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A relativistic version of the effective charge model for computation of observable characteristics
of multi-electron atoms and ions is developed. A complete and orthogonal Dirac hydrogen basis
set, depending on one parameter — effective nuclear charge Z∗ — identical for all single-electron
wave functions of a given atom or ion, is employed for the construction of the secondary-quantized
representation. The effective charge is uniquely determined by the charge of the nucleus and a set of
electron occupation numbers for a given state. We thoroughly study the accuracy of the leading-order
approximation for the total binding energy and demonstrate that it is independent of the number
of electrons of a multi-electron atom. In addition, it is shown that the fully analytical leading-
order approximation is especially suited for the description of highly charged ions since our wave
functions are almost coincident with the Dirac-Hartree-Fock ones for the complete spectrum. Finally,
we evaluate various atomic characteristics, such as scattering factors and photoionization cross-
sections, and thus envisage that the effective charge model can replace other models of comparable
complexity, such as the Thomas-Fermi-Dirac model for all applications where it is still utilized.
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I. Introduction

Despite great advances in the accuracy and effi-
ciency of modern numerical methods [1–4], simple
analytical models for describing multi-electron atoms
and ions are still actively developed [5–8]. The most
popular of them include the multi-parametric screen-
ing hydrogen orbitals [9, 10], Slater orbitals [11] and
the semi-classical Thomas-Fermi (TF) model [12, 13].
These models are widely used, whenever certain level
of precision has to be sacrificed for improved com-
putation time, e.g. in computational plasma physics
[14–19], semiconductors [20, 21], screening effects in
the cross sections of bremsstrahlung and pair produc-
tion [22–26], X-ray scattering and diffraction [9, 27],
and crystallography [28].

In addition, the wave functions obtained from these
simple analytical models are used as the initial ap-
proximation for the solution of Hartree-Fock (HF)
[29–32] and post HF equations [33], convergence of
which is strongly dependent on the choice of the trial
functions. Therefore, improving the choice of the ini-
tial wave functions can significantly reduce the num-
ber of iterations required for obtaining the desired so-
lution and, consequently, computation time or enable
the convergence at all.

At the same time a lot of effort has gone into im-
proving the accuracy of these models, while keep-
ing their complexity low. For example, the rela-
tivistic corrections [34–37] and inhomogeneity correc-
tions [38] were included into the TF model. However,
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solving the TF equation to produce numerically stable
results of electronic densities is in general nontrivial
problem and is an active area of research [39–41].

Consequently, finding a set of analytical wave func-
tions, which provide better accuracy than the mod-
els described above would be advantageous. As was
recently demonstrated for nonrelativistic atoms or
ions, this can be achieved within the effective charge
model [42], where the hydrogen-like wave functions
can be used to analytically describe observable char-
acteristics with high accuracy. In this approach, one
specifies a complete and orthonormal hydrogen-like
basis set with a single parameter — effective nuclear
charge Z∗ — identical for all single-electron wave
functions of a given atom. The basis completeness
allows one to perform a transition into the secondary
quantized representation, which is especially suited
for the description of many-body problems.

Then in order to compute observable characteris-
tics one specifies the set of occupation numbers for
the state in question and the charge of the nucleus.
This allows one to determine the effective charge from
the vanishing first-order correction to the energy of
the system analytically. Then observable character-
istics are expressed through the expectation values,
computed with the hydrogen-like wave functions of
this charge.

We point out here that perturbation theory in Z−1
was developed in many works (see e.g. [30, 43] and
citations therein), however, exactly the introduction
of the effective charge Z∗, instead of the usage of the
nuclear charge Z, significantly increases the accuracy
of the leading-order approximation, while keeping the
complexity of all calculations low as it contains the
first-order correction implicitly.
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As a result, it was demonstrated that the analyt-
ical leading-order approximation describes the whole
spectrum of a nonrelativistic multi-electron atom or
ion and the associated perturbation theory series was
constructed, which converges fast with the rate of
∼ 1/10. The accuracy of these results does not de-
pend on the number of electrons in an atom, i.e., the
effective charge model is uniformly available for all
states, both ground and excited ones, of all atoms or
ions. Moreover, the results via second-order pertur-
bation theory are comparable with those via multi-
configuration HF (MCHF) [30].

We emphasize that the effective charge model is a
completely ab-initio theory and thus crucially distinct
from semi-empirical models, such as those based on
quantum defects of Rydberg atoms [44], screened hy-
drogen [9] or empirical interpolation of X-ray mea-
surements [45]. In addition, contrary to numeri-
cal methods such as solving the Hatree-Fock equa-
tions [46], the effective charge model provides analyt-
ical expressions for electron densities, scattering fac-
tors and photoionization cross-sections.

So far, the effective charge description has only
been performed for the nonrelativistic Schrödinger
equation. However, it is well-known that leading-
order relativistic corrections are proportional
to (αZ)2 and consequently become important for
heavy atoms and ions. Since the Dirac equation for
the hydrogen-like atom can be solved exactly and
the Dirac-Coulomb Green’s function is known in
closed form, it is possible to develop a relativistic
version of the effective charge model. As a result,
this generalization is the main achievement of the
present work.

Similarly to the nonrelativistic case, we employ
Dirac hydrogen basis set with a single parameter
— the effective charge and require it to be identi-
cal for all wave functions of a given atom. The ba-
sis completeness allows us to work in the secondary-
quantized representation. We characterize states via
electron occupation numbers and determine the value
of the effective charge, by requiring the first-order per-
turbative correction to the energy of the system to
vanish. With this we obtain a description of energy
spectra, both ground and excited states together with
wave functions. We have shown that the analytical
description within the effective charge model agrees
with the high accuracy with the numerical solution of
Dirac-Hartree-Fock (DHF) equations for all ions and
atoms of the periodic table.

The article is organized in the following way: in
Sec. II we introduce the effective charge description
and construct a perturbation theory series. In Sec. III
we analyze the accuracy of the zeroth- and first-order
approximations. Consequently, we start from com-
puting numerical values of effective charges by solv-
ing Eq. (13). After this in Sec. III A we determine the
ground state energies for the first 100 atoms of the
periodic table and the electronic densities for some
selected atoms. In Sec. III B we demonstrate that
the leading-order approximation is especially suited

for the description of highly charged ions, where our
analytical functions are almost coincident with nu-
merical DHF wave functions. In Sec. IV we analyze
atomic scattering factors and in Sec. IV photoioniza-
tion cross-sections. In Sec. VI we provide conclusions
and outlook. Finally, the details of the calculations
are summarized in Appendices A-D and values of the
energies are given in Appendix E.

Atomic units with ~ = m = e = 1 are employed
throughout the paper.

II. Relativistic effective charge model

The Hamiltonian of the relativistic multi-electron
atom can be written in the secondary-quantized rep-
resentation, using the complete and orthonormal
Dirac hydrogen-like basis set, with a single parameter
— effective charge Z∗ — identical for all wave func-
tions of the basis set. Consequently, the Hamiltonian
of the system reads

Ĥ = Ĥ0 + Ŵ1 + Ŵ2, (1)

Ĥ0 =

∫
Ψ̂†(r)

(
cα · p̂+ βc2 − Z∗

|r|

)
Ψ̂(r)dr, (2)

Ŵ1 =

∫
Ψ̂†(r)

Z∗ − Z
|r| Ψ̂(r)dr, (3)

Ŵ2 =
1

2

∫
Ψ̂†(r)Ψ̂†(r′)Ψ̂(r)Ψ̂(r′)

|r − r′| drdr′, (4)

where c is the speed of light (c= 1/α =
137.035999084), Z the charge of the nucleus, Z∗

the effective charge, which will be determined later,
p̂ = −i∇ the momentum operator, α, β the Dirac
matrices and Ψ̂(r) the secondary-quantized opera-
tor [47]. We represent the perturbation operator as
a sum of single-electron Ŵ1 and double-electron Ŵ2

operator components. Moreover, we do not take into
account the Breit part in the potential of the electron-
electron interaction and radiative quantum electro-
dynamics corrections, thus limiting ourselves to the
description of the multi-electron atom within DHF
approximation. However, we mention here that for
large Z these corrections become relevant and would
have to be included for all models. We stress here that
Eq. (1) is the exact transformation of the Hamiltonian
of the multi-electron atom, since we just added and
subtracted the term proportional to Z∗. The eigen-
values of Ĥ define the values of the energy E of a
multi-electron atom.

The secondary-quantized operator Ψ̂(r) is ex-
panded in the complete Dirac hydrogen-like basis,
which is dependent on Z∗

Ψ̂(r) =
∑
ν

(
âνΨε

ν(r, Z∗) + b̂†νΨ−εν (r, Z∗)
)
, (5)

with Ψε
ν(r, Z∗) and Ψ−εν (r, Z∗) being the positive and

negative energy eigenfunctions of the single-particle
Dirac Hamiltonian respectively, identified by the set
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of collective quantum numbers ν = nrljmj and
ν = pljmj for the discrete and continuous spectra
correspondingly (actual expressions for the functions
are given in Appendix A). The fermionic operators
of positive (âν) and of negative (b̂ν) energy satisfy
the standard anticommutation relations {âν , â†ν′} =

{b̂ν , b̂†ν′} = δν,ν′ , which ensures that multi-particle
states |ν1...νN 〉 correspond to fully antisymmetric
Slater determinants. In the following, we will denote
electron occupation numbers with λi and negative en-
ergy occupation numbers as µi.

In order to compute the energy of the sys-
tem we specify a set of N occupation numbers
λ1, . . . , λN , which characterizes the state of N elec-
trons |λ1, . . . , λN 〉 and construct a perturbation se-
ries by considering the operator Ŵ = Ŵ1 + Ŵ2 as a
perturbation

E = E(0)(Z∗) + ∆E(1)(Z∗) + ..., (6)

∆E(1)(Z∗) = 〈λ1, . . . , λN |Ŵ |λ1, . . . , λN 〉. (7)

Since the state |λ1, . . . , λN 〉 is the eigenstate of
Ĥ0, the zeroth-order energy E(0)(Z∗) is a sum of
hydrogen-like Dirac energies over the occupied states.
The expression for the Dirac energy of the hydrogen-
like atom is well-known [48] and is given by

EDnrj(Z
∗) =

c2√
1 +

(
αZ∗

nr+
√

(j+1/2)2−(αZ∗)2

)2
. (8)

For this reason the energy E(0)(Z∗) reads

E(0)(Z∗) =
∑
λi

EDnrjmj (Z
∗). (9)

Evaluation of the first-order correction to the en-
ergy of the system is straightforward:

∆E(1)(Z∗) = 〈λ1, ..., λN |Ŵ |λ1, ..., λN 〉

= (Z∗ − Z)

N∑
k=1

Aλk(Z∗) (10)

+

N∑
k<l=1

(
Bλk,λkλl,λl

(Z∗)−Bλl,λkλk,λl
(Z∗)

)
,

where we have defined:

Aλk =

∫ |Ψε
λk

(r)|2
|r| dr, (11)

Bλ1,λ3

λ2,λ4
=

∫
Ψε∗
λ1

(r)Ψε∗
λ2

(r′)Ψε
λ3

(r)Ψε
λ4

(r′)

|r − r′| drdr′,

(12)

with the implied dependence on the effective charge
omitted for simplicity. The Aλk describes the con-
tribution from the single-particle operator Ŵ1, while
Bλ1,λ3

λ2,λ4
from the double-particle one Ŵ2. The last
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Figure 1. (color online) The relative difference between
the values of ground state energies of the first 100 neutral
atoms obtained via the effective charge model (E(0)) and
1/Z expansion to Dirac-Hartree-Fock values (EDHF)[49].
See Sec. IIIA for details.

term in Eq. (10) is the difference of the Coulomb and
exchange integrals. Both Aλk and Bλ1,λ3

λ2,λ4
can be eval-

uated analytically for a given set of occupation num-
bers (See Appendix A).

In addition, we mention here that fermionic oper-
ators of negative energies do not contribute to the
energy of the system in the zeroth- and first-order as
we are considering the corrections only to the elec-
tronic states, that is the states that do not contain µi
occupation numbers. However, starting from second-
order perturbation theory, the negative energy states
will contribute to the observable characteristics, since
there exist nonvanishing matrix elements due to the
structure of the interaction operator Ŵ .

To find the effective charge we proceed in analogy
with Ref. [42] and choose it from the condition that
the first-order correction to the energy of the system
for a given state is vanishing, i.e.,

∆E(1)(Z∗) = 0. (13)

For this reason the expression for the energy of the
system in first-order perturbation theory is given via
a sum of hydrogen-like energies, Eq. (9) with the ef-
fective charge Z∗, defined as a solution of Eq. (13).

It is worth noting here, that the nontrivial depen-
dence of Dirac hydrogen wave functions on the nuclear
charge makes it impossible to separate the effective
charge from the above integrals. This means that
contrary to the nonrelativistic case, Aλk and Bλ1,λ3

λ2,λ4

are implicitly dependent on Z∗. This is related to the
fact that the Dirac equation, unlike the Schrödinger
equation, is not scale invariant. In fact, rescaling the
radial variable r in a Schrödinger hydrogen atom, ef-
fectively changes its charge, while in the Dirac hydro-
gen atom, it effectively changes its mass.

For this reason Eq. (13) can only be solved ap-
proximately. In practice it means finding a root of an
equation containing gamma functions. For example,
the relativistic effective charge Z∗ of a Helium-like
atom or ion with nuclear charge Z is found by solv-
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Figure 2. (color online)(a and c) Total radial electronic densities and (b and d) densities composed from the small
components of the Dirac wave functions (

∑N
k=1 |Fλk (r, Z∗)|2, where the definition of Fλk (r, Z∗) is given in appendix

A). Figures a and b represent neutral xenon Xe54, c and d neutral uranium U92. Dashed, red line is the zeroth-order
effective charge approximation, while blue and green, long-dashed lines are the results of the numerical solution of DHF
(obtained via GRASP2k [32, 50]) and relativistic TF (see Appendix D) equations, respectively. See Sec. IIIA for details.

ing:

2(Z∗ − Z) + 1 =
Γ(2γ + 1/2)

Γ(2γ + 1)
√
π
, (14)

where γ =
√

1− (αZ∗)2. Such equation can be solved
to any order of α with traditional iterative methods
from numerical analysis or with analytical approxi-
mations. In the latter case, the Taylor series of the
Gamma function can be used to approximate the ef-
fective charge to any order in α. Up to the second
order in α it reads:

Z∗ = Z − 5

16
+ α2

(
Z − 5

16

)2
12 log(2)− 7

32
+O[α4].

Following the procedure of calculating the effective
charge of the nucleus, we can easily obtain expressions
for electronic densities of any atom or ion. Using
the density operator: ρ̂(r) = Ψ̂†(r, Z∗)Ψ̂(r, Z∗), we
get the zeroth-order density of a given multi-electron
state as:

ρ(0)(r) = 〈λ1, . . . , λN |ρ̂(r)|λ1, . . . , λN 〉

=

N∑
k=1

|Ψε
λk

(r, Z∗)|2, (15)

with the explicit expressions for hydrogen-like wave
functions Ψε

λk
(r, Z∗) given in Appendix A. In fact,

Eq. (15) represents very simple products of exponen-
tials and polynomials, thus allowing its use in numeri-
cal plasma [18] or description of ionization in particle-
in-cell (PIC) computer codes for laser-matter interac-
tions [51].

III. Accuracy of the zeroth-order
approximation

A. Ground state energies and electronic
densities of neutral atoms

In order to calculate the ground-state energies of
multi-electron atoms or ions, one needs to specify a
set of occupation numbers, characterizing the state
within our Dirac hydrogen-like basis. However, in
the zeroth-order approximation the particular choice
may not have the correct ordering due to relatively
low ionization energies of heavy atoms.

The comparison of our analytical expressions ob-
tained via Eq. (9) for the values of ground state
energies with the results obtained via solutions of
DHF equations demonstrates that similarly to the
nonrelativistic case, the optimal choice of the occu-
pation numbers is given according to the “Aufbau”
or Madelung–Janet–Klechkovskii rule [52–54], as it
provides a simple and consistent choice of occupa-
tion numbers for any number of electrons, while re-
sulting in the lowest zeroth-order ground state en-
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Figure 3. (color online) Total and small component electronic densities of highly charged uranium U92. Dashed, red line
is the zeroth-order effective charge model (completely overlaps the DHF result), while blue solid and green long-dashed
lines are results of the DHF (obtained via GRASP2k [32, 50]) and TF models respectively (see Appendix D). See Sec.
III B for details.

ergies in almost all cases. For example, from the
three sets of occupation numbers [Xe]6s1, [Xe]4f1

and [Xe]5d1 for cesium Cs55, according to the re-
sults of our relativistic effective charge model, the
first state possesses the lowest energy, while the re-
maining two are excited states. Compare the val-
ues for the energy E[Xe]6s1 = −7361.18 a.u versus
E[Xe]4f1 = −7346.19 a.u and E[Xe]5d1 = −7354.40 a.u,
which corresponds to the “Aufbau” rule [52–54].

This shows that despite using a single value of ef-
fective charge for all electrons, the errors coming from
internal and outer electrons compensate each other,
providing sufficient accuracy to describe the correct
order for the filling of atomic shells. This is a principal
difference of the proposed model from other single-
parametric models such as the Thomas-Fermi or Z−1
expansion.

The accuracy of the zeroth-order calculation is pre-
sented in Fig. 1 and numerical values of effective
charges and energies are given in Appendix E in
Tab. II. We compare our results with solutions of
DHF equations from Ref. [49]. As can be concluded
from Fig. 1 the effective charge description leads to
a uniform approximation, i.e., the relative accuracy
is independent of the number of electrons of an atom
and ∼ 6% with respect to DHF for all elements of the
periodic table. This is considerably better than the
TF approximation [13]. Furthermore, based on the
results of the non-relativistic effective charge model
calculations [42], we expect that the accuracy can be
improved by at least one order of magnitude by the
inclusion of second-order corrections.

We point out here that if we take the energy of
the system in first-order perturbation theory and con-
sider the effective charge to be equal to the full nuclear
charge, one obtains the perturbation theory over Z−1.
In Fig. 1 we present a comparison of the values of to-
tal binding energies from the effective charge model
with the ones from Z−1 expansion. It is apparent
that the effective charge model gives much more ac-
curate results than the Z−1 expansion. For example,
for He one gets −2.75 a.u vs −2.86 a.u using Z−1 ex-
pansion and effective charge model respectively, while

for larger atoms the accuracy drops significantly.
In order to compute the electronic density, one

needs to use Eq. (15), i.e., to compute the sum of
squares of absolute values of Dirac hydrogen-like wave
functions. After simplification, this sum is just a
product of exponentials and polynomials. Conse-
quently, our model, unlike the DHF and TF calcu-
lations, provides fully analytical expressions for elec-
tronic densities and is therefore particularly useful
for applications requiring repeated calculations. Rel-
atively simple expressions resulting from our model
can, therefore, be incorporated into existing software,
used in the description of X-ray scattering on Möss-
bauer crystals [56].

In Fig. 2 we plot the resulting dependence of elec-
tronic densities on the radial coordinate r for selected
neutral atoms. Despite the fact that the effective
charge model underestimates the density for high r,
it agrees well with the DHF result already in the
zeroth-order approximation. Contrary to the rela-
tivistic TFD model, it correctly reproduces all of the
qualitative features, including all density oscillations
and the overall asymptotic behaviour. In addition,
we point out that the relativistic TFD model [34–
37], unlike its nonrelativistic counterpart [13], does
not have a universal dependence on the charge of the
nucleus. For this reason, in order to obtain the elec-
tronic density, the relativistic TFD equation needs to
be repeatedly solved numerically, which is a nontrivial
procedure. (See Appendix D).

B. Highly charged ions

The effective charge model is also suitable for the
description of ions, since it does not require the charge
of the nucleus to be equal to the number of electrons
of an atom. Consequently, we fix the nuclear charge
as Z and use a state vector |λ1, . . . , λN 〉, where N 6=
Z. As an example we evaluated energies of ground
and excited states of He-, Li- and B-like uranium ions
U90+, U89+ and U87+, respectively.
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Figure 4. (color online) Atomic scattering factors of neutral xenon Xe54, gold Au79, lead Pb82 and uranium U92 atoms,
as a function of the scattering parameter s = sin θ/λ, [Å−1

], with θ being Bragg’s angle. The quantity s is related to
the absolute value of q from Eq. (16) as q = 4πs · 0.529177. Dashed, green line is the analytic result via Eq. (16) of the
effective charge model, while the solid blue curve is a Gaussian fit of DHF from Ref. [55]. See Sec. IV for the detail.

We would like to stress here again, that the effective
charge Z∗ is identical for all single particle states from
a set that specifies the state. However, two different
states will have different charges. For example, the
He-like uranium U90+ ground state 1s↑1s↓ and the
excited state 1s↑2s↓ possess unequal effective charges.

The results of the calculation of electronic densi-
ties are presented in Fig. 3. The electronic densities,
despite being analytical expressions in the zeroth-
order approximation, coincide remarkably well with
the ones obtained from numerical solutions of the
DHF equations.

Furthermore, the energy eigenvalues are presented
in Tab. I. It is clear that the accuracy is significantly
better (below 0.02%) than for neutral atoms and in
fact sufficient to obtain correct ordering, even for very
closely spaced excited states. It is worth pointing
out that the accuracy can be further improved by
forming linear combinations of all sub-configurations
arising from the single JLS configuration and subse-
quently diagonalizing the Hamiltonian exactly in such
finite basis — a technique that has been successfully
employed in the nonrelativistic case [42]. We also
compared our effective-charge model results with the
results of configuration-interaction Dirac-Fock-Sturm
method [57], presented in the last column of Table I.

Finally, we note that Z−1 expansion gives reason-
able results for highly charged ions. However, it is
less accurate than the effective charge model by at
least 50%.

IV. Atomic scattering factors

Another observable characteristics that can be
extracted from the effective charge model are the
atomic scattering factors. According to their defini-
tion [9, 59], they are expressed by the Fourier trans-
forms of electronic density:

f(q) =

∫
ρ(r)eiq·rdr, (16)

which in our approach can be calculated analytically
(see Appendix A).

The atomic scattering factors are very important
for crystallography and X-ray physics, since the crys-
tal polarizability χ as the function of X-ray fre-
quency ωr, can be evaluated by employing the fol-
lowing relation [60, 61]

χ(g, ωr) =
4πS(g)

Ω0ω2
r

(
−e

2

m
f(g)

)
, (17)
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where Ω0 is the volume of a crystal cell, g the recip-
rocal lattice vector, S(g) the structure factor of the
crystal, m the electron mass and e the electron charge
(in this relation ωr and m are measured in cm−1, and
Ω0 in cm3).

In Fig. 4 we present the results for neutral
xenon Xe54, gold Au79, lead Pb82 and uranium U92

atoms. Our analytical expressions for atomic scatter-
ing factors are comparable to the DHF calculation to
within 25%.

As a realistic example, we also evaluated the rela-
tive difference for the emission intensity of parametric
X-ray radiation (PXR) [61–63] from relativistic elec-
trons in a tungstenW74 crystal. The intensity of PXR
is proportional to the square of the absolute value of
crystal polarizability. Therefore, the relative differ-
ence for the intensity of radiation with crystal po-
larizabilities from DHF calculation and from effective
charge model is given by (|χ(0)|2− |χDHF|2)/|χDHF|2.
Consequently, for the relevant range of frequencies
and Bragg’s angles the relative accuracy was ∼ 20%.

V. Photoionization cross-section

As one more practical application of the effec-
tive charge model, we present the calculation of
the total cross section for the photoionization of a
multi-electron atom. From first principles it can be
shown [64] that within the dipole approximation, the
differential cross-section for a photon with momentum
k to overcome an ionization energy E0 and produce
an outgoing electron with momentum p can be calcu-
lated according to [65]:

dσ

dΩ
=
αp(k + E0)

2πk

∣∣∣∣∫ ψ†f (r)αψi(r)dr

∣∣∣∣2 , (18)

where ψi is the initial bound-state wavefunction and

the final wavefunction can be described, as:

ψf (r) = 4π
∑
κ′,m′

ξκ′,m′

(
p

p

)
e−iδκ′ψfree(r), (19)

where ξ are normalized spinors [66], describing the
angular distribution and polarization of the outgoing
electrons and δκ′ are phase shifts, ensuring outgoing
solutions.

Within the effective charge model, ψi and ψfree are
described by negative and positive-energy solutions
to the Dirac equation for hydrogen with relevant ef-
fective charge. Summing over all electrons in a given
atom or ion, allows us then to analytically calculate
the total effective cross-section for the photoioniza-
tion process within the zeroth-order effective charge
model (see Appendix B for details).

In the presented calculation both initial and final
wavefunctions have been described using the value of
effective charge found in Sec. III, so that they cor-
respond to the same effective potential. It is possi-
ble because the total cross-section includes the sum-
mation over a full set of intermediate electron exci-
tations. The same approximation was employed in
Ref. [58]. On the other hand, the ionization ener-
gies Ek are calculated separately for each electron,
by finding the "valence effective charge" Z∗k , defined
by requiring the first order correction to Ek to vanish.
Hence it can be found by solving:

∆E
(1)
λ0

(Z∗k)−∆E
(1)
λk

(Z∗k) = 0, (20)

where λ0 is the ground state configuration and λk the
final configuration, i. e. without the ionised electron.
Fig. 5 presents the comparison of the results for two
example atoms with the analogous non-relativistic
calculation, as well as results of the Hartree-Fock-
Slater calculations [58]. It can be seen that shifting
to a relativistic description improves the accuracy of
such calculation. The results show that the effective
charge model give reasonable qualitative description
and can be used for approximating physical charac-
teristics dependent on transition matrix elements.

Configuration, J± Z∗ E(0) EDHF ∆E/EDHF · 100% CI - DFS
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1s2, J = 0+ 91.7130 -9651.35 -9651.39 0.0004% -9651.45
1s12s1, J = 1+ 91.8623 -6096.96 -6097.01 0.0008% -6097.01
1s12s1, J = 0+ 91.8404 -6093.51 -6093.41 -0.0016% -6097.01

1s12p11/2, J = 0− 91.8148 -6089.50 -6090.16 0.0108% -6090.17
1s12p11/2, J = 1− 91.8113 -6088.95 -6089.10 0.0025% -6089.11
1s12p13/2, J = 2− 91.8487 -5928.36 -5928.44 0.0013% -5928.44
1s12p13/2, J = 1− 91.8395 -5927.00 -5926.68 -0.0054% -5928.44
1s13s1, J = 1+ 91.9086 -5389.83 -5389.88 0.0009% -5389.88
1s13s1, J = 0+ 91.9177 -5388.95 -5388.73 -0.0041% -5389.88
1s22s1, J = 1

2

+ 91.5805 -10862.2 -10862.4 0.0018% -10862.5
1s22p11/2, J = 1

2

− 91.5378 -10850.3 -10849.1 -0.0104% -10850.8
1s22p13/2, J = 3

2

− 91.5685 -10694.8 -10693.9 -0.0084% -10695.2
1s23s1, J = 1

2

+ 91.6447 -10168.7 -10168.9 0.0020% -10169.0
1s23p11/2, J = 1

2

− 91.6323 -10165.5 -10165.4 -0.0015% -10165.8
1s23p13/2, J = 3

2

− 91.6429 -10119.2 -10119.0 0.0004% -10119.4
1s23d13/2, J = 3

2

+ 91.6399 -10118.4 -10118.6 -0.0020% -10118.7
1s23d15/2, J = 5

2

+ 91.6435 -10106.7 10106.9 0.0022% -10107.0
1s22s22p11/2, J = 1

2

− 91.2080 -13221.1 -13222.5 0.0104% -13222.7
1s22s12p21/2, J = 1

2

+ 91.1604 -13204.8 -13206.7 0.0140% -13206.9
1s22s22p13/2, J = 3

2

− 91.2339 -13068.9 -13070.2 0.0099% -13070.6
1s22s12p11/22p13/2, J = 3

2
91.1972 -13056.6 -13058.8 0.0168% -13058.9

1s22s12p11/22p13/2, J = 5
2

91.1914 -13054.7 -13056.3 0.0128% -13056.5
1s22p21/22p13/2, J = 3

2

− 91.1327 -13035.1 -13037.2 0.0159% -13037.1
1s22s12p23/2, J = 1

2

+ 91.2121 -12900.7 -12900.9 0.0016% -13053.4
1s22s23s1, J = 1

2

+ 91.3255 -12556.2 -12557.2 0.0080% -12557.7
Table I: Comparison of the first few excited energies of He-, Li- and B-like uranium ions U90+, U89+

and U87+, respectively, calculated within by the relativistic effective charge model the zeroth-order
approximation (E(0)), with the solution of DHF equations obtained from GRASP2k program [32, 50]
(EDHF); and the relative difference between these two methods in percentages (∆E/EDHF · 100%).
The last column represents the results obtained by the configuration interaction Dirac-Fock-Sturm
method [57]. All energy values are in Hartree units. See Sec. III B for details.

VI. Conclusions and Outlook

We have demonstrated that the relativistic effec-
tive charge model describes multi-electron atoms and
ions and provides analytic expressions for energies,
electronic densities and scattering factors with accu-
racy comparable to the numerical solutions of Dirac-
Hartree-Fock equations. We have also shown that
our approach is suitable for the description of arbi-
trary excited states and provides accuracy indepen-
dent of the number of electrons already in the zeroth-
order approximation. Furthermore, the zeroth-order
approximation can be easily modified to include in-
teractions with external fields.

We would like to stress, that the introduction of
the effective charge Z∗, instead of the usage of the
nuclear charge Z, i.e. Z∗ 6= Z, is exactly the key idea,
that significantly increases the accuracy of the zeroth-
order approximation, while rendering the complexity
of all calculations low.

However, the fully relativistic description becomes
much more complex due to the structure of Dirac
equation. First, the Dirac equation possesses nega-
tive energy states and, therefore, there exist matrix
elements between electronic states and negative en-
ergy ones. This significantly increases the number of
required matrix elements to be taken into account.

Second, due to the mass term of the Dirac equation
the energy of the system does not have a universal be-
havior of the quadratic function of the effective charge
as in the nonrelativistic case. Therefore, it is impossi-
ble to separate explicitly the dependence of the matrix
elements on the effective charge. For this reason, be-
fore investigating the second-order correction to the
energy of the system we focused on the zeroth-order
approximation first.

At the same time, we point out that since the
Dirac-Coulomb Green’s function is known in analyti-
cal closed-form [67, 68], it is still possible to express all
sums over intermediate states in terms of known func-
tions and therefore to perform calculations of higher-
order perturbative corrections.

Finally, we would like to emphasize that even
though our analytical expressions are sometimes com-
plex, all special functions in the presented calcula-
tions reduce to expressions containing Gamma func-
tions and/or elementary functions only. Therefore all
relevant evaluations of energies, electron densities and
scattering factors can be performed without any nu-
merical or convergence issues.
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A. Details of the calculation

Here, we present all formulas needed for the fully
analytical evaluation of all integrals encountered in
the calculation of the first-order correction to the en-
ergy of the system, as well as the computation of
atomic scattering factors and electronic densities.

First of all, both the basis wave functions and all
appearing potentials can be split into their radial and

angular components by simple expansion in spherical
harmonics. Thus we obtain the hydrogen-like Dirac
wave functions as [48]

Ψnrljm(r, Z∗)

=
1

r

(
Gnr,κ(r, Z∗)Ωκ,m(θ, φ)
Fnr,κ(r, Z∗)Ω−κ,m(θ, φ)

)
, (A1)

with the angular part given by spherical harmonics

Ωκ,m(θ, φ)

=

 √
1
2 − m

2κ+1Y
m−1/2
κ (θ, φ)

−
√

1
2 + m

2κ+1Y
m+1/2
κ (θ, φ)

 , (A2)

and the radial part by the Whittaker functions
Mκ,µ(z) of the first kind [69]

(
Gnr,κ(Z∗, r)
Fnr,κ(Z∗, r)

)
= N

{
nr
2γ

(
Z∗α

i(γ − κ)

)
Mγ+nr,γ+

1
2
(2χZ∗r)− ρ(1 + 2γ)

(
γ−κ
Z∗α
i

)
Mγ+nr,γ− 1

2
(2χZ∗r)

}
, (A3)

where

ρ =
1

nr + 2γ

(
κ(nr + γ)− γ

χ

)
,

χ = (n2r + κ2 + 2nrγ)−
1
2 ,

γ =
√
κ2 − (Z∗α)2,

nr= n− |κ|,

n is the principal quantum number, and N the corre-
sponding normalization constant

N =
χ

Γ(2γ + 2)

√
Γ(2γ + nr + 1)

(κ+ γ)

nr!

χZ∗

ρ
.

The relativistic angular quantum number κ is de-
fined as

κ =


l, if j = l − 1

2
,

−(l + 1), if j = l +
1

2
,

(A4)

and Γ(z) is the Gamma function. In addition, we em-
ploy the spherical harmonics with a negative first in-
dex, which is used in Mathematica [70] and is defined

by the following identity Y ml = Y m−(l+1) for l ≤ −1

and (l + 1) ≤ m ≤ −(l + 1) for l ≤ −1.
We also mention here that for the convenience we

expressed the Dirac wave functions through the Whit-
taker functions and not through more commonly used
hypergeometric ones [48]. However, our definition in
Eq. (A3) is in full agreement with the commonly used
wave functions from [48].

With the above definitions, we can now derive the
integrals A and B defined in Eq. (12). By noting that∫

Ma+γ,γ−1/2(r)Ma+γ,γ−1/2(r)
dr

r
=

Γ(2γ)2a!

Γ(a− 2γ)
,

we get (after lengthy but straightforward simplifica-
tions)

Anrκ(Z∗) = Z∗χ3

(
nr +

κ2

γ

)
. (A5)

Furthermore, in order to evaluate Bν1,ν3ν2,ν4 , we em-
ploy the expansion of the electron-electron interaction
potential in spherical harmonics [13]

1

|r − r′| =

∞∑
l=0

l∑
m=−l

4π

2l + 1

rl<
rl+1
>

Y m∗l (Ω)Y ml (Ω′)

and note that the integration of three spherical har-
monics yields 3j symbols [71]:

∫
Y m1

l1
(Ω)Y m2

l2
(Ω)Y m3

l3
(Ω)dΩ =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)(
l1 l2 l3
m1 m2 m3

)
. (A6)
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This allows us to split all the Bν1,ν3ν2,ν4 coefficients into their radial and angular parts as

Bν1,ν3ν2,ν4 = −δmj3−mj4mj2−mj1 (−1)2mj1−mj2−mj3
∑
p

(
Φpν1,ν2 ⊗ Φpν3,ν4

)
· σpν1,ν2,ν3,ν4 , (A7)

where ⊗ denotes the Kronecker product, and the angular part is given by

Φpν1,ν2 =


(
κ1 κ2 p
0 0 0

)(
φ
κ2,mj2− 1

2

κ1,mj1− 1
2

(p)− φκ2,
1
2−mj2

κ1,
1
2−mj1

(p)
)

(
−κ1 −κ2 p

0 0 0

)(
φ
−κ2,mj2− 1

2

−κ1,mj1− 1
2

(p)− φ−κ2,
1
2−mj2

−κ1,
1
2−mj1

(p)
)
 , (A8)

where

φk2,m2

k1,m1
(p) =

√
(k1 −m1)(k2 −m2)

(
κ1 κ2 p
−m1 m2 m1 −m2

)
. (A9)

Furthermore, the radial part is given by

σpν1,ν2,ν3,ν4 =

∫ (
Gν1(r)Gν2(r)

Fν1(r)Fν2(r)

)
⊗
(
Gν3(r′)Gν4(r′)

Fν3(r′)Fν4(r′)

)
rp<

rp+1
>

drdr′, (A10)

where dependence on Z∗ has been omitted for clarity. Eq. (A10) can be calculated analytically by noting that
the integral of the four Whittaker functions reads [72]∫
Ma1+b1,b1−1/2(q1r)Ma2+b2,b2−1/2(q2r)Ma3+b3,b3−1/2(q3r

′)Ma4+b4,b4−1/2(q4r
′)
rl<
rl+1
>

drdr′

=

a1∑
i1=0

a2∑
i2=0

a3∑
i3=0

a4∑
i4=0

Ta,b,q(i)

(
f i3+i4+b3+b4−li1+i2+b1+b2+l+1

(
q3 + q4

2
,
q1 + q2

2

)
+ f i1+i2+b1+b2−li3+i4+b3+b4+l+1

(
q1 + q2

2
,
q3 + q4

2

))
,

where

Ta,b,q(i) =

4∏
k=1

(
ak
ik

)
Γ(2bk)

Γ(2bk + ik)
(−1)ikqbk+ikk

and we have made use of

f ba(x, y) =

∫ ∞
0

∫ ∞
r

e−λr−λ
′r′ra−1r′

b−1
dr′dr =

Γ(a+ b)

aλ′a+b
2F1

(
a, a+ b, a+ 1,− λ

λ′

)
. (A11)

The bold a, b, q and i are lists of four values, i. e., a = {a1, a2, a3, a4} with similar expressions for b, q and i.
We would like to emphasize here that Whittaker functions, describing hydrogen-like bound states, are all

elementary functions, and the simplification of the f function defined in (A11) for the case of integer parameters
has been described in some detail in [73].

B. Details of the scattering factors calculation

Here we calculate atomic scattering factors, as Fourier transforms of electronic density:

fnr,κ(q, Z∗)=

∫
ρnr,κ(r, Z∗)eiq·rdr. (B1)

Integrating out the angular dependence in (A1), we get the radial density as

r2ρnr,κ(r, Z∗) = |Gnr,κ(r, Z∗)|2 + |Fnr,κ(r, Z∗)|2, (B2)

Now, expanding Whittaker functions in a finite series in Eq. (A3) and using [72]∫
e−αrrn−2eiq·rdr = 4πΓ(n)

sin(n tan−1( qα ))√
(α2 + q2)n

, (B3)
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we get

fnr,κ(q, Z∗) = (N(2γ + 1)Γ(2γ))2
(

2κ(κ− γ)n2rσ1 + 4(κ− γ)ρnrσ2 +
2κ

κ+ γ
ρ2σ3

)
, (B4)

where

σ1 =

nr∑
i=1
j=1

(
nr − 1

i− 1

)(
nr − 1

j − 1

)
Γ(i+ j + 2γ)

Γ(2γ + i+ 1)!Γ(2γ + j + 1)!
ξi,j(q, Z

∗),

σ2 =

nr∑
i=1
j=0

(
nr − 1

i− 1

)(
nr
j

)
Γ(i+ j + 2γ)

Γ(2γ + i+ 1)!Γ(2γ + j)!
ξi,j(q, Z

∗),

σ3 =

nr∑
i=0
j=0

(
nr
i

)(
nr
j

)
Γ(i+ j + 2γ)

Γ(2γ + i)!Γ(2γ + j)!
ξi,j(q, Z

∗),

ξi,j(q, Z
∗) =

(−1)i+j

q
sin

(
(i+ j + 2γ) tan−1

(
q

2χZ∗

))(
2χZ∗√

(2χZ∗)2 + q2

)i+j+2γ

.

C. Details of the photoionization calculation

Here we present the details of the calculation of Eq. (18). Within the framework of the effective charge
model, we describe ψi as a hydrogen-like wavefunction with effective charge by means of Eq. (A1), while
continous spectrum solutions to the Dirac equation, which within the effective charge model are described by
hydrogen-like free wavefunctions with energy E, momentum p and efffective charge Z∗ [64]:

ψfree =

(
Gp,κ′(r, Z

∗) Ωκ′,m′
Fp,κ′(r, Z

∗) Ω−κ′,m′

)
=

1

2
√
pr3
|Γ(1 + γ + iν)|

Γ(2γ + 1)

( √
1/E + 1 Im(Ψ(r, Z∗)) Ωκ′,m′√

1/E − 1 Re(Ψ(r, Z∗)) Ω−κ′,m′

)
, (C1)

with ν = Z∗E/p and:

Ψ(r, Z∗) = (1 + i)

√
κ− iZ∗/p
γ − iν eπ/2(ν+iγ)M1/2+iν,γ(−2ipr). (C2)

Using the orthogonality: ∫
ξκ,mξκ′,m′dΩ =

1

2
δκ,κ′δm,m′ , (C3)

we can integrate Eq. (18), to obtain the total photoionization cross section, as:

σtot =
αpE

k
4π
∑
κ′,m′

|J |2 , (C4)

where:

J =

∫ (
Gp,κ′(r, Z

∗) Ωκ′,m′
Fp,κ′(r, Z

∗) Ω−κ′,m′

)†(
0 σ
σ 0

)(
Gn,κ(r, Z∗) Ωκ,m
Fn,κ(r, Z∗) Ω−κ,m

)
dr, (C5)

with different Pauli matrices σcorresponding to different polarization directions. Directing the photon momen-
tum along the z axis of our coordinate system (e1, e2,k) and summing over photon polarization states, we
get [66]: ∑

i,j,s

J∗i Jje
s
i e
s
j =

1

2

(
|J |2 − (J · k)(J∗ · k)

k2

)
=
|Jx|2 + |Jy|2

2
= |Jx|2, (C6)

where in the last step we have exploited the symmetry of the remaining two directions. This means that the
total photoionization cross-section can be calculated as:

σtot =
αpE

k
4π
∑
κ′,m′

∣∣∣∣∣
∫ (

Gp,κ′(r, Z
∗) Ωκ′,m′

Fp,κ′(r, Z
∗) Ω−κ′,m′

)†(
0 σ1
σ1 0

)(
Gn,κ(r, Z∗) Ωκ,m
Fn,κ(r, Z∗) Ω−κ,m

)
dr

∣∣∣∣∣
2

. (C7)
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Now, using the orthogonality of spherical harmonics, we can see that:∫
Ω†κ′,m′σ1Ωκ,mdΩ = (δκ′,κ + δκ′,−1−κ)(δm′,m+1Cκ′,m′Dκ,m + δm′,m−1Dκ′,m′Cκ,m), (C8)

where Cκ,m =
√

1
2 − m

2κ+1 and Dκ,m =
√

1
2 + m

2κ+1 are numerical coefficients of spherical harmonics, see
Eq. (A2). This gives us:∣∣∣∣∣

∫ (
Gp,κ′(r, Z

∗) Ωκ′,m′
Fp,κ′(r, Z

∗) Ω−κ′,m′

)†(
0 σ1
σ1 0

)(
Gn,κ(r, Z∗) Ωκ,m
Fn,κ(r, Z∗) Ω−κ,m

)
dr

∣∣∣∣∣
= Jκ′(δκ′,−κ + δκ′,−1+κ)(δκ′m′,m+1Cκ′,m′D−κ,m + δm′,m−1Dκ′,m′C−κ,m)

+ I−κ′(δ−κ′κ + δ−κ′,−1−κ)(δm′,m+1C−κ′,m′Dκ,m + δm′,m−1D−κ′,m′Cκ,m), (C9)

where the radial integrals read: (
Iκ′
Jκ′

)
=

∫ (
Gn,κ(r, Z∗) F ∗p,κ′(r, Z

∗)
Fn,κ(r, Z∗) G∗p,κ′(r, Z

∗)

)
dr (C10)

and can always be performed analytically within the effective charge model. Finally, we obtain the result as:

σtot =
αpE

k
4π
[
|I−κ|2Aκ,κ + |J−κ|2A−κ,−κ + 2 Re(I∗−κJ−κBκ) + |Iκ+1|2A−κ−1,κ + |Jκ−1|2Aκ−1,−κ

]
, (C11)

where we have defined:

Aκ,κ′ = |Cκ,m+1Dκ′,m|2 + |Cκ′,mDκ,m−1|2 (C12)
Bκ = Cκ,m+1Dκ,mC−κ,m+1D−κ,m + Cκ,mDκ,m−1C−κ,mD−κ,m−1. (C13)

For the purpose of estimating the relevance of relativistic corrections, we take the low p limit in (C11) and
average over the m quantum number to obtain a non-relativistic formula:

σtot =
4π2αz2

3pω(2l + 1)

(
1

l

∣∣∣∣∫ Rn,l,z(r)Rp,l−1,z(r)r
2dr

∣∣∣∣2 +
1

l + 1

∣∣∣∣∫ Rn,l,z(r)Rp,l+1,z(r)r
2dr

∣∣∣∣2
)
, (C14)

or equivalently:

σtot =
4π2α

3p(2l + 1)

(
1 +

E − E0

ω

)(
l

∣∣∣∣∫ Rn,l,z(r)Rp,l−1,z(r)r
3dr

∣∣∣∣2 + (l + 1)

∣∣∣∣∫ Rn,l,z(r)Rp,l+1,z(r)r
3dr

∣∣∣∣2
)
,

(C15)
where E and E0 are the ionization energy and the zeroth-order energy of the bound state wavefunction. For
the case of E = E0 it reduces to the standard formula [58].

D. Solution of the relativistic Thomas-Fermi equation

In this appendix we describe the solution of the relativistic TF equation [74]. The equation written in atomic
units reads [37]

x1/2χ′′(x) = χ3/2(x)

(
1 +

(
128

9π2

)1/3
Z4/3

c2
χ′(x)

(
1− xχ′(x)

2χ(x)

))3/2

, (D1)

where x = r/(bZ−1/3), b = (9π2/128)1/3 and the dimensionless self-consistent potential χ(x) is related to the
self-consistent potential of the TF model as φ(r) = Zχ(rZ1/3/b) − φ0, with the constant φ0 defined from the
normalization. For neutral atoms φ0 equals zero. In the nonrelativistic limit, i.e., when the speed of light tends
to infinity the relativistic TF equation reduces to its nonrelativistic counterpart.

The TF equation must be complemented with boundary conditions, which for neutral atoms are
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given by [37]

χ(0) = 1, χ(∞) = 0, (D2)

and for ions [36]

χ(0) = 1, −xcχ′(xc) = 1−N/Z, (D3)

respectively. Here we also employed the fact that
χ(xc) = 0.

As was mentioned in the introduction solution of
the TF equation is a nontrivial mathematical problem
since it represents a boundary value problem on a
semi-infinite interval. In order to solve the equation,
we used the shooting method. For neutral atoms we
reformulated the boundary value problem as an initial
value one

χ0 = 0, χ′(0) = µ, (D4)

where µ represents a parameter. Consequently, we
were seeking for the root of the equation χ(x, µ) =
0, where x we changed from some small value to a
very large one. For every x we were solving Eq. (D4)

by varying µ. With this we obtained the following
solutions

µXe = −1.50965873266, χ(80, µXe) ≈ 10−6, (D5)

µU = −1.49103044294, χ(80, µU) ≈ 10−6 (D6)

for considered atoms.
For ions we used a similar strategy, however, we

“shot” from infinity. In this case the boundary value
problem is already written as the initial value one

χ(xc) = 0, χ′(xc) = −1−N/Z
xc

. (D7)

For this reason we simply varied the value of xc till
the value of χ at zero becomes one. With this we got

xc = 0.34635, χ(10−6) ≈ 1, (D8)

xc = 0.47890, χ(10−6) ≈ 1. (D9)

Finally, the density of the atom or ion is expressed
through the self-consistent potential as

ρ(r) =
8
√

2

3π

(
Zχ(x)

r
− φ0

)3/2
(

1 +

(
128

9π2

)1/3
Z4/3

c2
χ′(x)

(
1− xχ′(x)

2χ(x)

))3/2

. (D10)

E. Values of ground state energies of the first 100 neutral atoms

Z Z∗
R E

(0)
NR E

(0)
R EDHF Z Z∗

R E
(0)
NR E

(0)
R EDHF

1 1.00000 -0.50000 -0.50000 -0.50000 51 40.7062 -5974.00 -6160.94 -6475.24
2 1.68749 -2.84766 -2.84772 -2.86175 52 41.5615 -6259.79 -6461.59 -6788.06
3 2.54539 -7.28906 -7.28951 -7.43327 53 42.4156 -6553.19 -6770.65 -7109.76
4 3.37163 -14.2096 -14.2121 -14.5752 54 43.2653 -6854.26 -7087.18 -7440.46
5 4.15118 -23.6936 -23.7003 -24.5350 55 44.1573 -7165.57 -7415.35 -7779.91
6 4.90693 -36.2016 -36.1296 -37.6732 56 45.0484 -7484.40 -7752.08 -8128.34
7 5.64987 -52.0662 -51.8941 -54.3229 57 45.7984 -7804.64 -8083.37 -8485.87
8 6.42240 -71.2844 -72.2209 -74.8172 58 46.5481 -8125.81 -8423.60 -8852.82
9 7.17595 -94.4525 -96.6125 -99.4897 59 47.2966 -8447.55 -8772.63 -9229.40
10 7.88116 -121.908 -124.316 -128.674 60 48.0432 -8783.92 -9130.29 -9615.86
11 8.72835 -154.020 -156.740 -162.053 61 48.7880 -9127.99 -9496.65 -10012.3
12 9.56796 -190.415 -193.471 -199.901 62 49.5310 -9479.96 -9871.77 -10418.8
13 10.3870 -230.579 -234.059 -242.286 63 50.2713 -9839.95 -10255.2 -10835.5
14 11.1991 -275.254 -279.124 -289.403 64 51.0151 -10216.4 -10649.8 -11262.6
15 12.0048 -324.603 -328.816 -341.420 65 51.7609 -10582.4 -11055.1 -11700.3
16 12.8193 -378.517 -384.172 -398.503 66 52.5067 -10965.9 -11470.4 -12148.7
17 13.6272 -437.400 -444.551 -460.821 67 53.2510 -11357.4 -11895.2 -12607.8
18 14.4170 -501.418 -509.263 -528.540 68 53.9927 -11757.1 -12329.1 -13078.0
19 15.2858 -571.305 -579.971 -601.352 69 54.7306 -12165.2 -12771.4 -13559.3
20 16.1505 -646.244 -655.816 -679.502 70 55.4635 -12581.8 -13221.8 -14051.9
21 16.9029 -723.779 -734.443 -763.133 71 56.2925 -13017.6 -13695.5 -14555.9
22 17.6518 -806.609 -818.525 -852.531 72 57.1215 -13462.0 -14179.9 -15071.3
23 18.3949 -894.773 -907.982 -947.852 73 57.9500 -13915.1 -14674.8 -15598.3
24 19.1329 -984.973 -1002.97 -1049.21 74 58.7777 -14376.8 -15180.3 -16136.9
25 19.8643 -1087.71 -1103.38 -1156.87 75 59.6048 -14847.3 -15696.0 -16687.4
26 20.6041 -1192.25 -1211.07 -1270.88 76 60.4345 -15326.2 -16224.1 -17249.9
27 21.3454 -1302.72 -1325.53 -1391.42 77 61.2652 -15813.9 -16764.2 -17824.6
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28 22.0817 -1419.13 -1446.14 -1518.64 78 62.0954 -16300.8 -17315.4 -18400.7
29 22.8086 -1536.57 -1572.35 -1652.71 79 62.9241 -16806.4 -17877.3 -19011.3
30 23.5219 -1670.43 -1703.53 -1793.78 80 63.7501 -17330.8 -18449.2 -19623.5
31 24.3524 -1809.22 -1845.33 -1941.63 81 64.6315 -17861.7 -19042.6 -20248.3
32 25.1804 -1954.42 -1993.69 -2096.42 82 65.5128 -18401.7 -19647.9 -20886.0
33 26.0059 -2106.13 -2148.64 -2258.28 83 66.3952 -18950.8 -20264.7 -21536.7
34 26.8353 -2264.11 -2311.42 -2427.30 84 67.2796 -19508.5 -20894.9 -22200.7
35 27.6621 -2428.77 -2481.13 -2603.59 85 68.1641 -20075.4 -21537.4 -22878.2
36 28.4813 -2600.19 -2656.87 -2787.28 86 69.0467 -20651.5 -22191.1 -23561.1
37 29.3581 -2780.21 -2841.74 -2978.07 87 69.9636 -21241.1 -22863.5 -24237.8
38 30.2331 -2966.85 -3033.62 -3176.18 88 70.8808 -21839.6 -23548.8 -24992.3
39 31.0303 -3155.02 -3227.45 -3381.68 89 71.6925 -22437.9 -24221.6 -25724.9
40 31.8263 -3350.00 -3428.61 -3594.81 90 72.5050 -23045.4 -24907.7 -26471.9
41 32.6201 -3546.33 -3636.95 -3815.67 91 73.3179 -23639.5 -25606.9 -27233.7
42 33.4115 -3755.01 -3852.55 -4044.45 92 74.1309 -24254.1 -26319.2 -28010.5
43 34.2000 -3976.23 -4075.25 -4281.19 93 74.9439 -24878.0 -27044.6 -28802.9
44 34.9923 -4192.63 -4306.84 -4526.11 94 75.7568 -25499.2 -27783.2 -29610.8
45 35.7855 -4422.14 -4546.83 -4779.23 95 76.5699 -26141.7 -28534.8 -30434.9
46 36.5766 -4652.44 -4794.58 -5040.71 96 77.3858 -26805.4 -29302.3 -31275.1
47 37.3634 -4902.97 -5049.59 -5310.66 97 78.2039 -27466.1 -30085.3 -32132.1
48 38.1440 -5160.83 -5311.30 -5589.05 98 79.0232 -28124.0 -30883.5 -33006.0
49 38.9993 -5424.43 -5586.42 -5875.84 99 79.8430 -28803.8 -31696.2 -33897.2
50 39.8532 -5695.47 -5869.68 -6171.21 100 80.6627 -29493.1 -32523.3 -34806.3
Table II: Relativistic effective charge Z∗ and the comparison of the energy in a.u. (Hartree) of the zeroth-order
approximation of the effective charge model in nonrelativistic and relativistic approach with the values obtained
from numerical solutions of DHF equations [49]. Here Z∗

R is the effective charge, E(0)
NR is the nonrelativistic

zeroth-order energy, E(0)
R is the relativistic zeroth-order energy, EDHF is the ground state energy obtained via

solution of DHF equations.
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