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Abstract

The possibility to engineer tuneable long-range interactions between quantum emit-
ters is a recent field of interest. While many approaches propose photonic crystal
waveguides or one- and two-dimensional atomic arrays to manipulate the electro-
magnetic enviroment of single atoms and to modify their interactions we propose
three-dimensional subwavelength atomic arrays as a nano-photonic structure. An
advantage of three-dimensional atomic arrays is that they can host omnidirectional
photonic bandgaps, such that quantum emitters can be protected from decaying. We
show that a photonic bandgap for one polarization of light occurs in the presence of
circularly polarized two-level atoms and that an omnidirectional bandgap for both
polarizations of light can be opened by applying a magnetic field and AC-Stark shifts
to four level-atoms trapped in simple cubic arrays. Considering additional impurity
atoms with transition frequency in the bandgap, we demonstrate that these setups
can be used to engineer long-range interactions between quantum emitters and si-
multaneously prevent them from decaying into free-space. In particular, we find that
the decay rate is exponentially suppressed in system size. Our proposal enables the
realization of one-, two-, and three-dimensional spin-models in current experimental
setups and provides a versatile quantum simulator.
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1 Introduction

“Nature isn’t classical, dammit, and if you want to make a simulation of nature, you’d
better make it quantum mechanical, and by golly it’s a wonderful problem because it
doesn’t look so easy.”- With this, Richard Feynman outlined the idea of quantum sim-
ulation in his visionary lecture “Simulating Physics with Computers” in 1982 [1]. He
emphasized that solving many body problems using classical computers can become
arbitrarily complex due to the exponentially growing of the Hilbert space. Explicitly,
a system with N spin 1/2 particles possesses 2N linearly independent states. To rep-
resent for example the spin state of a systems with 40 particles in a computer memory
one would thus require about 4 terabytes [2]. Feynmans vision was a universal quan-
tum simulator, that could imitate any quantum system by approximating the time
evolution of the system with sequences of quantum gates. Such a machine promises
to tackle a huge class of difficult problems arising for example in condensed matter
physics, high energy physics, atomic physics, cosmology, and quantum chemistry and
could promote our understanding of exiting phenomena like high-Tc superconductiv-
ity, geometrical frustration or quantum phase transitions.

In the past decades great progress in the isolation, coherent manipulation and
detection of single quantum systems has been made and Feynmans vision has partially
been realized in the form of so called analog quantum simulators, where the Hamilto-
nian of a physical system is directly mapped to the Hamiltonian of the system to be
simulated [2]. While analog quantum simulators do not enable the simulation of arbi-
trary quantum systems, they allow the implementation and experimental observation
of selected many-body problems, that are hard to solve with classical computers [3]. A
multitude of theoretical models – including for example the Bose-Hubbard model [4],
spin models [5] and the topological Haldane model [6] – has been realized in experiment
using platforms such as cold atoms [7], trapped ions [8], superconducting circuits [9]
and nanophotonic structures [10, 11].

Of particular interest is, inter alia, the implementation of long-range interactions,
which would allow to implement novel phases of matter. For example it is expected
that supersolid phases, where superfluidity coexists with a spatially ordered particle
distribution, occur in systems with long-range interactions [12]. Very interesting are
spin chains with long-range interactions and frustration, where rich phase diagrams
can be found [13]. Furthermore the realization of Coulomb-like interactions enables
the simulation of many-electron systems and thus provides a helpful tool for studying
Wigner crystallization [14] or simulating quantum chemistry [15].
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1 Introduction

A promising approach to engineer tuneable long-range interactions is the manipulation
of the electromagnetic environment of individual atoms [16]. A recent platform for the
modification of photon propagation are photonic crystal waveguides [17, 18, 19, 20, 21].
Photonic crystals are dielectric devices with a periodically modulated refractive index.
Due to the periodicity of their dielectric structure Bloch bands form and photonic
bandgaps can arise. Quantum emitters with transition frequency in the bandgap do
not couple resonantly and thus cannot decay into the waveguide, which gives rise
to the formation of atom-photon bound states [22, 23] and furthermore includes the
possibility to engineer effective long-range interactions between the atoms [24].

Atomic arrays are also known to posses properties of photonic waveguides like for ex-
ample guided modes [25]. Recently it has been shown that one- and two-dimensional
atomic arrays can be used to mediate interactions between additional impurity
atoms [26, 27]. While trapping and controlling quantum emitters close to photonic
crystal structures has turned out to be experimentally difficult, the realization of
atomic arrays using optical lattices might be less challenging.

However, all these approaches are based on one- and two-dimensional systems, such
that the quantum emitters can decay into free space. As a consequence, very small
inter-atomic distances are required to achieve that interactions happen on a time scale
which is much smaller than the timescale of the decay. Unfortunately, within optical
lattices very subwavelength trapping is difficult to achieve. Instead of increasing the
coupling strength one could thus decrease the decay rate using three-dimensional
systems, which can host omnidirectional bandgaps and thus can prevent quantum
emitters from decaying.

In general, three-dimensional photonic crystals could be used to engineer omnidirec-
tional photonic bandgaps. However their fabrication has proven very challenging and
furthermore embedding impurity atoms poses even more challenges [28]. In this work
we thus propose to use three-dimensional atomic arrays as a nano-photonic struc-
ture.

In the past, the appearance of omnidirectional bandgaps within three-dimensional
arrays has attracted some discussion [29, 30, 31, 32, 33]. So far, the diamond lat-
tice is the only known atomic array, that can host bandgaps. Since diamond lat-
tices are hard to realize in experiment, we investigate how omnidrectional bandgaps
can be engineered with atoms trapped in simple cubic lattices. We discuss how
these setups can be used to engineer interactions between quantum emitters and
furthermore protect them from decaying. Considering infinite systems, we gain an-
alytic insights. We compare infinite and finite systems using numerical methods to
show that our proposal still works with system sizes, that are realizable in nowadays
experiments [4, 34]. To get a picture of possible applications we analyze their use for
analog quantum simulation of a class of spin models. Furthermore we discuss how our
proposal can be realized in experiment.
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The rest of this work is structured as follows.

In Chapter 2 we introduce a general framework to describe the interactions of atoms
and photons. To obtain an effective Hamiltonian describing the dynamics of the atoms
we eliminate the photonic degrees of freedom. Furthermore we discuss the treatment
of periodic systems.

In Chapter 3 we discuss how photonic bandgaps can be opened. Considering arrays
with two-level atoms analytically we build intuition for the nature of bandgaps arising
in atomic arrays and confirm our findings using numerical methods. We then extend
our considerations to four-level atoms and show that bandgaps can be opened by
applying a magnetic field and AC-Stark-shifts.

In Chapter 4 we show that atomic arrays can be used to prevent embedded impurity
atoms from decaying and furthermore enable the implementation of Yukawa-type in-
teractions. Comparing infinite and finite systems we demonstrate that the suppression
of the decay rate can also be found for moderate system sizes such that our proposals
are readily observable in experiment.

In Chapter 5 we discuss possible applications of our proposals using the example of
simulate spin-models. In particular we show that using Raman-transitions a XXZ-
Hamiltonian for spin-1/2 particles can be simulated. Furthermore we sketch how
spin-1 models could be implemented.

In Chapter 6 we discuss possible experimental realizations. Here, we focus on realiza-
tions with Rubidium and Strontium.

We conclude in Chapter 7 and discuss possible directions of future research.
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2 Atom-Light Interaction

In this chapter we discuss some general concepts for the description of atoms inter-
acting with light. We first introduce a Hamiltonian, that describes the atom-light-
interaction within the dipole approximation. Second, we derive an effective Hamil-
tonian to describe the dynamics of the atoms. In a last step we consider periodic
systems and use Bloch modes to diagonlize the effective Hamiltonian.

2.1 Dipole Approximation

In this work we consider both systems of two-level atoms, which have one ground state
|g〉 and one excited state |e〉 with excitation energy ω0, and systems with four-level
atoms, which have one ground state |g〉 and three excited states |σ±〉 and |π〉 with
excitation energies ω0, as shown in Fig. 2.1. To describe the interaction of the atoms
with the light field we use the dipole approximation. Within this approximation the
atoms are considered as point-like objects, which is valid if the wavelength of the
light is much larger than the Bohr radius aB defining the size of the atoms. The full
Hamiltonian is then given by [35, 36]

H =
∑
ri

∑
α

ω0σ̂
i
αgσ̂

i
gα +

∑
k

∑
ε⊥k

ckâ†k,εâk,ε −
∑
ri

∑
α

D̂iα · Ê(ri). (2.1)

Here, the sum over α runs over all excited states and ri are the positions of the
atoms. The spin-operators of the atom at position ri are defined as σiαg = |α〉 〈g| and
σigα = |g〉 〈α| and the dipole operator is given by

D̂iα = d0(dασ̂
i
gα + d∗ασ̂

i
αg), (2.2)

where we assumed that the strength d0 of the dipole moment is the same for all tran-
sitions and all atoms. The direction of the dipole moment is given by the normalized
vector dα ∝ 〈g| r̂ |α〉. The photons are described by the photon annihilation operators
âk,ε and the electric field operator is

Ê(r) =
∑
k

∑
ε⊥k

(√
ck

2ε0V
εâk,εe

ik·r + h.c.

)
. (2.3)
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2 Atom-Light Interaction

Γ0

|e〉

ω0

Γ0

|π〉

ω0

|σ−〉 |σ+〉

(a) (b)

Figure 2.1: (a) Two-level atom with one ground state |g〉 and one excited state |e〉
with transition frequency ω0 and linewidth Γ0. (b) Four-level atom with
one ground state |g〉 and three excited state |σ±〉 and |π〉 with transition
frequency ω0 and linewidth Γ0.

2.2 Green’s Function Approach

The Hilbert space of the model introduced above has dimension dim(Ha)×dim(Hp),
with Ha the Hilbert space spanned by the atomic states and Hp the Hilbert space of
the photons. Even for two-level atoms the dimension of the atomic Hilbert space is
dim(Ha) = 2N (where N is the number of atoms) and the photon Hilbert space has
dimension dim(Hp) =∞. A common approach to treat such systems is the adiabatic
elimination of the photonic degrees of freedom, where the photon are considered as
a bath [35, 36]. One obtains then an effective Hamiltonian, which describes the
dynamics of the atoms. To derive this effective Hamiltonian we follow the calculations
of reference [35]. We start by writing down the equations of motions for the photons

˙̂ak,ε = i[H, ak] = −ickâk,ε + i
∑
ri

∑
α

√
~ck

2ε0V
ε · D̂iαe

−ik·ri (2.4)

and an arbitrary atomic operator ρ

˙̂ρ = iω0

∑
ri,α

[σiαgσ
i
gα, ρ̂]− i

∑
ri,α

[D̂iα, ρ̂] · Ê+(r, t) + Ê−(r, t) · [ρ̂, D̂iα], (2.5)

where Ê+(r, t) is given by the first term in Eq. (2.3) and Ê−(r, t) is the hermitian
conjugate of this term. Solving the differential equation and inserting âk,ε(t) into the
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2.2 Green’s Function Approach

electric field operator gives

Ê+(r, t) =
∑
k

∑
ε⊥k

√
~ck

2ε0V
εâk,ε(0)ei(k·r−ckt)

+ i
∑
kε

~ck
2ε0V

e−ickt
∑
riα

eik(r−ri)
∫ t

0

dt′eickt
′
ε ·
(
ε · D̂iα(t′)

)
. (2.6)

Here, the first part describes an external field and the second part is the field generated
by the dipoles. Replacing t′ with t − t′ one can interpret the integration over t′

as a collection of “past events”. We assume that the “memory time” τph of the
photons is small such that events that happened far in the past (t′ > τph) do not
contribute [37, 38]. In this case one can replace the upper bound of the integration by
∞. This is the Markov approximation. Furthermore we assume that the time scale
on which one can observe secular changes in the atomic levels (e.g. decay) is much
larger then the time scale on which the system evolves systematically such that we
can approximate the time dependent dipole operator by

D̂iα(t′) = d0(dασ
i
gα(t)e−iω0(t′−t) + d∗ασ

i
αg(t)e

−iω0(t−t′)), (2.7)

Note that this corresponds to a zeroth order expansion of the time-evolution operator,
which implies that the electric field contains terms up to first order in the interaction.
This approximation is also known as the Born-approximation [38]. Performing the
integration over t′ the electric field reads

Ê+(r, t) = Ê0
+(r, t) + id0

∑
k

∑
riα

~ck
2ε0V

(
1− k⊗ k

k2

)(
dα

σ̂igα(t)

k − k0

+ d∗α
σ̂iαg(t)

k + k0

)
e−ik·(r−ri),

(2.8)

where we used the fact that
∑

ε ε⊗ε is a projector on all spatial directions orthogonal
to k. Furthermore we introduced the resonant wavevector k0 = ω0/c . Inserting the
electric field into the equation of motion of the atomic operator ρ and applying the
rotating wave approximation, where terms of the form σ̂gα(t)σ̂gα(t) or σ̂gα(t)Ê0

+(r, t)
are neglected, one finds

˙̂ρ = −i(Heffρ̂− ρ̂Heff) +
6πcΓ0

ω0

∑
i,j

∑
αβ

Im (d∗α · G(ri − rj) · dβ)σigαρ̂σ̂
j
βg

+ ik0

∑
ri,α

(
[σ̂αg, ρ̂]d∗α · Ê0

+(ri, t)− d∗α · Ê0
−(ri, t)[ρ̂, σ̂αg]

)
(2.9)

where the effective Hamiltonian is given by

Heff =
∑
ri

∑
α

~
(
ωA − i

Γ

2

)
σ̂iαgσ̂

i
gα +

3π~cΓ
ω0

∑
ri 6=rj

∑
α,β

d∗α · G(ri − rj) · dβσ̂iαgσ̂
j
gβ

(2.10)
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2 Atom-Light Interaction

system

bath
Hint

Im[G(r)]

Re[G(r)]

a) b)

Figure 2.2: (a) A system with atoms interacts with a bath of photons. The interaction
Hint is given by the last term in Eq. (2.1). (b) After eliminating the
photonic degrees of freedom adiabatically the atoms interact effectively
via Re[G(r)] and decay collectively via Im[G(r)].

and the Green’s function reads

G(r) =
1

k2
0

∫
d3k

(2π)3

k2
01− k⊗ k

k2
0 − k2

e−ikr

= − eik0r

4πk2
0r

3

[
(k2

0r
2 + ik0r − 1)1 + (3− 3ik0r − k2

0r
2)

r⊗ rT

r2

]
+
δ(3)(r)

3k2
0

1. (2.11)

The modified transition frequency ωA deviates from the bare frequency ω0 by Lamb-
shift type terms and Γ0 = d2

0k
3
0/(3πε0) is the free-space decay rate. So far it seems that

we have not achieved much, since the last term in Eq. (2.9) still contains photonic
operators. However, as discussed before, the electric field in this term describes a
driving field. We assume that the photons are initally in the vacuum state |0〉 and take
the expectation value with respect to this state, such that the last term in Eq. (2.9)
vanishes. If one furthermore assumes that at most one atom is excited, the only
contribution from the second term is another shift of the transition frequency and
the dynamics of the atoms is thus completely described by the effective Hamiltonian
in Eq. (2.10). Note that this Hamiltonian is non-hermitian, which stems from the
fact that we consider an open system, that can lose energy to its enviroment. The
non-hermitian part of the effective Hamiltonian describes these dissipative processes
(see also Fig. 2.2).

For the derivation of the effective Hamiltonian we have assumed that all atoms have
equally strong dipole momenta. However, we can extend the model to atoms with
different dipole momenta. The electric field generated by an atom with dipole d1

(different from our previous notation this is not a normalized vector) is proportional
to G ·d1, such that the effective interaction between the first atom and a second atom
with dipole moment d1 is proportional to d∗2 · G · d1. For this reason a more general
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2.3 Atomic Arrays

form of the effective Hamiltonian can be obtained replacing the Γ0 in the interaction
part by

√
ΓiΓj, where Γi is the decay rate of the atom at position ri.

2.3 Atomic Arrays

Here we consider arrays of atoms, where the lattice sites are given by Ri. A detailed
discussion how such arrays can be realized using optical lattices is given in 6.1. For the
atomic array we assume that the density of excitations is small. Using the Holstein-
Primakov-approximation this allows us to replace the spin operators σigα and σiαg by

bosonic operators biα and b†iα. The effective array Hamiltonian can then be written
as

Harray =
∑
Ri

∑
α

~
(
ωA − i

Γ0

2

)
b̂†i,αb̂i,α +

3πcΓ0

ω0

∑
Ri 6=Rj

∑
α,β

d∗α · G(Ri −Rj) · dβ b̂†i,αb̂j,β.

(2.12)

For an infinite periodic lattice it is convenient to use Bloch’s theorem to simplify the
array Hamiltonian. For a Bravais lattice one finds

Heff =
∑
k

x,y,z∑
α

~
(
ωA − i

Γ

2

)
b̂†k,αb̂k,α −

3πcΓ0

ω0

∑
k

x,y,z∑
αβ

∑
R6=0

d∗α · G(R)eik·R · dβ b†k,αbk,β,

(2.13)

where b†k,α = 1/
√
Ntot

∑
i exp(ik · Ri)b

†
i,α create Bloch modes and Ntot is the total

number of atoms. Using the Poisson summation formula the sum over R in the
Hamiltonian can be replaced by∑

R6=0

G(R)eik·R =

(
1

VL

∑
G

G̃(k + G)− G(0)

)
, (2.14)

with VL = a3 the primitive unit cell volume and G the reciprocal lattice vectors.
Note that both terms on the right-hand side of Eq. (2.14)) diverge. In principle these
divergencies occur due the fact that the dipole approximation is not longer valid for
large wave vectors, such that one should add a cutoff in the calculation of the Green’s
function in Eq. (2.11). However, while both terms on the right hand side of Eq. (2.14)
diverge individually, their difference is finite. Thus it has been established to intro-
duce quantum fluctuations aho of the atomic positions for regularizing the Green’s
function [39, 40, 32]. For the ground state of harmonically trapped atoms the fluc-
tuations are determined by the harmonic oscillator frequency ωho = 1/(2ma2

ho). The
regularized Green’s function takes the form

G∗(r) =
1√

2πa3
ho

∫
d3r′G(r− r′)e−r

′2/(2a2
ho), (2.15)
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2 Atom-Light Interaction

and the transformed of the Green’s function is then given by

G̃∗(k) =
1

k2
0

k2
01− k⊗ k

k2
0 − k2

e−k
2a2

ho/2. (2.16)

The Green’s function at the source is

G∗(0) =
k0

6π

[
Erfi(k0a0/

√
2)− i

e(k0a0)2/2
− −1/2 + (k0a0)2√

π/2(k0a0)3

]
1, (2.17)

where Erfi(x) = 2π−1/2
∫ x

0
dy exp(y2) is the imaginary error function. It has been

proven that in the limit aho → 0 the following holds (see Section 2.A)

∑
R6=0

G(R)eik·R ≈ ek
2
0a

2
ho/2

(
1

VL

∑
G

G̃∗(k + G)− G∗(0)

)
. (2.18)

Inserting this into Eq. (2.13) we directly obtain the dispersion relation

ω(k)− iγ(k)/2 = ωA − iΓ0/2− G∗(0) +
3πcΓ0

ω0VL

∑
G

d∗ · G̃(k + G) · d, (2.19)

for two-level atoms with dipole moment d. For four-level atoms the problem of finding
the eigenvalues of Heff reduces to diagonalizing a 3× 3-matrix of the form

M = (ωA − iΓ0/2)1− G∗(0) +
3πcΓ0

ω0VL

∑
G

G̃(k + G). (2.20)

In both cases the imaginary part of the source Green’s function and the decay rate
cancel. As a consequence all eigenstates of an infinite 3D atomic-array have infinite
lifetime [32].

In the more general case of non-bravais lattices the Hamiltonian reads

Hnb =
∑
Ri,rµ

∑
α

~
(
ωA − i

Γ0

2

)
b̂†i,µ,αb̂i,µ,α

+
3πcΓ0

ω0

∑
Ri 6=Rj

∑
rµ,rν

∑
α,β

d∗α · G(Ri −Rj + rµ − rν) · dβ b̂†i,µ,αb̂j,ν,β, (2.21)

where rµ are the atomic positions within one unit cell. The spectrum is then deter-
mined by

M
(nb)
ll′,µν = (ωA − iΓ0/2)δll′δµν − G∗ll′(0)δµν +

3πcΓ0

ω0VL

∑
G

e−i(k+G)·(rµ−rν)G̃ll′(k + G).

(2.22)

Here, l, l′ = x, y, z label the spatial directions.
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2.4 Summary

2.4 Summary

In this chapter we have introduced a Hamiltonian describing the interactions between
atoms and light. Eliminating the photonic degrees of freedom we obtained an effective
Hamiltonian, that describes the dynamics of the atoms. Furthermore we have seen
that in the case of infinite periodic arrays this effective Hamiltonian can be diagonal-
ized using Bloch modes. Here we had to introduce quantum fluctuations of the atomic
positions to regularize the Green’s function.

2.A Green’s Function with and without

Fluctuations

Here we discuss the approximation in Eq. (2.18). To prove that in the limit aho → 0
the right-hand site of Eq. (2.18) is independent of the cutoff we take the derivative
with respect to a2

ho and show that the result goes to zero in the limit aho → 0 [39].
First, we note that the term within the brackets at the right-hand site of Eq. (2.18) is
equal to

∑
R6=0 G

∗(R) exp(ikR) and that furthermore the regularized Green’s function
can be written as

G∗ll′(r) =
(
k2

0δll′ + ∂rl∂rl′
) ∫ d3k

(2π)3

e−ik·r

k2
0 − k2

e−a
2
hok

2/2. (2.23)

This allows us to write the derivative as

∂a2
ho

[
ek

2
0a

2
ho/2

(
1

VL

∑
G

G̃∗(k + G)− G∗(0)

)]

= ∂a2
ho

∑
R

(
k2

0δll′ + ∂rl∂rl′
) ∫ d3k′

(2π)3

ei(k−k
′)·R

k2
0 − k′2

ea
2
ho(k2

0−k′2)/2

=
∑
R

(
k2

0δll′ + ∂rl∂rl′
)
eik·Rek

2
0a

2
ho/2

(
1

πa2
ho

)3/2

e−R
2/(2a2

ho). (2.24)

In the limit aho → 0 one finds exp(−R2/(4a2
ho) → 0 for R 6= 0, such that the deriva-

tive of the right-hand site of Eq. (2.18) is zero. Consequently the right-hand site of
Eq. (2.18) is independent of aho.
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3 Photonic Bandgaps in Atomic
Arrays

In this chapter we analyze how three-dimensional atomic arrays can be used to gap
the dispersion of light. We first show that a gap for one polarization of light occurs
in the presence of arrays with two-level atoms. Using the findings of this section, we
analyze how both polarizations of light can be gapped. Finally we consider the effects
of finite systems and defects.

3.1 Bandgap for One Polarization of Light

This section aims to provide a general understanding of the dispersion of light in the
presence of atomic arrays using the example of a simple cubic array with two-level
atoms as shown in Fig. 3.1. We thus initially consider the full light-matter interac-
tion described by Eq. (2.1), where the photonic degrees of freedom have not been
eliminated, and determine an approximate bandstructure. Afterwards, we compare
this approximation with the exact bandstructure. Consider standing electromagnetic
waves with nodes at all lattice sites, we show that due to these modes we require the
subwavelength condition a < λ0/2.

a

x

y
z

Γ0

|e〉

ω0
|g〉

Figure 3.1: Array of two-level atoms.
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3 Photonic Bandgaps in Atomic Arrays

3.1.1 Coupling of Bloch Modes and Light Field

We start with the Hamiltonian in Eq. (2.1). As discussed in Section 2.3 Bloch-modes
diagonalize the effective array Hamiltonian given in Eq. (2.12) in the case of two-level
atoms. Thus, we use Bloch-modes to simplify the light-matter interaction. We find

Hlm =
∑

k∈1stBZ

[
~ω0b̂

†
kb̂k +

∑
G

∑
ε⊥k+G

~c|k + G|â†k+G,εâk+G,ε

−d0 ·
∑
G

∑
ε⊥k+G

√
~c|k + G|

2ε0VL

(
εâk+G,ε + ε∗â†−k−G,ε∗

)(
db̂†k + d∗b̂−k

) ,
(3.1)

where VL is the volume of the unit cell and d the normalized dipole moment associated
with the atomic transsition. This Hamiltonian can be interpreted as follows. A Bloch
mode only couples to electromagnetic fields that have the same phase at each atomic
position, such that the full diagonalization problem reduces to the diagonalization of
N3 independent eigenvalue problems, whereN3 is the number of atoms. However, each
Bloch mode still couples to infinitely many photon bands ωG(k) = c|k−G| labeled by
the reciprocal lattice vectors G. This is related to the fact, that the atoms only “see”
the electric field at the atomic positions and thus cannot distinguish between modes
with wavevectors k and k + G. The coupling of Bloch modes to the electromagnetic
field is illustrated in Fig. 3.2.

a) b) c)

a

Re(E(r))Re(c0
i )

z z z

Figure 3.2: Illustration of the coupling between Bloch modes and electromagnetic field.
For simplicity we consider a one dimensional chain. However, the principle
can be extended to three dimenions straightforward. For a Bloch vector
k = 0 all Bloch-coefficients cki = exp ikzi have the same phase. The k = 0
– mode can be excited by electromagnetic fields E(r) = E0 exp(ik ·r) with
wave vectors k = 0 (a) as well as k = 2π/aez (b). An electromagnetic
wave with k = π/aez can not excite the k = 0 – mode (c).
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3.1 Bandgap for One Polarization of Light

3.1.2 Analytic Approximation of the Bandstructure

To understand how the presence of an atomic array affects the photonic dispersion,
we initially consider only the interactions of the atoms with the two lowest photon
bands (G = 0). Furthermore we use the rotating wave approximation, such that the
Hamiltonian simplifies to

Happrox =
∑

k∈1.Bz.

 b†k
a†kε1

a†kε2

> ω0 g1

√
k g2

√
k

g1

√
k ck 0

g2

√
k 0 ck

 bk
akε1

akε2

 , (3.2)

where the coupling is defined as gi = d0

√
~c

2ε0VL
d∗ · εi, i ∈ {1, 2}. We can always

choose a basis such that at least one polarization of light is orthogonal to the atomic
polarization. In detail, this can be achieved by constructing the polarizations as

ε1 =

(
d− 〈k,d〉

k2
k

)
1√

d2 − 〈k,d〉2/k2
(3.3)

and

ε2 =

(
ε∗1 ×

k

k

)
=

(d∗ × k)√
d2k2 − 〈k,d〉2

, (3.4)

for d ∦ k. In this case ε2 ⊥ d, such that g2 = 0 ∀k ∦ d. If k ‖ d, both couplings are
zero anyway. As a result, the eigenvalue problem can be reduced to the diagonalization
of the matrix

hk =

(
ω0 g1

√
k

g1

√
k ck

)
. (3.5)

The eigenvalues of this matrix are given by

ω±(k) =
ω0 + ck

2
±
√

(ω0 − ck)2

4
+ g2

1k. (3.6)

For g1 = 0 the modes cross at k0 = ω0/c. By coupling the levels (g1 6= 0) the crossing
is avoided, such that a gap of width ∝ g2

1 opens up near ω0. As g1 ∝ 1/
√
VL ∝ 1/

√
a3,

the width of the gap increases with decreasing lattice constant. In reference [40] such
a 1/a3-dependence of the width of the bandgap was also confirmed for the gap oc-
curing in a diamond lattice. The gap closes for k ‖ d. This can be prevented if two
components of d differ by a complex phase, as in circular polarization. Consequently
linear polarized dipoles cannot produce band gaps.
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Γ
M X

R
kx ky

kz
X′

M′

Figure 3.3: Comparison of approximated and exact bandstructure. The main effect
of the coupling to G 6= 0-modes is an overall Lambshift of ωA − ω0. The
k-dependent differences are mostly caused by the rotating wave approxi-
mation. The inset shows the path in the Brillouin zone.

3.1.3 Exact Bandstrucuture

To take into account the coupling to higher photon bands we use the Green’s-function
approach discussed in Section 2.2 and Section 2.3. The photonic dispersion relation
near the gap is then described by

ω(k) = ωA +
3πΓ0

ω0

∑
G

d̂∗ · G̃(k−G) · d̂ (3.7)

Here, the sum over G represents the coupling to all photonic modes. As shown in
Fig. 3.3, the interactions with higher photon bands only enter as small perturbations.
Roughly speaking, the main effect of these is an overall Lamb shift of the atomic
excitation energy ω0, such that the gap opens up around ωA. The occurence of a
gap is thus independent of the geometry of the array and the lattice structure only
determines the width of the gap.

Note that an array built with two-level atoms has not necessarily the full symmetry
of the underlying lattice. For instance, a simple cubic lattice with σ+-polarized atoms
misses the π/2-rotation invariance around the x- and y-axes. As a consequence there
are two more high symmetry points M′ and X′ than one would expect for for a simple
cubic lattice (see Fig. 3.3).

In the previous section we have argued that in the presence of circular polarized
atoms one polarization of light is gapped for all wavevectors. However, the ques-
tion arises if we can call this bandgap omnidirectional, since the polarization of the
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3.1 Bandgap for One Polarization of Light

gapped mode depends on the wavevector k. Remember that we want to use the
bandgap to protect quantum emitters from decaying. Thus we investigate if quan-
tum emitters placed in the discussed setup couple resonantly to the light-field. For
example, σ+-polarized impurity atoms placed in an array of σ+-polarized atoms “see”
an omnidirectional bandgap, since the polarization of the mode, which is not gapped,
is always orthogonal to the polarization of the array atoms. In principle, one could
argue that π-polarized impurity atoms placed in an array of π-polarized atoms “see”
an omnidirectional bandgap too for the following reason. Indeed the array mode and
both G = 0-photon modes are decoupled for k = (0, 0, kz) such that the gap closes,
but a π-polarized atom cannot emit photons with wavevectors k = (0, 0, kz) and thus
cannot couple to these three bands. However, due to the coupling to higher photonic
bands the atomic band has some photon-admixing. As a consequence impurity atoms
couple to this band and can emit polaritons resonantly such that they don’t “see” an
omnidirectional bandgap. In conclusion we have seen that arrays of circular polar-
ized atoms can produce bandgaps, which “look” omnidirectional for circular polarized
impurity atoms.

3.1.4 Free - Photon Modes

So far, we have omitted some solutions of the light-matter Hamiltonian: the so called
free photon modes, that refer to standing waves of the electric field with nodes at all
lattice sites [31]. The electric field of the free photon modes can be written as

E(r) = ε
(
eik1·r − eik2·r

)
, (3.8)

where k2 = k1 + G, k1 = k2 and ε ⊥ k1,k2 is the polarization of the field. Since the
electric field vanishes at all atomic positions, the free photon modes cannot couple
to the atoms and thus have the dispersion relation ω(k) = ck. The energy of the
free photon modes is lower bounded by some critical value ωc. The critical value
is determined by the largest possible wavelength, which allows the electric field to
vanish at all atomic positions. In a simple cubic lattice with lattice constant a this
maximal wavelength is λmax = 2a. Since the energy of the free modes varies between
ωc = c2π/λmax and ∞, the free photon modes lie in the bandgap if ωc < ω0. From
this we can deduce an upper bound for the lattice spacings, where gaps can open. In
a simple cubic lattice bandgaps can only occur if a < λ0/2.
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Γ0

|π〉

ω0

a

x

y
z

|σ−〉 |σ+〉

Figure 3.4: Array with four-level atoms.

3.2 Bandgap for Both Polarizations of Light

Next, we discuss how a complete bandgap can be opened for all polarizations of light.
We first show that we need three excited states to gap both polarizations of light and
consider the photonic bandstructure in the presence of four-level atoms. Afterwards,
we analyze how bandgaps can be opened.

3.2.1 Photonic Bandstructure in the Presence of Four-Level
Atoms

In the presence of two-level atoms only one polarization of light couples to the atomic
array and thus can be gapped. For gapping in addition the other polarization of light,
we need two more dipoles d2 and d3. Adding only one dipole d2 can not produce a
omnidirectional gap as one can always find a k such that

d2 · ε2 ∝ d2 · (d× k) = (d2 × d) · k = 0, (3.9)

independent of the dipole moment d2. We thus assume the array atoms to have
one ground state and three excited states, with linearly independent, equally strong
dipole momenta (see Fig. 3.4). In this case the atomic array has all symmetries of the
underlying lattice.

Initially, we again neglect the coupling to G 6= 0-photons and apply the rotating wave
approximation. The Hamiltonian can then be written as

Happrox =
∑
k


b†k,l
bk†,t1
b†k,t2
a†kε1

a†kε2


>

ω0 0 0 0 0

0 ω0 0 g1

√
k 0

0 0 ω0 g2

√
k

0 g1

√
k 0 ck 0

0 0 g2

√
k 0 ck



bk,l
bk,t1
bk,t2
akε1

akε2

 , (3.10)
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without G 6= 0 - modes

with G 6= 0 - modes

Γ

M X

R
kx ky

kz

Figure 3.5: Photonic bandstructure of simple cubic array with four-level atoms. The
approximate bandstructure (black), where G 6= 0 - modes are neglected,
is gapped. Considering the exact bandstructure (red) we find degeneracies
between the decoupled and at least one of the other modes, such that the
gap closes.

where we have chosen the basis for the dipoles such that dl ∝ k, dt1 ∝ ε1 and dt2 ∝ ε2.

One then finds g1 = g2 =
√

~c
2ε0VL

d0 for the couplings. The bandstructure of this

Hamiltonian has four gapped transverse modes described by Eq. (3.6). Furthermore,
there is a flat band, which corresponds to atomic modes that are entirely decoupled
from the G = 0-photons. In the following we call this mode the decoupled mode.

Taking into account the coupling to all photonic bands, the bandstructure is described
by Eq. (2.20). In Fig. 3.5 we compare the approximated and the exact bandstruc-
ture of a simple cubic array. One finds that the photonic band structure is sig-
nificantly affected by the coupling to higher photonic bands. For wavevectors far
away from the edge of the Brillouin zone the approximation, where only the G 6= 0-
modes are considered, provides still a good description of the bandstructure since
|1/(k2

0 − |k + G|2)| � |1/(k2
0 − k2)|. However, at the edges one can always find a G,

which satisfies |k+G| = |k|, such that one can not treat the higher photonic bands as a
perturbation. Due to symmetry the decoupled band and at least one of the other bands
have to be degenerate at some points at the edge of the Brillouin zone and the gap is
closed [31, 32, 40].
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To obtain a deeper understanding of the occurrence of these degeneracies we consider
the Hamiltonian at the edge of the Brillouin zone. Without loss of generality we
choose k = (π/a, ky, kz). In this case the matrix M takes the form

M =
3πΓ0

(k0a)3

∑
G

1

K2 − k2
0

(π/a+Gx)
2 0 0

0 (ky +Gy)
2 KyKz

0 KyKz (kz +Gz)
2

+ MD, (3.11)

where we introduced MD = (ωA − iΓ0/2)1 − G∗(0) − 3πΓ0/(k0a)3
∑

G k
2
0/(K

2 − k2
0)

and Ki = (ki +Gi), i = x, y, z. The matrix elements Mxy and Myz are zero, since for
ki = π/2 one finds∑

Gi

π/a+Gi

k2
0 − |k + G|2

∝
∑
l∈Z

1 + 2l

k2
0 − |k + G|2

= 0, i ∈ x, y, z (3.12)

Note that for ki = 0 a similar argument holds. In general the eigenmodes of the
Hamiltonian are not longer longitudinal or transverse. However, we can identify the
decoupled mode as the mode which has the largest overlap with the longitudinal mode.
Considering Eq. (3.11) one finds then that degeneracies between the decoupled mode
and one of the other modes appear for all wavevectors of the form k = (π/a, π/a, kz),
where the matrix M reads

M =
3πΓ0

(k0a)3

∑
G

1

K2 − k2
0

(π/a+Gx)
2 0 0

0 (π/a+Gy)
2 0

0 0 (kz +Gz)
2

+ MD. (3.13)

The decoupled mode with polarization (1, 1, 0) and the mode with polarization (1,−1, 0)
have the same eigenvalues. The third mode has a smaller eigenvalue, which increases
with increasing kz, such that one finds a three-fold degeneracy for kz = kx = ky = π/a.
Utilizing the symmetries of the simple cubic lattice one can conclude that degeneracies
between the decoupled mode and one of the other modes appear at all edges of the
cube describing the Brillouin zone.

In general one could open up a gap by detuning the decoupled band from the other
bands (see 3.A for more details). However, this might include several experimental
challenges. Our goal is to open up a gap within a setup, which is realizable in nowadays
experiments. In the following we thus discuss how a gap in a simple cubic lattice can
be opened applying a magnetic field and AC-Stark shifts.
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3.2.2 Bandstructure in the Presence of a Magnetic Field

First we consider how the bandstructure is affected by a magnetic field. The Zeemann
splitting caused by a magnetic field B = B0ẑ is described by the Hamiltonian

HZeemann = −~µB0

∑
Ri

(
b†i,xbi,y − b

†
i,ybi,x

)
, (3.14)

where b†i,x creates an excited state with dipole moment dx = (1, 0, 0)T. Note, that
strong magnetic fields (B � Γ0/(k0a)3) correspond to the case of two-level atoms dis-
cussed in Section 3.1. Thus we consider magnetic fields with strength B . Γ0/(k0a)3,
which implies that HZeemann can be treated as a small perturbation.

Applying a magnetic field breaks degeneracies between x- and y-polarized modes, such
that a gap opens up along |kx| = |ky| = π/a . However, this gap is not omnidirectional.
To understand this, we consider the Hamiltonian along the path from X′ to M′ (see
Fig. 3.6 for the definition of the high symmetry points). One finds that along this
path the matrix M takes the form

M =
3πΓ0

(k0a)3

Ex 0 0
0 Ey 0
0 0 Ez

+ MD, (3.15)

with

Ex =
∑
G

(kx +Gx)
2 − k2

0

|k + G|2 − k2
0

, Ey =
∑
G

(0 +Gy)
2 − k2

0

|k + G|2 − k2
0

and Ez =
∑
G

(π/a+Gz)
2 − k2

0

|k + G|2 − k2
0

.

For 0� kx . π/a the energy difference between the x- and y-polarized modes can be
assumed to be much larger than the magnetic field. In this case the energy Ex of the
x-polarized mode is slightly modified to E ′x = Ex+B2/(Ex−Ey). Since the energy of
the x-polarized mode is larger than the energy of the y-polarized mode, the magnetic
field increases the energy of the x-polarized mode. Taking into account that Ex < Ez
for kx < kz = π/a and Ex = Ez at kx = ky = π/a this implies that there exists a
point kx < kz = π/a, where E ′x = Ez. Consequently the degeneracy between the x-
and z-polarized modes at M ′ is shifted to some point (kx, 0, π/a). This argument can
be extended to ky 6= 0. Thus, one can conclude that there exists a closed path in the
kx − ky-plain around X′, where the decoupled mode and one of the other modes are
still degenerate (see Fig. 3.6).
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Figure 3.6: Effects of magnetic fields. Panel (a) and (b) show the bandstructure of
the simple cubic array along selected paths. In panel c) we show the
Brillouin zone of the simple cubic lattice. The blue lines indicate the k-
vectors, where the degenerate and at least one of the other modes are
degenerate. Panel d) and e) show the bandstructure of the simple cubic
array after applying a magnetic field. The degeneracy of x-y-polarized
modes is lifted. However, the degeneracy of, for example, x-z-polarized
modes is not broken. The x-polarized mode is shifted relative to the z-
polarized mode, such that the degeneracy occurs at a different wave vector.
Thus, the degeneracy points form a closed loop around X ′, as shown in
panel (f).
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3.2.3 Dimerization with AC-Stark Shifts

To finally open up a gap, we introduce a sublattice structure along the z-direction,
which can be realized by applying AC-Stark shifts. The underlying idea behind this
is that due to the dimerization the number of bands doubles such that there are two
decoupled modes (see Fig. 3.7). By applying a suitable perturbation we open a gap
between these two decoupled modes.

We consider a tetragonal lattice with lattice constants a, a and 2a. The unit cell
contains two atoms at positions (0, 0, 0) and (0, 0, a). The bandstructure of such a
system is determined by Eq. (2.22). Initially we assume that the atoms in sublattice
A and B have the same transition frequency. In this case one finds degeneracies at
|kz| = π/(2a) due to sublattice symmetry. The degeneracies can be lifted by applying
different AC-Stark shifts to the different sublattices. To find a suitable form for this
AC-Stark shift perturbation we consider the atom-atom interaction M(nb) at |kz| = π

2a
,

which takes the form

M(nb) =



M
(b)
xx M

(b)
xy 0 0 0 −iM (b)

xz

M
(b)
xy M

(b)
yy 0 0 0 −iM (b)

yz

0 0 M
(b)
zz −iM (b)

xz −iM (b)
yz 0

0 0 iM
(b)
xz M

(b)
xx M

(b)
xy 0

0 0 iM
(b)
yz M

(b)
xy M

(b)
yy 0

iM
(b)
xz iM

(b)
yz 0 0 0 M

(b)
zz


. (3.16)

Here the basis is determined by vectors (1, 0)⊗el and (0, 1)⊗el, where the sublattice
structure is expressed by |A〉 = (1, 0) and |B〉 = (0, 1) and the spatial directions
are labelled by l = x, y, z. Considering this matrix one finds that the x- and y-
polarizations of sublattice A couple to the z-polarization of sublattice B (but not to
the z-polarization of sublattice A) and vice versa.

This can be understood as follows. We consider an atom, which is in the excited
state |x〉 with dipole momentum d = d0(1, 0, 0). We assume that this atom emits
a photon with momentum k1 = (kx, 0, π/(2a)). Due to the periodicity of the array
this is equivalent to emitting a photon with momentum k2 = (kx, 0,−π/(2a)). As a
consequence the associated electric field can be written as

E(r) =
E0

2

 π
2a

0
−kx

 ei(kxx+π/(2a)z) +

 π
2a

0
kx

 ei(kxx−π/(2a)z)

= E0

( π
2a

ex cos(π/(2a)z)− ikxez sin(π/(2a)z)
)
eikxx, (3.17)

where we assumed that the position of the emitting atom is ra = (0, 0, 0). Note that
the asymmetric superposition of the electric fields with wavevector k1 and k2 and
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polarizations ε± = (π/(2a), 0,∓kx) is zero at the atomic positions and thus does not
couple to the atom. The same argument holds for the fields with wavevectors k1/2

and polarization ey. Considering Eq. (3.17) one finds that at all lattice sites of the
sublattice A the z-komponent of the electric field vanishes, while at all lattice sites
of the sublattice B the x-komponent is zero. As a consequence the x- polarization of
sublattice A couples to the z-polarization of sublattice B.

Extending this argumen to wavevectors with ky 6= 0 one finds that the atom-atom-
interaction for |kz| = π/(2a) takes the form we wrote down in Eq. (3.16). This matrix
is block diagonal with two identical 3× 3 matrices as diagonal blocks, which implies
a two-fold degeneracy of each band at |kz| = π/(2a). This degeneracy can be lifted
by applying a perturbation of the form:

H ′ = δ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1

 . (3.18)

Due to the magnetic field, the decoupled modes have only a small admixing of σ−-
polarization. Thus, a perturbation of the form

H ′2 = δ

(
1 0
0 −1

)
⊗

 1/2 −i/2 0
i/2 1/2 0
0 0 −1

 (3.19)

is more suitable for opening up a gap between the two decoupled modes.

For instance, such a perturbation could correspond to an AC-Stark shift produced by
overlapping two laser beams with wave vectors k1 = (kx, ky, π/(2a))† and
k2 = (kx, ky,−π/(2a))† and polarizations ε1 = (ex, ey,−ez)† and ε2 = (ex, ey, ez)

†,
which generates an electric field of the form

E(r, t) = 2E0

exey
0

 cos
( π

2a
z
)

+ i

 0
0
ez

 sin
( π

2a
z
)× ei(kxx+kyy−ωδt). (3.20)

The energy shift of the |α〉 − |g〉-transition of an atom at position ri is then (see
Section 6.1 for more details)

δiα = 2
|d∗α · E(r, t)|2

ωδ − ω0

(3.21)

For kx = ky = π/(2a), ex = (1− i)ez/2 and ey = (1 + i)ez/2 this reduces ωπ by 2δ in
sublattice A, while in sublattice B ω+ is reduced by 2δ, with δ = 4E2

0e
2
zd

2
0/(ωδ − ω0).

If one furthermore applies another standing wave, which reduces ω− by δ at all lattices
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sites, one obtains a perturbation of the form HAC = H ′2− δ1. Note that for achieving
sufficiently large AC-Stark shifts the difference ωδ − ω0 is required to be small. For
the example discussed before this implies that the lattice constant is a ≈ 0.433λ0. For
other lattice constants one has to choose kx, ky,ex and ey differently (see Section 3.B)

|σ±〉 |π〉

a)

d) e)

b) c)

Γ X′

X M′

x
y

z B

x

y

z

kz

kx

2a

a

B

Figure 3.7: Effects of the dimerization: (a) Photonic bandstructure for different kz.
The path is indicated in panel (b), which is a two-dimensional cut of the
Brillouin zone shown in Fig. 3.6. For a lattice with two atoms per unit
cell the bandstructure has six instead of three bands, which are degenerate
at kz = 0.25π/a if both atoms in the unit-cell have the same transition
frequency. After applying a perturbation as discussed in Eq. (3.18) the
degeneracies are lifted (d). The perturbation can be implemented by shift-
ing the transition frequency of every second atom using AC-Stark shifts
(e).
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3 Photonic Bandgaps in Atomic Arrays

3.2.4 Omnidirectional Bandgaps

After applying the magnetic field and the AC-Stark shifts, there is a gap between the
upper decoupled mode and the other modes. To ensure, that this gap captures the
same range of energies we apply a second Stark shift δπ to the π-polarized modes.
This shift flattens the decoupled modes.

In conclusion, the lattice for opening omnidirectional bandgaps is defined by lattice
vectors ax = (a, 0, 0), ay = (0, a, 0) and az = (0, 0, 2a), where the unit cell contains
two atoms A and B at positions rA = (0, 0, 0) and rB = (0, 0, a) with different internal
structures:

ω
A/B
+ = ω0 + µBB ± δ

ω
A/B
− = ω0 − µBB (3.22)

ωA/Bπ = ω0 − δπ ∓ δ

In Table 3.1 we present sets of parameters for which bandgaps can be opened. To
proof that the bandgaps obtained within these setups are indeed omnidirectional, we
evaluate the density of states

ρ(ω) =
∑
n

∫
1.BZ

d3k

(2π)3
δ(ω − ωk,n), (3.23)

where n is the band index. The results are shown in Fig. 3.8.

Since our method aims to remove the decoupled mode from the gap that opens for the
other two modes (G = 0 - term), the width of the gaps which can be opened by this
setup is upper bounded by the width of the gap one finds if the coupling to higher
photonic modes is neglected. As discussed in Section 3.1 the width of this gap is
proportional to 1/a3. In Fig. 3.8 we show that one can indeed find a 1/a3-dependence
for the width of the gap.

a [λ0] µBB [3πΓ0/(2(k0a)3)] δ [3πΓ0/(2(k0a)3)] δπ [3πΓ0/(2(k0a)3)]
0.15 0.4 1.6 1.8
0.24 0.7 2.8 2.9
0.30 0.9 3.4 3.2
0.35 1.0 3.6 3.2
0.40 1.15 3.3 3.3

Table 3.1: Sets of parameters for which bandgaps open. The values are chosen such
that the resulting gaps are as large as possible. For all parameter sets the
fluctuations are aho = 0.09a.
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3.2 Bandgap for Both Polarizations of Light

(a) (b)

(c) (d)

(e) (f)

Figure 3.8: Density of states for lattice constants (a) a = 0.15λ0, (b) a = 0.24λ0,
(c) a = 0.3λ0, (d) a = 0.35λ0 and (e) a = 0.4λ0. The inset shows a
magnification of the gap. The magnetic field and the AC-Stark shifts are
given in Table 3.1. The density of states was calculated with a mesh of
106 points for kx, ky, kz ≥ 0. In panel (f) we show the width of the gap for
different lattice constants. The dashed line is chosen to fit the numerical
values.
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3 Photonic Bandgaps in Atomic Arrays

3.3 Finite Systems and Defects

In this part we discuss the differences between finite and infinite lattices and the effect
of defects. We first consider the eigenmodes of finite arrays. Then we investigate the
decay rates in finite arrays and finally we compare the density of states of infinite
arrays, finite arrays and finite arrays with defects.

For finite arrays one cannot use Bloch’s theorem and therefore has to diagonalize the
full effective Hamiltonian given by Eq. (2.10). However, the eigenmodes of an array
with N ×N ×N two-level atoms can be approximated by [25]

|ψkx,ky ,kz〉 =
∑
j

cjxkxc
jy
ky
cjzkz |xjx , yjy , zjz〉 (3.24)

with kia = πni/(N + 1), ni = 1, 2, ..., N and coefficients

cjxkx =
√

2/(N + 1) cos(kxxjx) if nx odd

cjxkx =
√

2/(N + 1) sin(kxxjx) if nx even. (3.25)

The atomic positions are xjx = jxa − (N + 1)a/2 (1 5 jx 5 N). Note, that the
allowed wavevectors and the functions describing the coefficients are similar to the
allowed momenta and the associated eigenfunctions of a particle trapped in a box
with side lengths (N + 1)a. For a lattice with σ+-polarized atoms we compare the
approximate eigenmodes with numerically obtained eigenmodes in Fig. 3.9.

A second finite size effect is the finite lifetime of the eigenmodes. The finite lifetimes
are caused by eigenmodes decaying into free space. While the bulk-modes have decay
rates Γbulk � Γ0, that decrease increasing the number of atoms, the edge-modes
decay very fast (Γedge � Γ0). In particular, the state shown in Fig. (3.9b) has
the largest decay rate. To illustrate the spatial distribution of the decay rates we
calculate the average decay rate for each atomic position for a lattice with two-level
atoms. Assuming that the eigenmodes of the finite array are |ξ〉 with decay rates Γξ,
the average decay rate Γ̄i of the atom at position Ri is given by

Γ̄i =
∑
ξ

Γξ| 〈Ri|ξ〉 |2. (3.26)

In Fig. 3.9 we show the average decay rate. The strongest average decay one finds at
the corners of the array. In the middle of the array the average decay is the smallest.
While the atoms in the middle are surrounded by atoms, that protect them from
decaying, the atoms at the edges can radiate into free space. For different system sizes
we compare the average decay rate of the atoms at the corner with that of the atoms
in the middle in Fig. 3.9. One finds, that the decay rate of the edge-modes increases
with N , while the decay rate of the bulk modes decreases. For a one dimensional
chain of atoms similar observations have been made in reference [25].
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Figure 3.9: Eigenmodes and average decay rate in finite systems. Panel (a)-(c) show
the exact (red) and approximated (black) coefficients cj = cjxcjycjz of the
spatial wavefunction for nx = ny = nz = 1 (a), nx = ny = 1, nz = 5 (b)
and nx = 10, ny = 9, nz = 1 (c). The array consists of 10× 10× 10 atoms.
In panel (a) and (c) jy = 6 and jz = 6 are fixed and in panel (c) jx = 6
and jy = 6. In panel (d) we show the spatial distribution of the average
decay rate for an array with 20× 20× 20 atoms. Furthermore we plot the
N -dependence of states at the corner and in the middle of the array (e).

A detailed study on the effects of finite size and defects on the density of states was
done in Ref. [42] for the example of a diamond lattice. Here, we only present the
main results of their work considering the simple cubic lattice of two-level atoms as
well as the bipartite lattice of four-level atoms. For both cases we evaluate the density
of states for infinite lattices, finite lattices and finite lattices with defects. The results
are shown in Fig. 3.10. One finds, that in general the density of states of the finite
lattice is similar to that one of the infinite lattice. However, a significant difference
are the states appearing in the gap. These states correspond to edge modes.

To analyze the effect of defects we randomly remove atoms. The resulting densities
of states are shown in Fig. 3.10. It can be seen, that lattice defects give rise to bound
states, that also occur in the band gap.
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Figure 3.10: Density of states with an omnidirectional band gap for (a) one and (b)
both polarizations for a = 0.24λ0. In panel (a) we consider an array
of σ+-polarized atoms. In the infinite case (blue) a gap arises (dashed
lines). The inset is a magnification of the gapped region. In the finite
case (orange) some states in the gap appear. If furthermore some defects
are taken into account (green), additional states appear in the gap. In
the present case the defect density is Ndef/Ntot = 0.1 [41] , where Ntot =
N×N×N = 203 is the number of lattice sides. The energies of the infinite
system were calculated with a mesh of 106 points for kx, ky, kz ≥ 0. Other
relevant parameters for Figure (b) are aho = 0.09a, δB = µBB = 0.85Γ0,
δ = 3.4Γ0 and δπ = 3.53Γ0.

3.4 Summary

In this chapter we have demonstrated that a photonic bandgap for one polarization of
light occurs in arrays with circular polarized two-level atoms. Furthermore we have
shown that an omnidirectional bandgap for both polarizations of light can be opened
using dimerized arrays with for-level atoms. The level structure of these dimers could
be generated by applying a magnetic field and AC-Stark shifts. Studying finite lattices
we found that in this case the eigenmodes can be approximated by the solutions of a
particle trapped in a box. Furthermore we have seen that differences in the density of
states are caused by edge modes and that strongly decaying modes are also localized
at the edges. In conclusion, we found that far from the edges or defects the finite
lattice is well described by the solutions we obtained in the infinite case.
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3.A Alternative Approach for Opening an Omnidirectional Bandgap

3.A Alternative Approach for Opening an

Omnidirectional Bandgap

Here we present an alternative approach for obtaining an omnidirectional bandgap.
From a theoretical point of view this approach is much simpler. However, the exper-
imental realization is not straightforward. The idea is to simply shift the decoupled
mode, which is mostly longitudinal. This corresponds to a perturbation of the form

H ′ ∝
∑
k

k · kTb†kbk. (3.27)

However, for the implementation of such a perturbation one has to engineer atom-
atom interactions of the form

Vαβ(r) = ∂α∂β
sin
(
π
a
x
)

sin
(
π
a
y
)

sin
(
π
a
z
)

xyz
, (3.28)

which might include several experimental challenges.

3.B Conditions on AC-Stark Shifts

In Eq. (3.20) we have written down an electric field, which can be used to implement
the perturbation H ′2. As mentioned before the frequency of this field ωδ should be
similar to the frequency of the atomic transition ω0 to achieve sufficiently large shifts.
However, the field we wrote down has seven free parameters (kx,ky, Re[ex], Im[ex],
Re[ey], Im[ey] and ez). In addition to the condition

ωδ ≈ ω0 (3.29)

the following conditions have to be fulfilled. First we require ki ⊥ εi, which implies

kxIm[ex] + kyIm[ey] = 0 (3.30)

and

kxRe[ex] + kyRe[ey] +
π

2a
ez = 0. (3.31)

Second we require E(r, t) ⊥ dσ− , which gives

ex + iey = 0 (3.32)

Finally, to obtain equal shifts for the σ+-polarization and the π-polarization we re-
quire

|ex − iey|2

2
= |ez|2. (3.33)

Consequently we have seven parameters, which have to satisfy five conditions, such
that we can find an electric field to implement H ′2 for arbitrary lattice constants.
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4 Impurity Atoms Placed in the
Array

Here, we consider impurity atoms placed in the atomic arrays we investigated in the
previous chapter. We first analyze the case of two-level impurity atoms placed in an
array built with two-level atoms and afterwards extend our observations to four-level
atoms.

4.1 Two-Level Impurities Placed in Two-Level

Arrays

We consider impurity atoms with one ground state |g〉 and one excited state |e〉 placed
in an atomic array of σ+-polarized two-level atoms as shown in Fig. 4.1. According to
our results from Section 3.1 such an array gives rise to a bandgap for σ+-polarized pho-
tons. Thus we consider σ+-polarized impurity atoms. Furthermore, we assume that
the transition frequency ωI of the impurity atoms can be tuned into the bandgap.

4.1.1 Model

The Hamiltonian for impurities interacting with an atomic array is

Htot = Himp +Harray +Hint, (4.1)

where the impurities are described by

Himp =
∑
ri

(
ωI − i

ΓI
2

)
σiee +

3πcΓI
ω0

∑
ri 6=rj

d̂∗ · G(ri − rj) · d̂σiegσ
j
ge, (4.2)

the array Hamiltonian Harray is given in Equation (2.12) and the interactions between
impurity atoms and array atoms are

Hint =
3πc
√

ΓIΓ0

ω0

∑
riRj

d̂∗ · G(ri −Rj) · d̂(σiegbj + b†jσ
i
ge). (4.3)

Here, σi are the spin-operators of the impurity atom at position ri.
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Figure 4.1: Impurities within an atomic array. (a) Circular polarized two-level impu-
rity atoms with transition frequency ωI and decay rate ΓI are placed in
a two-level atomic array. (b) Photonic bandstructure of the atomic ar-
ray. We assume that the transition frequency of the impurity atoms can
be tuned into the bandgap. Around Γ the upper band is approximately
quadratic (gray curve).

In the case of infinite arrays, we express the array modes again in terms of Bloch
modes to simplify the Hamiltonian. The array Hamiltonian is then diagonal with
eigenvalues ω(k) given by Eq. (3.7) and the interaction Hamiltonian takes the form

Hint =
3πc
√

ΓIΓ0

ω0

√
N3VL

∑
ri,k

∑
G

d∗ · G̃(k−G) · d
[
e−i(k−G)·riσiegbk + ei(k−G)·rib†kσ

i
ge

]
. (4.4)

If the coupling between the impurity atoms and array modes is weak (ΓI � Γ0), the
interactions between impurity atoms and array atoms can be treated under Born-
Markov approximation. In this case the full effective coupling between the Impurity
atoms is given by [17, 26]

Jij − i
Γij
2

= G0(ri − rj) + V

∫
d3k

(2π)3

|gk,i|2

ωI − ω(k) + i0+
eikrij , (4.5)

where V = N3VL is the volume of the array and gk,i is defined as

gk,i =
3πc
√

ΓIΓ0

ω0

√
N3VL

∑
G

d∗ · G̃(k−G) · de−iG·ri . (4.6)

The first term in Eq. (4.5) describes the effective interactions between impurity
atoms due to the exchange of free photons, while the second term takes into account
modifications due to interactions between photons and array atoms. In particular
the second term describes processes where a photon, which is emitted by an impurity
atom, excites a dressed array atom, before it is emitted again and then reabsorbed by
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4.1 Two-Level Impurities Placed in Two-Level Arrays

an impurity atom. The sum of these two terms gives the polariton propagator up to
second order.

In the case of finite arrays we diagnoalize the full Hamiltonian given in Eq. (4.1) for
two impurities at positions r1 and r2 numerically. In the weak coupling limit one
finds that the eigenstates, that have the largest overlapp with impurity eigenstates,
are approximately given by

|±〉 = (|e, g〉 ± |g, e〉)/
√

2 (4.7)

with eigenvalues that are of the form ω̃I ±Ω− iγ±, where γ+ � γ− for configurations
as shown in Fig. 4.1, which gives rise to an effective Hamiltonian of the form

Heff ≈ (ω̃I − i
γ+

2
)(σ1

ee + σ2
ee) + (Ω− iγ+

2
)(σ1

egσ
2
ge + σ1

egσ
2
ge). (4.8)

From this we extract the effective coupling and the effective decay for finite arrays.

In the following we analyze the effective coupling, the impurity eigenstates and the ef-
fective decay for impurities placed in infinite arrays as well as for impurities placed in fi-
nite arrays. For these considerations we place the impurities as indicated in Fig. 4.1.

4.1.2 Effective Interaction

To obtain an analytic understanding of the effective coupling between the impurity
atoms we approximate gk by a constant g. For the bath we assume a quadratic
dispersion ω(k) = ωc + A(k2

x + k2
y) + Azk

2
z , where we have included the fact that the

curvature along kz differs from the curvature along kx and ky (see Fig. 4.1). The
excitation energy of the impurity is detuned from the band edge by ∆ = ωc−ωI > 0.
The Hamiltonian describing such a system takes the form

H =
∑
i

(ωc −∆)c†ici +
∑
k

ω(k)b†kbk +
∑
k,i

g√
N3

eik·ric†ibk + h.c. (4.9)

After eliminating the bath modes adiabatically the effective coupling between the
impurities reads

Jij = a3g2

∫
d3k

(2π)3

1

∆ + A(k2
x + k2

y + Az/Ak2
z)
eik·rij . (4.10)

Substituting k = (kx, ky, kz) with k′ = (kx, ky,
√
Az/Akz) and r = (x, y, z) with

r′ = (x, y,
√
A/Azz) and performing the integration over the angular coordinates one

finds

Jij =
a3g2

2π2

√
A

Az

∫ kc

0

dk
k′

∆ + Ak′2
sin(kr′ij)

r′ij
. (4.11)
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Figure 4.2: Effective interaction of impurity atoms placed in infinite (dots) and finite
arrays (crosses). The infinite case is determined by numeric integration of
Equation (4.5). In the case of the finite lattice the ratio of impurity and
array linewidth is ΓI/Γ0 = 10−6. The arrays consist of N ×N × (N − 1)
atoms. For the analytic approximation (gray line) we choose the following

parameters to fit the numerical values: curvature aA−1/2 ≈ 1.28Γ
−1/2
0

and coupling a2g2/(4π
√
AzA) ≈ −0.089ΓI (infinite case) and curvature

aĀ−1/2 ≈ 1.35Γ
−1/2
0 and offset c̄1 ≈ 2.7 (effective coupling in finite arrays).

For the effective coupling in finite arrays we take the coupling g we found
for the infinite case. The impurity atoms are separated by a as shown in
Fig. 4.1.

Again, we perform a change of variables introducing q = kξ with ξ =
√
A/∆ and

obtain

Jij =
a3g2

4π2
√
AzA

∫ q′c

0

dq′
q′

1 + q′2
sin(q′r′ij/ξ)

r′ij
≈ a3g2

4π
√
AzA

e−r
′
ij/ξ

r′ij
, (4.12)

where we assumed q′c = kcξ � 1. For sufficiently small detunings ∆ one can reach a
limit, where rij � ξ, such that the interaction has long-range character [24]. We
compare the approximate values of the effective coupling with the excact values
in Fig. 4.2.

As mentioned before, the effective coupling between impurity atoms placed in finite
arrays is obtained by diagonalizing the full Hamiltonian given in Eq. (4.1). We com-
pare the obtained values with the effective coupling of the infinite lattice in Fig. 4.2.
One finds that the infinite and the finite case are similar for detunings ∆ ≈ 0.1Γ0,
but differ in the limit of small detunings. To understand this effect we consider the
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4.1 Two-Level Impurities Placed in Two-Level Arrays

coupling between impurity atoms and the array modes of finite systems. In Section 3.3
we have shown that the array modes of finite arrays have fixed momenta. Particularly,
the smallest possible absolut-value for the wavevectors is k =

√
3π/(a(N + 1)). In

our calculation of the effective coupling in Eq. (4.12) we take this into account by
introducing a lower bound kmin ∝ 1/(Na) in the integration. Doing so, one finds

Jfin
eff =

a3g2

2π2

∫ kc

kmin

dk
k

∆ + Ak2

sin(kr)

r
, (4.13)

Substitution with q2 = k2 − k2
min leads to

Jeff =
g2a3

2π2

∫ qc

0

dq
q

∆ + Ak2
min + Aq2

sin(
√
q2 + k2

minr) ≈
g2a3

2π2

∫ qc

0

dq
q sin(qr)

∆ + Ak̃2
min + Aq2

.

(4.14)

For the last step we assumed, that kmin is smaller than q, which is valid for the
integration, as the integrand vanishes for small q. The resulting integral equals that
one of the infinite case (see Eq. (4.12)), with a different detuning ∆fin = ∆ + Ak̃2

min.
Consequently, in finite arrays the correlation length is given by

ξfin =

√√√√ A

∆ + A
c21

(Na)2

, (4.15)

where the parameter c1 is determined by fitting the approximation to the numeric
values.

4.1.3 Bound States

The effective mass approximation also allows us to make some statements about the
state, which forms when an impurity atom is placed in the array. We consider the
Hamiltonian in Eq. (4.9) with one impurity atom and assume the coupling g to be
small, such that the perturbed impurity state can be written as

|ψ(1)
ρ 〉 =

(
|ψ(0)
ρ 〉 −

g√
N3

∑
k

eik·ρ

∆ + A(k2
x + k2

y + Az/Ak2
z)
|k(0)〉

)
α, (4.16)

with ∆̃ = ∆/Γ0 and Ã = A/Γ0 and a normalization constant α, which can be approx-
imated by 1 for small couplings g/Γ0. In the following we assume the impurity to be
localized in the middle of the array at ρ = 0. In this case, the spatial distribution of
the polariton-part of the perturbed impurity state is given by

cR = 〈R(0)|ψ(1)
ρ 〉 =

a3g

4π
√
AzA

e−|R|/ξ

|R|
, (4.17)
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Figure 4.3: Spatial distribution of the impurity bound state along the x-direction for
y = 0.5a and z = 0. The impurity is localized at r = 0. The array
consists of 24× 24× 24 atoms at positions R = a/2(1, 1, 0)† + a(l,m, n)†

l,m, n ∈ {−12, 11}. The ratio of impurity linewidth and array linewidth
is ΓI

Γ0
= 10−6. The gray curves are choosen to fit the numerical values.

One finds that the theory of the infinite case (gray curves) deviates from
the finite system at the edge. Details on this aare given in the main text.

where we used |R(0)〉 = 1/
√
N3
∑

k e
−ik·R |k(0)〉. One finds that the polaritons form

bound states, which are exponentially localized around the impurity [43].

This can be understood within a simplified picture. Due to momentum conservation,
impurities can only emit spherical waves ψq(r) = exp(iqr)/r. Because of energy
conservation the wavevector q has the be complex for impurity energy lying in the
bandgap. In particular one finds q = ±i

√
∆A. For q = −i

√
∆A the wavefunction

can not be normalized, such that the one allowed wavevector is q = i
√

∆A. The
emitted polaritons cannot propagate in the medium and thus decay evanescently away
from the impurity. The appearance of such bound states has been investigated for
baths with quadratic and tight-binding dispersion as well as for more generalized
models [16, 22, 44, 45].

In finite arrays the polariton distribution in the bulk of the array is well described
by the spatial distribution of the infinite case (see 4.3). However, near the edges the
wavefunction decays faster. This can be explained as follows. For small detunings the
impurities mainly couple to eigenmodes with small wavevectors k. As we have seen in
Section 3.3 the coefficients of the eigenmodes of finite arrays are approximately given
by ci = cos(kiri) and ci = sin(kiri). Near the edges these modes are smaller than in
the bulk, which results in a damping of the bound state.
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4.1 Two-Level Impurities Placed in Two-Level Arrays

4.1.4 Effective Decay

Following Eq. (4.5) the effective decay rate of an impurity atom placed in an infinite
array is given by

Γeff = ΓI − 2V Im

[∫
d3k

(2π)3

|gk|2

ωI − ω(k) + i0+

]
. (4.18)

Since the integrand in Eq. (4.18) is real, only the poles of the integrand are relevant
for the decay rate. If the energy of the impurity atoms is placed in the band gap,
there is only one pole at k = k0. Near k0 the G = 0-term in gk and ω(k) diverges.
Therefore for k ∈ Iε = [k0 − ε, k0 + ε] the integral in Eq. (4.18) can be approximated
by

V

∫
k∈Iε

d3k

(2π)3

|gk|2

ωI − ω(k) + i0+
≈ 3πΓI

2k3
0

∫
k∈Iε

d3k

(2π)3

|G̃(k)|2

−G̃(k)
= −3πΓI

2k3
0

∫
k∈Iε

d3k

(2π)3
G̃(k),

(4.19)

where we introduced the short notation G̃(k) = d∗ · G̃(k) · d. Using the Sokhotski-
Plemelj theorem one obtains∫

k∈Iε

d3k

(2π)3
G̃(k) =

1

(2π)2

8

3

∫ k0+ε

k0−ε

k4

k2
0 − k2 + i0+

= −iπ 1

(2π)2

4

3
k3

0, (4.20)

such that in total Γeff = 0.

In contrary to the infinite case, we find non-vanishing effective decay rates for im-
purities placed in a finite array. These are caused by the fact, that the polaritons
emitted by the impurities can decay into free space. We find numerically that the
effective decay rate of a impurity placed in the middle of the atomic array scales like
(see Fig. 4.4)

Γeff = c2ΓIξ
−1
fin a

e−Na/ξfin

N
, (4.21)

where c2 ∝ g2/(Γ0ΓI) is a dimensionless parameter. The form of the effective decay
rate in finite systems is motivated by the following considerations: In 4.1.3 we have
shown that impurities placed in the array form bound states which have an impurity
part |i〉 and a polariton part |p〉. In finite arrays, this polariton part gives rise to
losses, due to the fact that the polaritons can scatter into free space photons at the
edges of the array. Using perturbation theory the effective decay of the bound state
is given by

Γeff = g2N 2Γp, (4.22)

where Γp is the average decay rate of the polariton part and N is defined such that
the polariton wave function is normalized.
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Figure 4.4: Effective decay of the impurities for different detunings and systemsizes.
The ratio of impurity linewidth and array linewidth is ΓI

Γ0
= 10−4. We chose

the coupling g and the curvature A in Eq. (4.21) to fit the numerical values.

For the curvature we obtain aĀ−1/2 ≈ 0.98Γ
−1/2
0 and for the dimensionless

parameter in Eq. (4.21) we find c̄2 ≈ 1.18. The offset c1 in ξfin we take
from the effective coupling in finite arrays.

To estimate the polariton decay rate we consider particles with mass m = 1/(2A)
trapped in a box, which - as we have seen in Section 3.3 - describes the polariton
modes very well. For simplicity we consider a spherical box with radius R = Na/2
and furthermore ignore the fact that Az 6= A. The polariton modes are then described
by spherical Bessel functions. The impurity atom only couples to polariton modes
that do not vanish at the impurity position. Thus, for an impurity atom placed in the
middle of the box (at r = 0) only the modes with angular momentum l = 0 contribute
to the polariton part of the bound state. The spatial distribution of the bound state
is then given by

ψ(r) =
1

2πNN
∑
k

k

∆ + Ak2

sin(kr)

r
. (4.23)

Note that this is a superposition of outgoing and totally reflected spherical waves.
However, the walls of the box are not perfectly reflecting such that the polaritons can
leave. Mathematically this is described by a non-zero probability current

j =
1

2mi
(ψ∗∇ψ − ψ∇ψ∗). (4.24)
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If the dynamics of the wavefunction is described by |ψ(r, t)|2 = e−Γpt|ψ(r)|2, the decay
rate Γp can be determined using the continuity equation

Γpe
−Γpt

∫
V

d3r|ψ(r)|2 =

∫
∂V

d2rj(r, t)n. (4.25)

Thus we have to find the probability current at the edge of the system.

For a spherical wave ψ(r) = (exp(ikr) −
√

1− T exp(−ikr))/r with transmission T
the probability current is

j =
1

2m
Tk

1

r2
er. (4.26)

The wavefunction at the edge of the box is ψ(R) =
√
T exp(ikR)/R and accordingly

we can rewrite the probability current at the edge replacing T/R2 = |ψ(R)|2. Inspired
by this we approximate the probability current of the polariton wavefunction at the
edge with

j(R, θ, φ) ≈ 1

2m
ξ−1|ψ(R)|2er, (4.27)

where ξ−1 is the average momentum of the polariton wavefunction (see Section 4.A).
In Section 4.1.3 we have seen that the polariton wavefunction at the edge of the
systems decays faster than exp(−r/ξ)/r. We thus approximate the wavefunction at
the edge with

ψ

(
r =

Na

2

)
∝ 1

N
e−Na/(2ξfin)

(N/2)α
, (4.28)

with α > 1. After inserting the probability current in Eq. (4.27) and the wavefunction
in Eq. (4.28) in Eq. (4.25) and performing the integration over the angular coordinates
we obtain then an analytic expression for the polariton decay rate. We insert this
expression inEq. (4.22), which gives

Γeff ∝ g2ξ−1
fin

e−Na/ξfin

N2(α−1)
. (4.29)

Comparing this expression of the decay rate with the numeric values one finds
α ≈ 3/2, which gives finally the decay rate we wrote down in Eq. (4.21).

The exponential suppression of the effective decay allows to reach large quality factors
Q = Jeff/Γeff with moderate system sizes which have been achieved in
experiment [4, 46].
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4.1.5 Different Impurity Positions and Strong Coupling

So far we have restricted ourselves to impurity atoms at positions ri = R+a(0.5, 0.5, 0).
Here, we compare the effective coupling strength and the effective decay rate for differ-
ent impurity positions. Furthermore we show that one can also find Rabi-oscillations
for strong couplings, in particular for ΓI = Γ0.

In Fig. 4.5 we show Rabi-oscillations in the weak and strong coupling regime for
different positions. The distance between the impurity atoms is r2 − r1 = aex for all
considered configurations. The impurity positions relative to the array are

(b) r1 = R +
a

2
(1, 1, 0), (d) r1 = R +

a

2
(1, 0, 0),

(f) r1 = R +
a

2
(0, 1, 0), (h) r1 = R +

a

2
(1, 1, 1).

Comparing strong and weak coupling we find that the amplitudes of the Rabi-oscillations
are smaller for strong coupling, which stems from the fact that the overlap of the bound
state with the initial impurity excitation is reduced.

To understand the position dependence of the Rabi-oscillations we consider Eq. (4.5),
where we have seen that the effective interaction up to second order is essentially
described by two processes: One process is the exchange of free photons and one is
the exchange of photons, which are in between scattered by array atoms. The second
process is affected by the position of the impurity atoms relative to the array. Within
in this simple picture the total periodic time of the Rabi-oscillation can be calculated
from

1

Ttot

=
1

Tfree

+
1

Tsc

(4.30)

and one finds Ttot = TfreeTsc/(Tfree + Tsc). The time it takes to exchange scattered
photons depends on the distance between array atoms and impurities, since the time
it takes until a photon emitted by the impurity is scattered by an array atom depends
on the distance between them.

Consequently, the effective interaction is the highest, if the impurities are placed in
such a way that one array atoms is localized in the middle of them as in fig. (4.5d).
For a configuration as shown in fig. (4.5f) the effective interaction is weaker since
the distance between the absorbing impurity atom and the nearest neighbour of the
emitting impurity atom is larger than the corresponding distance one finds for the
configuration in fig. (4.5d).

According to our discussions one would expect stronger couplings for the configuration
in fig. (4.5a) than for the one fig. (4.5h). However, in the second case all scattering
photons have to have wavevector components kz 6= 0. Such photons have a higher
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Figure 4.5: Rabi oscillations for different positions in the weak (ΓI = 10−3Γ0) and
strong coupling regime. More details are given in the main text.
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4 Impurity Atoms Placed in the Array

Figure 4.6: Spatial distribution of the symmetric and asymmetric bound states.

admixing of σ+-polarization than photons with kz = 0 and thus couple stronger to σ+-
polarized atoms. As a consequence we find stronger oscillations for the configuration
in (4.5h).

Finally we compare the effective decay for the different configurations. We find that
the configurations in fig. (4.5d) and in fig. (4.5f) decay faster than the configurations
in fig. (4.5b) and (4.5h), since the impurities sit closer to the array atoms, which
implies stronger impurity-array-coupling and thus larger decay rates. Furthermore
we notice that for the configuration in fig. (4.5f) the eigensates |±〉 introduced in
Eq. (4.7) have similar decay rates γ+ ≈ γ−, while for all the other configurations one
finds γ+ � γ−. The spatial distributions

ψ±(r) ∝ e−|r−r1|

|r− r1|
± e−|r−r2|

|r− r2|
(4.31)

of the |+〉- and |−〉- bound states mainly differ in the middle of the two impurity
atoms (see Fig. 4.6). For the configuration in Fig. (4.5f) there is no layer of atoms
between the impurity atoms such that the overlap with the array is the same for the
|+〉- and |−〉- bound state. For the other configurations there is a layer of array atoms
between the impurity atoms such that the |+〉-bound state has a larger admixing of
array atoms and thus decays faster than |−〉.

In conclusion configurations like the one in Fig. (4.5b) and (4.5h) are more suitable
for obtaining high quality factors Jeff/Γeff.
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4.2 Generalization to Four-Level Atoms

Here, we consider four-level impurity atoms placed in dimerized lattices as shown in
Fig. 4.7. Initially we assume that the transition frequency is the same for all excited
states of the impurity atoms and furthermore can be tuned into the band gap. The
general form of the Hamiltonian describing impurities placed in an atomic array is
given by Eq. (4.1). In the case of four level atoms, the impurity-part is

Himp =
∑
ri

∑
α

(
ωI − i

ΓI
2

)
σiαα +

3πcΓI
ω0

∑
ri 6=rj

∑
αβ

d̂∗β · G(ri − rj) · d̂ασiβgσjgα, (4.32)

the array is described by Eq. (2.21) and the level scheme introduced in Eq. (3.22).
The interactions between impurity atoms and array atoms are

Hint =
3πc
√

ΓIΓ0

ω0

∑
riRjrν

∑
αβ

d̂∗β · G(ri −Rj − rν) · d̂ασiβgbjνα + h.c.. (4.33)

We assume the impurities to couple weakly to the array, such that we can again
eliminate the array modes. In this case the impurity dynamics can be described by
an effective Hamiltonian of the form

Heff =
∑
ij

∑
αβ

(J ijαβ − i
Γijαβ
2

)σiαgσ
j
gβ. (4.34)

We consider the the effective coupling up to second order in perturbation theory. One
finds

J ijαβ − i
Γijαβ
2

=
3πcΓI
ω0

Gαβ(ri − rj)

+

(
3πc
√

ΓIΓ0

ω0

)2∑
l,l′

∑
α′β′

Gαα′(ri −Rl)Gα′β′(Rl′ −Rl)Gβ′β(Rl′ − rj).

(4.35)

Here, we defined the matrix elements of the free-space photon Green’s function Gαβ(ri−
rj) = d̂∗α · G(ri − rj) · d̂β and the propagator of the array

Gαβ(Rl′ −Rl) = 〈Rlα|(ωI1−Harray)−1|Rl′β〉 . (4.36)

Evaluating Eq. (4.35) numerically allows us to make some general statements about
the form of the effective coupling. To conserve all symmetries of the dimerized array
we place the impurities in a distance rij = aez.
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Figure 4.7: Impurities within the dimerized atomic array. (a) Four-level impurity
atoms with transition frequency ωI and decay rate ΓI are placed in a
dimerized array. The internal structure of the array atoms is defined in
Eq. (3.22). (b) Photonic bandstructure of the atomic array. The colors
of the bands indicate the polarizations. Along the path we have chosen,
one finds two π-polarized bands (green) and four bands with a mixture
of σ+- and σ−-polarization. For these bands the ratio of σ+- and σ−-
polarization is visualized with colors from red to blue, where red means
totally σ+-polarized, blue totally σ−- polarized and white indicates that
the overlap of the eigenstate |n〉 (where n is the band-index) with |σ+〉
equals the overlap with |σ−〉. We assume that the transition frequency of
the impurity atoms can be tuned into the bandgap.

Placing the impurities in the middle of the array at positions r = R + a/2(1, 1,±1)
one finds that the only non-zero elements of the effective coupling are J ijσ+σ+

, J ijσ−σ−
and J ijππ. In contrary to the free-space interaction, where one obtains J ijσ+σ+

= J ijσ−σ−
for a atom-atom-spacing of rij = aez, we find J ijσ+σ+

6= J ijσ−σ− for our system. This
stems from the fact that different polarized array modes have different dispersion. In
particular, near k = 0, the upper edge of the band gap is σ−-polarized and merge to
σ+-polarization with increasing kx or ky. As a consequence σ+-polarized polaritons
and σ−-polarized polaritons “see” different photonic bandstructures. In Fig. 4.8 we
show Rabi-oscillations for an atom, which is initially in the σ+-excited state and for
an atom, which is initally in the σ−-excited state. We find that the σ−-states oscillate
much fatser than the σ+-states. This is caused by the fact that the bands, that
are closest to the gap, are mostly σ−-polarized such that the σ−-states couple much
stronger.
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(a) Rabi oscillations for σ+-exitation (b) Rabi oscillations for σ−-exitation

Figure 4.8: Rabi oscillations for a σ+-excited state and σ−-excited state. The impu-
rities are placed in a distance a within a lattice with 13 × 13 × 6-dimers
and lattice constant a = 0.24λ0. The detuning is ∆ = 10−10Γ0 and the
impurity decay rate ΓI = 10−3Γ0. The effective couplings and decay rates
are Jσ+ = −0.45ΓI , Jσ− = 1.11ΓI , Γσ+ = 0.002ΓI and Γσ− = 8 · 10−5ΓI .

The effective interactions we obtain in the dimerized lattice can be much larger than
the effective interactions we found for the array built with two-level atoms. We
attribute this to the larger number of bands and the correspondingly higher den-
sity of states. If the layer between the impurity atoms consists of A atoms or B
atoms we find different effective coupling strength. Placing the impurities at posi-
tions r1 = R + a(0.5, 0.5, 0) and r2 = R + a(0.5, 0.5, 1) gives different self-energies for
impurity 1 and 2, which comes from the fact that the array atoms that sit closest to
the impurities have different level-structures.

Considering more general impurity-spacings with xij 6= 0 or yij 6= 0 the self energy
terms Jii and the interaction terms Jij with i 6= j have no shared eigenbasis. However,
this could be overcome by applying AC-Stark shifts to modify Jii in such a way that
it finally can be diagonalized with the eigenvectors of Jij.
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4.3 Summary

In this chapter we have considered impurity atoms with transition frequencies lying
in a photonic bandgap, that opens due to the presence of an atomic array. We have
shown that these setups can be used to engineer long-range interactions between
the impurity atoms. Considering the eigenstates we found localized atom-polariton
bound states. Furthermore we demonstrated that impurity atoms placed in infinite
arrays have infinite lifetime if their transition frequency lies in the bandgap. For finite
arrays we demonstrated, that the decay rate is exponentially suppressed in system
size. We deduced that this allows to reach high quality factors Q = Jeff/Γeff with
moderate system sizes. Investigating different impurity positions we have shown that
the effective interaction and the decay depend strongly on the position relative to the
array.

Finally we considered four-level impurity atoms placed in the dimerized array. For
impurity atoms placed in a distance rij = aez we found that the interaction is mainly
determined by the matrix elements Jσ+σ+ , Jσ−σ− and Jππ.
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4.A Average Momentum of Emitted Polaritons

Here, we calculate the average momentum of the polaritons emitted by an impurity
atom, which can be written as

〈k〉 = 〈p|k|p〉 . (4.37)

We approximate the polariton state |p〉 with the polariton state we found for an infinite
array (see Eq. (4.16)). As we have seen, this also provides a good approximation of the
bound state in the bulk of finite arrays. Since the polariton wavefunction in the bulk
is much larger than the wavefunction at the edges, the deviations occurring at the
edges have no significant effects on the average momentum. Inserting the polariton
state of the infinite lattice into Eq. (4.37) one finds

〈k〉 =
a3

N 2

∫
k<kc

d3k
k

(∆ + A(k2
x + k2

y + Az/Ak2
z))

2

=
4πa3

2A2N 2

(
−1 +

1

1 + (ξkc)2
+ log(1 + (ξkc)

2)

)
. (4.38)

For large correlation lengths ξ the term in the brackets is dominated by the logarithm.
Inserting the normalization

N 2 = a3

∫
k<kc

d3k
1

(∆ + A(k2
x + k2

y + Az/Ak2
z))

2
=

4πa3

2A2

(
Akc

1 + (ξkc)2
+ arctan(ξkc)ξ)

)
,

(4.39)

where the second term in brackets dominates for large ξ, one finds

〈k〉 ≈ log(1 + (ξkc)
2)

π
2
ξ

∝
ξ→∞

ξ−1. (4.40)
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5 Simulation of Spin Models

To get a picture of possible applications we show here, how our proposal could be
used for simulating spin models. For this purpose we first introduce the anisotropic
Heisenberg model and afterwards discuss how spin-1/2 and spin-1 models can be
simulated with impurity atoms that are placed in atomic arrays.

5.1 The Anisotropic Heisenberg Model

The Heisenberg model is used for the description of magnetic and thermodynamic
properties of many-body systems. In a generalized, anisotropic form the Heisenberg
model is described by the Hamiltonain

H =
∑
ij

JxijŜ
x
i Ŝ

x
j + JyijŜ

y
i Ŝ

y
j + JzijŜ

z
i Ŝ

z
j + B

∑
i

Si. (5.1)

Here B is an external magnetic field and the spin-operators S are defined via

Sz |S,m〉 = m |S,m〉 (5.2)

and

S± |S,ms〉 =
√
s(s+ 1)−m(m± 1) |S,m± 1〉 , (5.3)

with the ladder operators S± = Sx ± iSy. For spin-1/2 particles the spin operators
are the Pauli-matrices and for spin-1 particles their matrix-representation is

Sx =

0 1 0
1 0 1
0 1 0

 , Sy =

 0 i 0
−i 0 i
0 −i 0

 , Sz =

1 0 0
0 0 0
0 0 −1

 . (5.4)

Special cases of this general model are for example the Ising-model (Jx = Jy = 0), the
XX-model (Jx = Jy 6= 0, Jz = 0), the XXZ-model (Jx = Jy 6= Jz) and the isotropic
Heisenberg model (Jx = Jy = Jz). In the following we discuss how some of these
special cases can be implemented using the setups we investigated in the previous
chapter.
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Figure 5.1: (a) Λ-scheme for the implementation of XXZ-models. (b) Four-level-
scheme for the implementation of the Ising model.

5.2 Simulation of Spin-1/2 Models

In reference [17] it was shown that spin-1/2 XXZ models can be simulated with atoms
trapped within photonic crystal wave-guides. Here, we follow their proposal to show
that our systems can be used to simulate this kind of model as well. We consider a
Λ-scheme with one excited state |e〉 and two ground states |g1〉 and |g2〉 (see Fig. 5.1).
Two driving lasers with frequencies ωL1 and ωL2 couple each ground state to the
excited state. Furthermore the excited state and one ground state are coupled via
the polariton modes of the two-level array. This is described by a Hamiltonian of the
form

H = (ωg1 + ωL1) |g1〉 〈g1|+ (ωg2 + ωL2) |g2〉 〈g2|+ ωe |e〉 〈e|+
∑
k

ω(k)p†kpk

+
Ω1

2
(|g1〉 〈e|+ |e〉 〈g1|) +

Ω2

2
(|g2〉 〈e|+ |e〉 〈g2|) +

∑
k

gk(a†k |g1〉 〈e|+ h.c.), (5.5)

where pk the creation operator of the polaritons, ω(k) is the polariton dispersion
given by Eq. (3.7) and gk is the coupling between impurity atoms and polaritons. We
have never written down the polariton coupling explicitly, however in Chapter 4 we
have seen that for small detunings the polariton coupling can be approximated by a
constant.

If the detunings ∆i = ωe − (ωgi + ωLi) are much larger than the couplings Ωi, the
excited states are only virtually occupied and the lasers effectively couple the two
ground states. To derive an effective Hamiltonian describing this coupling we use the
Schrieffer-Wolff-transformation

H → eSHe−S, (5.6)
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with S = Ω1/(2∆1)(|e〉 〈g1| − |g1〉 〈e|) + Ω2/(2∆2)(|e〉 〈g2| − |g2〉 〈e|). This transforma-
tion allows us to write the Hamiltonian in a basis where the modified excited state is
decoupled from the modified ground states. The transformed Hamiltonian reads

H = (ωg1 + ωL1 −
Ω2

1

4∆1

) |g1〉 〈g1|+ (ωg2 + ωL2 −
Ω2

2

4∆2

) |g2〉 〈g2|+
∑
k

ω(k)p†kpk

− Ω1Ω2

4

(
1

∆1

+
1

∆2

)(|g1〉 〈g2|+ |g2〉 〈g1|
)

−
∑
k

gk

[
Ω1

2∆1

(
p†k |g1〉 〈g1|+ h.c.

)
+

Ω2

2∆2

(
p†k |g2〉 〈g1|+ h.c.

)]
. (5.7)

Eliminating the polaritons adiabatically (see Chapter 4) one obtains then an XXZ-like
Hamiltonian

HXXZ =
∑
i,j

Jzi,jσ
z
i σ

z
j + Jxi,jσ

†
iσj, (5.8)

where the spin operators are defined as σz = |g1〉 〈g1| and σ = |g1〉 〈g2|. The couplings
are Jzij = (Ω2/(2∆2))2Jij and Jxij = (Ω1/(2∆1))2Jij − Ω1Ω2/(∆1∆2)(∆1 + ∆2), where
Jij is given by Eq. (4.5). The ratio Jx/Jz can be tuned by tuning Ωi and ∆i.
According to [16] further spin models can be implemented using a four-level structure
as shown in fig (5.1b). Assuming ∆ � Ω we can again eliminate the excited states
and the photons. We then obtain an effective Hamiltonian of the form

HSpin =
Ω2

(2∆)2

∑
ij

JijS
†
iSj, (5.9)

with S = (Ω′/Ω |g2〉 〈g1|+|g1〉 〈g2|). In the limit Ω = Ω′ one obtains the Ising model.

5.3 Simulation of Spin-1 Models

Possible implementations of Spin-1-Heisenberg models with arrays of cavities have
been suggested in [47, 48]. Other proposals use atoms trapped in optical lattices [49].
Here, we discuss first steps towards an implementation with four-level impurity atoms
placed in the dimerized array.

Similar to the Λ−scheme we used in the previous section we suggest now to use a
scheme as suggested in Fig. 5.2. Assuming ∆i � Ωi, such that the excited states are
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Figure 5.2: Level scheme for the implementation of the spin-1 XY-model.

only virtually occupied, this gives then rise to an effective Hamiltonian of the form

H =
∑
α

(
ωg1 + ωL1 −

Ω2
α

4∆α

)
|gα〉 〈gα|+

∑
n,k

ωn(k)p†nkpnk

+
∑
n,k,α

Ωα

2∆α

gαnke
ik·ri |gα〉 〈g| pnk + h.c., (5.10)

Here pnk annihilates a polariton with momentum k in the photonic band n and gαnk is
the coupling of an atomic transition with associated dipole moment α to the n’th band.
As discussed in the previous section, we have not written down the exact form of these
couplings before. However, we know that after eliminating the polaritons adiabatically
the dynamics of the impurity atoms is descrined by an effective Hamiltonian (see
Eq. (4.34)), where the effective couplings can be written as

(J ijαβ − i
Γijαβ
2

) =
V

(2π)3

ΩαΩβ

∆α∆β

∑
n

∫
d3k

gαnkg
β
nk

ωI − ωn(k)
eik·rij (5.11)

Further, we know from Section 4.2 that for impurity atoms in a distance rij = aez
the only non-zero elements are Jσ+σ+ , Jσ−σ− and Jππ. Assuming Jππ = 0 (which is for
example the case for Ωπ = 0) we can write down a XY-Hamiltonian of the form

HXY =
∑
ij

J ijσ+σ+
Ŝxi Ŝ

x
j + J ijσ−σ−Ŝ

y
i Ŝ

y
j , (5.12)

with Sx = (|gσ+〉 〈g| + |g〉 〈gσ+|), Sy = (|gσ−〉 〈g| + |g〉 〈gσ− |) and Sz = i(|σ−〉 〈σ+| −
|σ−〉 〈σ+|). Note, that this Hamiltonian and the Hamiltonian we found in Eq. (4.34)
differ in terms of the form |αβ〉 〈gg|. The Hamiltonian we found in Eq. (4.34) lacks
these terms, which stems from the rotating wave approximation we did during the
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derivation of the effective Hamiltonian in Section 2.2. Following our definition of the
spin operators Sx, Sy and Sz the spin states |S,ms〉 are given by

|1,+1〉 = (|gσ+〉+ i |gσ−〉)/
√

2

|1, 0〉 = |g〉

|1,−1〉 = (|gσ+〉 − i |gσ−〉)/
√

2 (5.13)

The ratio Jx/Jy can be tuned using Ω± and ∆±.

5.4 Summary

In this chapter we have seen how our proposals can be used to simulate spin models.
In particular we have shown that the spin-1/2 XXZ model and the spin-1/2 Ising
model can be implemented as well as a spin-1 XY model. Future research should
explore possible implementations of a general spin-model like the one we wrote down
in Eq. (5.1).
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6 Experimental Implementation

Here we discuss how the proposals discussed in this work can be realized in experiment.
For implementing dissipationless tuneable dipole-dipole-interactions between impurity
atoms we require the following.

• First, we need a subwavelength optical lattice with near unitary filling for re-
alizing atomic arrays with photonic bandgaps. For gapping one polarization of
light we need σ+-polarized two-level atoms and for gapping both polarizations
of light we require atoms with one ground state and three orthogonal excited
states.

• Furthermore, we require impurity atoms that have transition frequencies near
the band gaps, which implies that the impurity atoms and the array atoms have
similar transition frequencies. For this reason the impurity atoms have to be
the same atoms as the array atoms or isotopes of the array atoms.

• Finally, one should be able to control the impurity atoms without affecting the
array atoms, such that one can tune the transition frequency into band gap and
furthermore reach the weak coupling limit.

In the following we first give an overview over the trapping of atoms with optical
lattices and afterwards discuss possible realizations of our proposals with Rubidium
and Strontium.

6.1 Cold Atoms in Optical Lattices

Here, we discuss how atoms can be trapped using laser light and how an atomic gas
behaves within an optical lattice.

6.1.1 Optical Lattices

We consider a two level atom which is driven by a standing wave with wavevectors
±kt and frequency ωt. The Hamiltonian describing this is

H = ∆σegσge + Ωσeg + Ω∗σge, (6.1)
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6 Experimental Implementation

where we defined the detuning ∆ = ωA−ωt and the coupling Ω = d0d·E0 cos(ktr). For
simplicity we assume that the electric field is parallel to the dipole moment, such that
d · E0 = |E0|. If the detuning ∆ is smaller than the coupling Ω we can approximate
the energies of the ground state and the exited state by

ω(1)
g = ω(0)

g −
|Ω|2

∆
= ω(0)

g −
|d0|2

∆
I(r). (6.2)

The energy shift ω
(1)
g −ω(0)

g which occurs in the presence of an electromagnetic wave is
called AC-Stark shift. Due to the AC-Stark shift the energy of the atom depends on its
position. In the case of red detuning (∆ > 0) an atom in the ground state has minimal
energy if it is at a position where the intensity of the light field is maximal. In the case
of blue detuning (∆ < 0) it has minimal energy if it is localized at a node of the elec-
tromagnetic wave. Thus the electromagnetic wave provides a trapping potential along
the direction of the wavevector kt , where the distance between the traps is λt/2 [50].
Overlapping two standing waves allows to trap atoms in three-dimensional-lattices
and adding a third standing wave enables to engineer three-dimensional lattices [51].
For our proposalwe require the lattice constant a = λt/2 to be smaller than λ0/2,
which implies that the trapping lasers are blue detuned. Considering the energy of
the excited state

ω(1)
e = ω(0)

e +
|Ω|2

∆
= ω(0)

e +
|d0|2

∆
I(r). (6.3)

we find that within our model the ground state and excited state do not see the same
trapping potential and that furthermore the transition-frequency changes due to the
trapping potential.

However, taking into account the coupling to other atomic levels the AC-Stark shift
has a much more complex form due to the coupling to other atomic levels. Due
to this one can find so called magic wavelengths, where the AC-Stark shift for the
ground state and the exited-sate is the same such that transition frequency is not
changed [52, 53, 54]. Furthermore one can find so called tuneout wavelengths where
the AC-Stark shift of one state is 0, such that this state is not affected by the optical
lattice [55, 56].

6.1.2 Hubbard Model

Now, we consider a gas of interacting particles, which has been load into an optical
lattice. This situation can be described within the Hubbard model [57]

H = −t
∑
〈ij〉

b†ibj +
U

2

∑
i

b†ib
†
ibibi, (6.4)
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where 〈ij〉 denotes the sum over nearest neighbors, the hopping t depends on the
kinetic energy and the depth of the optical lattice potential and the onsite interaction
U ∝ as/m depends on the s-wave scattering length as and the mass m. In the limit
t � U the system is superfluid, while for U � t it becomes Mott-insulating. In the
Mott-insulating regime, fluctuations in the atom number of a site become costly, such
that each atom is localized at one lattice site.

For our purposes we require a Mott insulator in a three-dimensional optical lattices
with near unity filling. Experimentally this has been realized with a variety of species
(e.g.,87Rb [4], 40K [58, 59], 133Cs [60] and 6Li [61]). Nowadays, Mott insulators are
widely used for analogue quantum simulation with ultracold gases [7, 62, 63].

6.2 Realization with Rubidium

A bandgap for one polarization of light could be realized using the cycling transition
of 87Rb (see Section 6.A) or 133Cs within a magnetic field to shift other transitions out
of resonance. For the impurity atoms we suggest to use the same species of atoms. In
the following we discuss how dipole interactions and spin-1/2 Heisenberg models can
be implemented with 87Rb.

6.2.1 Preparation of an Array with Impurity Atoms

To trap the impurity atoms as well as the array atoms we require a lattice, which
has nodes at the positions of the array atoms and at the intended positions of the
impurity atoms as well. For a configuration as shown in Fig. 4.1 the needed lattice
can be implemented with standing waves that have wavelength

√
2a. To obtain near

unitary filling for the array but low filling for the impurity-part we suggest to use
a second lattice, which also has nodes at the array-positions, but anti-nodes at the
impurity-positions. Such a lattice could be generated using standing waves with

√
2

the original wavelength, rotated by 45 degrees relative to the standing waves of the
first lattice (see Fig. 6.1). As a consequence the impurity positions are less attractive
and the probability that an atom is trapped at an impurity position is small. The
AC-Stark shift induced by the red lattice (see Fig. 6.1 for the definition) has to be
smaller than the onsite energy of the atoms to ensure that adding an impurity atom
is less costly than adding a second array atom to an array-position. Furthermore the
green lattice has to be much stronger than the red lattice to prevent the impurity
atoms from tunneling.

65



6 Experimental Implementation

λ = 2a λ =
√

2a

a√
2

(a) (b)

a a

Figure 6.1: Trapping potential for generating the atomic array and an array with em-
bedded impurity atoms. For simplicity we show two-dimensional lattices.
The three-dimensional lattice is then obtained by applying a third stand-
ing wave orthogonal to the plane shown here. (a) For trapping atoms in
a simple cubic lattice with lattice constant a one needs orthogonal stand-
ing waves with wavelength λt = 2a (red). (b) For additionally trapping
impurity atoms we need standing waves that have nodes at the impu-
rity positions and the array-positions (green). The lasers generating the
optical lattice of the array atoms can be used to lower the depth of the
trapping potential of the impurity atoms, such that the filling fraction for
the impurity atoms is smaller.

6.2.2 Impurity Control

In Section 5.2 we have seen that a Λ-scheme gives rise to an effective coupling of the
form [17]

Hint = −
∑
k

gk
ΩL

2∆
(a†k |g1〉 〈g2|+ h.c.), (6.5)

which allows to reach the weak coupling regime. The cycling transition of 87Rb with
|g1〉 = |S1/2, F = 2,mF = 2〉 and |e〉 = |P1/2, F = 3,mF = 3〉 can be mapped to a Λ-
scheme using a level configuration as presented in Fig. 6.2, where the second hyperfine
ground state could be chosen as |g2〉 = |S1/2, F = 1,mF = 1〉 [64]. To achieve that the
resonantly emitted photons have frequencies lying in the band gap the second laser
has to satisfy

∆1 + ωL,2 = ωarraya − ωarrayg , (6.6)
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∆2

∆1

Ω2

Ω1

|g2〉

|g1〉

|e〉

gk, p
†
k

gk, p
†
k

ΩL

|g2〉

|g1〉

|e〉
∆

(a) (b)

Figure 6.2: (a) A two-photon lambda scheme allows one to use the cycling transi-
tion [64]. (b) It is equivalent to a Λ-scheme with ΩL = Ω1Ω2/(2∆1) (if
∆2 � ∆1).

which implies ∆2 = 0. In this case the situation is described by

H = (−∆1) |g1〉 〈g1|+
∑
k

ω(k)p†kpk

+
Ω1

2
(|g1〉 〈g2|+ |g2〉 〈g1|) +

Ω2

2
(|g1〉 〈e|+ |e〉 〈g1|) +

∑
k

gk(p†k |g1〉 〈e|+ h.c.),

(6.7)

Assuming that ∆1 � Ω1 and performing a Schrieffer-Wolff-transformation with S =
Ω1/(2∆1)(|g1〉 〈g2| − |g2〉 〈g1|) − Ω2/(2∆1)(|g1〉 〈e| − |e〉 〈g1| one obtains an effective
Hamiltonian of the form

H ≈ (−∆1 −
Ω2

1 + Ω2
2

4∆1

) |g1〉 〈g1|+
Ω2

1

4∆1

|g2〉 〈g2|+
Ω2

2

4∆1

|e〉 〈e|+
∑
k

ω(k)p†kpk

+
Ω1Ω2

4∆1

(|e〉 〈g2|+ |g2〉 〈e|) +
∑
k

gk(p†k |g1〉 〈e|+ h.c.). (6.8)

This is the Hamiltonian of a Λ-scheme with driving ΩL = Ω1Ω2/(2∆1). The effective
coupling between |g1〉 and |g2〉 ist then given by

ΩL

2∆
=

Ω1Ω2

Ω2
1 − Ω2

2

, (6.9)

Note that this depends only on the strength of the two driving fields, which can be
used to tune transition frequency and the linewidth of the impurities.

The condition in Eq. (6.6) also implies that the second laser is near-resonant to the
cycling transition of the array atoms. To avoid any couplings between this laser and
the array it is thus reasonable to use standing waves that have nodes at the array
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positions and thus cannot couple. In Section 6.B we show that the coupling is zero,
even if the atoms are not considered as point-like objects. For this reason we assume
that the second laser has wavelength λ = 2a, which is the largest possible wavelength
where one finds nodes at all array positions. Due to Eq. (6.6) and since the detuning
of the other driving laser ∆1 has to be of the order of GHz, the lattice spacing a thus
deviates little from λ0/2.

The microwave laser, which is used to couple the two hyperfine ground states in 87Rb,
does not vanish at the atomic positions. Up to first order, the perturbed ground state
of the array atoms |g1〉 thus takes the form

|g1〉 = |g1〉 − Ω1/∆1 |g2〉 (6.10)

The probability that an atom initially in |g1〉 is excited to |g2〉 after switching on Ω1 is
thus pg2 = (Ω1/∆1)2. Declaring the atoms in |g2〉 as additional defects, this effect can
be neglected if the defect density due to the microwave laser pg2 = Ns/Ntot is much
smaller than the defect density due to finite filling. For example, if Ndef/Ntot & 0.1
[41], we require (Ω1/∆1)2 � 0.1.

6.3 Realization with Strontium

A photonic bandgap for both polarizations requires a J = 0 to J = 1 transition as
is for example found in earth alkaline atoms or ytterbium. Here, we discuss possible
experiental realizations with strontium. For the array atoms we suggest to use bosonic
strontium, which has a nuclear spin I = 0.

Here, we discuss possible implementations with 84Sr (the level scheme is shown in
Section 6.C. Unlike 88Sr the isotope 84Sr is a suitable choice to prepare a Mott insu-
lator state, as it can be brought into a BEC and has a suitable scattering length of
around 123a0 [65, 66]. To obtain a bandgap we additionally need a magnetic field and
AC-Stark shifts (see Section 3.2). For the impurity atoms one could use fermionic
strontium with nuclear spin I = 9/2. Applying a strong magnetic field one could
also use strontium to realize the proposals, that are based on σ+-polarized two-level
atoms.

6.3.1 Preparation of an Array with Impurity Atoms

The usage of different isotopes allows us to add the impurity atoms to selected posi-
tions performing the following steps. One could start by producing a degenerate gas
mixture of bosonic 84Sr and fermionic 87Sr [66]. One then excites the 87Sr isotopes
into the 3P0-state. Note that due to its non-zero nuclear spin, 87Sr is the only stron-
tium isotope where the otherwise forbidden 1S0-3P0-transition is allowed. Trapping
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6.3 Realization with Strontium

the excited 87Sr atoms in a tuneout lattice allows one to move them to the desired
positions without affecting the 84Sr atoms. After arriving at the desired position, one
has to de-exite the 87Sr atoms.

6.3.2 Impurity Control

To control the linewidth and the transition frequency of the impurity atoms we again
suggest to use a Λ-scheme. We assume that the atoms are exposed to a sufficently
large magnetic field (B > 3 mT). In this regime the hyperfine splitting of 87Sr can
be treated as a perturbation (see Section 6.D) and a Λ-scheme could be implemented
with

|g1〉 = |J = 0,mJ = 0, I = 9/2,mI = 7/2〉

|g2〉 = |0, 0, 9/2, 9/2〉

|e〉 = |1, 1, 9/2, 7/2〉+ α |1, 0, 9/2, 9/2〉 , (6.11)

where α is of the order Q/B, with Q the electric quadropole. Here, we used that
for the 1P1-level in 87Sr the electric quadropole Q = 39 MHz is much larger than
the magnetic dipole A = −3.4 MHz [67]. In this case the condition for being in the
bandgap is

ωL + ωimp2 − ωimp1 = ωarraye − ωarrayg . (6.12)

Remember that the array atoms (84Sr) have I = 0 such that they have only one ground
state with energy ωarrayg . Due to the magnetic field, the frequencies of the impurity

atoms deviate from the array atoms ωimp1 = ωarrayg + 7/2∆B, ωimp2 = ωarrayg + 9/2∆B

and ωimpe ≈ ωarraye + 7/2∆B, with ∆B = gIµBB. For 87Sr the gyromagnetic ratio is
gIµB ≈ −1.3 MHz/T [67].

The driving laser is detuned from the array-transition-frequency by ωimp2 −ωimp1 = ∆B.
Furthermore, we can ensure that the detuning for the array transition is much larger
than the detuning for the |g2〉 − |e〉-transition such that the driving laser in general
can be non-zero at the atomic positions. In particular, Eq. (6.12) implies that the
detuning for the |g2〉 − |e〉-transition ∆ = ωL + ωimp2 − ωimpe = 0. To avoid this, one
should shift the frequency of the |g1〉 − |e〉-transition of the impurity atoms with AC-
Stark shifts (use one of the lasers generating the optical lattice of the array atoms).
For negative ∆B, this also increases the detuning between the driving laser and the
array transition.
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6.4 Summary

In this chapter we have discussed possible implementations. We found that our pro-
posal relying on circular-polarized two-level atoms can be realized using the cycling
transition of rubidium or caesium. Furthermore we have seen that an omnidirectional
bandgap could be realized using earth alkaline atoms. We discussed how impurity
atoms can be added and how they can be addressed without affecting the atomic
array.
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6.A Level Scheme of Rubidium

6.A Level Scheme of Rubidium
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Figure 6.3: Level Scheme of 87Rb [50]. The red arrow indicates the cycling transition.
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6.B Beyond the Dipole Approximation

To avoid couplings between array atoms and lasers, that are used to control the
impurity atoms, we have suggested to use a standing wave with nodes at the array
possitions. Here, we show that due to symmetry the coupling is still zero if the atoms
are not considered as point-like objects.

We start with the Hamiltonian for an electron in an electromagnetic field

H =
(p− qA)2

2m
, (6.13)

where A(r) is the vector potential and the scalar potential for simplicity is chosen
to be 0. The electric and the magnetic field are then given by E(r) = ∂tA(r) and
B(r) = rotA(r). The associated vector potential for producing a standing wave with
nodes at the position r = 0 of the atom is

A(r, t) = A0 sin(kz) exp(iωt). (6.14)

We assume that the electromagnetic wave is circular polarized ( A0 = A0(1, i, 0)) and
treat A as a small perturbation. The coupling Ω between |ψ5,0,0〉 and |ψ5,1,m〉 consists
of two parts

Ω1 ∝
∫
d3rψ∗5,1,m(r)A(r)∇ψ5,0,0(r) (6.15)

and

Ω2 ∝
∫
d3rψ∗5,1,m(r)(∇A(r))ψ5,0,0(r). (6.16)

Here, we ignore the term ∝ q2A2/m. The second part is zero for circular polarized
A0, since ∇A(r) = 0 in this case. The first part vanishes due to symmetry reasons:
First we consider the p-wave-functions:

ψ5,1,±1(r) ∝ sin(θ)e±iφ ∝
√

1 + z2/r2 (x± iy)/r (6.17)

Inserting ψ5,1,±1 in Ω1 gives ψ∗5,1,±1(r) sin(kz)(∂x−i∂y)ψ5,0,0(r) for the integrand. Since
ψ∗5,1,±1(r) and (∂x − i∂y)ψ5,0,0(r) are even in z and sin(kz) is odd in z, the integrand
is odd and the integral over z vanishes. Consequently there is no coupling between
ψ5,1,±1 and ψ5,0,0. The term ∝ q2/mA2 gives no contribution too, since this term itself
and ψ5,0,0 are even in r and ψ5,1,± is odd in x and y.
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6.C Level Scheme of Strontium
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Figure 6.4: Level Scheme of Sr [67]. The 1S0-3P0 transition is in general forbidden.
However, due to hyperfine splitting it is allowed for fermionic 87Sr.
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6.D Hyperfine Splitting and Magnetic Field

In this section we discuss the level scheme of strontium within a magnetic field. Thus,
we consider a Hamiltonian of the form

H = HFS +HHFS +HB. (6.18)

Here HFS is the fine structure Hamiltonian, which has eigenstates |J, Jz, I, Iz〉, where
J = L + S is the total angular momentum of the electrons and I is the nuclear
spin. The hyper fine structure splitting comes in due to coupling of J and I. For our
purposes the hyper fine splitting can be described by

HHFS = A IJ +Q
3(IJ)2 + 3

2
IJ− I(I + 1)J(J + 1)

2I(2I − 1)J(2J − 1)
, (6.19)

where A is the magnetic dipole and Q the electric quadropole [67, 68]. This Hamil-
tonian still commutes with J2 and I2. Furthermore it can be decomposed into one
diagonal part

H0
HFS = A JzIz +Q

3(IzJz)
2 + 3

2
IzJz − I(I + 1)J(J + 1)

2I(2I − 1)J(2J − 1)
, (6.20)

which still has eigenstates |J,mJ , I,mI〉 and one non-diagonal part

H ′HFS = AK + 3Q
(K + IzJz + 1

2
)K +KIzJz

2I(2I − 1)J(2J − 1)
, (6.21)

with K = (I+J− + I−J+)/2. Here J± = Jx ± iJy are the creation and anihilation
operators, acting on |J,m〉 like

J± |J,m〉 =
√
J(J + 1)−m(m± 1) |J,m± 1〉 . (6.22)

The same holds for I.

The third part of the hamiltonian takes into account the effects of an external magnetic
field via

HB =
µB
~

(gSS + gLL + gII)B. (6.23)

If µB
~ B � A,Q Jz and Iz are still good quantum numbers and the hyper fine splitting

only enters in form of small perturbations (Paschen-Back effect).

For strong magnetic field the good quantum numbers are S, L and I. However, we
can neglect this due to the fact that we will restrict our self to spin singlet states and
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thus S = 0 and J = L. In first order perturbation theory the correction of a state
|ψ0〉 = |J,mJ , I,mI〉 due to the hyperfine coupling is given by

|ψ1〉 =
∑
m′J ,m

′
I

〈J,m′J , I,m′I |H ′HFS|J,mJ , I,mI〉
EmJ ,mI − Em′J ,m′I

|J,m′J , I,m′I〉 (6.24)

=
β+

4
|J,mJ − 2, I,mI + 2〉+

α+

2
|J,mJ − 1, I,mI + 1〉 (6.25)

+
α−
2
|J,mJ + 1, I,mI − 1〉+

β−
4
|J,mJ + 2, I,mI − 2〉 , (6.26)

where α± and β± are defined as

α± ≈
(
A+ 3Q

(mI ± 1)(mJ ∓ 1) +mImJ + 1
2

2I(2I − 1)J(2J − 1)

)
f±(mI ,mJ)

µB
~ B

(6.27a)

β± ≈ 3Q
f±(mI ± 1,mJ ∓ 1)

2I(2I − 1)J(2J − 1)

f±(mI ,mJ)

2µB~ B
, (6.27b)

with f±(mI ,mJ) =
√
I(I + 1)−mI(mI ± 1)

√
J(J + 1)−mJ(mJ ∓ 1). For simplic-

ity the energy differences were approximated by ∆E ≈ µB
~ B ∆mJ , which is reasonable

for µB
~ B � A,Q and gL � gI .
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7 Conclusion

In this work we have shown that three-dimensional atomic arrays are promising candi-
dates for engineering interactions between embedded impurity atoms. We found that
photonic bandgaps for one polarization of light arise in arrays with two-level atoms and
furthermore proposed that omnidirectional bandgaps for both polarizations of light
can be opened by applying a magnetic field and AC-stark shifts to four-level atoms
trapped in simple cubic optical lattices. Considering additional impurity atoms with
transition frequencies in the bandgap we have shown that these setups can be used
to prevent quantum emitters from decaying and furthermore to engineer long-range
interactions.

We have seen that high quality factors J/Γ can be realized in a slightly subwavelength
regime with moderate system sizes of about 20 × 20 × 20 atoms, which both can be
realized in nowadays experiments [4, 46, 69]. Furthermore we have discussed possible
experimental realizations. We expect that our proposal can be readily implemented
in current experimental setups.

As we have shown, our proposals could be used to implement spin-1/2-models as
well as higher spin-models. This enables the study of exciting phenomena like for
example frustration in the presence of long-range interactions [70] or topological states
of matter [71]. Furthermore, three-dimensional nanophotonic structures, like the
three-dimensional arrays considered within this work, enable the realization of one-
two- and three-dimensional systems. We expect that our proposals can be extended to
different geometries such that a large class of spin models could be implemented [13].
Future research should deepen the knowledge of possible implementable spin-models.
Besides that, the possibility to engineer long-range interactions may have great appli-
cations in the simulation of quantum chemistry [15].

Within this work we have considered the photons only as exchange particles of the
atom-atom-interaction. However one could focus on the photons themselves studying
their propagation inside the arrays, which provide a highly non-linear medium [11].
For example polaritons near the bandedge behave like massfull particles, which could
give rise to many interesting phenomena like Bose-Einstein condensation of polari-
tons [72, 73]. In conclusion, three-dimensional atomic arrays are exciting nanopho-
tonic structures and establish great possibilities for quantum simulation.
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[17] A. González-Tudela, C. L. Hung, D. E. Chang, J. I. Cirac, and H. J. Kimble,
“Subwavelength vacuum lattices and atom-atom interactions in two-dimensional
photonic crystals,” Nature Photonics, vol. 9, no. 5, pp. 320–325, 2015.

[18] J. D. Hood, A. Goban, A. Asenjo-Garcia, M. Lu, S. P. Yu, D. E. Chang, and H. J.
Kimble, “Atom-atom interactions around the band edge of a photonic crystal
waveguide,” Proceedings of the National Academy of Sciences of the United States
of America, vol. 113, no. 38, pp. 10507–10512, 2016.

[19] Y. Liu and A. A. Houck, “Quantum electrodynamics near a photonic bandgap,”
Nature Physics, vol. 13, no. 1, pp. 48–52, 2017.

[20] D. E. Chang, J. S. Douglas, A. González-Tudela, C. L. Hung, and H. J. Kim-
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