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Matrix product states form a powerful ansatz for the simulation of a wide range of one-dimensional
quantum systems that are in a pure state. Their power stems from the fact that they faithfully approxi-
mate states with a low amount of entanglement, the “area law.” However, in order to accurately capture
the physics of realistic systems, one generally needs to apply a mixed-state description. In this work,
we establish the mixed-state analog of this characterization. We show that one-dimensional mixed states
with a low amount of entanglement, quantified by the entanglement of purification, can be efficiently

approximated by matrix product density operators.
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I. MOTIVATION

Complex interacting quantum many-body systems can-
not be understood without carefully assessing the structure
of their quantum correlations, that is, entanglement. This
is the key insight behind the density-matrix renormaliza-
tion group (DMRG) method for the simulation of one-
dimensional (1D) systems [1] and it has later allowed to
explain DMRG as a variational method over the manifold
of matrix product states (MPSs) [2,3]. This understand-
ing has in turn triggered the development of a whole
range of methods, such as for the simulation of exci-
tations, time evolution, or scattering. At the same time,
MPSs have been generalized to describe mixed states
using matrix product density operators (MPDOs), which
have proven successful in describing systems in thermal
equilibrium, out-of-equilibrium dynamics, and, generally,
the simulation of noisy systems in experimental scenarios
[4-8].

How can this success be explained from the entangle-
ment structure of the underlying systems? For pure states,
this question has been resolved. It is precisely the states
with a low degree of entanglement that can be faithfully
described by MPSs [9,10]. This is captured by the so-called
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entanglement area law, which states for 1D systems that
for any contiguous region R, the entanglement E(R : R¢)
between R and its complement R€ is constant or grows
at most moderately: E(R : R¢) < const. x log|R|, where
|R| is the size of R (as opposed to the E(R : R¢) ~ |R|
“volume” scaling expected for a generic state [11]). This
gives a simple and tangible entanglement-based criterion
for assessing whether an MPS description can be used in a
given case and which, in particular, is known to hold, e.g.,
for ground states and low-lying excited states of reasonable
physical systems [12,13].

However, in order to describe realistic physical systems,
the effects of noise and coupling to the environment need
to be taken into account. This means that the state of those
systems will generally be mixed and a description of the
system in terms of MPDOs will be required. Unfortunately,
however, we do not have a simple and accessible crite-
rion at our disposal that allows us to assess whether the
entanglement structure of any specific system of interest,
such as in a given experimental setup, makes it susceptible
to an MPDO-based description. In fact, the only scenario
where such a result is known is the suitability of MPDOs
for the description of thermal states [ 14,15], but even there,
it does not provide insights into the relevant structure of
the entanglement. At the same time, in all scenarios where
the system is out of thermal equilibrium, such as dissipa-
tive dynamics, sequential generation of states, relaxation,
coupling to nonthermal baths, or any other question of
experimental interest, no simple entanglement-based cri-
teria for the applicability of an MPDO-based description
are known.

Published by the American Physical Society


https://orcid.org/0000-0003-4507-2502
https://crossmark.crossref.org/dialog/?doi=10.1103/PRXQuantum.1.010304&domain=pdf&date_stamp=2020-09-03
http://dx.doi.org/10.1103/PRXQuantum.1.010304
https://creativecommons.org/licenses/by/4.0/

GUTH JARKOVSKY, MOLNAR, SCHUCH, and CIRAC

PRX QUANTUM 1, 010304 (2020)

II. RESULT

In this paper, we derive a simple entanglement-based
criterion to assess whether a state can be approximated by
MPDOs. We show that a suitable family of entanglement
area laws—even with a logarithmic correction—implies
that the state can be efficiently approximated by an MPDO,
that is, an ansatz of the form

17 2 N | g .
op = A AL Al ji i) Gl (D)
Here, N is the length of the chain, the sum runs over i, jx =

1,...,d, with d being the local Hilbert space dimension,
and the Al['k], are D x D matrices, except for Az[lli]'l and A%JN,
which are I x D and D x 1 matrices, respectively. '
Specifically, given a mixed state p on a chain of N d-
level spins, we prove that if there exist constants ¢ > 0
and 0 < A < 1 such that the «-Rényi entanglement of

purification E, ,, (defined below) [16] satisfies

A

fora = ,
S5log, N

E,o(R:R) <clogN, 2

then p can be efficiently approximated by an MPDO op.
As long as the bond dimension D scales polynomially,
D = N*“foranyk > 2¢/(1 — 1), the error ¢ := || p — op|;
in trace norm goes to zero superpolynomially in N (i.e.,
faster than any inverse polynomial) [17]. By using the
trace norm—which exactly bounds the error in expecta-
tion values of arbitrary bounded observables (with largest
eigenvalue 1)—we obtain a bound on the error incurred
in arbitrary simulations of physical processes. This estab-
lishes that MPDOs are precisely the framework needed to
faithfully describe mixed states that obey an entanglement
area law of the above form.

II1. PROOF

A. Proof structure

The proof initially follows the approach in the pure-state
case [9]. However, we need to deviate from it halfway
through. Rather than sequentially concatenating low-rank
approximations across different cuts, we need to take
an entirely different route and use a renormalizationlike
approach in which we glue cuts in a treelike fashion. The
reason is deeply rooted in the different structure of mixed
states. We require a good approximation in trace norm,
which—unlike the 2-norm—does not induce a scalar prod-
uct, which in turn is essential to build norm-preserving
projections. At the same time, we cannot bound the 2-
norm instead. The relative bound || p||; < ~/D|p|l», where
D = d" is the dimension of the total space, is tight (satu-
rated by the maximally mixed state), that is, the trace norm
can be exponentially larger in N than the 2-norm, breaking
the efficiency of the approximation.

i |1

(a (b)
“_p

FIG. 1. (a) The tensor notation of density matrix p. Each pair
of legs denotes the ket and bra index at one site. (b) The ten-
sor network for an MPDO [see Eq. (1)]. The legs denote indices
and the connected lines contraction (summation) of indices,
corresponding to the matrix products in Eq. (1).

We will use the conventional graphical calculus for
MPSs and MPDOs [4-8], where a (mixed) many-body
state is denoted as a box with legs (double legs denote
ket + bra) [Fig. 1(a)] and an MPDO is expressed as
a tensor network, in which tensors are boxes, each leg
denotes a tensor index, and connecting legs corresponds
to contraction [Fig. 1(b)].

Let us briefly sketch the proof strategy. First, we show
that for any bipartition, a bound on the entanglement
implies that the target state p can be well approximated
by a low-rank decomposition across that cut. An area law
thus implies that p has low-rank approximations across
every cut. The crucial step will then be to merge these
approximations. To start, we show how to merge two
approximations in such a way that (i) we still obtain a
good approximation and (ii) the internal structure of the
two states is preserved (specifically, existing lower-rank
approximations across other cuts), as this allows us to iter-
ate the procedure. In a final step, we then show how to nest
this merging procedure in such a way as to obtain a good
MPDO approximation of the target state p.

B. Entanglement versus approximability for
bipartitions

First, we relate entanglement and approximability across
a bipartition. We start by defining the «-Rényi entangle-
ment of purification £, ,(p4p) [16]. For a bipartite state
048, 1t 18 given by

Epo(pap) = n@})nEa(lw», 3)

where the minimum is taken over all purifications
[V)aapp Of pap, 1.6, tryp |V ) (V] = pap, and Eo (1Y) =
Sa (trpp | ) (Y1), with Se(p) = (1/(1 — a)) log(trp®), the
a-Rényi entanglement entropy quantifying the pure-state
entanglement between A4’ and BB’. For the remainder of
this paper, we restrictto 0 < @ < 1.

A key result from the pure-state case [9] is that a
small £, (|y)) implies a rapid decay of the Schmidt coef-
ficients and, thus, there exists a low-rank approximation
to |¢). Concretely, for any D), there exists a |xp,) =
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Dp
> it |XiL)AA/|X,'R>BB/ such that

(1—-w exp[Ep’a(pAB)])(l—a)/a

Dy

n:=1—|<w|xDp>|zs(
(4)

(and thus D, scales as an inverse polynomial in the error
n). This is equivalent to

Y)W 1 = 1xp,) (xp, 1 < 20/1 = ¥l xp,)1* = 2/,

)

where || - ||; is the trace norm (i.e., the sum of the singu-
lar values) [18]. By tracing A’B’ and using the fact that
tracing (as a completely positive trace-preserving map) is
contractive under the trace norm, we arrive at

8 = llpup — oplli < 2/n, (6)

for some
Dp

ij=1

with rank D = D> (where 4; = tre|x/)(x/| and B; =
trp | X5) (D).

Let us now turn toward a spin chain of length N the
state p of which obeys an area law, that is, there is an
Eg. such that £, ,(p4p) < Ep,, for any bipartition 4 =
1,...,L, B=L+1,...,N. Combining Egs. (6) and (4),
we have that for each cut, there exists a rank D = Df,
decomposition of the form (7) with trace-norm error

(1 — o) explEg, ]\ '~
D1/2 . (8)

8§2ﬁ§2<

What remains to be seen is whether it is possible to merge
these different low-rank approximations. However, at this
point we can no longer use the purifications to resort to the
pure-state result, since the optimal purifications (minimiz-
ing E, ) for different cuts need not be related [19]. We thus
require a different approach.

C. Merging two approximations

To start, consider a bipartite state p = p4p (obtained by
blocking sites), a truncated approximation

D
o1=) 4;®B;, |p—oll <8 ©)

i=1
across some cut, and another approximation o,
o — o2l <o, (10)

obtained, e.g., by truncating across a different cut. Let
us now try to connect those two approximations. To

(@)
D Bl & ?
Pi(os) = (D + )6, + Dés
| —

(0)
HHH o3| g
”'

(A H2]

FIG. 2. (a) The merging of two approximations with errors
81 and 6§, yields an approximation with error (D + 1)§; +
Dé§,. Here, the circular tensor denotes ), Cik.;l; [cf. Eq. (12)].
(b) Merging preserves existing cuts (i.e., the local MPDO struc-
ture); here, we apply (a) to the first two sites versus the rest.

this end, consider a (not necessarily orthogonal) projec-
tion P; onto span{4;}, P1(4;) = A4;, which can be writ-
ten as P1(X) = Z?:lfli tr[(ﬁQ)TX] for some basis A4; =
> cipdy of span{4;} and some (dual) matrices ;1; satisfy-
ing tr{(4))t4;] = 8;. P can be naturally embedded into
the full space as

D
PI) =) 4®um[d;el)' Xl (1)

i=1
Now consider

D

Pi(0) = Y cadi @ tra[(4; ® 1p)Ton]  (12)
ik=1

[see Fig. 2(a)]. First, it also has rank D across the cut; sec-
ond, the left part is spanned by 4; and thus inherits the
structure of the left part of o;; and, third, the right part is
obtained from o by tracing its left part with (4})" and thus
inherits the structure of the right part of o,. In particular,
if o1 and o, have parts on the left and right, respectively,
which are already in matrix product form; both of these
are inherited by P (03) [see Fig. 2(b)]. We can then iterate
this scheme, starting from truncations at individual cuts, to
obtain an MPDO approximation.

What is the approximation error of the merged trunca-
tion P;(07)? Using P (01) = o} from Eq. (9), we have

IP1(02) — plli < IP1(02) — Pi(o)) |l + [1P1(o1) — plh
< Pi(o2 — o)1 + llor — plh
< 1P1X)II + 81, (13)
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with X := 0y, — oy, | X |1 < &1 + §,. Starting from Eq. (11),
we find

IPLCOI = Y 14; ® tral (4, @ DX
=>4l teal(4; @ 11X
() - ~, ;
<> il 14 @ DX,

< D 1Al 147 ® Lo X 11

D
< il 14 lloo X N1,

i=1

(14)

where () uses the contractivity of the partial trace and all
sumsrunoveri=1,...,D.

To keep ||P;(X)]|; small, we thus ideally want to choose
A; and 21; such that ||4,]|; = ||1:1§||OQ =1 (this is optimal
as 8; = tr[(4))14;] < | 4:11114}]l0)- Tt turns out that such
{;1,-}, {21;} indeed exist, a standard result in functional anal-
ysis [20]. To start, note that the space A = span{4;} with
norm | - ||; is a normed space. In any such space, there
exists an Auerbach basis: a basis {21,-} of A, together with a
set of linear functionals &j : A — C such that &j A4, = 8ij

and ||21i||1 = ||€zj’. || = 1. Using the Hahn-Banach theorem,
we can now extend the bounded functionals 21/’ defined
on A to bounded linear functionals & ., : M,(C) — C
defined on the full matrix space M,,(C) (where # is the size
of the 4;), such that [|d@; .|l = 1. Clearly, all these

J ,ext
can be uniquely expressed as aj’-,ext(Y) = tr[(Aj( Y)], where

,ext

||21]" loo = ”&//',ext” = 1. We thus obtain a set of matrices
{4,); and {IZIJ’- Y, i,j =1,...,D, such that span{4;} = A,
I4illi = 14} oo = 1, and tr[(4))74;] = §;;, as desired.

By inserting these {121,-}, {2;} in Eq. (14), we arrive at
I1PL(X) )1 < DI|IX|l1, which together with Eq. (13) and
X1 < &1+ 8 yields

1P1(02) — plli = (D + 1)é + Dé,. (15)
That is, we have merged the two approximations o; and

o0,, with a new error as above; if both §;,5, < §, the new
error is at most (2D + 1)$6.

D. Merging all approximations

At this point, we can start to concatenate truncations
using Eq. (15). However, we cannot do this sequentially as
one would do for the 2-norm (where one can choose P; as
the orthogonal projection for which ||P{(X)| < || X|; note
that this yields an alternative proof for the result of Ref.
[9]). The prefactor (2D + 1) would grow exponentially
with the number of steps, rendering the bound useless.
To overcome this issue, we choose a renormalizationlike

[ H

J — (2D +1)é — (2D +1)%

FIG. 3. The merging of cuts in a treelike fashion. In each step,
the number of cuts is doubled and the error grows by a factor of
2D+ 1).

procedure, where we concatenate the cuts in a treelike
fashion, as shown in Fig. 3, using Eq. (15) in each step.
One can readily check that each step doubles the num-
ber of cuts and multiplies the error with (2D + 1); if the
number of cuts is not a power of 2, we can start some
branches of the tree later or we can pad the spin chain with
trivial (uncorrelated) spins. For a chain of length N, this
scheme thus requires K = [log,(N — 1)] < (log, N) + 1
steps and thus incurs a total error of
e = 2D+ DXs < 2D + 1)leaN+tls, (16)
We are now at the point at which we can combine our
results. Combination of Egs. (8) and (16) yields

(1 . o{)eE%ax (1—a)/2a
£ <2(2D 4 1)loaN+! <T) V)

If we now—following Eq. (2)—choose

A
o= ,
5log, N

efmax = N and D =N, (18)

with0 < X < 1,k > 2¢/(1 — 1), we have [using 1 —a <
1, (1 —a)/2a > 2log, N/A, 2D + 1 < 3D, and N¢/D'/?

< 1]
¢ \ 2logy N/
< 203D logp N+1 ( =" et/ 19
e <2(3D) N (19)
3N 26/ log, N (3 log, N

with A = (1/A)(k(1 — A) — 2¢) > 0, which thus goes to
zero superpolynomially as N — oco. This completes the
proof of our result.

IV. CONCLUSIONS

In summary, in this work we establish when MPDOs can
efficiently describe quantum many-body systems that are
in a mixed state, which is key to an accurate description of
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realistic physical systems. We derive the conditions that a
state p has to fulfill such that it can be approximated by an
MPDO with a polynomial bond dimension. In particular,
we show that, for a sequence of density operators p on a
spin chain of length N, an entanglement area law implies
an efficient approximability of p by MPDOs.

To be specific, we consider a family of area-law bounds
for the Rényi entanglement of purification that limit the
quantum correlations to growing at most logarithmically
with the system size N; in this setting, we find that there
exist MPDO approximations to o with a bond dimension
that grows polynomially in the system size N and for
which the approximation error decreases faster than any
inverse polynomial in N. This shows that MPDOs provide
a faithful approximation to density operators that satisfy
an area law and are thus well suited for the numerical
simulation as well as the analytical study of such systems.

Finally, our work gives rise to a diverse range of follow-
up questions. Can a similar result be established for other
entanglement measures and what would be their relation
to our finding? Can our result, or a variant thereof, be
combined with a suitable area law for thermal states (such
as in Ref. [21]), to obtain an alternative approximability
proof for Gibbs states via an area law, similar to the pure-
state case? Is there a way to avoid the treelike merging
of cuts in favor of, e.g., a sequential merging scheme or
is there a deeper physical reason behind the necessity of
this choice? And, finally, can a similar connection between
area laws and approximability also be established in higher
dimensions?
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