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Entanglement entropy and entanglement spectrum have been widely used to characterize quantum
entanglement in extended many-body systems. Given a pure state of the system and a division into
regions A and B, they can be obtained in terms of the Schmidt values, or eigenvalues λα of the
reduced density matrix ρA for region A. In this paper we draw attention instead to the Schmidt
vectors, or eigenvectors |vα〉 of ρA. We consider the ground state of critical quantum spin chains
whose low energy/long distance physics is described by an emergent conformal field theory (CFT).
We show that the Schmidt vectors |vα〉 display an emergent universal structure, corresponding to a
realization of the Virasoro algebra of a boundary CFT (a chiral version of the original CFT). Indeed,
we build weighted sums Hn of the lattice Hamiltonian density hj,j+1 over region A and show that
the matrix elements 〈vα|Hn|vα′〉 are universal, up to finite-size corrections. More concretely, these
matrix elements are given by an analogous expression for HCFT

n = 1
2 (Ln + L−n) in the boundary

CFT, where Ln’s are (one copy of) the Virasoro generators. We numerically confirm our results
using the critical Ising quantum spin chain and other (free-fermion equivalent) models.

The study of quantum entanglement has led to valu-
able insights into the physics of quantum many-body phe-
nomena. For instance, both at (or near) a quantum crit-
ical point [1–20] and in many-body systems with topo-
logical order [21–26], entanglement has been seen to dis-
play universal behaviour. Indeed, in a quantum critical
system (or in a topologically ordered material), several
entanglement properties of the ground state and low en-
ergy eigenstates are dictated by the universality class of
the corresponding critical point (correspondingly, topo-
logical phase) and are thus largely independent of mi-
croscopic details. This observation has turned quantum
entanglement into a useful theoretical tool to diagnose
the universality class of a many-body wavefunction.

Consider a quantum system made of two parts A and
B, such that the Hilbert space can be written as the ten-
sor product VAB ∼= VA⊗VB . The Schmidt decomposition
of a pure state |Ψ〉 ∈ VAB reads

|Ψ〉 =
χ∑
α=1

λα|vα〉|wα〉, (1)

where {λα} are its Schmidt coefficients and {|vα〉 ∈ VA}
and {|wα〉 ∈ VB} are the Schmidt vectors, with λα ≥
λα+1 > 0 and 〈vα|vα′〉 = 〈wα|wα′〉 = δα,α′ . Then sub-
system A is described by the reduced density matrix

ρA ≡ trB |Ψ〉〈Ψ| =
∑
α

λ2
α|vα〉〈vα|. (2)

Historically, the entanglement entropy [27], defined as

SA ≡ −tr (ρA log ρA) = −
∑
α

λ2
α log λ2

α, (3)

was the first entanglement magnitude for which universal
behaviour was reported. For a critical lattice system, the
entanglement entropy of the ground state wavefunction
scales universally as [1–3]:

SA ∼
c

3 log(L/a), (4)

where L is the size of part A, a is the lattice spacing, and
c is the central charge of the underlying conformal field
theory (CFT). Eq. (4) is also valid in the continuum for
the ground state of a 1+1 dimensional CFT, with a rep-
resenting some UV regulator. Later on, universality was
also observed in the entanglement spectrum [21], defined
as the eigenvalues {Eα} of the so-called entanglement
Hamiltonian

KA ≡ −
1

2π log (ρA) =
∑
α

Eα|vα〉〈vα|, (5)

with Eα ≤ Eα+1 <∞. For critical quantum spin chains,
the entanglement spectrum {Eα} reproduces the spec-
trum of scaling dimensions {hα} of a related boundary
conformal field theory (BCFT) [4, 6].

Recall that, in a lattice model, region A is made of
lattice sites (each hosting a quantum spin) and therefore
the vector space VA itself factorizes as the tensor product
of vector spaces Vj for individual sites j ∈ A,

VA ∼=
⊗
j∈A

Vj . (6)

The prevalent paradigm of bipartite entanglement is con-
cerned only with the Schmidt coefficients {λα} in (1) or,
equivalently, the entanglement energies {Eα}, with Eα =
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− 1
2π log(λ2

α). One may however further inquire how this
entanglement relates to factorization (6), thereby prob-
ing its multipartite character. For instance, the entangle-
ment contour [28] and related work [29–38] describe how
the entanglement entropy SA of region A is distributed
among the sites j ∈ A.

In this paper we investigate how the Schmidt vec-
tors {|vα〉} are embedded in the tensor product structure
(6). While this is in general a very difficult problem, we
will see that much can be said for critical quantum spin
chains. Let H =

∑
j hj,j+1 be the Hamiltonian of an in-

finite chain, with hj,j+1 its nearest neighbor Hamiltonian
density. We will conjecture, and numerically confirm, an
emergent relation between (i) the Schmidt vectors {|vα〉}
on region A of the ground state of H and (ii) the Hamil-
tonian density hj,j+1. In practice, it is natural to in-
troduce certain operators Hn (weighted sums of hj,j+1
within region A, see Eqs. (18)-(19)) and express this re-
lation in terms of analogous operators HCFT

n in the CFT
(Eq. (20)). It then becomes manifest that this relation
is universal, in that the operators HCFT

n only depend on
the universality class of the critical point, as expressed
by the corresponding BCFT. From this relation we then
learn that the Schmidt vectors are embedded in the ten-
sor product structure (6) in a highly fine-tuned way, one
that e.g. allows us to manipulate them in a controlled,
well-understood manner by means of the operators Hn.

We start by discussing CFT facts in the continuum
that motivate our proposal on the lattice.

Entanglement Virasoro algebra in the continuum.—
Consider the ground state |ΨCFT〉 of a 1+1 dimensional
CFT Hamiltonian HCFT =

∫∞
−∞ dx h(x) and a finite in-

terval (−R,R). To have a decomposition of the total
Hilbert space, one needs to specify the boundary condi-
tion γ imposed on two small spatial regions of thickness
ε around the entanglement cuts x = ±R [5, 6]:

V→ VA,γ ⊗ VB,γ , (7)

where A = (−R+ ε, R− ε) and B = (−∞,−R− ε)∪ (R+
ε,∞). It is well-known [39, 40] that the entanglement
Hamiltonian KCFT

A can be expressed as an integral of the
Hamiltonian density h(x),

KCFT
A =

∫ R−ε

−R+ε
dx
R2 − x2

2R h(x) + a1, (8)

where the constant a1 enforces tr (ρCFT
A ) = 1. Here we

point out (see Appendix I for a derivation) that one can
similarly obtain an entire representation of the Virasoro
algebra {Ln}n∈Z [41],

[Ln, Lm] = (n−m)Ln+m + c

12n(n2 − 1)δm+n,0, (9)

acting on the Schmidt vectors {|vCFT
α 〉} of region A. For

convenience, we work with Hn ≡ 1
2 (Ln +L−n) for n ≥ 0,

which can be expressed in terms of h(x) as

HCFT
0 = l

π

∫ R−ε

−R+ε
dx

R2 − x2

R
h(x) + c

24

(
1 + 4l

π2

)
,

(10)
and

HCFT
n = l

π

∫ R−ε

−R+ε
dx

R2 − x2

R
cos(nθ(x))h(x) (11)

for n 6= 0. Here we have defined l ≡ log
( 2R
ε

)
and θ(x) ≡

π
2 −

π
2l log

(
R+x
R−x

)
. For n = 0, HCFT

0 is diagonal in the
Schmidt basis {|vCFT

α 〉},

HCFT
0 |vCFT

α 〉 = hCFT
α |vCFT

α 〉, (12)

where {hCFT
α } are the scaling dimensions of the BCFT.

Comparing Eqs. (8) and (10) we see that the entangle-
ment HamiltonianKCFT

A is essentially equivalent toHCFT
0 ,

KCFT
A = π

2lH
CFT
0 + a2, ECFT

α = π

2l h
CFT
α + a2, (13)

where a2 = a2(l) is a constant. For n > 0, the operator
HCFT
n can be seen to act non-diagonally, connecting dif-

ferent Schmidt vectors within a conformal tower of the
BCFT.

To illustrate the above, and for later reference, let us
project the above operators onto the few first Schmidt
vectors {|vCFT

α 〉}. In the Ising CFT (for an interval with
Neumann boundary conditions), the diagonal of HCFT

0
has the scaling dimensions (see Fig. 1)

hCFT
α = {0, 0.5, 1.5, 2, 2.5, 3, 3.5, 4, 4, · · · } , (14)

whereas HCFT
1 and HCFT

2 for the seven first Schmidt vec-
tors (Appendix II) read

0 0 0 0 0 0 0
0 0 1

2 0 0 0 0
0 1

2 0 0 1 0 0
0 0 0 0 0 1 0
0 0 1 0 0 0 3

2
0 0 0 1 0 0 0
0 0 0 0 3

2 0 0


,



0 0 0 1
4 0 0 0

0 0 0 0 3
4 0 0

0 0 0 0 0 0 5
41

4 0 0 0 0 0 0
0 3

4 0 0 0 0 0
0 0 0 0 0 0 0
0 0 5

4 0 0 0 0


.

(15)
Entanglement Virasoro algebra on the lattice.— Con-

sider now the ground state |Ψ〉 of a critical quantum spin
chain Hamiltonian H =

∑∞
j=−∞ hj,j+1 on an infinite lat-

tice, with unit lattice spacing. Let A denote a finite in-
terval made of 2N sites (see Fig. 2), with density matrix
ρA and entanglement Hamiltonian KA defined in Eqs.
(2) and (5). Assume that the critical system belongs to
a universality class described by a CFT. The universality
of the entanglement spectrum mentioned earlier amounts
to the following conjecture from Ref. [4].

Conjecture 1 ([4]): The entanglement spectrum {Eα}
(eigenvalues of KA) on the lattice is approximately given
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FIG. 1. Conformal towers of the Ising CFT with Neumann
boundary conditions.

FIG. 2. Region A corresponds to the interval [−R+ ε, R− ε]
of the real line in the CFT, and a set of 2N contiguous sites
in the quantum spin chain. We have plotted the profiles for
the first three Hn operators.

in terms of the entanglement spectrum {ECFT
α } (eigenval-

ues of KCFT
A ) of the underlying BCFT with appropriate

boundary conditions, up to multiplicative and additive
constants. Using the RHS of Eq. (13), this reads

Eα ≈
π

2l h
CFT
α + a3, (16)

where l = log
( 2N
ε

)
depends on some UV parameter ε

and the constant a3 enforces tr (ρA) =
∑
α e
−2πEα = 1.

In the above expression, l is determined numerically
by considering regions A of different sizes. From the
gap ∆(2N) ≡ E2 − E1 ∝ 1/l, we can plot 1/∆(2N) ∝
log(2N)− log(ε) as a function of log(2N) for various val-
ues of 2N and determine ε by linear extrapolation, see
Fig. 3. Then we can obtain approximate values of the
scaling dimensions from the lattice:

hα ≡
2l
π

(Eα − E1) ≈ hCFT
α . (17)

In practice, approximation (16) is seen to be more ac-
curate for small α (low entanglement energy) and to be

affected by finite size corrections that decay slowly as
powers of 1/ log(2N/ε).

To go beyond (16), we define lattice operators

H0 ≡
l

π

2N−1∑
j=1

N2 − x2
j+ 1

2

N
hj,j+1 + c

24

(
1 + 4l

π2

)
, (18)

Hn ≡
l

π

2N−1∑
j=1

N2 − x2
j+ 1

2

N
cos
(
nθ(xj+ 1

2
)
)
hj,j+1, (19)

where Hn is obtained from HCFT
n in Eqs. (10)-(11) by

replacing the integral with a sum over sites, R with N ,
and the continuous Hamiltonian density h(x) with the
lattice operator hj,j+1, which is assigned the position
xj+ 1

2
≡ j − N (position assignment can be further re-

fined in some cases). Our main result is the following
conjecture, also relating the lattice and the continuum.

Conjecture 2: Operators {Hn} act on the Schmidt ba-
sis {|vα〉} on the lattice approximately in the same way
as operators HCFT

n act on the Schmidt basis {|vCFT
α 〉} in

the underlying CFT (namely as a representation of the
Virasoro algebra for the relevant BCFT). That is,

〈vα|Hn|vα′〉 ≈ 〈vCFT
α |HCFT

n |vCFT
α′ 〉. (20)

We expect (20) to again be affected by finite size correc-
tions, and thus be more accurate for small α (low entan-
glement energy) and small n.

Notice that Conjecture 1 ([4]) refers to the eigenvalues
{Eα} of KA, whereas Conjecture 2 involves instead its
eigenvectors {|vα〉}, together with the weighted sums Hn

of the Hamiltonian density hj,j+1 on region A. In par-
ticular, a combination of Conjecture 1 and Conjecture 2
(for n = 0) says that the entanglement Hamiltonian KA

should be approximately equivalent to H0 [42]

KA ≈
π

2lH0 + a4, (21)

where a4 is a normalization constant. Notice that (21) is
the approximate lattice version of the LHS of (13).

Example: XY model with a transverse field.— Consider
the quantum spin Hamiltonian on an infinite chain,

HXY = −1
2

∞∑
j=−∞

(
1 + γ

2 σxj σ
x
j+1 + 1− γ

2 σyj σ
y
j+1 + λσzj

)
,

(22)
where σx,y,zj ’s are Pauli matrices, and λ, γ parametrize
the strength of the field and the anisotropy in the spin-
spin interaction, respectively. For λ = 1 and γ 6= 0,
the spin chain is critical and falls within the Ising CFT
universality class. For 0 ≤ λ < 1 and γ = 0, the spin
chain is also critical, but within the universality class of
the free Boson CFT (see Appendix III).

In particular, for (λ, γ) = (1, 1) we recover the critical
quantum Ising model. Using the free fermion formalism
(Appendix III) we computed the lower part of the entan-
glement spectrum Eα (up to an additive constant) for
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FIG. 3. Numerical results for the critical quantum Ising
model. (Top left) Estimate of ε by linear extrapolation. (Top
right) Finite size corrections F0

αα′ for the matrix elements
of the lattice operator H0. (Bottom) Finite size corrections
F1
αα′ , F2

αα′ for the matrix elements of the lattice operators
H1, H2.

regions A of size 2N = {64, 128, 256, 512, 1024}. Based
on the entanglement spectrum we estimated ε ≈ 0.037,
see Fig. 3. The first few entries of the energy spectrum
{hα} for 2N = 1024 are given by

{0, 0.50, 1.51, 2.00, 2.54, 3.04, 3.61, 4.04, 4.10, · · · }, (23)

which match the lower part of the exact spectrum (14) of
the Ising CFT on a finite interval with Neumann bound-
ary conditions (Cardy state |σ〉) as shown in Fig. 1. It
is also consistent with the numerical result of [5].

Finally, using the Schmidt vectors {|vα〉}, we evaluated
matrix elements 〈vα|Hn|vα′〉. For n = 0, 1, 2 and α, α′ =
1, · · · , 7 we found the general form

〈vα|Hn|vα′〉 = 〈vCFT
α |HCFT

n |vCFT
α′ 〉+ Fnαα′ , (24)

where 〈vCFT
α |HCFT

n |vCFT
α′ 〉 is a coefficient of one of the three

matrices described in Eqs. (14)-(15) and Fnαα′ is a finite-
size correction, seen to be either zero or small. This fully
agrees with (20), numerically confirming Conjecture 2.

The non-vanishing coefficients Fnαα′ 6= 0 are seen to
obey the following two general rules. (i) For fixed size of
region A (fixed 2N), |Fnαα′ | generally grows with α, α′, so
that (20) is more accurate for Schmidt vectors |vα〉 cor-
responding to small entanglement energy Eα. Moreover,
(ii) for fixed α, α′ and n, coefficient Fnαα′ decays with 2N
as a power of 1/ log(2N/ε), as illustrated in Fig. 3.

Universality.– We emphasize that 〈vCFT
α |HCFT

n |vCFT
α′ 〉 in

(24) is given purely in terms of CFT quantities for a
proper choice of CFT and boundary conditions. It is
therefore universal. In contrast, the finite size correction
Fnαα′ depends on the microscopic details of the model.

To confirm this, we repeated the above calculation for
the same field strength λ = 1 but other values of the
anisotropy γ ∈ (0, 1], that is, for other critical quantum
spin chains in the same universality class, and found in-
deed the same Ising CFT coefficients 〈vCFT

α |HCFT
n |vCFT

α′ 〉.
On the other hand, for 0 ≤ λ < 1 and γ = 0, which cor-
responds to the universality class of the free boson CFT,
we recovered once again the structure of (24), but this
time the coefficients 〈vCFT

α |HCFT
n |vCFT

α′ 〉 were dictated by
the boson CFT (see Appendices II and V for details).

Discussion.— Bipartite entanglement, in terms of both
the entanglement entropy SA and of the entanglement
spectrum {Eα}, has been long known to capture uni-
versal properties of a quantum phase transition (e.g. in
critical quantum spin chains) and of non-trivial gapped
phases of matter (e.g. in chiral topological order).
In this work, going beyond the bipartite entanglement
paradigm, we have argued and numerically demonstrated
that not just the eigenvalues {Eα} of the entanglement
Hamiltonian KA, but also its eigenvectors {|vα〉} (or
Schmidt vectors), display emergent universal behaviour
in the way they relate to the original lattice Hamilto-
nian density hj,j+1, as investigated in terms of the lat-
tice operators Hn. Our main result, Conjecture 2 (i.e.
Eq. (20)), can be interpreted as probing how the entan-
glement Hamiltonian KA is universally embedded in the
factorization (6) of the Hilbert space VA. Note that a
salient property of hj,j+1 is its locality with respect to
that factorization. Off criticality, hj,j+1 is still local, but
no longer known to be related to KA in any simple way.

We can further refine our construction by directly
building a lattice version of the entanglement Virasoro
generators Ln on region A, and not just the linear com-
binations Hn = 1

2 (Ln + L−n). Here Ln is a weighted
sum of both the lattice Hamiltonian density hj,j+1 and
the lattice momentum density pj,j+1,j+2 (obtained from
hj,j+1, see Appendix IV). Overall, these results imply the
surprising ability to manipulate, using simple local lattice
operators such as Hn (or Ln), the Schmidt decomposition
of the otherwise intricate ground state of a many-body
Hamiltonian, in a controlled, well-understood manner.

Eq. (20) and its generalization for Ln are ultimately
rooted in the Koo-Saleur formula [43], that equates the
lattice Hamiltonian and momentum densities hj,j+1 and
pj,j+1,j+2 with their CFT counterpart h(x) and p(x). So
far, the Koo-Saleur formula had found applications in the
context of probing the structure of low energy eigenstates
of critical quantum spin chains [44], that is, in relation
to the true Hamiltonian H. In this work we have ex-
tended its use to exploring the low-energy structure of the
entanglement Hamiltonian KA. Natural generalizations
of our work include exploring how to (i) connect differ-
ent conformal towers in the entanglement spectrum, (ii)
make missing conformal towers appear (e.g. the confor-
mal tower of the spin σ operator in the case of the Ising
BCFT), or (iii) build a representation of the Kac-Moody
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algebra in the presence of an extended symmetry.
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APPENDIX I: ENTANGLEMENT VIRASORO
ALGEBRA IN A CFT

In this Appendix we derive the entanglement Virasoro
algebra for a finite interval A, for the ground state of a
CFT on the real line (that is, in either 1+1 spacetime
dimensions or 2-dimensional Euclidean space). To sim-
plify the notation, in this appendix we do not use the
CFT superscript used in the main text to distinguish CFT
objects from those on the lattice.

First we review the path integral representation of the
reduced density matrix ρA on a finite interval A. Then,
using conformal transformations, we map that path in-
tegral into one on some subregion (a semi-annulus) of
the upper half plane. This transformation has been pre-
viously used to obtain an expression for the entangle-
ment Hamiltonian KA in terms of the Hamiltonian den-
sity h(x). Here we use it to obtain an expression for the
Virasoro generators Ln in terms of the Hamiltonian and
momentum densities h(x) and p(x).

Path integral representation of the reduced density
matrix on a finite interval A

We start by considering a general quantum theory of a
field φ(τ, x) in 2-dimensional Euclidean space (τ, x), with
action functional S[φ]. Its ground state |0〉 can be pre-
pared, up to normalization, by Euclidean time evolution
from τ = −∞ to τ = 0, and therefore it can be repre-
sented by a Euclidean path integral over the lower half
plane

〈Φ(x)|0〉 =
∫
φ(0,x)=Φ(x)

[Dφ(τ < 0, x)]e−S[φ], (25)

where |Φ(x)〉 is a field eigenstate with spatial field config-
uration Φ(x). This is illustrated in Fig. 4(a). Similarly,
a Euclidean path integral over the upper half plane pre-
pares the Hermitian conjugate of the ground state:

〈0|Φ(x)〉 =
∫
φ(0,x)=Φ(x)

[Dφ(τ > 0, x)]e−S[φ]. (26)

To compute the reduced density matrix on a finite inter-
val A ⊂ R, we trace out the fields on B, the complement
of A (as represented pictorially by Fig. 4(b)):

〈Φ−A(x−)|ρA|Φ+
A(x+)〉 =

∫
[DΦB ]〈Φ−AΦB |0〉〈0|Φ+

AΦB〉

=
∫ φ(0+,x+∈A)=Φ+

A
(x+)

φ(0−,x−∈A)=Φ−
A

(x−)
[Dφ(τ, x)]e−S[φ].

(27)

The entanglement entropy of A, which we regard as a
proxy for other objects of interest, will typically be UV
divergent. This is due to the presence of quantum entan-
glement at arbitrarily small distances at the boundaries

(a) (b)

FIG. 4. (a) Path integral representation of the ground state
|0〉 of a 1+1-dimensional QFT. (b) The reduced density ma-
trix ρA on a finite interval A. The field φ(τ, x) takes values
Φ−
A(x−) and Φ+

A(x+) on the lower and upper edges of the open
cut.

FIG. 5. The regularized path integral representation of the
reduced density matrix ρA on a finite interval A = (−R,R)
for a 1+1-dimensional CFT. Some conformal boundary con-
ditions are imposed on the red and blue circles.

between A and B. In order to regularize it, we follow
[6] and remove small disks of radius ε around the bound-
aries from the path integral, as displayed in Fig. 5. Here
ε plays the role of the UV regulator, analogously to the
lattice constant in a lattice regularization (however, later
on we will see that on the lattice, the lattice spacing a
and ε differ). We assume ε is much smaller than the size
of the interval. Note that the boundary conditions on the
boundaries of the removed disks are yet to be specified
for a complete regularization prescription.

Entanglement Hamiltonian and entanglement
Virasoro algebra on a finite interval A

From now on we restrict our attention to a confor-
mal field theory (CFT). We next show how to define a
representation of the Virasoro algebra Ln acting on the
Schmidt vectors of the interval A (that is, on the eigen-
vectors |vα〉 of ρA). For n = 0, the generator L0 will be
seen to be proportional to the entanglement Hamiltonian
KA.

In the interval A = (−R,R) of Fig. (5), we must first
choose conformal boundary conditions of type α and β
for the two disks of radius ε (ε � R) around the two
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(a) (b)

FIG. 6. (a) The representation of the reduced density matrix
after a conformal transformation w = log

(
R+u
R−u

)
. (b) The

representation of the reduced density matrix after a further
conformal transformation z = i exp(− iπw2l ).

boundary points −R and R. Conformal boundary con-
ditions, defined to be stable fixed points of the flows of
the boundary renormalization group [6], are a natural
choice of boundary conditions in a CFT. They deter-
mine a universal correction to the entanglement entropy,
which is the celebrated Affleck-Ludwig boundary entropy
[45]. More generally, they determine the specific bound-
ary CFT (that is, the specific choice of chiral conformal
towers of the original CFT) that appear in the entangle-
ment spectrum of the interval A.

To exploit the power of the conformal symmetry in 2
dimensions, we use complex coordinates u, ū = x ± iτ .
Following [6], we apply the conformal transformation

w = log
(
R+ u

R− u

)
, (28)

to map the region of the path integral in Fig. 5 to a rect-
angle, with height 2π and width 2l, where l = log

( 2R
ε

)
,

as shown in Fig. 6(a). The original path integral is then
map onto a path integral on the strip −l < Rew < l, with
time flowing in the vertical direction. Thus the reduced
density matrix ρA can be viewed as a thermal state of
a Hamiltonian Hαβ on the region (−l, l) with conformal
boundary conditions α and β.

Next, we further apply the exponential map

z = i exp
(
− iπw2l

)
, (29)

so that the BCFT is defined on the upper half-plane of
z. The boundary conditions α and β are imposed on the
negative and positive real axis respectively. The orig-
ina path integral for ρA is now defined on a semiannulus
comprised between the semicircumferences |z| = 1 and
|z| = eπ

2/l (see Fig. 6(b)). Therefore the reduced density
matrix ρA is generated by the dilation operator and the
entanglement spectrum simply corresponds to the con-
formal dimensions of the boundary CFT.

Recall that on the upper half-plane, conformal invari-
ance is restricted to conformal transformations that leave
the boundary (the real axis) invariant. Because of this

FIG. 7. Profile θ(u) for real u and ε = 10−4R.

constraint, the holomorphic and antiholomorphic trans-
formations are no longer independent, and the full sym-
metry algebra of the BCFT is given by a single copy of the
Virasoro algebra (instead of two copies as in the original
CFT). The Virasoro generators Ln in the z coordinates
are given by

Ln = 1
2πi

∫
C

[
dz zn+1T (z)− dz̄ z̄n+1T̄ (z̄)

]
, (30)

where the integration contour C is a semicircle going
counterclockwise around the origin.

Applying the aforementioned conformal transforma-
tion (29), we can transform Ln to the w coordinates:

Ln = − l

π2

∫ l

−l
dw
[
e−

inπ
2l (w−l)T (w)

+e inπ2l (w−l)T̄ (w)
]

+ c

24δn,0.
(31)

We then apply (28) to transform it to the u coordinates:

Ln = c

24

(
1 + 4l2

π2

)
δn,0

− l

π2

∫ R−ε

−R+ε
du
R2 − u2

2R

{
einθ(u)T (u) + e−inθ(u)T̄ (u)

}
.

(32)

Here the integration contour is along the real axis, from
−R+ ε to R− ε, and the function θ(u) is given by

θ(u) = π

2 −
π

2l log
(
R+ u

R− u

)
, (33)

whose profile for real u is shown in Fig. 7. The ex-
pressions for the Virasoro generators can be rewritten in
terms of the Hamiltonian and momentum densities:

h(x) = − 1
2π
(
T (x) + T̄ (x)

)
p(x) = 1

2π
(
T̄ (x)− T (x)

) (34)

resulting in

L0 = l

π

∫ R−ε

−R+ε
dx

R2 − x2

R
h(x) + c

24 + cl2

6π2 , (35)
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and

Ln = l

π

∫ R−ε

−R+ε
dx

R2 − x2

R
[cos(nθ(x))h(x)

+i sin(nθ(x))p(x)]
(36)

for n 6= 0.
The entanglement Hamiltonian KA of the interval A

is given by [39, 40]

KA =
∫ R−ε

−R+ε
dx

(R2 − x2)
2R h(x) + const. (37)

Comparing it with the expressions of the Virasoro gen-
erators, we find that KA is proportional to L0 up to the
addition of a constant:

KA = π

2lL0 + const. (38)

Accordingly, their eigenvalues have the relation

Eα = π

2l hα + const. (39)

Since the Schmidt coefficients λα and the entanglement
energies Eα are related by λ2

α = e−2πEα , this means that
the large-weight Schmidt vectors |vAα 〉 correspond to the
low-lying energy eigenstates (or scaling operators with
small scaling dimension) of the BCFT. Therefore, the
Schmidt vectors constitute a natural representation ba-
sis for the Virasoro algebra, whose generators are repre-
sented by Eqs. (35)-(36). In this work we refer to such
representation of the Virasoro algebra as the entangle-
ment Virasoro algebra for the interval A.

APPENDIX II: ENTANGLEMENT VIRASORO
ALGEBRA IN ISING AND FREE BOSON CFT

In this Appendix we review the operator content com-
patible with specific boundary conditions for the Ising
CFT and the free boson CFT. We also compute the ma-
trix elements of the Virasoro generators in the basis of
low lying states. (In this Appendix we drop the CFT su-
perindex for brevity.)

Ising CFT

The Ising model is described by the Ising CFT at low
energy. It has central charge c = 1/2. The operator
content of the Ising CFT with Neumann boundary con-
ditions is shown in Fig. 1.

The primary fields are the identity 1 and energy den-
sity ε. The descendant fields can be generated by apply-
ing L−n (n > 0) to the primary fields. In the following

we list the 7 lowest fields ordered by their conformal di-
mensions (the coefficients are chosen such that the fields
are normalized):

v1 = 1, h1 = 0;
v2 = ε, h2 = 1/2;
v3 = L−1ε, h3 = 3/2;
v4 = 2L−21, h4 = 2;

v5 = 1
2L−1L−1ε, h5 = 5/2;

v6 = L−1L−21, h6 = 3;

v7 = 1
6L−1L−1L−1ε, h7 = 7/2.

By applying the commutation relations of the Virasoro
algebra (Eq. (9)), we can readily compute the matrix
elements of the Virasoro generators 〈vi|Ln|vj〉 for i, j =
1, · · · , 7. L0 is simply a diagonal matrix with diagonal
elements being the conformal dimensions. L1 and L−1
have matrix form



0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 2 0 0
0 0 0 0 0 2 0
0 0 0 0 0 0 3
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 2 0 0 0 0
0 0 0 2 0 0 0
0 0 0 0 3 0 0


. (40)

L2 and L−2 have matrix form



0 0 0 1
2 0 0 0

0 0 0 0 3
2 0 0

0 0 0 0 0 0 5
2

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1
2 0 0 0 0 0 0
0 3

2 0 0 0 0 0
0 0 0 0 0 0 0
0 0 5

2 0 0 0 0


. (41)

Free boson CFT

The XX model (for even number of sites) is described
by the free boson CFT of compactification radius r = 1
at low energy, which has central charge c = 1. It can also
be mapped to two copies of Ising model. The operator
content of the boson CFT (r = 1) with Dirichlet bound-
ary conditions (where the fields are pinned to the same
values on the two boundaries) [7] is shown in Fig. 8.

The primary fields are the identity 1, ∂φ, and vertex
operators einφ (n ∈ Z). Similarly, we list the 7 lowest
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FIG. 8. Conformal towers of the chiral boson CFT of com-
pactification radius r = 1 with Dirichlet boundary conditions.

fields:

v1 = 1, h1 = 0;
v2 = eiφ, h2 = 1/2;
v3 = e−iφ, h3 = 1/2;
v4 = i∂φ, h4 = 1;
v5 = L−1e

iφ, h5 = 3/2;
v6 = L−1e

−iφ, h6 = 3/2;
v7 =

√
2L−21, h7 = 2.

Again, in this basis, L0 is simply a diagonal matrix con-
sisting of the conformal dimensions. The matrices of L1
and L−1 are given by



0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0


. (42)

The matrices of L2 and L−2 are given by



0 0 0 0 0 0 1√
2

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


,



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1√
2 0 0 0 0 0 0


.

(43)

APPENDIX III: FREE FERMION SOLUTION TO
THE QUANTUM XY MODEL

In this Appendix, we study the quantum XY model
defined in terms of the following Hamiltonian

HXY = −1
2

∞∑
j=−∞

(
1 + γ

2 σxj σ
x
j+1 + 1− γ

2 σyj σ
y
j+1 + λσzj

)
.

(44)
This model has been thoroughly studied in [1, 46–49].
In the following we present an exact solution using free
fermion representation.

This Hamiltonian can be written in terms of free
fermionic variables, thus permitting its study via the cor-
relation matrix formalism. The required change of vari-
ables is given by the Jordan-Wigner transformation

an =

∏
j<n

σzj

 σxn − iσyn
2 , (45)

which guarantees that the resulting operators satisfy
canonical anticommutation relations

{ai , a
†
j} = δij . (46)

The resulting Hamiltonian reads

HXY = 1
2

∞∑
j=−∞

[
a†j+1aj + a†jaj+1

+γ
(
a†ja
†
j+1 + aj+1aj

)
− 2λa†jaj

]
+ const.

(47)

This Hamiltonian can be diagonalized in momentum
space, so we change variables again

ak = 1√
2π

∞∑
j=−∞

aje
ijk, k ∈ (−π, π], (48)

and obtain

HXY =
∫ π

−π
dk

[
(cos k − λ) a†kak

+ iγ

2 sin k
(
aka−k + a†ka

†
−k

)]
+ const.

(49)

The final step towards diagonalizing this Hamiltonian re-
quires that we perform a Bogoliubov (canonical) trans-
formation to define a new fermionic variable:

bk ≡ cos θk2 ak − i sin θk2 a
†
−k, (50)

where the angular variable θk satisfies

cos θk = cos k − λ√
(cos k − λ)2 + γ2 sin2 k

, (51)

sin θk = −γ sin k√
(cos k − λ)2 + γ2 sin2 k

. (52)
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Ising

XX

XY

FIG. 9. The dispersion relations for the critical Ising model
(γ = 1, λ = 1), the critical XX model (γ = 0, λ = 0) and the
critical XY model (γ = 0.9, λ = 1).

FIG. 10. Phase diagram of the quantum XY model. The lines
γ = 0 and γ = 1 correspond to the XX and Ising models,
respectively. The critical XY model (γ 6= 0, λ = 1) (including
the critical quantum Ising model) belongs to the universality
class of the Ising CFT. The critical XX model (γ = 0, 0 ≤ λ <
1) belongs to the universality class of the free Boson CFT.
The point (γ, λ) = (0, 1) corresponds to a scale-invariant but
not conformally invariant theory, whose dispersion relation is
quadratic. We have marked the three parameter choices that
we study in this paper.

In terms of bk, b
†
k, the Hamiltonian is then finally diagonal

HXY =
∫ π

−π
dk ωkb

†
kbk + const. (53)

with the dispersion relation given by

ωk =
√

(cos k − λ)2 + γ2 sin2 k. (54)

The dispersion relations for a few special cases are shown
in Fig. 9.

For λ = 1 and γ 6= 0, the model is critical and falls
within the Ising CFT universality class. For 0 ≤ λ < 1
and γ = 0, the model is also critical, but within the
universality class of the free Boson CFT, see Fig. 10.
Note that for the critical XY model, in order for the CFT
derivation to work, we need to rescale the Hamiltonian
HXY by a factor of 1

γ so that the velocity of low-energy
excitations is 1.

In the ground state all bk modes are empty, resulting

in the correlation functions

〈bkbq〉 = 0, 〈bkb
†
q〉 = δ(k − q). (55)

The correlation functions in the original fermionic vari-
ables can be obtained by using

an =
∫ π

−π

dk√
2π
eink

(
cos θk2 bk + i sin θk2 b

†
−k

)
. (56)

In this way we have

〈ana†m〉 =
∫ π

−π

dk

2π e
i(n−m)k cos2

(
θk
2

)
= δn,m

2 +
∫ π

−π

dk

4π
(cos k − λ)ei(n−m)k√

(cos k − λ)2 + γ2 sin2 k
.

(57)
and

〈anam〉 = −i2

∫ π

−π

dk

2π e
i(n−m)k sin θk

= i

2

∫ π

−π

dk

2π
γei(n−m)k sin k√

(cos k − λ)2 + γ2 sin2 k
,

(58)

The expressions of correlation functions in Eqs.(57, 58)
simplify a lot for special cases. For the Ising model (γ =
1, λ = 1):

〈ana†m〉Ising = δn,m
2 + 1

π (4(n−m)2 − 1) , (59)

〈anam〉Ising = 2(m− n)
π (4(n−m)2 − 1) . (60)

For the XX model (γ = 0, λ = 0):

〈ana†m〉XX = 1
2 sinc

(
π(n−m)

2

)
, (61)

〈anam〉XX = 0. (62)

Eq.((62)) reflects the U(1) symmetry of the XX model.
If we define A as the interval including sites 1, . . . , L,

then Eqs. (57)-(58) allow us to construct the correla-
tion matrix ΓA for A simply by restricting ourselves to
fermionic operators operators within A:

ΓA ≡
(
〈a†iaj〉 〈a

†
ia
†
j〉

〈aiaj〉 〈aia
†
j〉

)
i, j = 1, . . . , L (63)

This correlation matrix can be brought to a diagonal form
by means of a canonical transformation on the a1, . . . , aL
modes, much like the Bogoliubov transformation we used
above:

ai −→ ci = Aijaj +Bika
†
k (64)

a†i −→ c†i = B∗ikak +A∗ija
†
j (65)
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For this transformation to be canonical, we have to im-
pose a unitarity condition for the following block matrix:

U =
(
A B
B∗ A∗

)
=⇒ U† = U−1 (66)

Thankfully there is an easy method to obtain such ma-
trices A and B by diagonalizing the correlation matrix
ΓA, which is Hermitian and thus can be diagonalized
by means of a unitary transformation. Now, because of
its block structure, the eigenvalues of ΓA come in pairs
(ν, 1− ν). Indeed, if (

v
w

)
(67)

where v, w ∈ CL is an eigenvector of ΓA with eigenvalue
ν then (

w∗

v∗

)
(68)

is another eigenvector with eigenvalue 1 − ν, where ν ∈
[0, 1] since ΓA is positive semidefinite. Thus, we can
choose the unitary U that diagonalizes it to have the
form (66). All this allows us to write ΓA as a direct
sum of correlation matrices for a family of uncorrelated
fermionic variables {ci c

†
i}Li=1, that is

ΓA =
L⊕
i=1

(
〈c†i ci 〉 〈c

†
i c
†
i 〉

〈cici〉 〈ci c
†
i 〉

)
=

L⊕
i=1

(
νi 0
0 1− νi

)
, (69)

where 0 < νi <
1
2 . These uncorrelated fermionic degrees

of freedom (which are non-local linear combinations of
the original fermion variables), give us the structure of
the density matrix ρA. Indeed, we have

ρA =
exp

(
−
∑L
i=1 eic

†
i ci

)
tr
[
exp

(
−
∑L
i=1 eic

†
i ci

)] , (70)

where we have defined

ei ≡ log 1− νi
νi

. (71)

Thus the Schmidt vectors |vα〉 are of the form

|vα〉 =

∏
j∈Jα

c†j

|v1〉, Jα ⊆ {1, . . . , 2N}, (72)

where |v1〉 is the dominant Schmidt vector satisfying

cj |v1〉 = 0, j = 1, . . . , 2N. (73)

The entanglement spectrum {Eα}, is given by summing
up the single-particle spectra{ej}:

Eα =
∑
j∈Jα

ej + const, (74)

where the constant is determined by the normalization
of ρA.

APPENDIX IV: ENTANGLEMENT VIRASORO
ALGEBRA FOR THE XY QUANTUM SPIN

CHAIN

In this Appendix we derive the entanglement Virasoro
algebra for the quantum XY model.

In order to apply Eqs. (35) and (36) in the context
of a critical spin chain, they need to be discretized. A
natural way to do it follows from taking the Hamilto-
nian terms hj,j+1 as the lattice Hamiltonian density and
defining from them the lattice momentum density by

pj−1,j,j+1 ≡ −i[hj−1,j , hj,j+1]. (75)

This definition for pj was proposed in [44], and is moti-
vated as a lattice version of energy-momentum conserva-
tion ∂th(x, t) = ∂xp(x, t), where ∂t is implemented by the
commutator with the Hamiltonian H and ∂x is replaced
with a finite difference on the lattice (with unit lattice
spacing),

∂thj,j+1 = i[H,hj,j+1] = pj−1,j,j+1 − pj,j+1,j+2. (76)

For the quantum XY model, the lattice Hamiltonian
density reads

hXYj,j+1 = −1
4
(
(1 + γ)σxj σxj+1 + (1− γ)σyj σ

y
j+1
)

(77)

+ 1
4
(
λσzj + λσzj+1

)
. (78)

In terms of fermionic variables it reads

hXYj,j+1 = 1
2

(
a†j+1aj + γaj+1aj + h.c.

)
(79)

− λ

2

(
a†jaj + a†j+1aj+1

)
. (80)

Using Eq. (75) we can find the lattice momentum density

pXYj−1,j,j+1 = i

4

[
(1− γ2)a†j+1aj−1

− λ(a†jaj−1 + a†j+1aj)
+γλ(ajaj−1 − aj+1aj)] + h.c.

(81)

In terms of these lattice densities, the integrals from
(35)-(36) can be discretized to Riemann sums:

L0 = l

π

2N−1∑
j=1

N2 − x2
j+ 1

2

N
hj,j+1 + c

24 + cl2

6π2 , (82)

Ln = l

π

2N−1∑
j=1

N2 − x2
j+ 1

2

N
cos(nθ(xj+ 1

2
))hj,j+1

+ il

π

2N−2∑
j=1

N2 − x2
j+1

N
sin(nθ(xj+1))pj,j+1,j+2, (83)

where xj ≡ j−N − 1
2 is the discrete position variable (in

some cases the lattice densities can be assigned carefully
chosen positions to reduce the finite-size effect).
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Notice that this reduces to Eqs. (18), (19) if we con-
sider linear combinations of Ln and L−n

Hn = 1
2(Ln + L−n) (84)

= l

π

2N−1∑
j=1

N2 − x2
j+ 1

2

N
cos(nθ(xj+ 1

2
))hj,j+1, (85)

which only depend on the Hamiltonian densities but not
on the momentum densities.

APPENDIX V: NUMERICAL ANALYSIS FOR
THE CRITICAL XY MODEL AND XX MODEL

In the main text we have demonstrated that the Ising
model supports the two conjectures. In the appendix, we
show that these two conjectures also hold for the critical
XY model and XX model.

XY model (λ = 1, γ = 0.9)

From the entanglement spectrum for interval size
2N = {64, 128, 256, 512, 1024}, we find the approximate
value ε ≈ 0.042. The first few entries of the energy spec-
trum {hα} for 2N = 1024 are

{0, 0.50, 1.51, 2, 01, 2.57, 3.07, 3, 68, 4.08, 4.18, · · · }, (86)

This matches the lower part of the exact spectrum

{0, 1/2, 3/2, 2, 5/2, 3, 7/2, 4, 4, · · · }, (87)

of the Ising chain with Neumann boundary conditions
[41], or the Cardy state |σ〉, as shown in Fig. 1.

The matrix elements of Hn are also shown to converge
to the exact values, see Fig. 11.

XX model (λ = 0, γ = 0)

From the entanglement spectrum for interval size
2N = {512, 1024, 2048, 4096, 8192}, we find the approxi-
mate value ε ≈ 0.042. The first few entries of the energy
spectrum {hα} for 2N = 8192 are

{0, 0.50, 0.50, 1.00, 1.51, 1.51, 2.01, 2.01, · · · }, (88)

This matches the lower part of the exact spectrum

{0, 1/2, 1/2, 1, 3/2, 3/2, 2, 2 · · · }, (89)

of the free boson CFT of compactification r = 1 with
Dirichlet boundary conditions, as shown in Fig. 8.

There is a high degree of degeneracy because of the
large symmetry group: the U(1) symmetry and Z2 (spin
flip around the X axis) symmetry. We can identify

FIG. 11. Estimate of ε by linear extrapolation and finite size
corrections Fnαα′ for the XY model (λ = 1, γ = 0.9) with
interval size 2N = {64, 128, 256, 512, 1024}.

the Schmidt vectors with the scaling operators in the
BCFT using the symmetry. For example, to identify the
Schmidt vector corresponding to the stress tensor L−21,
we find the Schimdt vector of scaling dimension close to
2, which is charge neutral under the U(1) symmetry and
even under the Z2 symmetry. After identifying the first
few Schimdt vectors, we are ready to compute the matrix
elements of Hn, which are also shown to converge to the
exact values, see Fig. 12.

FIG. 12. Estimate of ε by linear extrapolation and finite size
corrections Fnαα′ for the XX model with interval size 2N =
512, 1024, 2048, 4096, 8192.
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