at the same time retriev-
ing wave spectral information in a form which can be
readily applied in wave data assimilation schemes. The
principal shortcomings and remedies are the following:

1. The azimuthal cutoff wavenumbers of the sim-
ulated SAR spectra are occasionally too low. This is
usually accompanied by an overestimate of the retrieved
spectral peak energy. As a remedy a new term is intro-
duced into the cost function which penalizes errors in
the cutoff wavenumber directly and readjusts the en-
ergy level of the entire wave spectrum accordingly (sec-
tion 2). This affects also the energy level in the high-
frequency part of the spectrum beyond the azimuthal
cutoff. Although this part of the spectrum is not meas-
ured directly by the SAR, it has a strong influence on
the SAR cutoff through its relatively large contribution
to the rms orbital velocity, which is inversely propor-
tional to the azimuthal cutoff wavenumber.

2. The retrieved wave spectra are occasionally more
sharply peaked than the first-guess spectra. We attrib-
ute this to the fact that the global fast delivery spec-
tral products provided by the European Space Agency
(ESA) are smoothed to a 12 x 12 wavenumber direc-
tional grid. We therefore smooth and interpolate the
SAR spectra computed from the wave spectra in the
same way as the ESA fast delivery spectra at each it-
eration step of the cost function minimization scheme.
This results both in a closer agreement of the observed
and simulated SAR spectra and in more realistic look-
ing wave spectra (section 2).

3. A discontinuity sometimes appears in the re-
trieved wave spectra in the neighborhood of the azi-
muthal cutoff wavenumber. This region separates the
low wavenumbers for which SAR information was avail-
able from the higher wavenumbers without SAR, inform-
ation, where the retrieval algorithm automatically re-
turns the first-guess spectrum. It was already shown in
HH that a better agreement between observed and sim-
ulated SAR spectra could be achieved by pre-adjusting
of the mean wave frequency and direction of the first-
guess spectrum through a frequency re-scaling and ro-
tation of the spectrum, prior to the application of the
detailed inversion algorithm. However, this technique
is applicable only for wave spectra containing a single
wave system. We present here a generalization of the

16,617

method to a superposition of different wave systems.
To apply the general technique, we first decompose the
wave spectrum into a number of different wave systems,
using a modification of Gerling’s (1992) spectral parti-
tioning scheme [cf. Brining et al., 1994a; Hasselmann
et al., 1994 a,b]. We then adjust the different wave
systems of the first-guess spectrum individually to the
corresponding wave systems of the SAR~inverted wave
spectrum. This is performed for each individual parti-
tioned wave system by a rotation and rescaling of the
frequency and energy scales.

In some cases the assignment between first-guess and
SAR inverted wave systems cannot be made one to
one. In these cases, first-guess wave systems are left un-
changed if not observed by the SAR, while wave systems
observed by the SAR but not present in the first-guess
systems are simply added.

The reconstructed wave spectrum composed of the
individually adjusted wave systems is then used as a
new first guess, and the inversion procedure is repeated,
if necessary, several times. The adjustment of the
wave spectrum via the individual wave systems removes
the discontinuity at the azimuthal cutoff wavenumber,
while the additional iteration loop allows the input wave
spectrum to depart further from the original first guess,
leading to a closer agreement between the observed and
final simulated SAR image spectrum. Another advant-
age of this approach is that the parameters of the parti-
tioned wave systems are obtained as output, providing
a convenient reduced data set for use in wave data as-
similation schemes (section 3).

The results (section 4) show a marked improvement
in the agreement between the simulated and observed
SAR spectra. The algorithm is only weakly depend-
ent on the first-guess spectrum, which is needed only to
remove the 180° angular ambiguity and to provide in-
formation on the spectrum beyond the azimuthal cutoff.
The wave spectra retrieved with the modified algorithm
appear realistic at all wavenumbers. The retrieved spec-
tra generally still show good agreement with the model
first guess. However, in cases in which the first guess is
not consistent with the observed SAR spectrum, the re-
trieved wave spectrum now deviates more strongly from
the first guess than with the previous algorithm. This
is due to the additional iteration loop in the retrieval al-
gorithm, which decouples the retrieved spectrum from
the first guess, enabling the simulated SAR spectrum
to approach the observed SAR spectrum more closely.
This is achieved, of course, at the “expense” of a larger
departure of the retrieved wave spectrum from the first
guess.

2. An Improved SAR Inversion Scheme
Theory

The mapping P(k) = ®(F (k)) of an ocean wave spec-
trum F(k) into a SAR image spectrum P(k) is given
by a closed integral transform, which may be written as
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a series expansion in the form (HH)

(<) 2n
P(k) = exp(—k262)>" 3" (ko)™ Pam(k), (1)

n=lm=2n-2

where k; denotes the wavenumber component of the
long waves in the azimuthal direction, g is the ratio of
the slant range to the platform velocity, and the spec-
tral factors P,,, consist of Fourier transforms of higher-
order products of the autovariance and covariance func-
tions of the radial orbital velocity and the (real aperture
radar) cross section modulation function. The index =
indicates the nonlinearity order with respect to the in-
put wave spectrum and the index m the order with re-
spect to the velocity bunching parameter 8. The (non-
linear) exponential factor depends on the mean square
. azimuthal displacement £ "2 of & scattering element
2= <ul>=p [IPFOOI (@)
where < .. > denotes the ensemble average and u, the
radial component of the orbital velocity of the ocean
waves (cf. Beal et al., 1983; Alpers and Bruning, 1986).
The range-velocity transfer function T} is given, accord-
ing to classical surface wave theory, by

Ty = w(sm0|k| + icosf) 3)
where w denotes the radian frequency of the long waves,
6 the incidence angle, and k, the wavenumber compon-
ent of the long waves in the range direction. Equation
(1) can be rapidly evaluated by Fast Fourier Trans-
forms, enabling the forward mapping relation to be in-
verted by iterative methods.

Extension of the Cost Function

We apply the standard technique of minimization of
a suitably defined cost function, (HH), [Brining et al.,
1994a,b; Hasselmann et al., 1994a,b,c]. The cost func-
tion used by these authors contained two error terms:
the deviation between the simulated and the observed
SAR spectrum and a second term penalizing the devi-
ation between the first-guess and retrieved wave spec-
trum. The second “regularization” term is needed to re-
solve the 180° angular ambiguity of the observed frozen-
image SAR spectrum and to provide the missing inform-
ation at high wavenumbers beyond the azimuthal cutoff
of the SAR.

To remedy the first problem mentioned above, the
occasional inaccurate simulation of the observed SAR
cutoff, we extend the cost function of HH by includ-
ing an additional term penalizing directly the deviation
between the observed and simulated cutoff. For this
purpose we define a clutter cutoff length scale as follows:
First, a mean one-dimensional azimuthal SAR spectrum
is computed by averaging over the range bins. To re-
duce the noise contribution, the range-bin averaging is
restricted to the seven range bins bracketing the range
bin of the spectral peak. The azimuthal cutoff length
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scale Ay is then defined as the wave length at which
the mean azimuthal SAR spectrum has decreased to a
value 3 dB above the noise floor.

To correct for errors in the cutoff, we introduce now
a’ free energy-scaling parameter a. By applying the
energy-scaling factor to the entire spectrum, rather than
only to the low-wavenumber part of the spectrum for
which SAR information is directly available, the factor
« modifies also the high-wavenumber components bey-
ond the azimuthal cutoff. These contribute significantly
to the rms orbital veloclty, which directly affects the rms
azimuthal displacement ¢’ (equation (2)) and thereby
the cutoff length scale As;. Assuming that E and A, are
proportional, application of the energy scaling factor o
leads to a modification A,y — \/(a)Acz of the simulated
cutoff length scale.

In order to automatically adjust the scaling factor o
so that the error between the observed and simulated
cutoff is small, we thus add a cutoff error term to the
cost function which now takes the form

/ [P(k) — B)]? P(k)dk +
[F(k) - F(k)]?
{B + min[F(k), F'(k)]}2
(w\ - '\21)2
ma"x{Acl’ ’\cl

dk +

4)

where F'(k) denotes the first-guess wave spectrum, P(k)
the observed SAR spectrum, and P(k) the SAR spec-
trum computed from the best-fit wave spectrum F(k)
and ;\d, Act denote the clutter cutoff length scales of the
observed and simulated SAR image spectra, respect-
ively. The weighting factor u is chosen to be sufficiently
small (4 = 10~3P3_ ) so that the form of the first-guess
wave spectrum F(k) has only a small impact on the final
solution where SAR, information is available but is still
large enough to resolve the 180° directional ambiguity
and determine the form of the high wavenumber part of
the spectrum beyond the SAR azimuthal wavenumber
cutoff. The weight n = 0.5 x 105[f P(k)dk]® is chosen
such that the first and third terms of (4) are of the same
order of magnitude. A small constant B(= 10~ Fm,x)
is introduced to prevent the denominator of the second
term from vanishing.

The extended cost function J yields a better agree-
ment of the simulated and observed cutoff through dir-
ect modification of the total energy of the wave spec-
trum. It also generally leads to a smoother trans-
ition of the retrieved wave spectrum across the cutoff
wavenumber separating the low-wavenumber region
which is modified by SAR spectral data from the high-
wavenumber tail where no SAR information is available.

Modification of the Numerical Inversion Scheme

The iteration scheme used by HH to minimize the cost
function proceeded as follows: Start from a first-guess
wave spectrum F!(k) = F'(k) and associated SAR spec-
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trum P!(k), computed from F!(k) using the fully non-
linear mapping relation. Assume that at the beginning
of the nth iteration step a wave spectrum F"(k) = F"
and its associated SAR spectrum P"(k) = ®(F") = P"
have been determined. An improved estimate of the
wave spectrum

Frtl = F" + AF" ()
with associated estimate
P = g(FnH) ©)

of the SAR spectrum is then constructed in two stages.

First, it is assumed that an approximation 6 P* of
the SAR spectral increment AP"™ = P"+! — P® can be
computed from AF" using the quasi-linear SAR-wave
spectral mapping relation

P(k) ~ exp (—k2€?) Py (k) (M

which is given by the truncation of (1) at the nonlin-
earity index n = 1,

2
Z (kzﬂ)"’le(k)

m=0

= |Tsan(k)[*F(k) + |Tsar(—k)|*F(-k)(8)

Pi(k)

where Tsar(k) represents the transfer function of the
standard linear SAR image mapping relation [cf. Has-
selmann et al., 1985], (HH). Thus we set

§P" = W AF™(k) + W_ AFY(-k)  (9)

where ,

Wy = |Tsar(k)|*exp (—k2€™?) (10)
Since the relation between §P™ and AF™ is linear (the
factor exp (—k2£'2) in (7) is regarded as known from the
previous interation step), substitution of these changes
into the cost function yields a soluble quadratic minim-
ization problem for AF™.

Having determined AF™ and thus F"+l, P+l s
computed in the second stage of the iteration step by
applying the full nonlinear mapping relation to F*+1,
The iteration is then repeated.

To include now adjustments of the energy scale a, we
modify the iteration method by setting

F™*l=o"F" + AF", (11)
where a” is computed after AF™ has been determined
by the above method (note that n denotes here an in-
dex, not an exponent). Thus we compute again an ap-
proximation § P* of AP" from AF”™ using (9). Sub-
stituting (11) into (4), setting P"+! ~ P" 4 §P", and
defining, for brevity, u® = u[B + min{F", F}]-2 and
=9 [ma.x(z\:',“, by 1, the cost function, expressed

in terms of AF™ and 6 P", then becomes
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J = / P[sP™ — (P — P™)dk +

/ p[AF™ — (F — a"F™)%dk +

n"(a"Agf - M%)’ (12)
The linearized variational problem
0J/6AF™(k) =0 (13)
and

8J/6a=0 (14)

is solved first with respect to AF" for fixed a", which
is taken as the value determined from the last iteration
step, a® = a"~! (with o! = 1). This yields (compare
HH)

A_g[WEAPE + un AFY)

A = AgA_x - By?
By[W_x AP + ynAF™ ]
A A_y — By? (1)
where
AP = P(k) - P*(k) = P(-k) — P"(-k)  (16)
AR = F(k) — a"F"(k) (17)
Ax =W+ 2" (18)
and
By = WiW_g (19)

Subsequently, the energy scaling parameter «” is ob-
tained by solving (14):

e "A4Aa"2 — p* [ FR[AF] - Fyldk
= "nAc'n4+ l‘anﬂzdk

(20)

Equations (15) and (20) are solved iteratively. First,
(15) is solved using a™~1, yielding an approximation
for AF{, which is then used to solve (20), yielding an
approximation for a™, which again is then used to solve
(15), etc. The iteration ends when a™ changes less than
1%.

Having determined AFﬂ and o™ and thus F?+1 the

associated SAR spectrum P"+! is again computed from
F7+1 ysing the full nonlinear SAR transformation rela-
tion, and the iteration is repeated. To maintain numer-
ical stability, it was found necessary to restrict AF]'(‘ to

the range |AFP| < min[F, o Fy]/4 if

pAFR?

: — > 0.25[P"(k) — P(k)|*P(k)
B + min[F(k), F(k)]

(21)

The iteration generally converges after 6-10 iteration

steps (as in the original method of HH). If the azimuthal
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clutter cutoff length scale is not well defined (for SAR
spectra with a low signal-to-noise ratio), we reduce (12)
to the original form (4) by setting o = 1 and = 0.

Matching the Interpolation Schemes of the
Observed and Computed SAR Spectra

The second problem mentioned above, the occasional
retrieval of too sharply peaked wave spectra, was re-
solved by introducing an additional smoothing filter
into the computation of the SAR spectra from the wave
spectra. This made the inversion algorithm more con-
sistent with the smoothing interpolation used in the
generation of the ESA fast delivery product. A proper
matching of the filters of the computed and observed
SAR spectra is needed also to correctly reproduce the
azimuthal cutoff, which is particularly sensitive to the
form of smoothing,.

The inversions are performed on a 128 x 128
wavenumber grid with a Nyquist wavenumber kY9 =
k;fyq = 27/32m=1. To carry out the inversions, the
ERS-1 fast delivery imagette spectra, which are given
on a coarse polar coordinate grid (12 wavenumbers, 12
directions between 0° and 180°) are transformed from
polar to cartesian (kz, ky) coordinates. The SAR terms
in the cost function are evaluated only in the domain
for which reliable SAR, data were available, i.e., in the
ring (27/800) m~! < |k| < (27/100) m~!. The coarse
resolution of the ERS-1 SAR wave mode product causes
a smearing and broadening of the retrieved SAR image
spectra, affecting in particular the estimate of the azi-
muthal clutter cutoff length scale. To avoid unrealistic
changes of the total wave energy induced by the new
cutoff term in the cost function due to this artificial
spectral broadening (and to achieve also some smooth-
ing across the azimuthal cutoff region), the SAR spectra
computed from the model spectra were treated in the
same way as the ESA spectra: they were first trans-
formed from the high-resolution cartesian (k., k) grid
to the ESA low-resolution polar (k,¢) grid and then
reinterpolated to the high-resolution cartesian (kz, ky)
grid at each SAR spectrum computation in the inver-
sion scheme (this can, of course, be expressed as a single
net smoothing operation).

The above considerations apply for SAR spectra
without clutter-noise contamination. In practice, the
observed SAR spectrum consists of a superposition of
the wave image spectrum and a background clutter
spectrum. To first order, the two spectra are simply
linearly superimposed, the modulation of the clutter
noise by the ocean waves being negligible. The clutter
spectrum can thus be removed by subtraction. Below
the high wavenumber roll-off due to the system impulse
response function, the clutter spectrum is essentially
white [Alpers and Hasselmann, 1982; Wilde et al., 1994].
It can be estimated from the background spectral level
at wavenumbers slightly beyond the azimuthal cutoff.
In this range the clutter spectrum is still essentially
white, but the wave contribution is no longer present.
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The clutter level was estimated as the average of the
five lowest spectral values of the highest wavenumber
(k = 27/100m) bins of the SAR (fast delivery) spectral
product. This value was subtracted from the SAR spec-
tra prior to further processing. The clutter level was
used also to calibrate the retrieved wave spectrum [cf.
Alpers and Hasselmann, 1982; Brining et al., 1994a,b].

3. Iteration of the Input Wave Spectrum

In addition to the modifications of the inversion
scheme discussed in the previous section, a further
change in the present retrieval algorithm is the intro-
duction of an iteration scheme for successively adapting
the first-guess input wave spectrum to the previously
retrieved wave spectrum. This resolves the third prob-
lem mentioned above: the occurence of discontinuities
in the retrieved spectra in the neighborhood of the azi-
muthal cutoff wavenumber. It also yields an improved
agreement between the simulated and observed SAR
spectrum when the first guess is rather far from the
observations. As pointed out above, a first-guess wave
spectrum is needed for SAR wave spectral retrievals in
order to overcome the 180° directional ambiguity and to
provide the missing information beyond the azimuthal
SAR cutoff. However, the introduction of a term pen-
alizing deviations from the first-guess spectrum in the
cost function tends to inhibit large departures of the
retrieved spectrum from the first guess, thus preventing
the retrieved spectrum from adjusting to the observed
SAR spectrum if the first guess is poor.

It can be argued that this is a desirable feature which
is regularly incorporated, for example, in data assimil-
ation schemes. Since the first guess is also based on
data (although filtered through a model), it should be
given an appropriate weight relative to the additional
data provided by the SAR. However, we adopt here the
view that the weighting of different data sources, in-
cluding the model first guess, should be assigned to a
subsequent data assimilation operation and should not
be folded into the retrieval process as such. The re-
trieval should attempt to extract the full information
content of the SAR, using the first-guess data only to
augment the incomplete information of the SAR, not to
compete with the SAR data.

This is achieved through the introduction of an ad-
ditional iteration loop which successively modifies the
first-guess spectrum. At each iteration, the original in-
formation from the first guess is diluted at the cost of
the new SAR information. Consequently, the only ini-
tial information which is retained asymptotically is in-
formation which is not contained in the SAR data.

The iterations yield second-guess, third-guess, etc.,
input spectra. We shall refer to these in the following
as “input” wave spectra, as opposed to the original first-
guess spectra. To distinguish the final retrieved spectra
from the intermediate inversion products obtained in
the course of the iteration of input spectra, we shall
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refer to the final product as the “retrieved” spectra and
the intermediate products as “inverted” spectra (a more
precise definition of the intermediate “inverted” spectra
will be given later in this section).

The iteration scheme makes use of two techniques
which were mentioned briefly in the first section: a par-
titioning scheme for the decomposition of wave spectra
into a small number of discrete wave systems and an
algorithm for the cross assignment of the wave systems
of different spectra.

The Wave Partitioning Scheme

Two-dimensional wave spectra observed in the open
ocean normally consist of a complex superposition of
waves from several generation areas. To reduce the
large number of degrees of freedom of observed and
modeled two-dimensional wave spectra to a manageable
number of parameters, while still retaining the principal
characteristics of the complex structures of real ocean
wave spectra, Gerling [1992] devised a spectral parti-
tioning scheme. We use in the following a modification
of Gerling’s scheme as applied by Brining et al., [1993],
Brining et al., [1994a] and Hasselmann et al., [1994c]
for the analysis of ERS-1 SAR wave mode data. The
scheme has been used also in a wave data assimilation
method developed by S. Hasselmann et al., (submitted
manuscript, 1996).

The wave partitioning method subdivides the two-
dimensional wave spectrum into a number of separate
superimposed wave systems, each of which can be char-
acterized by a relatively small number of mean para-
meters, such as the significant wave height H,, mean

frequency f, propagation direction #, and directional
spread 6 f2.

Following Brining et al. [1994a,b], the wave systems
are defined in term of inverted “catchment areas”. A
wave system consists of all spectral points whose “run-
off” drains into a local (inverted) peak. Mathematic-
ally, the wave systems can be defined (and constructed)
by a simple induction rule: each spectral grid point
is assigned to the same wave system as its immediate
steepest ascent neighbor. If a grid point has higher en-
ergy than all of its neighbors, the grid point represents
a local peak and defines a wave system.

Formally separate wave systems are coalesced if they
satisfy at least one of the following three conditions:
(1) they lie too close to one another, namely their
peaks are only one grid point apart, (2) the “valley”
separating the peaks is not sufficiently low: minimum
spectral value between two peaks is greater than 85 %
of the smaller of the two peaks, or (3) the spectral
spread é6f% of both systems is larger than the square
distance Af2 = (£ — )2 4+ (5§ — £59)2 between
the two peaks (f,ﬁ,l), 51)),(f£2), 52)), where the spec-
tral spread is defined as 8§f% = (fz — fz)2 + (fy — fy)?
with fz = fcos8, fy = fsind and the overbar denotes
usual averages weighted with the spectral density.
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For applications in general wave data assimilation
schemes in which not only the wave field but also the
wave-generating wind field is updated, a classification
of wave systems into wind sea, old wind sea, swell, and
mixed wind sea-swell is useful. Although not needed for
the retrieval algorithm, we describe briefly the classific-
ation scheme used here in view of the direct application
of the extended retrieval algorithm for wave data assim-
ilation.

A wave system is classed as wind sea if the phase
velocity at the spectral peak is less than 1.3 times the
component of the wind speed in the wave propagation
direction. Old wind seas are defined analogously, the ra-
tio of the phase velocity to the wind speed component in
the wave propagation direction lying in this case in the
interval 1.3 — 2.0. Mixed wind sea-swell systems occur
in turning wind situations. If the change in wind direc-
tion is relatively slow, a new wind sea peak is not im-
mediately built up in the new wind direction, since the
nonlinear transfer couples the wave components devel-
oping in the new wind direction to the former wind sea
propagating still in the old wind direction [cf. Young et
al., 1987]. This results in a skewed single-peaked spec-
trum containing both new wind sea components and
old wind sea (swell), the peak being located still at the
position of the old wind sea peak. The identification of
such coupled wind sea-swell systems needs to be based
on a criterion involving not simply the peak of the sys-
tem but also the new waves developing in the turned
wind direction. The following definition was found to
be satisfactory: a mixed wind sea-swell system is a wave
system for which the peak fails to satisfy the pure or old
wind sea criterion, but one of the two spectral compon-
ents (f + 6,0 £ 69), where 6§ = 552, 662 = 6f2/f2
does. Finally, wave systems which fall into none of the
wind sea-related categories, are classed as swell.

Cross Assignment of Spectral Wave Systems

The adjustment of the input wave spectrum in the
iterative retrieval algorithm is performed by modifying
the wave systems of the input spectra. The character-
istic parameters of the wave systems (significant wave
height H,, mean wave frequency f, and mean direc-
tion 5) are adjusted to agree with the parameters of
the corresponding wave systems of the inverted wave
spectra. This requires first a criterion for cross assign-
ing the wave systems of the input and inverted spec-
tra. We chose an assignment algorithm based on the
minimum normalized square distance D? in wavenum-
ber space between appropriately defined characteristic
wavenumber vectors (k7 ,ky') and (kZ,kj) of the wave
systems of the input and SAR inverted wave spectra,
respectively, where

_ (e — k) 4 (kY — Ry)?
(k2% + k22) + (kY% + k32)

The characteristj_c wavenumber vectors are defined as
wit = kvl cos§ and kY/* = k¥/* sinf, where k¥/* =

D? (22)
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4g~1x2(T%/#)=2 and the tilde denotes the values which
are modified relative to the usual spectral-weighted
definition by the introduction of an additional factor
1/f to confer more weight to the low-frequency part of
the spectrum which contains the relevant SAR inform-
ation. Thus

 [[F(0%dds T ”
STIFGoMa - T (@)

Individual wave systems of the first-guess and SAR
retrieved spectrum are cross assigned if their normal-
ized squared distance is less than some critical value
DZ.,. Satisfactory results were achieved for the value
DZ.. =0.75.

The inverted SAR spectrum occasionally contains
more partitioned wave systems than the first-guess spec-
trum. This can be due to noise in the observed SAR
spectra (the imagette spectra are based on relatively few
degrees of freedom at low frequencies) or to discontinu-
ities in the inverted spectra near the azimuthal cutoff
separating the regions with and without SAR informa-
tion. To remove artificial wave systems generated in this
manner, two wave systems of the inverted SAR spectra
are coalesced and cross assigned to a single input wave
system if each of their normalized square distances to
the input wave system is less than 0.75. If a wave system
of an inverted SAR spectrum cannot be cross assigned
to an input wave system, it is simply superimposed on
the corrected input wave spectrum.

The SAR Retrieval Algorithm

The individual input wave systems are adjusted to the
characteristic parameters of the cross assigned wave sys-
tems of the inverted SAR spectrum by a rotation and a
rescaling of the frequency and energy axes. The correc-
ted wave systems are then recombined by linear super-
position to yield a corrected two-dimensional wave spec-
trum. Spectral grid points in which wave systems over-
lap after adjustment are averaged, while gaps between
wave systems are filled by a two-dimensional parabolic
fit. The resulting corrected spectrum is then used as
input for the inversion in the next iteration step. The
term “inverted” spectrum, introduced earlier to denote
the intermediate wave spectra generated while iterat-
ing the input spectrum, will be used in the following
to denote the wave spectra produced by the inversion
algorithm, prior to the partitioning corrections used to
update the input.

The impact of iterating the input spectrum is
strongest when the retrieved spectrum deviates signific-
antly from the model first guess. However, in this case,
there is also a danger that the SAR data may be incor-
rect, leading to an unrealistic wave spectral retrieval.
The development of an unrealistic retrieval is usually ac-
companied by a breakdown in convergence: after a few
iteration steps during which the error between the sim-
ulated and observed SAR spectra decreases, the error
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begins to grow again. This is due to the adjustment of
the input wave systems to the unrealistic wave systems
of the inversion. The rescaled wave systems transmit
the unrealistic features to higher wavenumbers, thereby
affecting also the SAR cutoff and producing a poorer
agreement with the observed SAR spectrum. To pre-
vent a drift into an unrealistic retrieval, the iteration
was therefore terminated when the dimensionless square
error

62 = ff[‘s‘(f’ 0) —So(f; e)]zdfdo
\/ [ J1S:(£,0)12dfd8 [ [ [So(f,6)]2dfd6

between the simulated and observed two-dimensional
SAR image specta S, and S,, respectively, was a min-
imum. (In practice, a fixed number of iterations, typ-
ically five, was carried out, and the iteration with the
smallest error was then selected as the retrieval.)

(24)

4. Results

An example of a complex wave spectrum retrieved
from the ERS-1 SAR wave mode spectrum is presen-
ted in Figure 1. Figure 1a shows the model first-guess
wave spectrum. The wave spectrum derived by inver-
sion using the first guess without iteration is shown in
Figure 1b, and the final retrieval after five iterations of
the input spectrum in Figure lc. The wave systems of
the final retrieved spectrum are seen to differ signific-
antly from the wave systems of the first-guess spectrum,
while the deviations for the wave spectrum obtained by
direct inversion from the first-guess input spectrum are
generally smaller.

The largest differences are seen in the southward
propagating swell systems. The southwestward running
system of the final retrieval is barely detectable in the
first-guess spectrum (where it does not even show on the
plot). However, good agreement is seen in the northeast
propagating wind-wave system.

The retrieved spectra show small corrections in the
high-frequency wind sea region of the spectrum beyond
the azimuthal cutoff of the SAR. These are due to the
adjustment of the overall energy level of the spectrum
to reproduce the observed azimuthal cutoff, achieved
through the additional cutoff error term in the cost
function.

Figure 2 illustrates the improvement of the retriev-
als resulting from this error term. Figure 2a shows a
first-guess wave spectrum, Figure 2b the wave spectrum
derived from the first guess using the former retrieval
algorithm of HH with no cutoff term in the cost func-
tion, Figure 2c shows the inversion using the scheme
presented in this paper, applied again to the first-guess
spectrum, and Figure 2d shows the retrieved wave spec-
trum using the full retrieval algorithm with iteration of
the input wave spectrum. The simulated SAR spectrum
from the inversion with the additional cutoff term (Fig-
ures 2g and 2h) shows a considerable improvement in
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the azimuthal wavenumber cutoff relative to the first-
guess case (Figure 2e) or the original HH retrieval (Fig-
ure 2f), and is in good agreement with the observed
SAR spectrum (Figure 2i). To reproduce the observed
cutoff wavenumber, the energy level of the retrieved
wave spectrum is decreased in the present algorithm to
4.75 m significant wave height in the noniterated case
and to 4.82 m in the full retrieval as compared with 6.2
m for the original HH algorithm.

The statistical improvement in the representation of
the azimuthal cutoff achieved with the present inversion
algorithm (without iteration of the input spectrum) is
demonstrated in Figure 3 for a 1-day global data set.
The scatter between the observed and the first-guess
clutter cutoff is reduced significantly in the present in-
version scheme.

The impact of the iteration of the input spectrum is
illustrated more clearly for the two sets of wavenumber
spectra shown in Figures 4a and 4b. The columns of
each panel show the first and final inversion, and the
rows show various wave and SAR spectra. The SAR
spectra (first columns, second row) computed from the
input wave spectra (first columns, first row) show little
similarity with the observed SAR spectra (fifth row).
However, the SAR spectra (first column, fourth row)
computed from the wave spectra of the first inversion
(first column, third row) already exhibit an adjustment
of the spectral peaks to the observed peaks. The agree-
ment between the simulated and observed SAR spectra
(rows 4 and 5) is significantly improved for the minimal-
error optimal retrievals (three iterations, Figure 4a, and
four iterations, Figure 4b). The optimal retrieved wave
spectra (row 6) exhibit significantly larger differences
relative to the first-guess WAM spectra than the nonit-
erated retrievals,

Besides the error defined in (24) we can also use the
pattern correlation index as a measure of the agreement
of the observed and simulated SAR spectra S,, S, (as
given by Brining et al. [1994]):

= [ ] S:(£,8)S.(f,8)dfdé
[f [ S2(£,8)dfdd [ [ S2(f,6)dfds]}
For the two cases shown in Figure 4, the pattern correl-

ation of the SAR spectra computed from the first guess
WAM spectrum and the observed SAR spectrum is 0.67

(25)

Figure 1. (a) First guess wave spectrum, (b) wave
spectrum retrieved from the non-iterated first-guess
wave spectrum according to the new inversion al-
gorithm, (c)and wave spectrum retrieved by iteration
of the input wave spectrum according to the present
retrieval algorithm in polar frequency-directional plots.
Circles denote frequencies at 0.05 Hz intervals start-
ing at 0.05. Isolines are logarithmically spaced relative
to the maximum value of the spectral energy density.
The arrow denotes speed (13m/sec) and direction of
the local wind
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a b c
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d

Figure 2. (a) First-guess wave spectrum, (b-c) spectrum retrieved from the non-iterated first-
guess spectrum (former inversion algorithm, Figure 2b; present algorithm Figure 2c), (d) retrieved
wave spectrum after iteration of the input spectrum (new algorithm, Figure 2d), (e - h) synthetic
aperture radar (SAR) spectra computed from the wave spectra of Figure 2a - 2d, respectively,
and (i) the observed SAR spectrum. Spectra are plotted in wavenumber space with |k} < 100m;

k; denotes the azimuthal direction.

for Figure 4a and 0.54 for panel Figure 4b. The pattern
correlation indices for the optimal retrievals increased
to 0.91 in both cases.

Contrary to this example, the first-guess wave spectra
normally already show good agreement with the first
inversions [cf. Brining et al., 1993, 1994a,b], and a high
pattern correlation between the simulated and observed
SAR spectra, typically above 0.9, is achieved without
iteration. However, in cases in which the SAR indicates
discrepancies in the model first-guess wave spectra, a
significant improvement can be achieved by iterating
the input spectrum. This is illustrated by the statistical
data for 2729 retrievals for an 8-day period in March
1993 (Figure 5). When the initial error €2 (equation
(24)) is large, it is significantly reduced by optimally
iterating the input spectrum (Figure 5a).

Figure 5a and 5c show a further illustration of the
improval of the present algorithm including an addi-
tional input-spectrum iteration loop over an algorithm
without this feature, as used, for example, by Brining
et al. [1994a] in their first analysis of ERS-1 SAR wave
mode data. The panels show a comparison of the distri-
bution of the errors and the correlation indices between
the simulated and observed SAR spectra for the same
sample of data as used by Brining et al. [1994a] for
the original single inversion (but with a modified cost
function, as described above) and the iterated full re-
trieval. The agreement between the observed and sim-
ulated SAR spectra is seen to be significantly improved
compared with the original one-shot inversion method
of HH. (As has been pointed out, the quality of a re-
trieval algorithm can be judged only by its ability to

reproduce the observed SAR spectrum, independent of
the question of the accuracy of the SAR modulation
transfer function determining the forward transfer rela-
tion or the actual SAR measurement).

Ideally, the retrieved wave spectra obtained with the
iterative algorithm should be only weakly dependent on
the first-guess spectra. These should provide only the
information needed to resolve the 180° angular ambi-
guity and to augment the spectra at high wavenumbers
beyond the azimuthal cutoff. That this input informa-
tion is needed is illustrated in Figure 6, in which the re-
trievals are compared for the case of a first-guess WAM
spectrum (Figure 6a) and a Joint North Sea Wave Pro-
ject (JONSWAP) spectrum [Hasselmann et al., 1973]
(Figure 6b). The JONSWAP spectrum shows only one
wave system in range direction, while the first-guess
model spectrum shows two range traveling wave sys-
tems. The optimal iterations (8 for Figure 6a and 16
for Figure 6b) show close agreement between the sim-
ulated and observed SAR spectra in both cases, with
correlation indices of 0.94 (Figure 6a) and 0.98 (Figure
6b). However, the final retrieved spectra (last spec-
tra, second columns) show low frequency swell systems
running in opposite directions for the two cases. Swell
energy was present in the first-guess WAM spectrum
but not in the JONSWAP spectrum. Thus the 180° an-
gular ambiguity could not be resolved for the first-guess
JONSWAP spectrum.

Both cases also illustrate, through the generation of
energy in the upper wavenumber half plane of the final
retrieved wave spectrum, that the iteration of the input
wave spectrum permits the retrieval to gradually drift
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Figure 3. (a) Comparison of model-derived (first-
guess) and observed clutter cutoff wavelengths for the
global set of spectra obtained on November 25, 1992;
(b) comparison of model-derived (best-fit) and observed
clutter cutoff wavelengths for the global set of spectra
obtained on November 25, 1992. Grey scale represents
density classes of scatterdiagrams, beginning with the
lowes)t density (dark grey pixels, summing to 10% of all
cases).

away from the first-guess spectrum. In these examples,
the improvement of the simulated SAR spectrum after
a large number of iterations is marginal when compared
with the retrieval after only a few iterations, while the
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change in the retrieved wave spectrum produced by the
later iterations is appreciable. In such cases it may be
advisable to modify the cost function by reinstating a
small error term penalizing the deviation of the retrieval
from the original first-guess wave spectrum.

In most cases, however, the ability of the present SAR
retrieval algorithm to retrieve new wave systems which
are inferred from the SAR but not present in the first-
guess spectrum is a desirable feature. This is illustrated
in Figure 7. The first guess-wave spectrum (Figure 7a)
shows a pronounced mixed wind sea-swell system, with

a

Figure 4. Retrieval of wave spectra from SAR im-
age spectra observed at (a) 54.4 S, 33.6W and (b)
518, 31.6W on January 30, 1993, 1139Z. Plots are in
wavenumber space, k, denotes azimuthal (flight) dir-
ection (197°). Column 1 is first iteration; column 2 is
optimal iteration (Figure 4a, third iteration; Figure 4b
fourth iteration). Row 1 is input wave spectrum, row 2
is SAR spectrum computed from input wave spectrum,
row 3 is wave spectrum obtained from inversion of SAR
spectrum, row 4 is simulated SAR spectrum, row 5 is
observed SAR spectrum, and row 6 is retrieved wave
spectrum.
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Figure 5. (a) Scatter diagram of errors between sim-
ulated and observed SAR spectra for noniterated and
optimally iterated, minimal-error input spectra. Data
represent 2729 spectra from March 8, 1993 to March
16, 1993. Grey scale represents density classes in incre-
ments of 10%, beginning with the lowest density (dark
grey pixels, summing to 10% of all cases). (b) Distri-
bution of the errors (equation (24)) between the ERS-
1 SAR spectra and the SAR spectra computed from
the iterated full retrievals (darker shaded columns) and
from the single-shot retrievals (lighter shaded columns).
(c) Same as Figure 5b for the spectral pattern correla-
tions.
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peak waves traveling northeastward but no system in
the westerly direction. The latter can be clearly seen,
however, in the first SAR inversion (Figure 7b) and is
still more apparent in the final retrieved spectrum (Fig-
ure 7c, after two iterations). The pattern correlation
index for the simulated and observed SAR spectrum
increases from 0.61 for the simulated SAR spectrum of
the zeroth iteration to 0.94 for the SAR spectrum com-
puted from the optimally retrieved wave spectrum.

5. Conclusions and Outlook

The improved SAR retrieval algorithm features the
following modifications of the original HH algorithm:

a b

Figure 6. Retrieval of wave spectrum from SAR im-
age spectrum at 57.7S, 19.0W, March 20, 1993, 0113Z
using as first guess (a) a WAModel spectrum and (b) a
Joint North Sea Wave Project (JONSWAP) spectrum.
Plots are in wavenumber space; k, denotes azimuthal
(flight) direction (341° from north). Column 1 is first it-
eration, column 2 is last iteration. Row 1 is input wave
spectrum, row 2 is SAR spectrum computed from input
wave spectrum, row 3 is inverted SAR wave spectrum,
row 4 is simulated SAR spectrum, row 5 is observed
SAR spectrum, and row 6 is retrieved wave spectrum.
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(1) An additional term in the cost function to en-
force better agreement between the observed and sim-
ulated azimuthal cutoff, which leads to a change in the
overall level of the wave spectrum, including the high
wavenumber region not directly accessible to SAR ob-
servations; (2) the introduction of a smoothing proced-
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ure in computing the SAR spectrum from the inverted
wave spectrum, thereby matching the SAR spectrum
computations to the computations of the ERS-1 SAR
wave mode fast delivery product; and (3) an additional
iteration loop modifying the input wave spectrum, with
the aid of a spectral partitioning technique, thereby
allowing the retrieved wave spectrum to depart more
strongly from the first-guess wave spectrum and achieve
a closer agreement between the simulated and observed
SAR spectrum.

As mentioned in the introduction, the SAR imaging
mechanism governing the mapping of a wave spectrum
into a SAR image spectrum is well understood. The the-
oretical forward mapping relations have been validated
by many comparisons of SAR observations with SAR
spectra computed from buoy spectra and ship radar
measurements. Residual discrepancies arising from the
use of incorrect expressions for the modulation trans-
fer functions in the forward mapping relation or SAR
calibration errors have no impact, to first order, on the
design of an optimal retrieval algorithm. The quality of
a retrieval algorithm is determined simply by the abil-
ity to reproduce the observed SAR spectra from the re-
trieved wave spectra by applying the forward mapping
relation. This feature is essentially independent of the
modulation transfer functions used in the forward map-
ping relation or the accuracy of the SAR calibration.
The high pattern correlations and low errors between
SAR spectra computed from the retrieved wave spec-
tra and the ERS-1 SAR observations indicate a signi-
ficant improvement of the present retrieval algorithm
compared with the original algorithm of HH.

A further advantage of the present scheme is that it
yields as output not only the full two-dimensional wave
spectrum but also the wave system parameters of the
partitioned spectrum. This is useful for applications
in wave data assimilation. The ERS-1 satellite yields
about 1500 wave mode spectra daily. Without some
form of data reduction, this represents an effectively
unmanageable data set for operational data assimila-
tion purposes. By reducing the number of parameters
to the three characteristic parameters (H,, f,8) of the
individual wave systems of the partitioned spectrum,
the present retrieval algorithm can be incorporated in
wave data assimilation schemes currently under devel-

opment (S. Hasselmann et al., submitted manuscript,
1996).

Figure 7. (a) First guess wave spectrum, (b) retrieval
for the non-iterated first-guess input spectrum, and (c)
the optimally iterated retrieved wave spectrum. Data
were taken at 39N, 5TW on January 30, 1993, 1436Z.
Figure is a polar frequency-directional plot. Circles de-
note frequencies at 0.05-Hz intervals starting at 0.05
Hz.Isolines are logarithmically spaced relative to the
maximum value of the spectral energy density.The ar-
row denotes speed (10m/sec) and direction of the local
wind
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More extensive statistical studies comparing three
years of ERS-1 SAR retrievals with altimeter wave
height observations from various satellites and two-
dimensional spectral buoy observations are currently
being carried out at the Max-Planck-Institut fiir Met-
eorologie and the Institut fir Meereskunde der Uni-
versitit Hamburg. Preliminary results indicate also
an improved agreement between altimeter and SAR-
retrieved wave heights using the present algorithm than
for the previous inversion of HH.

We anticipate that the planned operational applica-
tion of the present extended SAR retrieval algorithm
to ERS SAR wave mode data will provide continuous,
global wave spectral data for improved wind and wave
analyses and forecasts. In addition, it will yield valu-
able data for the study of the detailed space-time de-
pendent properties of two-dimensional wave spectra in
the open ocean, thereby providing the basis for a better
understanding of the physics of ocean waves and the
improvement of third generation wave models.
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