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FITTING COEFFICIENTS OF POTENTIAL ENERGY SURFACE

Our study solved the 2D Schrédinger equation with a 2D FES-lattice potential en-
ergy surface. To evaluate this 2D potential energy surface, we calculate DFT total en-
ergy E20..(Qf, Q] by distorting the atomic geometry along the FES mode, parameter-
ized by )¢ and the c-axis, parameterized by ).. The variable Q¢ is defined as follows:
Qf = x(U%EZS U, FES) = xd, which is the atomic displacement difference between Ti and
O atoms along the z-direction in the normalized eigenvector of FES mode U parameterized
by x. The normalized eigenvector U is obtained from the optimized geometry difference
between ferroelectric (dE[Qf # 0]/dQs = 0 and (). = 0) and paraeletric SrTiO3 (Qf = 0) in
the tetragonal unit cell. The Q). is defined as uniaxial lattice variation along the FES mode
direction from the strain free lattice (). = 0. The fitting coefficients of the potential energy
surface (V2P[Qr, Q] = B3 [Qr, Q. — E25..[0,0]) are evaluated up to the 24-th order for
Q¢ and 10-th order for (). as follows:
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This high-order fitting coefficient reproduces an almost identical potential energy surface
compared with the potential energy surface obtained by DFT calculation. The evaluated
fitting coefficients are summarized in Tables S1 and S2.

In addition, we also considered the effect of AFD mode through the classical treatment.
The modified potential energy surface of FES mode and c-axis by AFD mode at given time ¢
is given as follows: V5ot =710 Z;il /{:af,i,jQzQ?cj +30 210 Kac i’jQzQch The evaluated
fitting coefficients are summarized in Tables S3, S4, S5, and S6.

SOLVING TIME-DEPENDENT SCHRODINGER-LANGEVIN EQUATION

To investigate the THz field-induced ferroeletricity in SrTiOz, we solve the time-

dependent lattice Schrodinger-Langevin equation with dissipation effect as follows [1, 2]:
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The 3D lattice Hamiltonian (Hsp) consists of ferroeletric soft mode (Q;), lattice (Q.)
and given AFD mode (Q,) at t. To include the dissipation effect, the phase of wavefunction
(S[Qf, Qe, t] = arg[(Qy, Qe t)]) is evaluated with dissipation ratio  [1, 2]. To construct
the Hamiltonian, the numerical grid basis set is considered 200 x 200 for the —0.5 A <
Qr <05 Aand —02A <Q.<04 A, and its convergence is checked up to 500 x 500.
The application of the kinetic term is done using central finite difference for a uniform grid
spacing up to the 8-th order as follows:
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We employed the time-evolution operator with Taylor expansion up to 4-th order as

follows:

Ut + dt;t) = [1+Z(_2i§t)”%][1+Z<_;,ft>”Hn] (54)

HEAT DISSIPATION THROUGH THE OHMIC BATH IN THE SCHRODINGER-
LANGEVIN EQUATION

To investigate the non-equilibrium dynamics with dissipation, we solve the Schrodinger-
Langevin equation as follows: 1) = Hy + v(S— < S >)i, when v and S[Q, Q.] =
arg[(Qf, Q.. t)] are the dissipation rate and the phase of the wavefunction respectively. For-
mer studies investigate real-time dynamics of the 1-dimension and 2-dimension wavefunction
with heat dissipation to describe the quantum vibrations of molecules or phonon [1, 2]. For
example, the Schrodinger-Langevin equation reveals real-time dynamics of quantum wave-
function consisting of C-I and C-Hj vibrations of methyl iodide, and this method provides
consistent results with exact solutions [2]. Tt is also used to investigate the time-propagation
of a wavefunction in double-well potential using Schrodinger-Langevin equation [1]. These
works indicate that the Schrodinger-Langevin equation can lead to reliable real-time quan-

tum dynamics with fractional dissipation.

The dissipation path through harmonic oscillators has been considered for the open quan-
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tum systems [3-5]. In previous studies, the Ohmic environment is employed to describe the
dissipation through harmonic oscillators with and without nonlinear coupling [3-5]. In our
study, we assume that the energy of the FES mode excited by the THz field pulse is mainly
dissipated into the other phonon modes. Considering that bulk SrTiOj3 is a 2 eV bandgap
insulator, the dissipation channel through electron-phonon scattering can be comparably
negligible. Here, we investigate the decaying ratio of FES mode through the AIMD simula-
tion in a 2x 2 x 2 supercell. With initially displaced atomic geometry along the FES mode, we
then evaluated the time profile of the absolute value of FES mode under the N P F-ensemble
as shown in Fig. S1(a). Because NP FE-ensemble sustains the number of particles, constant
pressure, and constant energy, it makes possible to investigate the dissipation of FES mode
through the phonon-phonon scattering. We found that the initially excited FES mode dis-
sipates into other modes such as the c-axis, AFD, and a-axis (see Fig. S9). By fitting an
exponential decay curve (age "), the fitting parameters ap = 14.8 mA and v = 1.5 THz
are obtained. We evaluate the decaying ratio () in a wide range of initial displacement of
FES mode, as shown in Fig. S1(b). Our results indicate that the decaying ratio is strongly
dependent on the initial displacement of the FES mode. Because the larger initial displace-
ment of FES mode contains much higher energy compared to the heat bath in the 2 x 2 x 2
supercell, which is the computational limit of our dynamics (117 degrees of freedom), hence
the energy of FES mode cannot yet be efficiently dissipated. To check the contribution of
the AFD and c-axis motion on the dissipation, we also evaluate the decaying ratio with
constrained AIMD simulation. The decaying ratio is evaluated by fixing the c-axis lattice
and movements of oxygen atoms along with the AFD mode, as shown in Fig. S1(b). We
found that AIMD without the AFD and c-axis dynamics does not provide different decaying
behavior when compared to the full dynamics. This result indicates that the excited FES
mode dissipates into all phonon modes rather than specific phonon modes as AFD and c-axis
in Sr'Ti03. To estimate the appropriate dissipation ratio in our simulation, we evaluate the
average absolute value of the excited FES mode by THz field pulse without dissipation, as
shown in Fig. S1(c). Even though the time propagation with a short period (¢t < 12 ps) does
not provide a clear converged trend, the [Q[|*"? ~ 20 mA is evaluated in a wide range of
field strength with the time-propagation. With this estimation, we employ a damping rate
of v = 1.2 THz and report the dissipation ratio’s dependency on the THz field-induced fer-

roelectricity in our updated manuscript. Notably, a previous study reported the dissipation



ratio v = 0.9 THz evaluated from the lifetime of FES mode observed in spectroscopy to
demonstrate the THz-field pulse-induced nonlinear phonon interaction in SrTiOj3 [6].

We also check the effect of heat baths on the dissipation of FES mode through the AIMD
simulation. As shown in Fig. S1(d), the dynamics of FES mode are evaluated by the AIMD
simulation with N PT-ensemble and the same initial condition (Qf(t = 0) = 20 mA) as the
previous case. Because the thermostat constrains the ionic motion at a given temperature,
the decay rate of FES mode with the thermostat at 10 K is significantly decreased (~
0.085 THz). Considering the decay process by the heat bath (Yinermo) is comparably slow,
the contribution of phonon-phonon scattering on the decay of the FES mode is dominant
(7ph)- This result indicates that our estimation of the decay rate of FES mode with NPE-

ensemble is appropriate.

In our updated results, the THz-field induced ferroelectricity is achieved in a field strength
range of 200 ~ 450 kV/cm as shown in Fig 1(e) consistent with experimental results, but un-
like the experiment the decay back to the quantum paraelectric phase on a few ps time-scale
is not captured. The inconsistency brought by this non-decaying behavior might originate
from the lack of finite-temperature heat bath, and the simplified description of the phonon-
phonon scattering processes in our model. Nevertheless our calculations serve the purpose of

unravelling the microscopic mechanism behind THz field-induced ferroelectricity in SrTiOj.

MODE EFFECTIVE CHARGE, NORMALIZED EIGENVECTOR OF FES MODE,
AND EFFECTIVE FIELD STRENGTH IN MEDIUM

We evaluated the Born effective charge for each atom with density functional perturbation
theory and obtained Zg,=2.58 e, Z11=7.30 e, Zo,=-5.74 e, and Zg x,=-2.08 e. which are

consistent with previous calculations [7, 8]. We defined the mode effective charge for the
UF‘E

ferroeletric soft mode as follows: Z; = "/ Z“(W;SES) = 37.2 e for the tetragonal unit
cell. The normalized eigenvector and details of tetragonal SrTiO3 are summarized in Table
S7.

We evaluate the mode effective charge from the modified potential energy surface by
applying finite E-field on the bulk SrTiO5;. From the modern theory of polarization, the
minimized total energy of density of the state is achieved with finite E-field in the pe-

riodic boundary condition [9]. As shown in Fig. S2(a), the potential energy surface of
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FES mode is modified depending on E-field strength. The mode effective charge is eval-

uated from the first derivative of energy potential energy (U) difference as follows: Z =

eEfliemﬁ(UDFT (Qf, Eticia) — Uprr[Qf,0]). We found that the mode effective charge is not
significantly dependent on the field strength, but it is almost constant in a wide range of
field strength (Zjerrq = 37 €) as shown in Fig. S2(b).

We also consider the effective field strength (Ee) in the SrTiOz to compare the ap-
plied field strength in experiment. The effective field strength in medium and incident
field have a relation as follows: E.g = #\/@E@m when €(w) is dielectric function at
given frequency [10]. The dielectric function of SrTiO3 at low frequency is approximately

€ ~ 6 [11, 12]. With these results in the former studies, we evaluate the effective E-field
(Eer(t) = 0.58 Fext (t)) in the medium from the Egy external field strength.

CONVERTING THE HAMILTONIAN INTO NORMAL MODE COORDINATE

In our simulation, we perform the time propagation with the following Hamiltonian:

52

R P; p2
H2D[Qf7QC) ] = 2Mf + 2M

+ ‘A/QI;DE&C + Eext<t>Zfoa <S4>

where the mass for the FES mode is defined as My = )" M, (%) and the mass
for lattice is defined as M, = > M, [13]. The Schrédinger equation is written in A unit

and expressed in terms of Q¢, Q., Py = M f% and P, = Mcd(?tc. In previous studies
on light-matter interaction [14-19], the nonlinear phonon interaction driven by external
fields has been investigated with a classical equation of motion as follows; () + + 7Q =
ZFE, when Q, V, Z, and E are normal mode coordinates, potential surface, mode effective
charge, and external field, respectively. In that case, () is defined in the unit of length
xv/Mass for this equation of motion. Even though we used Q in the unit of length for the
conventional expression in Schodinger equation, the ¢ can be easily converted to the normal
mode coordinates in the unit of length x v/Mass (Q ) as follows; @y, = /M@y /d, when
d = U9 —USES = 0.514 and My, = d?My = 28.11 amu. The momentum P; = Mfde

in our manuscript can be also converted into the momentum in normal mode coordinates
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as follows; Py, = d%ﬁ’” = Yo Pf From the simple Hamiltonian (Pf/2M; 4+ kQ%) in the

Qs coordinate, the Hamiltoman in normal mode coordinate becomes P fm /2 + A’Zfin Q> Fme L
addition, the mode effective charge Z; is also converted to Zy,, = Zyd/\/Mpy,. In the cubic
cell, the mode effective charge in normal coordinate is Ztp, cupic = Zgm/4 =091 e amu~/?

With these conversions, the equation (S4) becomes as follows;

me P2

}AIQD [Qfm; QCWL? t] = 2 + ;m + VFES ¢ + Eext(t)meQfma <S5)
R 12 ke - 10 k.. 12
when V5o =3~ Mg oy Ry sy K agng s
i=1 Mfm =2 Mg:m i=1 j=1 Mme i/

FERROELECTRIC STATE FROM THE EXCITATION BETWEEN GROUND AND
FIRST EXCITED STATES IN THE QUANTUM PARAELECTRIC PHASE

The quantum paraelectric phase in SrTiOs has the non-degenerated ground (i) and
first excited (¢) states, in which energy difference corresponds to the frequency of the
ferroelectric soft mode (w = ¢, — ¢g = 0.5 THz) [13]. As shown in Figs. S3(a) and S3(b),
the excitation between ground and first excited states can provide the ferroelectric states.
As shown in Figs. S3(c) and S3(d), the linear combination of ground and first excited states
indicates the ferroelectric lattice wavefunction, in which lattice density locates the one of
double-well potential. Our study found that a single cycle THz field pulse leads to the

ferroelectric state.

SECOND-HARMONIC GENERATION SIGNAL WITH DISTORTED GEOME-
TRIES

To evaluate the second harmonic generation signal from the time-profile of ferroelectric
soft mode, we computed second harmonic generation signal in the v/2 x v/2 x 2 tetrago-
nal geometry SrTiO3 using time-dependent density functional theory calculation [20]. We
distorted the atomic geometry toward the ferroelectric soft mode direction (@) from its
optimized paraelectric tetragonal geometry. With this fixed geometry, we apply the 1.55 eV

prove pulse with 40 fs duration [21] and evaluated the second harmonic generation response
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in the inset of Fig. 2(f) in the main text. Considering the time scale of THz field-induced
lattice dynamics (~ 10 ps), the motion of lattice is negligible during this electronic response.
We evaluate fitting parameters of the second harmonic generation signal concerning atomic

distortion along the Q)¢ as follows:

3

SHG(Qp) =) al Q" (S6)

)

Table S8 shows summarized coefficients. Notably, the second harmonic generation signal
is an even function for ;. We evaluated the second harmonic generation signal of THz-

induced lattice wavefunction with this relation, as shown in Fig. 2(e) in the main text.

FREQUENCY OF FES MODE FROM THE OPTICAL SPECTRUM

Here we also provide the eigenvalue of gamma phonon modes in cubic Sr'TiO3 evaluated
from density functional perturbation theory (DFPT) in the wide range of frequency up to
16 THz ~ 500cm~! as shown in Fig S4. Through the DFPT calculation, we found the
triply-degenerated phonon modes with positive frequency except for the FES modes in the
cubic unit cell. The Schrodinger equation evaluates the non-negative phonon frequency of
FES mode (0.48 THz), while the DFPT calculation gives a negative phonon frequency of
FES mode [13]. Similar to the former experiment report [6], we found two IR-active TO
modes at 4 THz and 15 THz and a silent TO mode at 6.5 THz. Compared with the spectrum
of THz-field pulse, the only resonant IR-active mode is FES mode, as shown in Fig. S4(b).
Even though the single-cycle pulse has broadened the spectrum in the frequency domain, the
FES mode is the only mode that resonates with this THz-field pulse. We also checked the
phonon density of the state in the tetragonal Sr'TiO3 as shown in Fig. S4(c). While we found
the lowest IR-active mode in the tetragonal cell at 2 THz, this frequency is out-of-range of
resonant condition with a 0.5 THz field pulse. These results indicate that the FES mode
can only be excited by the 0.5 THz field pulse.

A previous study evaluated the frequency of the FES mode from the eigenvalue difference
between ground and the first excited states in quantum paraelectric SrTiO3 [13]. We evaluate
the IR spectra by solving the time-dependent Schrédinger equation with initial kicking at
2 ps. As shown in Fig. S5, the single peak at ~ 0.47 THz is visible in the spectrum over a
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wide range of frequencies. This result indicates that the 2D potential energy surface provides

a frequency of FES mode that is consistent with previous experimental observations [21-24].

MODIFIED FREQUENCY OF FES MODE BY ELONGATED LATTICE

The light-induced elongation of the lattice is not enough to lead to the ferroelectric
transition in SrTiO3. Indeed a much larger lattice elongation would be required to induce
ferroelectricity directly. For example, the THz pulse with £ = 450 kV /cm leads to ferro-
electricity showing Q. = 0.04 A at 8 ps as shown in Fig. 2(a) of the main text. To prove
this behavior, we evaluated the frequency of the FES mode as a function of strain in the
quantum paraelectric SrTiO3 as shown in Fig. S6. The static lattice Schrodinger equation
is solved with additional strain terms (H’' = —n@Q.). The result indicates that a significant
elongation Q. ~ 0.1 A is required for the ferroelectric transition, which is characterized by

the complete softening of the FES frequency (w — 0) [25].

EFFECT OF SHAPE OF THZ PULSE ON THE THZ-INDUCED FERROELEC-
TRICITY IN SRTIO3

Our simulation found that the light-mixed state between ground and first excited states
of quantum paraelectric SrTiO3 generated by asymmetric single-cycle THz pulses is a viable
route for THz field-induced ferroelectricity. We further investigated the control of the THz
field-induced ferroelectric phase transition using the THz pulse duration as a tuning knob,
as shown in Fig. S7. We applied a THz field pulse, parameterized as follows; E(t) =
Eqycos(2rwt)exp(—0.5(t — to)?/0?). We observe that a negatively polarized ferroelectric
(Qr > 0) state with a pulse of £ = 130 kV/cm and ¢ = 0.7 ps (see Fig. S7(a)), similar to
the main text. On the other hand, a pulse characterized by E = 160 kV/cm and o = 2.0 ps
leads to a positively polarized ferroelectric state (Qf > 0) as shown in Fig S7(b). This
behavior indicates that the direction of the electric polarization is a direct consequence of
the pulse shape. In particular, as apparent from Fig. S7(b), the FES mode follows the pulse
shape and gets trapped in a polarized after a peak in intensity of the laser pulse, which
is strong enough to induce ferroelectricity without the inversion symmetry. Because the

longer pulse has a narrower bandwidth favoring a resonant coupling with the FES mode as



shown in Fig. S7(d), we find that the longer pulse can lead to a ferroelectric transition with
lower field strengths (£ < 100 kV/cm). It reinforces our interpretation of the field-induced
ferroelectricity due to the excitation between ground and first excited states instead of an
in-coherency of a shifted wave packet.

We investigated the effect of a continuous THz field, as shown in Fig. S7(e). The con-
tinuous THz pulse with w = 0.5 THz and F = 400 kV /cm is applied with turn-on duration
to = 5 ps. This continuous THz field induces the oscillation of FES mode around the
Q¢ = 0 and elongated )., but it does not lead to the THz field-induced ferroelectricity,
unlike the case of pulse with ¢ = 2.0 ps. These results indicate that the THz-induced
ferroelectricity in SrTiOj originates from the excitation between the ground and the first
excited states in the quantum paraelectric phase and applying the asymmetric single-cycle
THz pulse. In addition, we employed the single-cycle pulse with a different frequency, as
shown in Fig. S7(f). For the single-cycle pulse with 1 and 0.8 THz, the wavepacket with
o = 0.35 ps and 0 = 0.44 ps are considered. With this condition, the frequency spectrum
of a single cycle shows the same averaged value at w = 0 THz, as shown in Fig. S7(g). We
introduce the frequency-dependent behavior in the main text. It reveals that a resonant
condition for the excitation between ground and first excited lattice states is vital for the

THz field-induced ferroelectricity in SrTiOs.

EFFECT OF FINITE TEMPERATURE ON THZ FIELD-INDUCED FERROELEC-
TRICITY

Here we investigate the finite temperature effect on the dynamics features in the SrTiOs.
We consider two main effects of finite temperature on the FES mode in SrTiOs. The first
effect is thermally excited other modes such as AFD mode and a-axis. The second effect is the
thermal excitation of FES lattice wavefunction, as shown in Fig. 2(b) of the main manuscript.
To investigate these finite temperature effects, at first, we proceeded with AIMD simulations
with LDA functional at the given temperature under the thermostat [13]. The averaged
values of AFD mode (Qarp) and in-plane lattice displacements (Q),) at a given temperature
are achieved from the AIMD simulations as shown in Fig. S8(a) and S8(b). We found that
the higher temperature leads to the decrement of the average angle of AFD modes toward

the AFD = (0° and the expansion of a-axis lattice ), > 0. This tendency indicates that the
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thermally excited AFD mode and in-plane lattice can affect the THz-induced ferroelectricity
at high temperatures. To investigate the thermal effect on the frequency of FES mode, we
evaluated a 2D potential energy surface consisting of FES and out-plane lattice with lattice
distortions along with the AFD and in-plane lattice at a given temperature. We evaluated
the frequency of FES mode with and without thermal lattice effect from thermal density
matrix as our previous study [13]. As shown in Fig. S8(c), the frequency of FES becomes
stiffened with the higher temperature, and the thermal effect of other modes is not significant
compared with the case of equilibrium lattice of AFD and a-axis [13]. With these two thermal
effects, the increment of FES frequency at the higher temperature leads to the non-resonant
condition with THz-field pulse, which degrades the absorption of energy from the pulse.
Therefore, this modified frequency by thermal effect prevents the THz-field pulse induced
ferroelectricity. This result is consistent with the former experiment that shows degraded

TFISH signal and stiffening of FES frequency with high-temperature conditions [21].

EFFECT OF OTHER VIBRATIONAL MODES ACTIVATED BY HIGHLY EX-
CITED FES MODE THROUGH THE NONLINEAR PHONON INTERACTION

The high intensity of THz pulse can excite various phonon modes through the nonlinear
phonon interaction with FES mode, but their feedback on FES mode is not significant. Here,
we investigate the excitation of AFD mode and in-plane lattice variation, leading to the non-
linear phonon interaction with FES mode [26]. First, we evaluated how much FES mode
is excited by given THz-field pulse using lattice Schrodinger equation with classical AFD
mode. The dynamics of the AFD mode is evaluated in length unit (A), and it can be con-
verted into the rotation angle of the oxygen octahedron (AFD(°)) from its cubic geometry.
The AFD displacement (Q,(°)) is defined as the angle variation (Q, = AFD — AFD") from
ground state geometry of tetragonal cell (AFD?). Without dissipation, we applied the THz
field-pulse (400 kV/cm) through the time-propagation with 2D+1D Hamiltonian and eval-
uated the dynamics that provides maximally |Q);| = 0.05 A,Q.=007 A and Q, =0.3° at
t > 6 fs as shown in Figs. S9(a)and S9(b). This result indicates that the THz field pulse
can induce the AFD mode through the nonlinear phonon interaction with the FES mode.
Second, we proceeded with the ab initio molecular dynamics simulation (AIMD) simulation

without temperature control to evaluate the dynamics of the a-axis. Mainly, we employed a
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2 X 2 x 2 tetragonal unit cell with an initially displaced atomic position toward the eigenvec-
tor of FES mode (Q; = 0.05 A). For the AIMD simulation, we chose the LDA functional to
start the dynamics with paraelectric ground geometry of bulk SrTiOz [13]. In contrast, PBE
functional can misleads the dynamics with the nonlinear phonon interaction in the classical
limit by presenting the ferroelectric ground geometry with |Q‘;’f°u"d] =0.075 A [13, 27]. We
found that the initially displaced FES mode gives an oscillation of in-plane lattice with the
amplitude of Qu_qeis = 2 mA as shown in Fig. S9(c). This result also indicates that the
THz field pulse can excite the oscillation of in-plane lattice through the nonlinear phonon
interaction with FES mode.

To understand the feedback effect on FES mode from these displacements of lattices
through the excited FES mode, we evaluate the modified potential energy surface of FES
mode with each distortion. As shown in Fig. S9(d), the potential energy surfaces of FES
mode are compared with various lattice distortions evaluated from the dynamics. We found
that the out-plane lattice (Q.) largely modifies the potential energy surface of FES, while
AFD mode (Q,) and in-plane lattice ((QQq_qzis) affect almost negligible. In addition, we eval-
uate the frequency of FES mode by solving the 2D Schrodinger equation with 2D potential
energy surface under the lattice distortions of AFD and a-axis. As shown in Figs. S9(e)
and S9(f), the frequency of FES mode has a dependency on the AFD distortion in the wide
range, while it does not have significant dependence on the a-axis change in the evaluated
range from AIMD. Because of the maximally excited lattice distortions (|Q,| < 0.3° and
|Q.| < 3 mA) by FES mode, however, the modification of frequency of FES mode is negli-
gible, as we already verified from the potential energy surface of FES mode. These results
indicate that the feedback effect of other modes, which are excited through the nonlinear
phonon interaction, is not significant as out-plane and the 2D potential between FES and
out-plane lattice is enough to describe the THz-induced dynamics and nonlinear phonon

interaction in the bulk SrTiOs;.

NONLINEAR PHONON INTERACTION WITH FINITE WAVEVECTOR MODES

Our study mainly considered the anharmonic coupling between gamma FES mode and
lattice elongation. Because the FES mode at gamma point is the only infrared-active mode

that can be excited by 0.5 THz pulse, our minimal model is considered the FES mode and
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its nonlinear interaction with out-plane lattice. Notably, the IR gamma mode can be di-
rectly excited by resonant E-field under the dipole approximation, as shown in Fig. S10.
To investigate the nonlinear phonon interaction of finite wavenumber mode, here we pro-
ceeded with the AIMD simulation from paraelectric geometry (Qrps=0) in the 2 x 2 x 2
supercell without a thermostat. Similar to the previous AIMD simulation, we considered
LDA functional to avoid the overestimated dynamics by ferroelectric ground geometry [13].
Considering the THz-pulse excites the IR-active mode at ¢ = 0, the FES modes with finite
wavevector (¢ # 0), which is not IR-active, could be excited through the phonon-phonon
scattering such as the interaction between Qrps,—0 and Qrgpsgz0, or Q. and Qrgsg-o-
We prepared the initially elongated out-plane lattice (Qe_azis = 0.20 A) to excite various
phonon modes through nonlinear phonon interaction. Notably, we employed the enormous
value of initial elongation to excite the Q2Q.-type interaction, while the THz-induced out-
plane lattice elongation is Q._azis ~ 0.05 A with 400 kV/cm as shown in Fig. S9(a). As
shown in Fig. S10, the initially elongated c-axis induces the other phonon modes and a-axis
oscillation. Highly elongated c-axis, a-axis, and gamma AFD modes oriented xy, yz, and
zx planes are excited by nonlinear phonon interaction and oscillate during the dynamics as
shown in Fig. S10(b) and S10(c). In addition, we investigate the excitation of gamma and
q= 0.53—’; FES modes, which have 7w phase difference along the given direction as shown in
Fig S10(d). The gamma FES modes oriented along x, y, and z-direction are excited with
the maximum magnitude of |Qrgs| = 0.01 A as shown in Fig. S10(e). On the other hand,
there is negligible excitation of FES modes with finite wavevector (¢ = 0.5?1—1:) along with all
three directions, as shown in the upper panel of Fig. S10(f). We also investigate the non-
linear phonon interaction between gamma and ¢ = 0.52—:)’ FES modes. From the previously
presented dynamics, as shown in Fig. S9, we evaluated the dynamics of ¢ = 0_5(21_2 FES mode
induced by initially excited FES mode as shown in Fig. S10(f) below. It shows that the
nonlinear phonon interaction between ¢ = 0 and ¢ = 0.52—2 FES modes is also negligible,
considering the FES modes at gamma are also highly excited(|Qrgrs| = 0.01 AA) in this
dynamics. These results indicate that nonlinear phonon interaction with finite g-vector can
be negligible compared with the interaction between gamma FES mode and c-axis on the
THz-induced ferroelectricity in SrTiOg, even though we only considered the zone boundary

phonons (¢ =0 and ¢ = 0.52—2).
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TABLE S1. Coefficients of 2D potential energy surface with PBE functional for @y = 24 to
Q f= 14 and QC

Ry/A"  Qf Q7 Q¥ Qpf Q) Q}f
0 29x10° —6.8x10° 7.1x10° —43x10° 1.6x 105 —4.5x 10°
I =14 x10"  31x107 —-29x10"  1.6x 107 —5.6x 105 1.3 x 10°
2 46 x 107 —89x 107 75x10" —-3.6x10" 1.1x107 —2.2x 10°
3 —13x10%  22x10® —-1.7x10® 71x10" —1.8x10" 3.0 x 10°
4 1.6 x 108 —24x10° 1.5x10® —51x107 9.4 x 105 —1.0x 10°
2 1.2 x 108 —3.0x10® 27x10® —-1.3x10® 3.9x 107 —7.0x 10°
6 —26x10% 46x10% —35x10% 14x10®° —34x107 4.9 x 10°

7 —4.1x10® 83x10® —69x10® 3.1x10® —87x10" 1.5x 107
8 6.8 x 108 —12x10° 87x10® —3.6x10% 9.2x10" —1.5x 107
9 6.4 x 10" —29x10® 3.1x10% —1.6x10® 5.0x10" —9.3 x 108
10 _27%x10% 57x10% —48x10® 22x10% —59x10" 9.9 x 10°
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TABLE S2. Coefficients of 2D potential energy surface with PBE functional for Q¢ = 12to Q¢ =0
and Q.

Ry/A"  Qf Qy Qf Qf Qj QF Q}

QY 87x10T —1.2x 10" 1.3 x 107 —1.1 x 102 2.1 x 10! —2.4 x 107!

Ql —21x10° 24x10* —2.1x10° 1.5x10% —2.1 x 10} —2.7 x 10°

Q2 29x10°-27x10* 1.8x10° —1.1 x 10> 1.1x 10" 21x10° 28x107*
Q} —32x10° 2.0x10* =6.7 x 10> =1.2 x 10° 9.4 x 107! —9.5 x 107! —2.1 x 107!
QY 35x10* 4.3 x10° —6.5x 10> 5.0 x 10 —=2.5 x 10° 2/2 x 107} 4.1 x 107
Q) 76x10° —4.6 x 10* 1.2x10* 3.3 x 10! —4.4x10° 1.6 x107* 1.1 x 107
Q¢ —-3.9x10° 1.1x10* 7.8x10%-8.7x 10" 3.7x10° =57 x 1072 4.1 x 107!
QF —1.7x10% 1.1x10°-3.7x10* 87x10° 49x10°-1.9x 107! =3.7x 107"
Q¥ 14x105-7.6x10" 1.3x10® 84x10' =5.7x10° 1.2x 107! —8.0 x 107!
QY 1.1x105—-74x10" 2.7x10% —25x 10! =25 x 10° 1.1 x 107" 7.4 x 107!
QX —1.0x10° 6.2x10* —1.6 x 10> —3.2 x 10" 3.6 x 10° —9.6 x 1072 —5.1 x 107!
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TABLE S3. Coefficients of 2D potential energy surface with PBE functional for Q; = 24 to
Q f= 14 and Qa

Ry/A"  Qf Q7 Q¥ Qpf Q) Q}f
=47 x 100 1.1x107 —1.1x10"  6.7x10° —26x10° 6.8 x 10°
2 —1.2x107 2.8 x 107 —2.9 x 107 1.7 x 10" —6.6 x 108 1.7 x 106

3 42 %107 —1.0x10® 1.0x10® —64x10" 26x10" —7.1x 10°
4 7.6x10° —20x107 26x107 —21x10" 1.2x10" —4.6x 10°
5 _7.1x108 1.7 x 10° —1.9 x 10° 1.2 x10° —5.1 x 108 1.5 x 108
6 1.9 x10° 4.7 x10° —5.5 x 10° 3.8 x10% —1.7 x 10° 5.4 x 108
7 79x10° —1.9x10° 20x 100 —1.2x10*° 49x10° —1.3x 10°
8 6.0 x 1019 —1.5x 10" 1.6x 10" —1.1 x 10" 4.5x 10 —1.3 x 100

o 1.4 x 10" =33 x 10" 3.7x 10" —24x10" 1.0x 10" -3.1x 10"
QL0 1.0 x 10" —2.6 x 10" 2.8 x 10" —1.8 x 10" 7.9 x 10 —2.3 x 100
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TABLE S4. Coefficients of 2D potential energy surface with PBE functional for Qy = 12to Q¢ =0
and Q.
Ry/A"  QF QY Q3 Q Q} Q} Q
QL —-12x10° 1.6x10" —1.4x10®> 88 x 10" —=3.6 x 10° —6.9 x 1071 —4.0 x 10~*
Q2 —-32x10° 4.1x10* =3.8x10® 2.5 x 10?2 —1.2 x 10" 2.8 x10° 4.6 x 1071
Q3 1.4 x 105 —1.8 x 10° 1.6 x 10* —9.5 x 10> 2.8 x 10! 9.8 x 107! 3.4 x 10°
Qi 1.2 x 105 —2.2 x 10° 2.6 x 10* —1.9 x 10> 8.0 x 10! —7.6 x 1072 4.9 x 10°
> —3.0x10" 4.1x10% -3.8x10° 2.1 x 10* —6.0 x 10? 3.5 x 10° —6.0 x 10°
6 12x10% 1.8x107 —=1.8x10° 1.1 x10®> —3.8 x 103 6.2 x 10! 1.4 x 10°
7 2.4 x10% =3.1 x 107 2.6 x 10° —1.3 x 10> 2.8 x 103 2.1 x 10* 2.2 x 10!
8 2.7 x 107 =3.8 x 10® 3.6 x 107 —2.1 x 10® 6.3 x 10* —7.9 x 10> —1.8 x 10!
9 6.3 x 102 —9.1 x 108 8.6 x 10" —5.0 x 10° —1.6 x 10> —2.1 x 10> —9.9 x 10!
049 %107 =7.0%x 108 6.6 x 10" —3.9 x 10° 1.2x10° —1.6 x 10° —7.6 x 10
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TABLE S5. Coefficients of 2D potential energy surface with PBE functional for ), = 10 to @, = 5
and Q.

Ry/A" Qg Qa Q2 Qf Qa Qo
! 4.7x 100 6.1 x 100 1.6 x 107 =81 x 10° —2.1 x 10° 1.5 x 10°
2 —68x10° —89x10° 27x10° 6.4x10° 2.0x10° —1.2x 107!

3 6.6 x 10! 8.6 x 10! 5.2 x 101 2.0 x 10! 2.4 x10°  —1.1x10°
4 3.2 x 10? 4.2 x 102 1.2 x 10> —4.5x 10" —25x 108 —-83 x 107!

> -3.8x 102 —4.9x 10> —-29x10*> —1.1x10> —1.4x 10! 5.0 x 10°
6 —1.7x 10> —2.2x 10> —7.0 x 10? 1.5 x 10? 1.1 x 10? 5.6 x 10°
T 1.1 x10? 1.4 x 103 7.8 x 102 2.5 x 102 2.4 x 100 —1.2 x 10*

8 26x10°  34x10° 1.1x10° —25x10> —1.7x10®> —85x 10°
9 —95x%x102 —12x10° —6.6x 10> —1.8x 10> —1.3 x 10! 9.7 x 10°
10 _13x10° —1.7x10° —49x10® 16x102 9.5x 10! 3.3 x 10°
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TABLE S6. Coefficients of 2D potential energy surface with PBE functional for Q, =4 to Q, =1
and Q.

Ry/A" Qa Qa Qa Qa
I —1.2 x 10° 1.6 x 10% —1.4 x 10 8.8 x 107
2 —3.2 x 10° 4.1 x 104 —3.8 x 10° 2.5 x 10?
3 1.4 x 106 —1.8 x 10° 1.6 x 10 —9.5 x 102
4 1.2 x 106 —2.2 x 10° 2.6 x 10* -1.9 x 10°
5 —3.0 x 107 4.1 x 106 -3.8 x 10° 2.1 x 10*
6 —1.2 x 108 1.8 x 107 —1.8 x 10° 1.1 x 10°
T 2.4 x 108 —3.1 x 107 2.6 x 10° —~1.3 x 10°
8 2.7 x 10° —3.8 x 108 3.6 x 107 —2.1 x 108
9 6.3 x 10° —9.1 x 108 8.6 x 107 —5.0 x 108
1o 4.9 x 10° —7.0 x 108 6.6 x 107 —3.9 x 106
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TABLE S7. Information for the SrTiO3 in tetragonal cell

Sr Ti O,z O,xy

Atomic mass M 87.62 47.86 16 16

Born effective charge 7 2.59 7.30 -5.74 -2.08
Normalized eigenvector U 0.053 0.278 -0.283 -0.235
Number of atom in tetragonal unit cell 4 4 4 8
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TABLE S8. Coefficients for the relation between second harmonic generation and ferroelectric soft
mode (Qy)

1/An Q} Q3 Qs

i 1.9 x 1071 —81x102 9.2x 1073
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FIG. S1. (a) Time-profile of the absolute value of FES mode with initially displaced atomic
geometry along with FES mode (Qf(t = 0) = 20 mA) and its fitting curve with exponential decay
function under N PE-ensemble. (b) Variation of dissipation ratio with given initially displaced FES
mode. (c) Averaged absolute value of FES mode induced by THz field pulse without dissipation.
(d)Time-profile of the absolute value of FES mode with initially displaced atomic geometry along
with FES mode (Q(t = 0) = 20 mA) and its fitting curve with exponential decay function under
N PT-ensemble.
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FIG. S2. (a) Modified potential energy surface of FES mode under the given E-field. (b) Mode
effective charge evaluated from the modern theory of polarization.
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FIG. S3. (a) Ground and (b) first excited states of the quantum paraelectric phase in SrTiOs.
The ferroeletric state obtained from linear combination between ground (t) and first excited (¢1)

states (c) ¥o + 41 and (d) o — 1.
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FIG. S4. (a) Phonon density of state in cubic SrTiO3 at ¢ = 0. (b) THz-field pulse spectrum in
frequency domain (blue) and FES mode (green). (c) Phonon density of state in tetragonal SrTiO3
at ¢ = 0. Inset of (c) shows zoomed range between 0 ~ 4 THz.
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FIG. S5. (a) Time-profile of (upper) applied short E-field pulse and (bottom) expectation value of
Qy. (b) Imaginary part of Fourier component of expectation value of Q.
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FIG. S7. The effect of THz field pulse shape and frequency. Time-averaged value of FES dis-
placement with different THz field pulse shapes with (a) £ = 130 kV/cm and o = 0.7 ps and
(b) E =160 kV/cm and 0 = 2.0 ps. (c) THz field pulse with different gaussian distribution. (d)
Spectrum of THz field pulse in frequency domain. (e) Effect of continuous THz field on quantum
paraelectric Sr'TiO3; time-profile of (upper) Q¢ and Q. (bottom) THz pulse. (f) Single cycle THz
field pulse with various frequency. (g) Spectrum of single cycle THz field pulse in frequency domain
with various frequency.
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FIG. S8. Temperature-dependent averaged values of (a) AFD angle and (b) a-axis displacement
evaluated from AIMD. (c¢) Temperature dependency of frequency of FES mode modified by excited
quantum lattice wavefunction and lattice distortion.
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FIG. S9. (a) THz field-induced dynamics of FES mode and c-axis evaluated by 2D Schédinger
equation. Time-profile of (b) AFD mode and (c) a-axis induced by initially excited FES mode.
(d) Modified potential energy surfaces of FES mode with various lattice distortions. The modified
frequency of FES mode by (e) AFD and (f) a-axis displacement, respectively.
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FIG. S10. Time-profile of (a) c-axis, (b) AFD, and (c) a-axis induced by initially elongated c-axis.
(d) Schematic image of Qrrs(¢ = 0) and Qrrs(¢ = 0.5). (e) Time-profile of gamma FES modes
oriented along x, y, z, direction induced by initially elongated c-axis. (f) Time-profile of ¢ = 0.52—75
FES modes oriented along x, y, z, direction induced by (upper) initially elongated c-axis and
(below) initially excited FES mode.
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