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The pyrochlore lattice is associated with several potential and actual spin liquid phases as a result of its
strong geometric frustration. At finite temperature, these can exhibit an unusually broad cross-over regime
to a conventional paramagnet. Here, we study this regime analytically by showing how a single-tetrahedron
Hamiltonian can extrapolate beyond the first term of a high-temperature expansion and yield insights into the
build-up of correlations. We discuss how this unusual behaviour is brought about by the structure of the
eigenspaces of the coupling matrix. Further interesting behaviour can appear for parameter values located near
phase transitions: we find coexistence of (111) rods and (220) peaks in the structure factor, as observed in
neutron scattering experiments on Yb2Ti2O7.

I. INTRODUCTION

Rare-earth pyrochlores have been central to the study of
frustrated magnetism, hosting exotic classical and quantum
many-body physics, notably emergent gauge fields and putative
quantum spin liquid phases [1–3]. A range of these systems is
well-described by nearest-neighbour exchange Hamiltonians
which, using the symmetries of the pyrochlore lattice, are
completely specified by four real coupling constants [4, 5].

While a complete quantummany-body investigation of these
systems remains beyond reach, much can be learned from a
classical picture where spin operators are replaced by classical
fixed-length vectors. Yan et al. produced a rather complete
description of the classical T = 0 phases [6]: ground states of
one tetrahedron are classified according to the irreducible rep-
resentations of the tetrahedral point group Td with which their
respective order parameters transform. Ground states of the
lattice can be built by connecting single-tetrahedron ground
states through the “Lego-brick rules” [6]. These ground states
capture the low-temperature behaviour of some rare-earth py-
rochlore materials.

At finite temperature the behaviour of these systems is some-
what less understood. The elastic structure factor, probed by
neutron scattering experiments [7], often shows a resemblance
between large temperatures and a naive average over single-
tetrahedron ground states. An example where the resemblance
is an exact equality is “rods” in the (111) direction in spin ice,
as explained in Ref. [8]. Such rods do not signify entirely
decorrelated (111) planes, but are artefacts of a term in the
structure factor which projects out correlations that are paral-
lel to the wavevector (see Eq. (A3)), in this case (111). The
coexistence of three-dimensional longitudinal correlations and
rod features had already been noted by Thompson et al. in the
context of the pyrochlore compound Yb2Ti2O7 [9]. We will
provide further examples of this resemblance, as well as a
general framework to understand it.

It is also observed that for some choices of nearest-neighbour
couplings J on the pyrochlore lattice, the structure fac-
tor remains qualitatively unchanged over a large temperature
range [8, 10]: not only for T � |J | (where it is controlled by
〈SiSj〉 ∼ −Ji j/T , namely the leading order term in a |J |/T ex-
pansion) but also down to temperatures well below the Curie-
Weiss temperature, which quantifies the strength of magnetic

interactions |J |. In this so-called cooperative paramagnetic
regime [11], correlations remain largely short-ranged.
In the present paper, we investigate a natural classification of

the classical spin states for a single-tetrahedron Hamiltonian’s
couplings J regarded as a 12 × 12 matrix. By studying the
eigenspaces of this matrix, and spin correlators as projectors
onto them, we explore the ground states and the correspon-
dence between high-temperature and T = 0 single-tetrahedron
correlators in detail. This correspondence is shown to imply
the intermediate-temperature regime mentioned above. Fi-
nally, we discuss how our results are modified in the presence
of phase coexistence for parameter values proximal to a phase
transition, as is the case for Yb2Ti2O7.

II. EIGENSPACES OF THE COUPLING MATRIX

Following the convention inRef. [12] (see alsoAppendixA),
the generic pyrochlore Hamiltonian can be written as

H =
∑
〈Ia,Jb〉

[
JzzSz

IaSz
Jb
− J±(S+IaS−Jb + S−IaS+Jb)

+ J±±(γabS+IaS+Jb + γ
∗
abS−IaS−Jb)

+ Jz±
{
Sz
Ia(ζabS+Jb + ζ

∗
abS−Jb) + Ia↔ Jb

}]
,

(1)

where

ζ =
©«

0 −1 eiπ/3 e−iπ/3

−1 0 e−iπ/3 eiπ/3

eiπ/3 e−iπ/3 0 −1
e−iπ/3 eiπ/3 −1 0

ª®®®¬ , γ = −ζ∗ .

For convenience we use here the customary notation for
pyrochlore Hamiltonians; however, (Sx, Sy, Sz) in our study is
a real classical vector of fixed length, defining S± = Sx ± iSy .
The indices I, J label tetrahedra of the pyrochlore lattice, and
a, b ∈ {0, 1, 2, 3} label the four spins within a tetrahedron (see
Appendix A for details).
Consider now the same Hamiltonian restricted to a single

tetrahedron, coupling every pair of spins therein:

H =
∑
ab,αβ

Jαβ
ab

Sαa Sβ
b
≡

∑
i j

Ji jSiSj = STJS . (2)
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We wrote here the four coupling constants of Eq. (1) as an
interaction tensor Jαβ

ab
. The first equality absorbs the site and

spin component indices into a single index (a, α ≡ i, etc.),
and the second frames the expression in terms of the matrix
J acting on the 12-component vector S (four sites and x, y, z
on each site). The correlator for a given spin configuration,
Sαa Sβ

b
, may be seen as the projector SiSj = (SSᵀ)i j . The

a = b cases — four 3 × 3 matrices along the block diagonal
of the SSᵀ matrix — are immaterial for what follows. Many
equalities/proportionalities hereafter will be considered as be-
ing “modulo” (i.e., ignoring) these four blocks, and we will
use the symbols off

= / off∝ respectively for these.
Note that a generic vector cannot be translated into a spin

configuration, unless the four spins that comprise it have the
same length. We henceforth call this “strong normalisation”,
as opposed to the usual, more permissive (“weak”) normalisa-
tion, which only fixes the length of the entire 12-dimensional
vector.

A. Classification of single-tetrahedron phases as eigenspaces

We then look at the eigensystem of J . Say the distinct
eigenvalues are E0 < E1 < E2 < · · · and the corresponding
orthonormal eigenvectors are v(m)n , Jv(m)n = Env(m)n , so that
m enumerates the eigenvectors within an eigenspace labelled
by n. If we write the projector on the nth eigenspace as Pn =∑

m v(m)n (v(m)n )ᵀ, then J =
∑

n EnPn.
Using representation theory [5, 6], one finds that there are 12

orthogonal strongly normalised eigenvectors, which are basis
vectors for at most five eigenspaces, constituting bases for irre-
ducible representations of Td . The heuristic argument for this
is the following: given a weakly normalised eigenvector with
the length of spin a greater than the length of spin b, we must
be able to perform a symmetry operation that swaps the two
spin lengths. This is an eigenvector with the same eigenvalue,
and we can then form a superposition of the two where spins
a and b are strongly normalised, etc. The set of strongly nor-
malised vectors thus generated will automatically be a basis for
an irreducible representation of Td . A corollary of this result
is that one is guaranteed to find the single-tetrahedron ground
states (which must satisfy the strong normalisation condition)
within the space with eigenvalue E0.
The eigenspaces, and the labelswe use for the corresponding

bases, are the following [13]:
(1) A2 (one-dimensional): the 4out (or 4in, since this is

related by an overall minus sign) state.
(2) E (two-dimensional): the ground states of the XY fer-

romagnet. A conventional basis is given by the local x and y
vectors at each site, and this trivially generates a U(1) easy-
plane degeneracy, Sa = xa cos φ + ya sin φ.

(3) T2 (three-dimensional): the Palmer-Chalker states [14],
which are also in the easy planes.

(4) T1A′ (three-dimensional): the splayed phase, forming
one basis for the representation T1. The eigenvectors change
continuously with the splay angle θT1 , which is a function of
the parameters {Jzz, J±, J±±, Jz±}. If Jz± = 0, the splay angle

FIG. 1. The single-tetrahedron structure factor derived from 〈SSᵀ〉 ∼
−J and 〈SSᵀ〉 ∼ P0 (left and right halves, 1 and 2 respectively,
within each panel). (a) (Jzz, J±, J±±, Jz±) = (1, 0, 0, 0): the P0

off∝
−J correspondence holds, and the two structure factors are exactly
proportional to one another. (b) (Jzz, J±, J±±, Jz±) = (0, 0, 0, 1): the
P0

off∝ −J correspondence does not hold, and the two structure factors
are obviously different. However, a certain degree of qualitative
similarity is still apparent.

becomes independent of the coupling parameters, and so do
the eigenvectors, forming three more easy plane states.

(5) T1B′ (three-dimensional): these are again functions of
the same single parameter θT1 (but the functions are distinct
from T1A′) constituting another basis for T1. If Jz± = 0, they
are in fact the three linearly independent 2in-2out states.
Strongly normalised vectors in the lowest eigenspace are

ground states, and when the lowest eigenspace changes, so
does the set of ground states. At phase boundaries, two eigen-
values coinciding can result in a degeneracy protected by an
enhanced symmetry (unstable to generic perturbations) not
present in the constituent eigenspaces themselves. A no-
table example is the ground-state manifold of the Heisen-
berg ferromagnet in local spin variables (J± = −Jzz/2 > 0,
J±± = Jz± = 0) [15], where the XY ferromagnet and 4out
eigenvalues coincide (E0 = EE = EA2 ) giving rise to an O(3)
degeneracy. All three of the other eigenspaces are also de-
generate for this choice of parameters, and they are a basis for
the ground-state manifold of the Heisenberg antiferromagnet
(J± = −Jzz/2 < 0, J±± = Jz± = 0).

B. Correlators at high T and T = 0

Consider the spin correlator at temperature T :

〈SiSj〉 ∝
∑
{S }

SiSj exp

(
− 1

T

∑
kl

JklSkSl

)
, (3)

where the indices are no longer restricted to a single tetrahe-
dron, and the sum on {S} is over all possible spin configura-
tions. Expanding to first order in 1/T , one obtains:

〈SiSj〉 ∼
∑
{S }

SiSj −
1
T

∑
{S }

∑
kl

JklSiSjSkSl + · · · . (4)
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The zeroth order vanishes, since Si and Sj independently av-
erage to zero (i , j). The 1/T contribution is proportional to
−Ji j , as only terms of the form Ji jS2

i S2
j survive. The leading

order correlations at high T are therefore 〈SiSj〉 ∼ −Ji j/T if
i and j are nearest neighbours, and zero otherwise. The high-
temperature single-tetrahedron correlator can then be written
as a matrix:

〈SiSj〉 ∼ −
Ji j
T
= − 1

T

∑
n

En(Pn)i j . (5)

To obtain the ground-state correlator of a single tetrahe-
dron, one needs to take the limit T → 0+ with care to account
for potential order-by-disorder effects. One case where the
answer is clear is when the P0

off∝ −J correspondence (dis-
cussed in the following sections) holds; as we shall show, here
〈SSᵀ〉 off∝ −J off∝ P0 at all T > 0, and hence also in the T → 0+
limit. For Hamiltonians that have a finite number of strongly
normalised ground states, P0 being the T = 0 correlator re-
mains a reasonable proposition on the grounds that the eigen-
states v(m)0 are related by symmetries of the tetrahedron, and
therefore their correlators should be weighted equally, yield-
ing 〈SSᵀ〉 off∝ ∑

m v(m)0 (v
(m)
0 )

ᵀ = P0. We verified this via Monte
Carlo simulations on several instances of such Hamiltonians.
The case of continuously many strongly normalised ground
states (without P0

off∝ J ) is more difficult, but there is only one
possibility where such continuity does not rely on a fine-tuned
degeneracy between irreps at eigenvalue E0: the U(1) mani-
fold of the irrep E , Sa = xa cos φ + ya sin φ. The correlator
here is still proportional to xxᵀ + yyᵀ = PE ; this is again
confirmed by Monte Carlo simulations [16]. However, it is
not always true that the T = 0 correlator is 〈SSᵀ〉 off∝ P0, since
order by disorder can be important on a (measure zero) set
of fine-tuned points in parameter space where geometrically
complex ground state manifolds appear.

C. High T versus T = 0 correspondence

With this language in place, we formulate the central state-
ment of this work: the high-temperature correlator is pro-
portional to the T = 0 single-tetrahedron one for coupling
matrices J where P0

off∝ −J . At a few high symmetry points
in parameter space this relation holds exactly, whereas a close
resemblance appears to hold quite generally. Figures 1(a) and
1(b) show examples of parameters for which the correspon-
dence does and does not hold, respectively. Generically, J
can have five distinct eigenvalues. When P0

off∝ −J exactly, we
observe that there are either two or three distinct eigenvalues,
and we comment on the two cases separately.

If there are two eigenvalues, we know that P0 + P1 = I by
completeness. Given that the four self-correlating (a = b) 3×3
blocks along the diagonal are irrelevant, this equation implies
that the “physical” entries in the projectors satisfy P1

off
= −P0.

The decomposition J = E0P0 + E1P1 therefore reduces to
J off
= (E0 − E1)P0 and thus P0

off∝ −J (in our convention E1 >

E0). This only happens for the two Heisenberg Hamiltonians
(local/global axes).
In the case of three eigenvalues, if any one projector is

a multiple of the other, then the third is automatically also
a multiple due to completeness: say if P2

off
= aP0 (a , 0),

then P0 + P1 + aP0
off
= 0, and P1

off
= −(1 + a)P0. Therefore,

J = E0P0 + E1P1 + E2P2
off
= [(E0 − E1) + a(E2 − E1)]P0,

and E0 < E1 < E2 implies that if a < 0, then P0
off∝ −J .

Conversely, the only way for P0
off∝ −J to hold is if all three

projectors are proportional to each other. Furthermore, we can
show that a = −1, i.e. P0

off
= −P2 and P1

off
= 0. This proof is

presented for convenience in Appendix B.
It is interesting to compare this result to the case of spin ice

in Ref. [8]. The apparent similarity is deceiving, as we explain
for convenience in Appendix C: the set of configurations with
a vanishing correlator is inherently different in the two cases.
We now explain why the correlators for J which obey the

correspondence behave as 〈SiSj〉 ∝ −Ji j already at interme-
diate temperatures. Consider a single tetrahedron at arbitrary
temperature T . The coefficient of 1/Tn in Eq. (4) contains
all possible contractions from i to j connected by n instances
of J . Translating back to matrices, the only possible objects
that can result are powers J n; all other possible terms vanish
due to either a vanishing self-coupling of the form Jii , or an
unpaired S that averages to zero. For instance, the only non-
trivial terms at order 1/T2 are of the form JikJk jS2

i S2
j S2

k
. If

J is then proportional to P0, we have that J n off∝ J . This last
relation is proven in Appendix B.
Therefore, if the correspondence holds, then a single tetra-

hedron has the same correlator at all T , up to a multiplicative
factor which is a function of T . Finally, at temperatures high
enough that the correlations of a thermodynamically large sys-
tem vanish rapidly beyond nearest-neighbour distances, one
can reasonably approximate the structure factor of the system
with that of a single tetrahedron at the same temperature, and
thence with that of P0.

D. Examples

Let us introduce a heuristic measure for the deviation from
the correspondence J off∝ −P0, defined as

Q = min
x∈R
|J + xP0 |2 , (6)

where we have chosen the matrix norm to be |M |2 =∑
a,b,αβ |M

αβ
ab
|2, i.e., the sum of the squares of all elements

that are not self-couplings. Notice that, under the trivial
rescaling J 7→ αJ (with α > 0), Q scales as Q 7→ α2Q.
As an example, the spectrum of J and the behaviour of Q
for (Jzz, J±, J±±, Jz±) = (cos θ, sin θ, 0, 0), as a function of
θ ∈ [0, 2π], are shown in Fig. 2. Restricting parameters to
this circle is sufficient to span the entire space of X X Z Hamil-
tonians, up to the aforementioned trivial overall scaling. The
exact definition of Q remains somewhat arbitrary, but this is
unimportant for the features we discuss. Within this manifold,
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the four eigenspaces belong to T1B′, E,T2 + T1A′ (degenerate),
and A2; for small positive θ, these appear in increasing order of
eigenvalues. The eigenvectors do not changewith θ, as Jz± = 0
is always satisfied. Also note that PT1B′ + PA2

off
= 0, since these

are the 2in-2out and 4in/4out correlators, respectively. By
completeness, also PE + PT2 + PT1A′

off
= 0. Therefore, the cor-

respondence holds (Q = 0) when there are two eigenvalues
(“local” Heisenberg: see in Fig. 2 the points between 3π/4
and π, and between 7π/4 and 2π), or three with a crossing of
T1B′ and A2 (purely J±: θ = π/2, 3π/2) or E and T2 + T1A′
(purely Jzz : θ = 0, π).

When there is a level crossing, we have exactly one of the
following:

(1) The deviation Q jumps discontinuously from one
nonzero value to another. This signals that P0 has changed,
and it happens when the lowest and second-lowest eigenspaces
swap roles due to E0 and E1 crossing. However, the total pro-
jector P0 + P1 at the crossing is not proportional to −J , as
opposed to item (3) in this list.

(2) Q goes to zero continuously, along trajectories where
P0 remains unchanged, but higher eigenvalues cross so as to
result in the three eigenvalue possibility detailed above.

(3) Q jumps, and at precisely the location of the discontinu-
ity, it goes to zero. Here there is a lowest-level crossing, and
P0 + P1

off∝ −J at the crossing.
(4) Q neither jumps nor vanishes. This is when P0 is not

FIG. 2. Eigenvalues of J and deviation Q from J off∝ −P0
(top and bottom panel, respectively), for (Jzz, J±, J±±, Jz±) =
(cos θ, sin θ, 0, 0) against θ ∈ [0, 2π]. Vertical gridlines are shown
at points where J off∝ −P0 holds exactly, i.e. where Q = 0. One of
the eigenvalues, shown as a thicker line, contains two eigenspaces, T2
and T1A′ .

involved in the crossing, and the higher level crossing does not
result in P0

off∝ −J , as opposed to item (2).
Even when the correspondence does not hold exactly but

the deviation is small — this generically happens when we are
far from jumps, although Q may spike to varying magnitudes
near different jumps as can be seen in Fig. 2 — we expect the
physical consequences of P0

off∝ −J to remain approximately
valid (see Fig. 1(b)). Moreover, note that the relation J n off∝
J , and hence the robustness of correlators in the cooperative
paramagnetic regime, can only be continuously violated near
a point in parameter space where P0

off∝ −J (Q = 0) even if Q
jumps from one nonzero value to another in its neighbourhood.

III. SINGLE-TETRAHEDRON PHASE COMPETITION IN
Yb2Ti2O7

It is well known that the coupling parameters of Yb2Ti2O7
lies close to the boundary between two classical phases, the
splayed ferromagnet, FM (T1A′), and the XY ferromagnet (E),
which is antiferromagnetic in the global axes [6, 12, 18–21].
Fluctuations select out of the E manifold (Sa = xa cos φ +
ya sin φ) a discrete set of ground states dubbed Ψ2 and Ψ3,
each comprising six states with Ψ2 at φ = nπ/3 and Ψ3 at
φ = (n + 1/2)π/3. The FM has six ground states as well,
namely plus/minus the three irrep basis vectors. The dominant
competition over a large range of temperatures is between FM
and either Ψ2 or Ψ3 [22].
In Fig. 3(a), the experimentally determined structure factor

at low temperature, plotted in the (hhk) plane, shows two
interesting features: rods in the (111) direction [9], and a
maximum at (220) signalling antiferromagnetic correlations
in the global frame [17]. The T1A′ /E correlators evaluated
separately do not yield a satisfactory comparison to the features
mentioned above (see panels (b) and (c) of Fig. 3).

Remarkably, an effective single-tetrahedron model of phase
mixing which averages over the 6 + 6 ground-state correlators
is in fact able to reproduce these characteristic features, as
shown in Fig. 3(d). A microscopic justification for this could
be that temperatures are high enough for the FM and Ψ2/Ψ3
phases to be effectively degenerate and correlations to be pre-
dominantly nearest-neighbour, while being low enough that
the thermal occupation of higher eigenspaces is sufficiently
suppressed. In this regime one could argue that fluctuations
populate equally the ground states in the two lowest, nearly
degenerate eigenspaces, yielding an effective microcanonical
picture: the probability of being in a phase is proportional
to the number of available states. Thus, if FM and Ψ2 (or
Ψ3) mix, the total correlator (taking the numerical factors be-
tween projectors and correlators into account) is proportional
to PT1A′ + (3/2)PE . This produces the (111) rods and (220)
maximum in the structure factor, as shown in Fig. 3(d).

However, this is not yet the full story. Performing Monte
Carlo simulations in the relevant temperature regime does re-
produce the experimental structure factor reasonably well (see
Appendix D and also Fig. 4 in Ref. [17]). But if we truncate
the spin correlators at nearest-neighbour distance before we
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FIG. 3. (a) Fig. 4a of Ref. [17], showing the experimental structure factor of Yb2Ti2O7 at T ≈ 50 mK; single-tetrahedron structure factors
from (b) 〈SSᵀ〉 ∼ PT1A′ , (c) 〈SS

ᵀ〉 ∼ PE , and (d) 〈SSᵀ〉 ∼ PT1A′ + (3/2)PE . All plots use the g factor gxy/gz = 2.

compute the structure factor, only the (111) rods appear (see
Appendix D). The (220) maximum must therefore come from
correlations beyond a single tetrahedron that are only acciden-
tally reproduced by the phase-mixing modelling above.

IV. CONCLUSIONS AND OUTLOOK

We have shown that intermediate-temperature correlations
in pyrochlore magnets can be understood remarkably well via
single-tetrahedron ground states. Cases where the correspon-
dence ismost precisewere discussed, andwe further illustrated
using parameters appropriate for Yb2Ti2O7 that even when a
system lives at the edge between two phases and is not charac-
terised accurately by either at finite temperature, an effective
model of the competition can recover important qualitative
results.

Further work in this direction can focus on several aspects:
How does one repeat our prescription for other lattices? In par-
ticular, what conditions do we need to find strongly normalised
vectors in the lowest eigenspace? This is closely related to the
Luttinger-Tisza problem [23, 24]. We found parameters for
which the correspondence holds by brute force computation,
but perhaps there is a more symmetry-motivated systematic
approach.

All our results are for vector spins that are free to rotate in
three dimensions. One could ask if a similar eigenspace pic-
ture can be developed for constrained models, say where the
spins are either easy plane or easy axis. This is indeed relevant
for pyrochlore materials, where large single-ion crystal-field
terms often lead to an anisotropic behaviour of the spins. A
natural intermediate object of study could be a model where
we only allow strongly normalised eigenvectors as configu-
rations, with energies defined by the same J . For instance,
the allowed configurations for a Jzz Hamiltonian (whose re-
lation to spin ice we comment on in Appendix C) would be
ice rule vacua, double monopoles, and easy axis zero modes.
Linear combinations of these configurations span all possi-
ble states, which makes the phase space at T > 0 broaden
continuously. A discrete constraint avoids this complication,
and hence permits a closer analogy to arguments about the
temperature dependence of correlators presented in Ref. [8].

Is the kind of naive configuration mixing outlined for
Yb2Ti2O7, which has an accidental near-degeneracy in the
lowest eigenspaces, perhaps more widely useful as a concept
for magneticmaterials with strongly frustrated couplings? The
observation that long-ranged correlations yield a structure fac-
tor that is similar to a short-ranged model is obviously not a
precise one in our formulation; can more be said about the mi-
croscopics leading to this, or is it truly coincidental? It would
also be interesting to see in more detail what other observable
consequences a strong phase competition engenders. At any
rate, the usefulness of such a simple scheme for relatively com-
plex magnets is remarkable, and it may be worth investigating
to what extent one can use this as a starting point for more
systematic approximations.
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Appendix A: Notation and parametrisation

The pyrochlore lattice is defined starting with an fcc lattice
with a cubic unit cell of side l, indexed by RI , and placing a
lattice point at eachRI +∆a for all I, and a ∈ {0, 1, 2, 3}. Here

∆0 =
l
8
(1, 1, 1) ∆1 =

l
8
(1,−1,−1)

∆2 =
l
8
(−1, 1,−1) ∆3 =

l
8
(−1,−1, 1)

(A1)
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denote the vertices of a tetrahedron with respect to its centre.
The outward pointing unit vectors ∆a/|∆a | at each sublattice
site define the local z axes. We also define local x and y axes:

x0 =
1
√

6
(−2, 1, 1), y0 =

1
√

2
(0,−1, 1),

x1 =
1
√

6
(−2,−1,−1), y1 =

1
√

2
(0, 1,−1),

x2 =
1
√

6
(2, 1,−1), y2 =

1
√

2
(0,−1,−1),

x3 =
1
√

6
(2,−1, 1), y3 =

1
√

2
(0, 1, 1) .

(A2)

The Hamiltonian is defined on effective spin-1/2 variables SIa

at each lattice site. These are the lowest energy doublets in
the crystal field splitting of the angular momentum multiplet
associated with the magnetic ions. In this work, all interac-
tions are assumed to be at the nearest-neighbour level, and the
generic Hamiltonian takes the form of Eq. (1).

The central objects of study are the spin correlator 〈SαIaSβ
Jb
〉

and the elastic neutron scattering structure factor [7] (up to a
multiplicative constant, and ignoring the q dependence of the
magnetic form factor):

F(q) =
∑

IJabαβ

[
δαβ −

qαqβ
q2

]
〈SαIaSβ

Jb
〉eiq·(rI a−rJb ) . (A3)

Appendix B: Proofs of two results in Sec. II C

Weprovide here proofs of two results that require us to retain
block-diagonal (a = b) terms in the projectors, and therefore
we need to abandon “off” equalities in favour of conventional
ones.

The first is that if we have three eigenvalues and P2
off
= aP0

(a , 0), then a = −1. To show this, we write P2 − aP0 = D,
where D is a matrix that only has block-diagonal elements, to
wit D off

= 0. Squaring both sides and using the orthogonality
of eigenvectors yields P2 + a2P0 = D2. The difference of
these two equations is (a2 + a)P0 = D2 − D. If a2 + a , 0,
P0 is itself block-diagonal. Then P2 = aP0 + D is block-
diagonal, and P1 = I − P0 − P2 is block-diagonal. But J =
E0P0+E1P1+E2P2 must have off-block-diagonal elements, so
this is a contradiction, and a2 + a = 0. Having assumed a , 0,
we have a = −1, and D2 = D. These are consistent, since
D = P2−aP0 = P2+P0 = I−P1, and indeed (I−P1)2 = I−P1.
The second is that J off∝ −P0 implies J 2 off∝ J . The subtlety

here is that J is not exactly a multiple of the projector P0,
but also has a block-diagonal part D′ which may appear in
the physical off-block-diagonal elements of J 2 due to the
terms P0D′+D′P0. However, we now show that D′ is a linear
combination of the identity matrix and a different (orthogonal)
projector, so that P0D′ + D′P0 ∝ P0, and thus J 2 off∝ J still
holds. With two eigenvalues, J = E0P0 + E1P1 = E0P0 +
E1(I − P0) = (E0 − E1)P0 + E1I, i.e., D′ = E1I. With three,

the arguments of the previous paragraph show that the middle
projector P1 = I − D is block-diagonal. Now, J = E0P0 +
E1P1+E2P2 = E0P0+E1P1+E2(I−P0−P1) = (E0−E2)P0+
E2I + (E1 − E2)P1, and therefore D′ = E2I + (E1 − E2)P1.

Appendix C: Comparison to spin ice

In classical spin ice, the spins have an Ising character and
point either directly into or out of each tetrahedron. The
resulting discrete set of tetrahedral configurations can thus
be labelled according to the number of incoming vs outgo-
ing spins: 2in-2out; 3in-1out and 3out-1in (also called single
monopole configurations); 4in and 4out (double monopoles).
The nearest-neighbour Hamiltonian reduces to a chemical po-
tential for themonopoles and all the configurations within each
label above are isoenergetic. Peculiarly, the single monopole
configurations yield a vanishing correlator, and therefore the
vacuum and double monopole configurations have opposite
correlators [8]. The analogy with the results presented in the
present paper is tempting but deceiving: the set of configu-
rations with a vanishing correlator is in fact different. In our
language, the vanishing projector for a Jzz Hamiltonian comes
from easy plane “zero modes”. Single monopole configura-
tions are not eigenvectors — they are superpositions of the
vacuum and double monopole eigenvectors such that the aver-
age correlator vanishes. As we comment in the Conclusions
and Outlook, understanding how our results may extend to
constrained spin models is an interesting open question.

Appendix D: Further considerations on Yb2Ti2O7

Wefirst observe that the experimental structure factor shown
in Fig. 3(a) is nominally at T ≈ 50 mK, well below the ex-
pected ordering temperature of Yb2Ti2O7,Tc ≈ 200mK. If the
system ordered, we would expect a sharpened version of one
of Figs. 3(b) and 3(c), i.e., either T1A′-like or E-like correla-
tors. The observed correlators are clearly different, exhibiting
characteristic (111) rods and (220) peaks.

For this reason, we ran Monte Carlo simulations using the
parameters of Ref. [18] at T = 450 mK; a description of
the method can be found in Ref. [17]. The structure factor
evaluated from 20 × 20 × 20 fcc 16-spin cubic unit cells and
periodic boundary conditions, with (111) rods and (220)max-
ima, is shown in Fig. 4(a). We compare this result to the effect
of truncating the very same correlators at single-tetrahedron
level (i.e., to nearest-neighbour distance) before computing the
structure factor (Fig. 4(b)); and we further compare it toMonte
Carlo simulations on a single tetrahedron [25] (Fig. 4(c)). Both
approximations only exhibit the (111) rods in the structure fac-
tor and not the (220) maxima.
At closer inspection, both the truncated and single-

tetrahedron correlators in our Monte Carlo simulations are in
fact very nearly proportional to PT1A′ + PE (not shown). This
suggests that the single tetrahedron spin states sample uni-
formly the two lowest eigenspaces [26], which contrasts with
sampling only the ground states as in the phase-mixing model
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FIG. 4. Structure factor from Monte Carlo simulations using the Yb2Ti2O7 parameters of Ref. [18] and temperature T = 450 mK: (a) on a
system of 20 × 20 × 20 fcc 16-spin cubic unit cells and periodic boundary conditions; (b) on the same system, but truncating the correlators to
nearest-neighbour distance before computing the structure factor (equivalently, calculating single-tetrahedron structure factors, averaged over
all tetrahedra); and (c) on a single isolated tetrahedron.

in the main text. Moreover, we learn from these results that in-
dividual tetrahedra in simulations of thermodynamically large

systems have roughly the same correlations as in simulations
of a single isolated tetrahedron.
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