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ON DISTINCT FINITE COVERS OF 3-MANIFOLDS

STEFAN FRIEDL, JUNGHWAN PARK, BRAM PETRI, JEAN RAIMBAULT, AND ARUNIMA RAY

Abstract. Every closed orientable surface S has the following property: any two connected
finite covers of S of the same degree are homeomorphic (as spaces). In this, paper we give a
complete classification of compact 3-manifolds with empty or toroidal boundary which have the
above property. We also discuss related group-theoretic questions.

1. Introduction

Given a finitely generated group G and n ∈ N we denote by sn(G) the number of subgroups
of index n and we denote by en(G) the number of isomorphism types of subgroups of index n.

The study of sn(G) has attracted a lot of interest over the years. For example, the well-known
asymptote for the number of index n subgroups in a free group F2 of rank 2 is

sn(F2) ∼ n · (n!) as n→ ∞,

(see for instance [Dix69] and [LS03, Chapter 2]). Much more recently, similar asymptotes
were determined for surface groups by Müller and Schlage-Puchta [MP02], Fuchsian groups
by Liebeck and Shalev [LS04] and non-uniform lattices in higher rank simple Lie groups by
Lubotzky and Nikolov [LN04]. Finer questions ask for the number of subgroups of a given type.
For instance, in [MSP04], Müller and Schlage-Puchta determine the statistics of given isomor-
phism types in free products and in [Lub95, GLP04] Lubotzky–Goldfeld–Pyber and Lubotzky–
Nikolov count the number of congruence subgroups in arithmetic groups. For an introduction
to the subject of subgroup growth, we refer to the monograph by Lubotzky and Segal [LS03].

In this paper we are interested in the growth of the sequence {en(G)}n∈N. It is apparent that
its behavior can be strikingly different from {sn(G)}n∈N. For example, we have just seen above
that the sequence {sn(F2)}n∈N grows super exponentially whereas it is clear that the sequence
{en(F2)}n∈N is constantly equal to one. Similarly it is evident that for any surface group G the
sequence {en(G)}n∈N is constantly equal to one. These and free abelian groups are the only
examples we know of (infinite, residually finite) groups with en ≡ 1. To give an example where
en exhibits nontrivial growth let us describe its behaviour for Fuchsian groups (namely, discrete
subgroup of PSL2(R)) containing torsion elements: we observe in Proposition 2.2 below that
for a Fuchsian group G ⊂ PSL2(R) of finite covolume, en(G) grows polynomially. For example,
we obtain (using Müller and Schlage–Puchta’s asymptotic mentioned above) that

en(PSL2(Z)) ∼
n2

6
as n→ ∞.

We note that this asymptotic contains geometric information about the orbifold PSL2(Z)\H2:
in general, the exponent (2 in this case) equals the number of nontrivial divisors of the orders
of its cone points. Moreover, in the case of PSL2(Z), the leading coefficient (1/6) appears as
the inverse of the product these divisors.

To give our topic a more topological flavour, given a compact, connected manifold M let us
denote by en(M) the number of homeomorphism types of connected degree d covering spaces of
M . All the examples above are essentially 1- or 2-dimensional. For a topologist, after the case of
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surfaces has been settled it is natural to next consider the case of 3-manifolds. A more pragmatic
reason for this is that if M is a closed, orientable, aspherical 3-manifold, then we have en(M) =
en(π1(M)). This follows from the geometrization theorem, the rigidity theorem [Mos68], and
work of Waldhausen [Wal68] and Scott [Sco83b] (see e.g. [AFW15, Theorem 2.1.2]). Thus in this
case the group-theoretical and topological problems are equivalent. Another is that the current
understanding of 3–manifold groups (as opposed to higher-dimensional aspherical manifolds) is
good enough to let us actually prove some nontrivial results.

For technical reasons it is often more convenient to study the following closely related sequence

e′n(M) := sup{ek(M) | k ≤ n}.

In Section 4.2 we point out that it follows from [Ago13], [CLR97], [BGLM02] and [BGLS10,
Section 5.2] that e′n(M) grows as a power of a factorial for hyperbolic 3-manifolds. On the other
hand it is clear that e′n(M) is a constant sequence for some choices of M , e.g. for the 3-torus
and for 3-manifolds with cyclic fundamental group. As hyperbolic manifolds are in many ways
generic among 3–manifolds this leads us to the following definition.

Definition 1.1. A manifold M is called exceptional if e′n(M) = 1 for all n ∈ N. In other words,
M is exceptional, if for all n ∈ N any two connected degree n covers of M are homeomorphic.

Note that there is an analogous notion of exceptional groups, that is, a group is said to be
exceptional if any two index n subgroups are isomorphic.

As a warm-up, in Lemma 2.1 we determine which compact 2-dimensional manifolds are
exceptional (this makes for a surprisingly amusing exercise). In our main theorem we determine
all exceptional compact 3-manifolds with empty or toroidal boundary.

Main Theorem. Let M be a compact 3-manifold with empty or toroidal boundary. Then M
is exceptional if and only if it is homeomorphic to one of the following manifolds:

(1) k · S1 × S2 for k ≥ 1,
(2) S1×̃S2,
(3) S1 ×D2,
(4) T 2 × I,
(5) T 3,
(6) all spherical manifolds except those with fundamental group P48×Z/p with gcd(p, 3) = 1

and p odd, or Q8n × Z/q with gcd(q, n) = 1, q odd, and n ≥ 2.

In the theorem above and henceforth, Sn denotes the n-sphere, Dn denotes the n-dimensional
disk, T n denotes the n-torus, I denotes the unit interval [0, 1], and k ·M denotes the k-fold
connected sum of the manifold M . The groups mentioned in item (6) are defined in Section 6.

Some of the techniques we use in the proof of the main theorem apply in a a larger setting.
For instance, as noted above, it follows from work of Agol et al that hyperbolic 3-manifolds are
not exceptional. We also give a different proof of this fact that generalizes to lattices in most
semisimple Lie groups as follows. (Recall that two Lie groups are called locally isomorphic if
they have isomorphic Lie algebras.)

Proposition 4.2. Let Γ be an irreducible lattice in a semisimple linear Lie group not locally
isomorphic to PGL2(R). Then Γ is not exceptional.

Regarding PGL2(R) we noted (see above and Proposition 2.2) that Fuchsian groups with
torsion exhibit nontrivial growth for en and in particular are not exceptional. The latter is
also true of Euclidean 2-orbifolds, and to prove this together with the fact that T 3 is the only
exceptional Euclidean 3-manifold we use arguments which lead to the following generalization.

Proposition 5.2. Let E be a Euclidean space and Γ a lattice in Isom(E). Then Γ is exceptional
if and only if it is free abelian.
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Moreover for hyperbolic 3-manifolds we can produce regular non-homeomorphic covering
spaces of equal degree:

Proposition 4.5. Let Γ be the fundamental group of a complete hyperbolic 3-manifold of finite
volume. Then there exist sequences cn, dn → +∞ such that for each n we can find at least cn
normal subgroups of index dn in Γ, which are pairwise non-isomorphic.

1.1. Questions. There are many more questions about en(M) that arise naturally.

1.1.1. Quantitative questions. The only question we deal with in general is whether or not
e′n(M) = 1 for all n ∈ N. Once it is known that this is not the case, it would of course be
interesting to know how en(M) and e′n(M) behave as functions of n.

For any hyperbolic 3-manifold M , as we already noted above, there exists a constant α > 0
so that

e′n(M) ≥ (n!)α,

for all large enough n ∈ N. However, as of yet, there is no control on α in terms of, for
instance, the hyperbolic geometry of M . We note that an upper bound on the smallest index
of a subgroup of π1(M) that surjects onto F2 would give a lower bound on α.

On the other hand, our constructions of non-homeomorphic covers for Seifert fibered mani-
folds produce (in general) much sparser sequences of covers and we do not have an expectation
for the answer to the quantitative question above.

The following is a sample of concrete questions we would like to know the answers to.

(1) Which growth types (polynomial, intermediate, exponential, factorial) appear for e′n(M)?
(2) What are the 3-manifolds for which e′n(M) is polynomial, intermediate, exponential,

factorial?
(3) Are there hyperbolic 3-manifolds for which en(M) is not monotone even for large n?
(4) Given a hyperbolic 3-manifold do en(M) and e′n(M) have the same growth type?
(5) If M is a hyperbolic manifold, what information on the geometry of M is encoded in

the sequence {en(M)}n∈N?

We note that for general 3-manifolds, many of the question above are also still open for
the sequence {sn(π1(M))}n∈N. For 2-dimensional manifolds we know more. For instance, it
is known that for a hyperbolic 2-orbifold M , the sequence {sn(π1(M))}n∈N does encode some
geometric information: the factorial growth rate of sn(π1(M)) is linear in the area of the orbifold
[MP02, LS04]. On the other hand, for hyperbolic 3-manifolds such a simple relation could never
hold: there are hyperbolic 3-manifoldsM of arbitrarily large volume but with rank(π1(M)) ≤ 5.
The latter implies that the factorial growth rate of the sequence {sn(π1(M))}n∈N cannot be more
than 4.

1.1.2. Stronger versions of non-exceptionality. In most cases where we establish that a group G
is not exceptional, we do so by providing, for infinitely many distinct values of d, pairs (G1, G2)
of non-isomorphic subgroups of G with index d in G. We are not aware of an example of an
infinite residually finite group which is not exceptional, but for which this stronger property is
in default.

1.1.3. Non-exceptionality for other classes of groups. One may inquire about the exceptionality,
or lack thereof, of other interesting classes of groups. Here are some examples:

(1) The only exceptional right-angled Artin groups are the free groups and the free abelian
groups1. What about more general Artin groups?

1This can be proved using the fact that all other RAAGs surject onto Z2 ∗ Z.
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(2) Which Coxeter groups are exceptional? It seems reasonable to expect that only a few
finite ones are.

(3) Are non-abelian polycyclic groups always non-exceptional?
(4) Are there other examples of non-elementary word-hyperbolic groups, besides surface

groups and free groups, that are exceptional?

Note that all the groups in the first three items are linear and finitely generated and hence, by
Malcev’s theorem [Mal40], residually finite. As such, they at least have infinitely many different
finite index subgroups (given that they are infinite themselves).

1.2. Structure of the proof. Our proof consists of a case by case analysis. That is, we use
the prime decomposition theorem and Perelman’s work to divide up 3-manifolds into various
geometric classes that we then address separately.

For most of the paper, we consider prime, orientable 3-manifolds. Other than certain simple
cases (Proposition 3.2), we show that prime, compact, orientable 3-manifolds with non-empty
toroidal boundary are not exceptional in Proposition 9.1. Among the closed, prime, orientable
3-manifolds, we see that S1 × S2 is clearly exceptional (Proposition 3.2), so it only remains to
consider closed, irreducible, orientable 3-manifolds. Those with a trivial JSJ decomposition are
divided into the following classes:

• hyperbolic 3-manifolds (Proposition 4.1),
• Euclidean 3-manifolds (Proposition 5.1),
• spherical 3-manifolds (Proposition 6.2),
• and the remaining Seifert fibered 3-manifolds (Proposition 7.4).

Then we treat closed, irreducible, orientable 3-manifolds with a non-trivial JSJ decompo-
sition, where we need two separate arguments - one for Sol manifolds (Proposition 8.1) and
one for all others (Proposition 9.1). The classification of prime non-orientable exceptional 3-
manifolds and non-prime exceptional 3-manifolds is an almost direct consequence of our work
with prime and orientable 3-manifolds and is given in Section 10. The diagram in Figure 1
shows the structure of the proof.

1.3. Conventions. All manifolds are assumed to be compact and connected. We will call a
compact manifold with non-empty toroidal boundary hyperbolic if its interior admits a complete
hyperbolic metric of finite volume. Usually we do not distinguish between a manifold and its
homeomorphism type.

1.4. Acknowledgements. SF is grateful for the support provided by the SFB 1085 “higher in-
variants” funded by the DFG. JR was supported by ANR grant ANR-16-CE40-0022-01-AGIRA.
Most of the work on the paper was done while various subsets of the authors met at ICMAT
Madrid, the Max Planck Institute for Mathematics in Bonn, the University of Bonn, and the
University of Regensburg. We are very grateful for the hospitality of these institutions. Lastly,
we thank the anonymous referee for the careful reading of the paper and for the useful comments
and suggestions.

2. Surfaces and two-dimensional orbifolds

2.1. Surfaces. As a warm-up we state the following fairly elementary lemma, which doubles
as a great exam problem in a first course on topology.

Lemma 2.1. The only exceptional compact 2-dimensional manifolds are the disk D2, the an-
nulus, the Möbius band, the real projective plane RP2, and all closed orientable surfaces.
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M3 compact
with empty or

toroidal boundary

Prime

Non-prime
Exceptional iff

M ∼= k · S1 × S2, k > 1
(Proposition 10.3)

Orientable

Non-orientable

Exceptional iff
M ∼= S1×̃S2

(Proposition 10.1)

Irreducible

M ∼= S1 × S2

⇒ exceptional
(Proposition 3.2)

Non-empty boundary
M ∼= T 2×I or S1×D2

⇒ exceptional
(Proposition 3.2)

Other cases
⇒ not exceptional

(Propositions 3.2, 9.1)

Closed

Trivial JSJ
decomposition

Non-trivial JSJ
decomposition

Sol manifold
⇒ not exceptional
(Proposition 8.1)

Not Sol
⇒ not exceptional
(Proposition 9.1)

Hyperbolic
⇒ not exceptional
(Proposition 4.1)

Seifert fibered

Covered by S3 Covered by T 3 Other cases

See Proposition 6.2
Not exceptional
(Proposition 7.1)

Exceptional iff
M ∼= T 3

(Proposition 5.1)

Figure 1. Leitfaden

Proof. It is clear that the surfaces listed are exceptional. (For closed orientable surfaces this
is an immediate consequence of the classification of closed orientable surfaces in terms of their
Euler characteristic and the multiplicativity of Euler characteristic under finite covers.)

Next assume that M is an orientable surface with at least one boundary component and that
M is neither a disk nor an annulus. After possibly going to a finite cover we can assume that M
has k ≥ 3 boundary components. By giving the boundary components the orientation coming
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from M , the boundary of M induces a summand of H1(M), that is naturally isomorphic to
(

k⊕

i=1

Z ai

)/
Z (a1 + · · · + ak).

Choose an epimorphism ϕ : π1(M) → Z/k such that ϕ(a1) = 1, ϕ(a2) = −1, and ϕ(ai) = 0 for
i 6= 1, 2. On the other hand, we can also find an epimorphism ψ : π1(M) → Z/k such ψ(ai) 6= 0
for all i. But then the covers corresponding to ker(ϕ) and ker(ψ) have different numbers of
boundary components, so they are not homeomorphic.

Now suppose that M is a non-orientable surface that is not homeomorphic to either RP2 or
the Möbius band. There exists precisely one 2-fold cover of M that is orientable. On the other
hand, we have H1(M ;Z/2) ∼= (Z/2)k for some k ≥ 2. Since k ≥ 2, there exists at least one
other 2-fold cover. This shows that M is not exceptional. �

2.2. Fuchsian groups. If Γ is a finitely generated Fuchsian group of finite covolume, then the
quotient O = Γ\H2 is an orbifold of finite type, that is, a compact surface with genus g and k
punctures as well as conical points with angles 2π/mi, 1 ≤ i ≤ s, for some g, s, k. We will call
the tuple (g, k,m1, . . . ,ms) the signature of Γ. The orbifold Euler characteristic of O is defined
by

−χ(O) := 2g − 2 + k +
s∑

i=1

(
1−

1

mi

)
.

It is multiplicative in covers, that is, if Γ′ is a finite index subgroup of Γ and O′ = Γ′\H2 then
χ(O′) = [Γ : Γ′] · χ(O).

Proposition 2.2. Let Γ ⊂ PSL2(R) be a Fuchsian group of finite covolume with signature
(g, k,m1, . . . ,ms). Let d be the number of distinct divisors of all mi. Then

(1) nd−1 ≪ e′n(Γ) ≪ nd−1.

In specific cases one can say more by studying the proof of the upper and lower bounds
more carefully; for example en(PSL2(Z)) = n2/6 + O(n) as we stated in the introduction: to
obtain this we note that en(PSL2(Z)) is equal to the number of solutions to the equation (2)
below by [MSP04, Theorem B]. Computing the covolume of the lattice appearing in the proof
of the upper bound below (an exercise in Euclidean geometry) we get the result. We could
have used Müller and Schlage-Puchta’s result to get a more precise asymptote in more cases
(though the computation of constants would require further analysis), but as it does not have
the generality we require (in particular, it is not clear whether an analogous result holds for
cocompact Fuchsian groups) we elected to give a more direct and elementary proof which works
for all Fuchsian groups.

Proof. For the upper bound in (1) we note that two Fuchsian groups with respective signatures
(g, k,m1, . . . ,ms) and (h, l, n1, . . . , nr) are isomorphic if and only if (m1, . . . ,ms) = (n1, . . . , nr)
and either k = 0 = l and g = h or k, l > 0 and 2g + k = 2h+ l. In addition, the condition that
k = 0 is invariant under taking finite index subgroups.

Thus bounding the number of possible tuples (g + k,m1, . . . ,ms) for a degree n cover of
O := Γ\H2 with signature (g, k,m1, . . . ,ms) gives an upper bound for en(Γ). Let Ω be the set
of divisors of elements of the set {mi}. Let d denote the cardinality d := |Ω|. If Γ′ is a finite
index subgroup of Γ with signature (g′, k′,m′

1, . . . ,m
′
t) we further set r := 2g′ − 2 + k′, and

km = |{1 ≤ i ≤ t : m′
i = m}|
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form ∈ Ω, so that (as eachm′
i must divide somemi) we have

∑t
i=1

(
1− 1

m′

i

)
=
∑

m∈Ω, m6=1

(
1− 1

m

)
km.

We see by multiplicativity of Euler characteristic that, letting n = |Γ/Γ′| be the index, we have:

(2) r +
∑

m∈Ω
m6=1

(
1−

1

m

)
km = nχ(O).

and hence the number of non-isomorphic subgroups of Γ is at most the number of points
(r/n, km/n : m ∈ Ω,m 6= 1) of the lattice 1

nZ
d which belong to the (d− 1)-simplex given by the

intersection of the hyperplane x0+
∑

m∈Ω, m6=1(1−1/m)xm = χ(O) with the positive quadrant.

Now if P is a polygon in an affine space E and L a lattice in E we have |L∩nP | ≪ ndimE , and
the upper bound follows2.

To prove the lower bound in (1) we construct explicit subgroups which contain distinct num-
bers of conjugacy classes of elements of order mi. To do this we use the following presentation
for the Fuchsian group Γ of signature (g, k,m1, . . . ,ms):

(3) Γ =

〈
x1, . . . , xs, p1, . . . , pk, a1, b1, . . . , ag, bg

∣∣∣∣∣∣
xmi

i ,
∏

i

xi
∏

j

pj
∏

l

[al, bl]

〉
.

Our first step is to reformulate our problem in terms of morphisms ρ : Γ → Sn, where Sn

denotes the symmetric group on n letters. This will use the well known correspondence between
subgroups of index n and transitive permutation representations ρ : Γ → Sn (see for instance
[LS03]). We start with the following lemma. Given a group G, Z(x) will denote the centraliser
of x ∈ G and xG will denote the conjugacy class of x in G.

Lemma 2.3. Let G be a group and ρ : G→ Sn a homomorphism with transitive image; let

H = Stabρ{1} < G

be the stabiliser of 1 in G via ρ. Then the number of conjugacy classes in H containing an
element of xG is equal to the cardinality of the quotient set

ρ(Z(x))�
{a ∈ {1, . . . , n}; ρ(x) · a = a}.

Proof. Write Z = Z(x). The orbits of the right-conjugation action of H on xG are in bi-
jection with Z\G/H. The orbit map G/H → {1, . . . , n} is bijective (using transitivity) and
Z-equivariant so Z\G/H ↔ ρ(Z)\{1, . . . , n}. Finally, the last map (bijectively) sends conjugacy
classes of x lying in H to ρ(Z)-orbits fixed points of ρ(x). �

We will distinguish between non-isomorphic finite index subgroups of the same index by
comparing the numbers of conjugacy classes of maximal finite cyclic subgroups (on the orbifold
side this corresponds to the cone points together with their orders). We will first deal with the
cases where the algebraic structure of Γ is simpler, that is when we are in one of the following
cases : k ≥ 2 (O has at least 2 cusps), k ≥ 1, g ≥ 1 (at least 1 cusp and genus at least 1) or
g ≥ 2. We will deal with the remaining cases with a bootstrap argument.

Let m ∈ Ω, m 6= 1. Let ρ be a morphism Γ → Sn and H = Stabρ(1) as in the statement of
the lemma above. Then if x ∈ H is a primitive element3 of order m, we have that m is a divisor

of some mi and x = gx
pmi/m
i g−1 ∈ H for some p ∈ Z coprime to m, but gx

mi/q
i g−1 6∈ H for any

m | q | mi, m < q. If we fix such i the corresponding conjugacy classes of primitive order m
elements correspond, via the lemma, to ρ(Z(xi))-orbits on the set of m/mi-cycles of ρ(xi) times
the set of invertible elements of Z/mZ. When we consider only the maximal cyclic subgroups

2More precisely |L ∩ nP | ∼ CndimP where C is the quotient of the volume of P by the covolume of L, so
computing these volumes gives an explicit asymptotic upper bound.

3Recall that a group element is primitive if it generates the maximal cyclic subgroups it lies in.
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they generate we kill the (Z/mZ)×-factor; in conclusion, the number of conjugacy classes of
maximal cyclic subgroups of H, which are of order m, is equal to the number of ρ(Z(xi))-orbits
on the set of m/mi-cycles of ρ(xi).

Now in a Fuchsian group we have Z(x) = 〈x〉 for any nontrivial element. In particular,
ρ(Z(x)) acts trivially on the cycles of ρ(x). So the number N of conjugacy classes of maximal
cyclic subgroups of order m in H is given by the following formula :

(4) N =
∑

i: m|mi

#{(mi/m)-cycles in the image of ρ(xi)}.

Let Ωi be the set of divisors of mi, and choose subsets 1 ∈ Ω′
i ⊂ Ωi so that Ω \ {1} is the

disjoint union of all Ω′
i \ {1} ; in particular we have

(5) d− 1 =

s∑

i=1

(
|Ω′
i| − 1

)

Let n ≥ 2. Consider collections (π1, . . . , πs), where for all i, πi is a partition of n whose parts
lie in {mi/m : m ∈ Ω′

i}. We claim (and will prove in the next paragraph) that for a positive
proportion of such partitions it is possible to construct a representation of Γ in the symmetric
group Sn such that the cycle decomposition of ρ(xi) corresponds to πi. Moreover, for different
partition-tuples the subgroups cannot be conjugated to each other: if m ∈ Ω,m 6= 1 then
maximal cyclic subgroups of order m can only come from lifts of the only xi such that m ∈ Ω′

i.
It follows from (4) that the number of such subgroups is equal to the (m/mi)-part of πi, and
these numbers determine the πi.

In this paragraph we prove the claim (under the hypotheses on g, k stated above). Assume
first that k ≥ 2 or k ≥ 1 and g ≥ 1. Then we see from (3) that Γ decomposes as the free product

Γ = 〈e1〉 ∗ · · · ∗ 〈es〉 ∗ F

where F is a free group. Then any collection is realisable, as we can pick any image we want for
each ei and then complete it by a transitive representation of F . In the remaining cases where
k = 0 and g ≥ 2 then we can do the same thing, choosing 〈ρ(a1), ρ(b1)〉 to have transitive image
and so that the product σ =

∏
ρ(ei)[ρ(a1), ρ(b1)] is alternating, and finally a2, b2 so that the

relation in (3) holds (this is possible because every alternating permutation can be written as a
commutator).

For a finite subset A ⊂ N denote by pA(n) the number of partitions of n into elements of
A. The representations constructed above give rise to

∏
pΩ′

i
(n) isomorphy classes of index n

subgroups of Γ. Thus we have proven that for any n we have:

en(Γ) ≥
s∏

i=1

pΩ′

i
(n).

It is an easily observed fact that pA(n) ≫ n|A|−1 (see also [Nat00, pp. 458–464] for a more
precise asymptotic), so that we get from the previous inequality that

en(Γ) ≫ n
∑s

i=1
(|Ω′

i|−1)

and using (5) we can conclude that e′n(Γ) ≫ nd−1.

To finish the proof in the remaining cases (that is, those that do not satisfy our assumptions
on k and g), we pass to a finite cover O′ which satisfies the hypotheses we used above and
contains torsion elements of (at least) the same orders as O (see next lemma). Let f be the
degree of this cover, then we get from what we previously proved that efd(Γ) ≫ fd−1 for all n,

which immediately implies that e′n(Γ) ≫ nd−1. �

The following fact that we used at the end of the proof might be standard (and using results
of Liebeck–Shalev our proof is almost immediate) but we did not find a reference for it.
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Lemma 2.4. Let Γ be a Fuchsian group. Then it has a finite index subgroup H whose signature
(g, k, . . .) satisfies either k ≥ 2 or g ≥ 2 and such that for any m if Γ contains an element of
order m the same goes for H.

Proof. Recall that the group Γ admits a presentation of the form (3). In [LS04] Liebeck –
Shalev prove the following: let Ci be the conjugacy class of an element of Sn which has only
mi-cycles and fi fixed points, with fi bounded independently of n. Let C = (C1, . . . , Cs) and
HomC(Γ,Sn) the set of homomorphisms ρ : Γ → Sn such that ρ(xi) ∈ Ci (recall from (3) that
xi is an element of order mi in Γ). Then

|HomC(Γ,Sn)| ∼ (n!)1−χ(Γ) · nO(1)

(loc. cit., Theorem 3.5) and an element in HomC(Γ,Sn) is transitive with probability tending
to 1 as n→ +∞ (loc. cit., Theorem 4.4).

We choose all fi such that 1 ≤ fi ≤ mi (there is a unique possible choice for each n and i).
Let ρ ∈ HomC(Γ,Sn) be transitive (such ρ exists by the results presented above) and let H
be the subgroup Stabρ{1} and O′ the corresponding orbifold cover of O, with genus g′ and k′

cusps. Then we have that

2g′ + k′ = nχ(O)−
s∑

i=1

(
1−

1

mi

)
fi + 2 = nχ(O)−O(1)

and the right-hand side goes to infinity, so taking n large enough we can ensure 2g′ + k ≥ 4,
which implies either k′ ≥ 2 or g′ ≥ 2. Moreover, since fi ≥ 1 if follows from Lemma 2.3 that
the group H contains an element of order mi for each i. So this H satisfies the conclusion of
the lemma. �

3. Preliminaries

Let us start our discussion of 3-manifolds with some preliminary observations. Recall that a
group G is called residually finite if

⋂

H⊳G
[G:H]<∞

H = {e},

where e ∈ G denotes the unit element. It follows from work of Hempel [Hem87], together with
the proof of the geometrization theorem, that the fundamental group of a 3-manifold has this
property:

Theorem 3.1. [Hem87] Let M be a compact 3-manifold, then π1(M) is residually finite.

Next, we make some elementary observations about certain simple 3-manifolds.

Proposition 3.2. The 3-manifolds S3, T 3, T 2×I, S1×D2, S1×S2, and S1×̃S2 are exceptional.
The twisted I-bundle over the Klein bottle is not exceptional.

Proof. It is an elementary exercise to verify that the manifolds mentioned in the first sentence are
exceptional. For example, note that any manifold with cyclic fundamental group is exceptional.
Finally note that the twisted I-bundle over the Klein bottle has two 2-fold covers, one of
which is again homeomorphic to the twisted I-bundle over the Klein bottle and the other is
homeomorphic to T 2 × I. Thus it is not exceptional. �

We conclude the section with the following elementary observation, which uses the fact that
our covers need not be regular.

Lemma 3.3. If a manifold M has a finite-sheeted cover p : M̂ → M such that M̂ is not
exceptional, then M is not exceptional.
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4. The hyperbolic case

In this section, we prove the following result.

Proposition 4.1. Hyperbolic 3-manifolds of finite volume are not exceptional.

As mentioned in the introduction, this follows by combining largeness ([Ago13]) with either
[Zim94] or [BGLM02, BGLS10], which yields a much stronger quantitative result. We also
provide an independent proof which does not use largeness, and works in the more general
setting of irreducible lattices in almost all semisimple Lie groups (Proposition 4.2). Finally
we show that in any hyperbolic 3-manifold group one can also find non-isomorphic normal
subgroups with the same index (Proposition 4.5).

4.1. Non-exceptionality of lattices in Lie groups. Let G be a semisimple Lie group and
let X be the symmetric space associated to G (for example, G = PGL2(C) and X = H3). Then
for any discrete subgroup Γ ≤ G, the quotient Γ\X is a complete Riemannian orbifold locally
isometric to quotients of X by finite subgroups of G (in particular, if Γ is torsion-free then Γ\X
is a manifold). We will call such orbifolds X-orbifolds.

The Mostow-Prasad rigidity theorem [Mos68, Mos73, Pra73, Mar91] states that if G is not
locally isomorphic to PGL2(R), then two irreducible lattices Γ1 and Γ2 in G are isomorphic
as abstract groups if and only if the orbifolds Γi\X are isometric to each other. In particular
the metric invariants of Γ\X are an isomorphism invariant of Γ. We will be using the systole
to distinguish between subgroups: given an X-orbifold M this is defined as the infimum of
lengths of closed geodesics on M , and we will denote it by sys(M). Note that it follows from
the Margulis lemma that sys(M) is positive if M has finite volume.

The systole of Γ\X can be computed from the action of Γ on X. If g ∈ G is an element whose
semisimple part does not belong to a compact subgroup of G, then the minimal translation

ℓ(g) := inf
x∈X

dX(x, gx)

is positive. Then, denoting by Γah the set of such elements in Γ, we have:

(6) sys(M) = min
γ∈Γah

ℓ(γ).

Note that if Γ is cocompact, then Γah is the set of semisimple elements of infinite order in Γ.

We will now prove the following result, of which Proposition 4.1 is a special case.

Proposition 4.2. Let Γ be an irreducible lattice in a semisimple linear Lie group not locally
isomorphic to PGL2(R). Then Γ is not exceptional.

Proof. Let G be a semisimple linear Lie group as in the statement, so we may assume that
G < GLd(R) for some d and let Γ be a lattice in G. It is a standard consequence of local rigidity
of Γ, which holds under the condition that G not be locally isomorphic to PGL2(R), that we
may conjugate G so that there exists a number field F such that Γ < GLd(F ) (the proof given
for [MR03, Theorem 3.1.2] in the cocompact case adapts immediately to all other groups). Let
H be the Zariski closure of Γ in the Q-algebraic group obtained by Weil restriction of the linear
F -algebraic group GLd(F ) to Q. By passing to a finite index subgroup if necessary, we may
assume that every finite index subgroup of Γ has Zariski closure equal to H. Indeed, every
chain of finite index algebraic subgroups . . . < Γi+1 < Γi < . . . < Γ is necessarily finite. So, a
chain of finite index subgroups so that the Zariski closures are strictly contained in each other
necessarily terminates after a finite number of steps and we may take the last term.

By finite generation of Γ there exists a finite set S of rational primes such that Γ ⊂
H
(
Z[p−1, p ∈ S]

)
. For the rest of the proof we will fix a rational prime q 6∈ S. Thus we

can define the group of Zq-points, Hq = H(Zq). Nori-Weisfeiler strong approximation [Wei84]
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implies that we can choose q so that the closure of Γ in Hq is of finite index. Since Hq is q-adic
analytic we may assume that it is a uniform pro-q subgroup (cf. [DdSMS99, Theorem 8.1]),
replacing Γ by a finite index subgroup if necessary.

Now we prove the following lemma.

Lemma 4.3. Let p be a prime, H a uniform pro-p group, and γ ∈ H. There exists a sequence
(H1(k),H2(k)) of pairs of open subgroups of H such that |H/H1(k)| = |H/H2(k)|, Hi(k + 1) ⊂
Hi(k) and ⋂

k≥1

H1(k) = {e},
⋂

k≥1

H2(k) = 〈γ〉.

Proof. Let Pk(H) be the lower p-series of H (see [DdSMS99, Definition 1.15]). Replacing H by
some Pk(H) we may assume that γ ∈ H \ P2(H). Uniformity of H implies that, independently
of k ≥ 1, the group Pk(H)/Pk+1(H) is an Fp-vector space of fixed dimension c so that

|H/Pk+1(H)| = pck.

On the other hand, we have γp
k

∈ Pk+1(H) \ Pk+2(H), so we get that

|H/ (〈γ〉Pk+1(H))| = p(c−1)k.

We define

H2(k) = 〈γ〉Pc·k+1

which satisfies that H2(k + 1) ⊂ H2(k) and
⋂
k≥1H2(k) = 〈γ〉. Let also

H1(k) = P(c−1)·k+1

Then we have that

|H/H1(k)| = p(c−1)k = pck/pk = |H/H2(k)|.

On the other hand, Pk−lk+1(H) ⊃ H1(k) so that
⋂
k≥1H1(k) = {e}. �

Now let γ ∈ Γ be a semisimple element in Γ of infinite order. Applying the lemma to Hq

and γ we get two sequences of subgroups

Γ1(q, k) = Γ ∩H1(k + 1), Γ2(q, k) = Γ ∩H2(k + 1)

which satisfy the same properties as Hi. In particular, for any finite set Σ ⊂ Γ \ {1}, we have
Σ ∩ Γ1(q, k) = ∅ for large enough k. Applying this to the finite sets

ΣR = {γ ∈ Γah : ℓ(γ) ≤ R}

with R going to infinity we see, using the formula (6), that:

lim
k→+∞

sys(Γ1(q, k)\X) = +∞.

On the other hand, we have γ ∈ Γ2(k) for all k > 0 and it follows that

∀k > 0 : sys(Γ2(q, k)\X) ≤ ℓ(γ)

and in particular, for any large enough k, the systoles of the X-orbifolds Γ1(q, k)\X and
Γ2(q, k)\X are different. It finally follows from Mostow’s rigidity theorem, as observed before
the proposition, that the subgroups Γ1(q, k) and Γ2(q, k), which have the same index, cannot
be isomorphic to each other for large enough k. �
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4.2. Agol-Wise’s theorem and a quantitative result. Hyperbolic 3-manifolds have finite
degree covers with positive Betti number, which was proved by Agol, based on the work of
Kahn-Markovic, Wise, and many others. In fact more is true; we have the following properties
(see [Ago13, Theorem 9.2] for the closed case and [CLR97, Theorem 1.3] for the case with
toroidal boundary), in order of strength.

Theorem 4.4. Let M be a hyperbolic 3-manifold with finite volume. Then there exists:

(1) a finite cover M̂ →M so that b1

(
M̂
)
> 0;

(2) for any r ≥ 1, a finite cover M̂ →M so that b1

(
M̂
)
≥ r;

(3) a finite cover M̂ →M so that π1(M) surjects onto a non-abelian free group.

We note that (1) can be used to give a proof of Proposition 4.1 which is similar but simpler
than that of Proposition 4.2: if H1(Γ) contains a class φ of infinite order then the systole of the
index n subgroup Γn := φ−1(nZ) stays bounded as n → +∞. As Γ is residually finite, there
exists a sequence of subgroups Γ′

m whose systoles tend to infinity. For m large enough it thus
follows from Mostow rigidity that the subgroups Γ[Γ:Γ′

m] and Γ′
m are both of index [Γ : Γ′

m] and
not isomorphic to each other.

In fact a much stronger quantitative result holds. The strongest result (3), together with an
argument due to Lubotzky and Belolipetsky-Gelander-Lubotzky-Shalev ([BGLM02], [BGLS10,
Section 5.2]) shows that the number ed(M) of pairwise non-isometric covers of a hyperbolic
manifold of finite volume satisfies

lim sup
d→+∞

log ed(M)

d log(d)
> 0.

4.3. Regular covers of hyperbolic manifolds. In this subsection we use (2), with r = 2, to
prove the following result about regular covers.

Proposition 4.5. Let Γ be the fundamental group of a hyperbolic 3-manifold (complete of finite
volume). Then there exists sequences cn, dn → +∞ such that for each n we can find at least cn
normal subgroups of index dn in Γ, which are pairwise non-isomorphic.

An important step in the proof is the following special case.

Proposition 4.6. Let Γ be a lattice in a simple Lie group G, not isogenous to PGL2(R). Assume
that b1(Γ) ≥ 2 and, for all n ≥ 1, let cn be the maximal number of pairwise non-isomorphic
normal subgroups Γ′ ⊳ Γ with Γ/Γ′ ∼= Z/n. Then

lim inf
n→+∞

cn
n
> 0.

We note that the hypothesis on Γ implies that G is of real rank 1, and in fact isogenous to
one of SO(n, 1) or SU(n, 1), as lattices in higher-rank simple Lie groups have property (T) and
hence finite abelianisation, as do those in Sp(n, 1) and the exceptional rank 1 group F−20

4 .

4.3.1. Remarks.

• Proposition 4.6 shows that when b1(Γ) ≥ 2, for any large enough n there exists a pair of
non-isomorphic normal subgroups of index n within Γ. The conclusion of Proposition 4.5
is much weaker, and we do not know whether in general there are non-homeomorphic
normal covers for every degree in a subset of N of natural density one. Note that in
general this cannot be true of every degree—for example ifM is a homology sphere then
it cannot have regular covers of any prime degree.
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• We still have some control over the density of the sequence dn in Proposition 4.5: it
follows from the proof that we have dn ≪ nM where M = r!, with r the smallest index
of a normal subgroup with b1 ≥ 2.

• Moreover, the proof of Proposition 4.5 shows that we can take cn ≫ d
1/e−ε
n for all ε > 0.

• The only ingredient specific to dimension 3 in the proof of Proposition 4.5 is property (2).
We note that this property holds for many lattices in higher dimensions as well (in
particular all known lattices in SO(n, 1) in even dimensions), and for some complex
hyperbolic lattices (see for example [Mar14]).

• In [Zim94], Zimmermann produces a similar set of subgroups in Γ. In that construction,
the quotients are isomorphic to Z/pn−iZ⊕Z/piZ where p is some large prime. Moreover,
the number of subgroups in Zimmermann’s construction is sublinear as a function of
their index.

4.3.2. Proof of Proposition 4.6. Let ϕ2(n) be the number of surjective homomorphisms from
(Z/n)2 to Z/n and let ϕ(n) be Euler’s totient. Observe that (1, 0) 7→ a, (0, 1) 7→ ∗ defines
ϕ(n)×n surjective homomorphisms from (Z/n)2 to Z/n, where (a, n) = 1 and ∗ is any arbitrary
element of Z/n. Similarly, there are n × ϕ(n) surjective homomorphisms defined by (1, 0) 7→
∗, (0, 1) 7→ b, where (b, n) = 1 and ∗ is an arbitrary element of Z/n. Counted without repetition,
we have produced

ϕ(n)× n+ n× ϕ(n)− ϕ(n)× ϕ(n) = (2n − ϕ(n))ϕ(n)

surjective homomorphisms from (Z/n)2 to Z/n. Thus, ϕ2(n) ≥ (2n− ϕ(n))ϕ(n).

Let hn be the number of surjective morphisms from Γ to Z/n. Since Γ surjects onto (Z/n)2

we have that hn ≥ ϕ2(n). Since two surjective morphisms π1, π2 : Γ → Q have the same kernel
if and only if there exists an automorphism ψ of Q such that π2 = ψ ◦ π1, and the number of
automorphisms of Z/n equals ϕ(n) and hence

hn
|Aut(Z/n)|

≥
ϕ2(n)

ϕ(n)
≥ 2n− ϕ(n) ≥ n

we get that there are pairwise distinct normal subgroups A1, . . . , An ≤ Γ such that Γ/Aj ∼= Z/n
for 1 ≤ j ≤ n.

By Mostow rigidity, we have that cn is at least the maximal number of Aj which are pairwise
non-conjugate in G. We want to prove that there exists b > 0 depending only on Γ such that for
every n at most b among the Ajs can be conjugated to each other, which implies that cn ≥ n/b
and finally the conclusion of Proposition 4.6. For this we use a refinement of the arguments of
[BGLM02] and [BGLS10] that we mentioned in the previous subsection.

First we deal with the case where Γ is non-arithmetic: then an immediate and well-known
consequence of Margulis’ commensurator criterion for arithmeticity4 is that there is a unique
maximal lattice Ω ⊂ G in the commensurability class of Γ, which is equal to the commensurator
of Γ. Thus any g ∈ G which conjugates two Ajs must belong to Ω, and since the Ajs are normal
in Γ each has at most b = |Ω/Γ| conjugates among them.

Now assume Γ is arithmetic. By definition of arithmeticity there exists a semisimple algebraic
group G defined over Z such that Γ ⊂ G(Z) with finite index. For p a rational prime let Zp
denote the p-adic integers. Then a congruence subgroup of Γ is a subgroup of the form Γ ∩ U
where U is a finite index (equivalently, open) subgroup in

∏
pG(Zp). If Λ is a finite index

subgroup in Γ we denote by Λ
cong

the congruence closure of a subgroup Λ ⊂ Γ: this is the
smallest congruence subgroup of G(Q) containing Λ; explicitely the congruence closure of Λ is
equal to Γ ∩ V where V is the closure in

∏
pG(Zp) of Λ.

4The criterion [Mar91, Theorem (B) in Chapter IX] states that Γ has finite index in its commensurator Ω;
since any lattice commensurable to Γ commensurates Γ, it has to be contained in Ω and the claim follows.
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Lemma 4.7. Let Γ be an arithmetic group. There exists finitely many congruence subgroups
Γ1, . . . ,Γm with the following property: if Λ is a finite index normal subgroup in Γ such that
Γ/Λ is abelian then Λ

cong
is equal to one of the Γi.

Proof. If Γ/Λ is abelian then so is Γ/Λ
cong

so that it suffices to show that there are only finitely
many congruence subgroups ∆ ≤ Γ such that Γ/∆ is abelian. Let Γ′ be the derived subgroup of
Γ, which is a Zariski-dense in G (since G does not have abelian quotients). By Nori-Weisfeiler
strong approximation [Nor87, Wei84] it follows that the closure of Γ′ in

∏
pG(Zp) has finite

index in that of Γ. This means that at most finitely many congruence subgroups of Γ contain
Γ′, which is the statement we wanted to prove. �

The commensurator of Γ is equal to (the image in G of) G(Q) and we have that gΛg−1
cong

=

gΛ
cong

g−1 for all g ∈ G(Q). It follows that if two subgroups of Γ are conjugate to each other
an element conjugating them must belong to G(Q) and conjugate their congruence closures to
each other as well: in particular, if the latter are equal then the element must belong to its
normaliser. Let Γ1, . . . ,Γm be given by the lemma and let i be an index such that Γi contains
n′ ≥ n/m of the Ajs, and assume for notational ease that those are A1, . . . , Ak. It follows
from the above that for any n, any element conjugating two of the A1, . . . , Ak must belong to
the normaliser Ωi of Γi. Thus, as the Aj are normal in Γ, the maximal number of conjugates
among A1, . . . , Ak is c = |Ωi/(Γi ∩ Γ)|. In conclusion, we have shown that we can find at least
k/C = n/(cm) among the Aj that are pairwise not conjugate in PGL2(C), hence our claim
follows (with b = cm).

Proof of Proposition 4.5. Let ∆ be a lattice in PGL2(C). By Theorem 4.4(2) there exists a
finite index normal subgroup Γ ⊳∆ with b1(Γ) ≥ 2, so that we may apply Proposition 4.6 to Γ.
Let a1, . . . , ar be representatives for the left cosets of Γ in ∆. Let n ≥ 1 and B1, . . . , Bcn the
subgroups obtained in Proposition 4.6. Then since Bj ⊳ Γ we get, for all 1 ≤ j ≤ cn, that:

Cj =

r⋂

i=1

aiBja
−1
i

is normal in ∆.

We recall that if A is a permutation group of degree r (that is, a subgroup of the symmetric
group Sr) and B any group, the wreath product A ≀B is the semidirect product A⋊Br where
A acts on Br by permuting indices.

Lemma 4.8. There exist r, l ∈ N, depending only on Γ and ∆, such that for each 1 ≤ j ≤ cn,
there exists a finite abelian group Qj so that

(Z/n)l ։ Qj

and
∆/Cj →֒ Sr ≀Qj .

Proof. Let ρ be the morphism ∆ → S(∆/Cj) associated to the left-translation action. It
respects the decomposition into left Γ-cosets and hence it has image inside S(∆/Γ) ≀S(Γ/Cj).
Moreover the stabiliser of a block has its image in a conjugate of the image of the action of Γ
on Γ/Cj .

It remains to see that Γ/Cj is abelian of exponent n (we can then take l to be the rank
of H1(Γ) ⊗ Z/n). To do so we need only remark that the subgroup [Γ,Γ] · Γn < Γ generated
by commutators and nth powers is characteristic in Γ and contained in Bj , hence it is also
contained in Cj. Since

[Γ,Γ] · Γn = ker (Γ → H1(Γ)⊗ Z/n)

this implies that
H1(Γ)⊗ Z/n։ Γ/Cj
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and hence that the image of ∆/Cj in the second factor in the wreath product is a quotient of
H1(Γ)⊗ Z/n. �

By the same argument as in the proof of the previous proposition we can eliminate some of
the Cjs so that at least bn = cn/a (where a depends only on Γ) are pairwise non-isomorphic.
Indeed, if ∆ is non-arithmetic then the same argument applies verbatim, while if ∆ is arithmetic
we have to show that for Cj ⊳∆ with ∆/Cj →֒ Sr ≀Qj there are only finitely many possibilities
for the congruence closures of Cj in ∆. To do this, we only need to note that this is true of the
congruence closures of the Cj in

∆1 := ker (Γ → Sr) .

Indeed, since all the ∆1/Cj are abelian, this follows from Lemma 4.7. Moreover, since these
closures contain those in ∆ it is also true of the latter.

So we may assume that C1, . . . , Cbn are pairwise non-conjugate, with bn ≥ cn/a ≥ n/a′ for
some a′ ≥ 1 independent of n. A priori the Cj have different indices in ∆. But by Lemma 4.8

the orders |∆/Gj | all divide r! ·n
lr. Let δ(N) denote the number of divisors of a positive integer

N , then using the classical estimate that ∀ε > 0 there exists a constant Kε so that

δ(N) ≤ Kε ·N
ε

for all N ∈ N (see e.g. [DKL12, Proposition 7.12]) and the fact that bn ≫ (r! · nrl)1/(rl) we see
that

bn/δ(r! · d
r
n) −−−−−→n→+∞

+∞.

Hence by the pigeonhole principle we see that as n → +∞ an unbounded number of the Cj
have the same index in ∆. This finishes the proof of Proposition 4.5. �

5. Euclidean manifolds

The general argument we will present for Seifert fibered manifolds (Proposition 7.4) will not
hold for manifolds that are finitely covered by either the 3-torus or the 3-sphere. Seifert fibered
manifolds that are finitely covered by T 3 are exactly the closed Euclidean manifolds (see eg.
[Sco83a]). In this section, we prove the following proposition.

Proposition 5.1. The only closed orientable exceptional Euclidean 3-manifold is the 3-torus T 3.

In fact we will prove a result about a more general class of groups. A group Γ is called a
crystallographic group if it acts properly discontinuously and cocompactly on a finite-dimensional
vector space; we refer to [Aus65] for an overview. It then has to preserve a Euclidean metric on
this space, so another definition is to say that crystallographic groups are lattices in isometry
groups of Euclidean spaces.

In particular torsion-free crystallographic groups are the fundamental groups of finite-volume
flat Riemannian manifolds, also called Euclidean manifolds. These are classified up to dimen-
sion 4. In dimension 2 there are only the torus and Klein bottle. It has been known since the
1930s that there are only ten closed 3-manifolds which are covered by the 3-torus, among which
four are non-orientable [Now34, HW35]. The ten closed Euclidean 3-manifolds can be explicitly
constructed [CR03], and as such concrete geometric arguments can be used to show that none
of these but the 3-torus are exceptional. However it is perhaps simpler to use a more algebraic
argument to prove the following more general result.

Proposition 5.2. Let Γ be a crystallographic group. Then Γ is exceptional if and only if it is
free abelian.
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Proof. Let E be a Euclidean vector space such that Γ is a lattice in Isom(E) ∼= O(E)⋉E. Let
π be the map from Γ to O(E). Then T = ker(π) is a free abelian group of rank dim(E) by
Bieberbach’s theorem. In the sequel we will identify it with a subgroup of E. From now on we
will assume that Γ is not free abelian, so π has nontrivial image.

Let Π = π(Γ), let p be a prime dividing the order |Π| and let m = |Π|/p. Choose an element
σ ∈ Π which has order p.

Lemma 5.3. Let Ef = ker(σ − Id). Then

T ′ = (T ∩ Ef )⊕ (T ∩ E⊥
f )

is a finite index subgroup in T .

Proof. It suffices to show that T ′ has the same rank as T , in other words, that T ∩ Ef and

T ∩ E⊥
f are of respective rank dim(Ef ) and dim(E⊥

f ).

Let ω = (Id + σ + · · · + σp−1)|T . We recall that σT ⊂ T : if γ ∈ Γ is any element projecting
to σ and v ∈ T , a quick computation shows that γvγ−1 = σv and hence σv ∈ T . On the other
hand, ω is equal to p times the orthogonal projection onto Ef and we have that ωT ⊂ (T ∩Ef ).
So the image is discrete and has rank at most dim(Ef ), and the kernel has rank at most

dim(E⊥
f ) = dim(E)− dim(Ef ). Thus, both inequalities must be equalities and this finishes the

proof. �

Let

A = π−1〈σ〉.

Since σ preserves Ef , E
⊥
f , and T we have that σT ′ = T ′ and hence, using the semi-direct product

structure, that the subgroup T ′ is normal in A. Likewise, we see that the subgroup

T ′′ = (T ∩ Ef )⊕ p(T ∩ E⊥
f )

is also normal in A and as we have σ 6= Id we have dim(E⊥
f ) = r > 0 and we get that

|T/T ′′| = pr|T/T ′|.

Now choose any subgroup L of index pr−1|T/T ′| in T , γ ∈ Γ such that π(γ) = σ and let

B = 〈γ〉T ′′

so that B/T ′′ = Z/p (because γp ∈ Ef ∩ T ). It follows that

|Γ/B| = m/p · |A/B| = m/p · pr|T/T ′|

= mpr−1|T/T ′| = m|T/L| = |Γ/L|

which finishes the proof: indeed, B is not abelian while L is and it follows that they cannot be
isomorphic. �

Proof of Proposition 5.1. Recall that 3-manifolds with abelian fundamental group are well-
understood; see e.g. [AFW15, Table 2]. Observe that if a closed Euclidean 3-manifold M
has free abelian π1(M), then π1(M) ∼= Z3 and M ∼= T 3, which we know is exceptional from
Proposition 3.2. �
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6. Spherical manifolds

Seifert fibered manifolds finitely covered by the 3-sphere, namely the spherical manifolds, also
require a different proof than the general case. We will soon completely classify the exceptional
spherical 3-manifolds (Proposition 6.2). However, we will first need some notation.

It is known that spherical 3-manifolds are exactly the quotients of S3 by finite groups that
act by isometries [Sco83a]. These quotients of S3 have been classified by Hopf [Hop26, Section
2] (see also [AFW15, p. 12] and [Mil57, Theorem 2]) as follows (note that the group Q4n (in
the notation of [AFW15, p. 12]) is isomorphic to D2n when n is odd).

Theorem 6.1. The fundamental group of a spherical 3-manifold is of exactly one of the fol-
lowing forms:

• The trivial group,
• Q8n := 〈x, y| x2 = (xy)2 = y2n〉, for n ≥ 1,
• the binary octahedral group: P48 := 〈x, y| x2 = (xy)3 = y4, x4 = 1〉,
• the binary icosahedral group: P120 := 〈x, y| x2 = (xy)3 = y5, x4 = 1〉,
• D2m(2n+1) := 〈x, y| x2

m

= 1, y2n+1 = 1, xyx−1 = y−1〉, for m ≥ 2 and n ≥ 1,

• P ′
8·3m := 〈x, y, z| x2 = (xy)2 = y2, zxz−1 = y, zyz−1 = xy, z3

m

= 1〉, for m ≥ 1,
• the direct product of any of the above groups with a cyclic group of relatively prime order.

The subscripts in the notation for the groups above always denote their order. We are now
ready to state the main result of this section.

Proposition 6.2. A spherical manifold is exceptional if and only if its fundamental group is
of one of the following forms:

• The trivial group,
• Q8,
• P120,
• D2m(2n+1) for m ≥ 2 and n ≥ 1,
• P ′

8·3m for m ≥ 1,
• the direct product of any of the above groups with a cyclic group of relatively prime order.

Before giving the proof, we gather a few relevant facts. Recall that the fundamental group
determines a spherical manifold unless it is cyclic and non-trivial (see [Orl72, p. 133]). This fact,
for the larger class of closed, irreducible 3-manifolds, yields the following lemma (see [AFW15,
Theorem 2.1.2]).

Lemma 6.3. Let M be a closed, orientable, irreducible 3-manifold. Let G and H be finite

index subgroups of π1(M) and let M̂G and M̂H be covers of M that correspond to G and H,
respectively. Suppose G is not a finite cyclic group, then G and H are isomorphic if and only

if M̂G and M̂H are homeomorphic.

The case of spherical manifolds with cyclic fundamental groups, namely, lens spaces, is more
subtle. We recall the following well known result of Reidemeister [Rei35].

Theorem 6.4. Let L(p, q) and L(p, q′) be two lens spaces. Then L(p, q) and L(p, q′) are home-
omorphic if and only if q′ ≡ ±q±1 mod p.

We are now ready to prove Proposition 6.2.

Proof of Proposition 6.2. For each of the manifolds listed in Theorem 6.1, we will follow one of
the following two strategies.
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• In order to show that a given manifold is not exceptional, we will show that its funda-
mental group has two non-isomorphic subgroups with the same index.

• In contrast, in order to show that a given manifold is exceptional, we will first show
that its fundamental group has a unique isomorphism type of subgroup with any fixed
index. By Lemma 6.3, this implies that it only remains to consider the case when the
subgroups of a given index are all isomorphic to a fixed finite cyclic group. In this case,
we will show that corresponding covers are homeomorphic, either by using Theorem 6.4
or by showing that these subgroups are conjugate to each other.

We divide our proof into multiple lemmata. In what follows we will often tacitly identify a
manifold with its fundamental group.

First we note:

Lemma 6.5. Any spherical 3-manifold with cyclic fundamental group (namely, a lens space)
is exceptional.

Proof. This follows since a cyclic group contains at most one subgroup of a given index. �

Lemma 6.6. The spherical 3-manifold with fundamental group P48 is not exceptional while that
with fundamental group P120 is exceptional.

Proof. The proper subgroups of P48 and P120 are well known (see e.g. [GG13, Appendix]).
The group P48 has Z/8 and Q8 as proper subgroups, and hence, the spherical manifold with
fundamental group P48 is not exceptional. The group P120 has at most one isomorphism type
of subgroup of any given index, and those of order 2, 3, 4, 5, 6, and 10 are isomorphic to finite
cyclic groups. Note that by Theorem 6.4 there is a unique 3-manifold with fundamental group
with order 2, 3, 4, or 6. Any two proper subgroups of P120 of order 5 are Sylow 5-subgroups
and hence conjugate to each other. Also, it is known that any order two element of P120 is
contained in the center. Since the order 5 subgroups are conjugate, this implies that the order
10 subgroups are also conjugate to one another. Thus, we see that the spherical manifold with
fundamental group P120 (namely the Poincaré homology sphere) is exceptional. �

All that remains are the three infinite sequences and products with cyclic groups of coprime
order. We start with the groups Q8n:

Lemma 6.7. The spherical 3-manifold with fundamental group Q8n is exceptional if and only
if n = 1.

Proof. The group Q8 is the quaternion group, the proper subgroups of which are all cyclic with
either order 2 or 4. Using a similar argument as above, one can show that the spherical manifold
with fundamental group Q8 is exceptional. Next, we prove that for n > 1, the group Q8n is not
exceptional. In particular, we will show that these groups have two non-isomorphic subgroups
of index 2. Let N1 = 〈〈y〉〉 and N2 = 〈〈x〉〉 be the subgroups normally generated by y and x
respectively. It is easy to verify that both N1 and N2 are subgroups of index 2. Note that N1 is
cyclic since xyx−1 = y−1 in Q8n. Since N1 has index 2, the order of N1 is 4n and in particular,
y has order 4n in Q8n. On the other hand, we will show that N2 is non-abelian. Using the
x = yxy relation, it is easy to see that yxy−1 · x−1 = y2 ∈ N2. Now suppose that y2xy−2 = x.
Since x2 = (xy)2, and hence x = yxy, we see that y4x = x, and thus, that the order of y is
at most 4, which contradicts our previous observation, since n > 1. Thus, the groups Q8n for
n > 1 are not exceptional. �

For the dihedral groups we have:

Lemma 6.8. The spherical 3-manifold with fundamental group D2m(2n+1) are exceptional for
all m ≥ 2 and n ≥ 1.
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Proof. We will invoke some Sylow theory. First, note that the subgroup generated by x ∈
D2m(2n+1) is a Sylow 2-subgroup of D2m(2n+1) and is isomorphic to Z/2m. It is also easy to
show that the abelianization of D2m(2n+1) is isomorphic to Z/2m, and is generated by the image
of x. Let N1 = 〈〈y〉〉 be the subgroup of D2m(2n+1) normally generated by y. Note that N1 is

cyclic, since xyx−1 = y−1. Thus, we have the following exact sequence of groups

1 → N1
∼= Z/(2n+ 1) → D2m(2n+1) → Z/2m ∼= 〈x〉 → 1

corresponding to the abelianization map. Further, let N2 = 〈y, x2〉. Since x2 commutes with y,
we have the following exact sequence

1 → N2
∼= Z/(2n+ 1)× Z/2m−1 → D2m(2n+1) → Z/2 ∼= {0, x} → 1.

Clearly, N2 is cyclic of order 2m(2n + 1) and is generated by yx2.

Let Γ ≤ D2m(2n+1) be a subgroup and φ be the restriction to Γ of the homomorphism
D2m(2n+1) → Z/2 in the last sequence. We first consider the case where φ is a surjection. Then
Γ must also surject onto Z/2m in the abelianization map, since every map from D2m(2n+1) to
an abelian group factors through the abelianization. There are two options – either |Γ| = 2m

or |Γ| > 2m. In the first case, Γ is cyclic and conjugate to 〈x〉 by Sylow’s theorem. If |Γ| > 2m,
we now show that Γ must be isomorphic to D2m(2n′+1) for some n′ ≤ n.

First, note that due to the relation xyx−1 = y−1, any element of D2m(2n+1) can be written as

yixj for some 0 ≤ i ≤ 2n and 0 ≤ j ≤ 2m − 1. Recall that N2 = 〈yx2〉. Then ker φ = Γ ∩N2 =
Γ ∩ 〈yx2〉 and thus, ker φ = 〈(yx2)d〉 = 〈ydx2d〉 for some d ≥ 1. Since [Γ : 〈ydx2d〉] = 2 and

|〈ydx2d〉| = 2m−1(2n+1)
d , we have |Γ| = 2n+1

d · 2m. Since |Γ| > 2m, we see that d < 2n+ 1.

Since Γ surjects onto Z/2m, |Γ| is divisible by 2m. As a result, d divides 2n+1. This implies

that d is odd and 2n+1
d is an integer. Note that (ydx2d)

2n+1

d = x2(2n+1). Since (2n+1, 2m−1) = 1,

x2(2n+1) generates 〈x2〉. As a result, x2 ∈ 〈ydx2d〉, and thus, yd ∈ 〈ydx2d〉. Next, let yixj be
an element of Γ such that yixj /∈ 〈ydx2d〉. If no such element exists, then Γ ≤ N2 which is a
contradiction. We show that j is odd, as follows. Suppose for the sake of contradiction that j
is even. Since x2 ∈ 〈ydx2d〉 and yixj /∈ 〈ydx2d〉, yi /∈ 〈ydx2d〉. Since yd ∈ 〈ydx2d〉, this implies
that i is not a multiple of d. In particular, gcd(i, d) < d. Moreover, since yi ∈ Γ and yd ∈ Γ,
ygcd(i,d) ∈ Γ. However, note that the order of ygcd(i,d) is 2n+1

gcd(i,d) since the order of y in D2m·(2n+1)

is 2n+1. Then, 2n+1
gcd(i,d) divides |Γ| =

2n+1
d ·2m, which implies that d divides 2m ·gcd(i, d). Since

d is odd, it must divide gcd(i, d) < d which is a contradiction. Thus, j must be odd; denote j
by 2k + 1 for some k.

We will now complete the proof by showing that the subgroup generated by yd and yix2k+1 is
equal to Γ and isomorphic to D2m(2n′+1) where 2n

′+1 = 2n+1
d . We have the following identities

(yix2k+1)2
m

= (yix2k+1yix2k+1) · · · (yix2k+1yix2k+1)

= x2k+1 · · · x2k+1

= (x2k+1)2
m

= 1,

(yd)
2n+1

d = y2n+1 = 1,

(yix2k+1)yd(yix2k+1)−1 = yix2k+1ydx−2k−1y−i

= yixydx−1y−i

= yiy−ddy−i

= y−d,

where we have used the facts that x2ydx−2 = yd, xyx−1 = y−1, and yxy = x. It is easy to
check that any element of 〈yd, yix2k+1〉 can be uniquely expressed in the form (yd)i

′

(x2k+1)j
′

,
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where 0 ≤ i′ ≤ 2n+1
d − 1 and 0 ≤ j′ ≤ 2m − 1 and thus, |〈yd, yix2k+1〉| = |Γ| = 2n+1

d · 2m which
completes the argument.

When φ is not surjective, it must be the zero map and thus, Γ is a subgroup of the cyclic
subgroup N2

∼= Z/((2n + 1)2m−1) which implies that it is cyclic.

Returning to the group D2m(2n+1), we have now shown that subgroups of a given fixed index
are isomorphic. More precisely, subgroups are of the form D2m(2n′+1) for n′ ≤ n, or cyclic

groups with order either 2m, or a factor of (2n + 1)2m−1. The latter arose as subgroups of a
cyclic group and thus, occur exactly once. We saw earlier that any subgroup of order 2m is a
Sylow 2-subgroup, and thus such subgroups are conjugate to one another. This concludes that
spherical manifolds with fundamental groupD2m(2n+1) are exceptional form ≥ 2 and n ≥ 1. �

For the sequence P ′
8·3m we have:

Lemma 6.9. The spherical 3-manifold with fundamental group P ′
8·3m is exceptional for all

m ≥ 1.

Proof. First note that P ′ab
8·3m

∼= Z/3m. Since Q8
∼= 〈x, y〉 < P ′

8·3m lies in the kernel of the
abelianization map and |Q8| = 8, it must actually coincide with this kernel. Thus this copy of
Q8 is a normal subgroup and as such is the unique Sylow-2 subgroup of P ′

8·3m . We obtain the
following exact sequence

1 → Q8 → P ′
8·3m → Z/3m → 1

corresponding to the abelianization map. Now let Γ ≤ P8·3m . If the image of Γ in the abelian-
ization map is trivial, it needs to lie in Q8, hence it is either Q8, Z/2, or Z/4.

For the case when the image of Γ is non-trivial, we first show that Γ is either a finite cyclic
group or Q8 × Z/3j for some 0 < j ≤ m. Since the order of Γ divides the order of P ′

8·3m , we
see that |Γ| = 2i · 3j for some 0 ≤ i ≤ 3, 0 ≤ j ≤ m. Since Γ has non-trivial image in P ′ab

8·3m ,
we see that j 6= 0. With these restrictions, we see from the list in Theorem 6.1 that the only
possible groups are D4·3j , D8·3j , P

′
8·3j , Q8·3j , Q8 × Z/3j , Z/3j , Z/2 · 3j , Z/4 · 3j , and Z/8 · 3j ,

where 0 < j ≤ m.

It is straightforward to see that the abelianization of D2m·(2n+1) is Z/2m, and the abelian-

ization of Q8·3j is Z/2 × Z/2. Neither of these can surject onto Z/3j . Next, suppose that 8
divides the order of Γ. Then Γ has a unique Sylow-2 subgroup, namely Q8, where the unique-
ness follows from normality. Since the unique Sylow-2 subgroup of Z/8 · 3j is cyclic, we see
that Γ ≇ Z/8 · 3j . So, if 8 divides the order of Γ, we see that Γ is either isomorphic to P ′

8·3j

or Q8 × Z/3j . In these cases Γ has a Sylow-3 subgroup, denoted by Γ3. Recall that there
is a Sylow-3 subgroup of P ′

8·3m which is a copy of Z/3m generated by z. Since any Sylow-3
subgroup of Γ must be contained in some Sylow-3 subgroup of P ′

8·3m and Sylow-3 subgroups of

a given group are conjugate, there is some g ∈ P ′
8·3m such that g−1z3

m−j

g generates Γ3 ≤ Γ,

and thus, z3
m−j

∈ gΓg−1 generates gΓ3g
−1. Note that the subgroup gΓg−1 ≤ P ′

8·3m has order
divisible by 8, so as before, its Sylow-2 subgroup coincides with the Sylow-2 subgroup of P ′

8·3m ,
namely the copy of Q8 generated by x and y. Since z3 commutes with < x, y >, we see that

< x, y, z3
m−j

>∼= Q8 × Z/3j ≤ gΓg−1 for j 6= m and in fact, Γ ∼= Q8 × Z/3j due to cardinality.
We have thus reduced the possibilities for Γ to Z/3j , Z/2 · 3j , Z/4 · 3j , and Q8 × Z/3j , where
0 < j ≤ m when the image of Γ is non-trivial.

Thus, the possible subgroups of P ′
8·3m are of the form Z/2,Z/4, Q8,Z/3j ,Z/2·3j ,Z/4·3j , Q8×

Z/3j , where 0 < j ≤ m. Again, no two distinct isomorphism types of subgroups have the same
order, therefore we only need to consider the case of cyclic subgroups. By Theorem 6.4 there is
a unique 3-manifold with fundamental group Z/2 or with fundamental group Z/4. For Z/3j , we
know that this group is contained some Sylow-3 subgroup of P ′

8·3m , which is cyclic. Hence any
two subgroups with order 3j are conjugate to each other, and thus, correspond to isomorphic
covering spaces. Suppose Γ ∼= Z/2 · 3j ∼= Z/2 × Z/3j . Note there is a Sylow-3 subgroup of Γ
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which is contained in some Sylow-3 subgroup of P ′
8·3m which is cyclic and conjugate to 〈z〉, as

we saw earlier. Hence there is some g ∈ P ′
8·3m such that g−1z3

m−j

g is contained in Γ. Similarly,
any Sylow-2 subgroup of Γ corresponds to a subgroup of order two within the copy of Q8 in
P ′
8·3m . There is a unique such subgroup, generated by x2. Thus, since Γ is cyclic, we see that

Γ = 〈x2, g−1z3
m−j

g〉. Note that any two such subgroups are conjugate to each other since x2 is
central. Lastly, suppose Γ ∼= Z/4 · 3j . Let Γ2 be a Sylow-2 subgroup of Γ. Then it is contained
in Q8, namely the Sylow-2 subgroup of P ′

8·3m , and consequently, it is either 〈x〉, 〈y〉, or 〈xy〉.

Further, let Γ3 be a Sylow-3 subgroup of Γ. Then again g−1z3
m−j

g is contained in Γ for some

g ∈ P ′
8·3m . We have now seen that gΓg−1 is either 〈x, z3

m−j

〉, 〈y, z3
m−j

〉, or 〈xy, z3
m−j

〉 and any

two such subgroups are conjugate to each other since z3
m−j

is central, and x, y and xy are
conjugates. This completes the proof. �

Finally, we need to consider direct products with cyclic groups:

Lemma 6.10. Let G be a group from the statement of Theorem 6.1 and C a finite cyclic group
so that gcd(|G| , |C|) = 1. Then G× C is exceptional if and only if G is exceptional.

Proof. Subgroups of direct products of finite groups with relatively prime order are direct prod-
ucts of subgroups in the factors. Hence, since the orders of the groups in the direct product
need to be relatively prime and cyclic groups are exceptional, taking a direct product with a
cyclic group preserves being exceptional or not. �

We have now addressed each case in Theorem 6.1 and thus, our proof is completed. �

7. The general Seifert fibered case

In this section, we prove the following result.

Proposition 7.1. Closed orientable Seifert fibered 3-manifolds, other than those finitely covered
by T 3, S1 × S2 or S3, are not exceptional.

Note that along with Propositions 5.1 and 6.2, this shows that closed Seifert fibered 3-
manifolds are not exceptional.

Our proof is based on the following proposition, which can for instance be found in [AFW15,
p. 52 (C.10)]:

Proposition 7.2. Let M be a closed Seifert fibered 3-manifold. There exists a finite cover

M̂ →M so that M̂ is an S1-bundle over a closed orientable surface.

In order to find distinct finite covers of a Seifert fibered manifold, it thus suffices to find
distinct finite covers of S1-bundles over closed orientable surfaces. Intuitively, the way we
produce these is to take covers both in the S1-direction and the surface direction. To make this
idea precise, we will use the Euler number e(π) of our circle bundles to distinguish covers (see
[Sco83a, p. 427, 436] for a definition). In particular, we will use the following property of Euler
numbers (see for instance [Sco83a, Lemma 3.5]).

Lemma 7.3. Let d ∈ N and
S1 →M

π
→ Σ

be an S1-bundle over a closed oriented surface Σ, such that M is orientable. Moreover, let M̂

be a degree d finite cover of M , so that M̂ is the total space of the following bundle

S1 →M
π̂
→ Σ.

Suppose the induced circle and surface covers S1 → S1 and Σ̂ → Σ have degrees m and ℓ
respectively, then ℓm = d and

e(π̂) =
ℓ

m
e(π).
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We now prove the following proposition. This, together with the fact that the only orientable
S1-bundle over S2 is S1 × S2, will complete the proof of Proposition 7.1.

Proposition 7.4. Let Σ be a closed orientable surface that is not a sphere and let M be an
S1-bundle over Σ. Then M is exceptional if and only if M is the trivial S1-bundle over the
2-torus.

Proof. Our first claim is that the map π1(S
1) → π1(M) is injective. This follows from the long

exact sequence in homotopy of the fibration

. . .→ π2(Σ) → π1(S
1) → π1(M) → π1(Σ) → . . . .

Our assumption on the genus of Σ implies that π2(Σ) = {e} and hence that the map π1(S
1) →

π1(M) is injective.

First we assume the bundle is non-trivial. Let t ∈ π1(S
1) denote a generator. Residual

finiteness of 3-manifold groups (see Theorem 3.1) implies that we can find a finite group G and
a surjection ϕ : π1(M) → G so that

ϕ(t) 6= e.

Let us denote the induced degree d = |G| cover by M̂ →M . Since t is mapped to a non-trivial
element, the induced circle cover is non-trivial. Then Lemma 7.3 tells us that the induced

S1-bundle S1 → M̂
π̂
→ Σ̂ satisfies

|e(π̂)| < d · |e(π)| .

To build the second cover, take any degree d surface cover Σ̃ → Σ (these exist for any d) and

pull back the S1-bundle. This gives rise to a degree d cover M̃ →M , that has the structure of

a S1-bundle S1 → M̃
π̃
→ Σ̃. Applying Lemma 7.3 again, we obtain

|e(π̃)| = d · |e(π)| .

Since our bundle is non-trivial, we have e(π) 6= 0. It can now for instance be extracted from
the Gysin sequence that if S1 → N → Σ is a circle bundle with euler number e 6= 0, then

H1(N,Z) ∼= Z2g ⊕ Z/e

where g denotes the genus of Σ. In particular this implies that the absolute value of e is an

invariant of the total space and not just the circle bundle. That in turn means that M̂ and M̃
are not homeomorphic.

Finally, we have to deal with the trivial bundle, that is, M ∼= Σ× S1. In this case e(π) = 0
and

H1(M ;Z) ∼= Z2g+1.

Now surface and circle covers

Σ̂ → Σ and S1 → S1

of the same degree induce two covers

M̂ ∼= Σ̂× S1 →M and M̃ ∼= Σ× S1 →M

of the same degree. If g > 1, then Σ̂ has strictly greater genus than Σ, so M̂ is not homeomorphic

to M̃ . �
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8. Sol manifolds

In this section, we prove the following proposition.

Proposition 8.1. Sol 3-manifolds are not exceptional.

Proof. Every orientable Sol manifold M is finitely covered by a 2-torus bundle over S1 with
Anosov monodromy ϕ ∈ MCG(T 2) ∼= SL2(Z) (see for instance [AFW15, Theorem 1.8.2]).
Recall this the monodromy is called Anosov if the top-eigenvalue λϕ of ϕ as an SL2(Z)-matrix
satisfies |λϕ| > 1. By Lemma 3.3, we may assume M is a 2-torus bundle over S1 with Anosov
monodromy ϕ. Let λϕ be the leading eigenvalue.

First we remind the reader of the well known fact that, as opposed to the case of hyperbolic
mapping tori, the modulus of the eigenvalue λϕ is a topological invariant. Indeed, we have
b1(M) = 1. Each fibration π : M → S1 with connected fibers and monodromy ψ induces a
primitive non-torsion cohomology class [ψ] ∈ H1(M ;Z) and conversely each such cohomology
class determines the fibration up to isotopy. The latter fact implies that the top eigenvalue λψ
of the monodromy ψ depends only on [ψ]. The former observation implies that the only fibered
classes are [ϕ] and −[ϕ]. Since ∣∣λ[−ϕ]

∣∣ =
∣∣λ[ϕ]

∣∣ ,
|λϕ| is indeed a topological invariant

In order to build two non-homeomorphic covers, we proceed as follows. First let

T 2 → T 2

be a finite non-trivial characteristic cover. This means that ϕ lifts to a map

ϕ̂ : T 2 → T 2

such that λϕ = λϕ̂. We obtain a cover

M̂ →M,

where

M̂ ∼= T 2 × [0, 1]/(x, 0) ∼ (ϕ̂(x), 1).

Since b1(M) = 1, we can also take a finite cyclic cover

M̃ →M

of the same degree, say d 6= 1. The monodromy ϕ̃ of this cover satisfies
∣∣λϕ̃
∣∣ = |λϕ|

d ,

thus M̂ and M̃ are not homeomorphic. �

9. Manifolds with non-trivial JSJ decompositions and non-trivial boundary

In this section, we prove the following proposition.

Proposition 9.1. Let M be an orientable, irreducible 3-manifold with empty or toroidal bound-
ary such that either M has a non-trivial JSJ decomposition or ∂M is non-empty. Assume that
M is not homeomorphic to S1 ×D2, T 2 × I or the twisted I-bundle over the Klein bottle, and
that M is not a Sol manifold. Then M is not exceptional.

We start out with the following useful lemma.
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Lemma 9.2. Let M be an orientable, irreducible 3-manifold with empty or toroidal boundary
and let N be a JSJ component of M . Then for any finite group G and any surjective homo-
morphism f : π1(N) ։ G, there exist finite groups K and H and homomorphisms g, g1, g2, g3
(of the type shown in the diagram), such that the following diagram commutes.

π1(N)

f

����

i∗ //

g3

$$ $$■
■

■

■

■

■

■

■

■

■

■

■

■

■

π1(M)

g

## ##❋
❋

❋

❋

❋

❋

❋

❋

❋

❋

❋

❋

❋

G K
g1

oooo �

� g2
// H.

Note in particular that the cover of N induced by the map g3 is a cover of the one induced
by f .

Proof. For closed manifolds this lemma is an immediate consequence of [WZ10, Theorem A].
As is explained in [AFW15, (C.35)], the statement also holds in the case that M has non-empty
toroidal boundary. �

Proof of Proposition 9.1. In this proof we use the following terminology. Given a 3-manifold W
with empty or toroidal boundary we refer to the union of the JSJ tori and the boundary tori
of W as the set of characteristic tori of W . At the end of the upcoming proof we will have

constructed two index d covering spaces M̂ and M̃ of M that we will distinguish by showing
that they have unequal numbers of characteristic tori.

We say that a 3-manifold is tiny if it is homeomorphic to S1 ×D2, T 2 × I, or to the twisted
I-bundle over the Klein bottle. Throughout this proof we will use on several occasions the
following preliminary remark: If W is an orientable 3-manifold that is not tiny, then it follows
from the classification of 3-manifolds with virtually solvable fundamental group, see [AFW15,
Theorem 1.11.1], that no finite cover of W is tiny.

By [Hem87] (see also [AFW15, C.10]), we know that M has a finite-sheeted cover M ′ → M
such that each Seifert fibered JSJ component of M ′ is an S1-bundle over a compact orientable
surface. Since M is not a Sol manifold, neither is M ′. By our preliminary remark, since M is
not tiny, neither is M ′. These three latter facts, along with [AFW15, Propositions 1.9.2 and
1.9.3], imply that this manifold M ′ has the following useful property (†): For any finite cover

M̂ ′ → M ′, the preimage of the JSJ decomposition of M ′ is exactly the JSJ decomposition of

M̂ ′.

Let N ′ be a JSJ component of M ′, where possibly N ′ = M ′. By hypothesis, ∂N ′ is non-
empty. There exists a finite-sheeted cover N ′ → N ′ such that the rank of the cokernel of the
map H1(∂N ′) → H1(N ′) is at least one, by [AFW15, C.15, C.17]. (Here we used that N ′ is not
homeomorphic to T 2× I, this follows from the fact that M ′ is not tiny and from our hypothesis
that M is not a Sol-manifold and from [AFW15, Proposition 1.6.2(3), 1.8.1, 1.10.1].)

The finite-sheeted cover N ′ → N ′ corresponds to a finite index subgroup of π1(N
′). Recall

that any finite index subgroup of a group contains a finite index normal subgroup, called its
normal core; let the (finite index, regular) cover corresponding to the latter normal subgroup

of π1(N
′) be denoted N̂ ′ → N ′. By construction, N̂ ′ → N ′ corresponds to the kernel of a

surjective map π1(N
′) ։ G for some finite group G, and by Lemma 9.2, we obtain the following

commutative diagram:

π1(N
′)

f

����

i∗ //

g3

'' ''❖
❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

❖

π1(M
′)

g

"" ""❊
❊

❊

❊

❊

❊

❊

❊

❊

❊

❊

❊

❊

G ∼= π1(N
′)/π1(N̂ ′) K

g1
oooo �

� g2
// H.
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Let M∗ be the cover M∗ →M ′ corresponding to the kernel of g. From Lemma 9.2, it follows

that the induced cover of N ′ corresponding to g3 is a finite-sheeted cover of N̂ ′; call it N∗.
Since M∗ is a finite-sheeted cover of M ′ it follows from (†) that N∗ is a JSJ component of M∗.
Since the cover N∗ → N ′ is finite-sheeted it follows from an elementary argument, see [AFW15,
A.12], that the rank of the cokernel of the map H1(∂N

∗) → H1(N
∗) is also at least one. Since

M∗ is a finite-sheeted cover of M it follows from Lemma 3.3 that it suffices to show that M∗ is
not exceptional.

We have the following commutative diagram, where the horizontal sequences form the long
exact sequence in singular homology for the pairs (N∗, ∂N∗) and (M∗,M∗ \ Int(N∗)) and the
vertical arrows are induced by inclusion.

H1(∂N
∗) H1(N

∗) H1(N
∗, ∂N∗)

H1(M
∗ \ Int(N∗)) H1(M

∗) H1(M
∗,M∗ \ Int(N∗)).

i∗

k∗

j∗

We obtain an induced commutative diagram

Coker(i∗) H1(N
∗, ∂N∗)

Coker(j∗) H1(M
∗,M∗ \ Int(N∗)).

k∗

By a standard excision argument, we see that H1(M
∗,M∗ \ Int(N∗)) ∼= H1(N

∗, ∂N∗); in other
words, the rightmost vertical map above is an isomorphism. We see that k∗ is injective, and
thus, the rank of Coker(j∗) is bounded below by the rank of Coker(i∗) which by hypothesis is at
least one. Thus, there is an epimorphism Coker(j∗) ։ Z. We can then define, for any m > 1,

fm : π1(M
∗) H1(M

∗) Coker(j∗) Z Z/m,Ab

where the second and last maps are the canonical projections. Note that each characteristic
torus of M∗ is contained in M∗ \ Int(N∗), and thus, by our construction, the image under
inclusion of the fundamental group of any characteristic torus of M∗ lies in the kernel of fm for
all m.

We are finally ready to construct two non-homeomorphic covers of M∗ with the same index.
As mentioned in the beginning of the proof, we will do so by constructing two finite covers of
M∗ with the same degree, but different number of characteristic tori. At this point we would
like to recall that it follows from (†) for any finite cover W of M∗ the characteristic tori of W
are the preimages of the characteristic tori of M∗.

Now let n be the total number of characteristic tori of M∗. Let T be a characteristic torus
of M∗. Since M∗ is not tiny (and in particular, M∗ is not homeomorphic to S1 × D2, and
thus, the boundary tori of M∗ are π1-injective) we can view π1(T ) as a subgroup of π1(M).
Since π1(M

∗) is residually finite (Theorem 3.1), there is some finite index normal subgroup
J ⊳ π1(M

∗) such that π1(T ) is not contained in J . Let d > 1 be the index of J in π1(M
∗), and

let p̂ : M̂ →M∗ be the d-sheeted cover of M∗ corresponding to J . Since π1(T ) is not contained
in J we see that the preimage of T has strictly fewer than d components. Since the preimage

under p̂ of the characteristic tori for M∗ gives the characteristic tori for M̂ , we see that the

number of characteristic tori in M̂ is strictly less than d · n. In order to build a second cover,

let p̃ : M̃ →M∗ denote the cover corresponding to the kernel of fd : π1(M
∗) → Z/d constructed

above. By construction, the index of p̃ is d and the number of characteristic tori in M̃ is d · n,
since the image under inclusion of characteristic torus of M∗ lies in the kernel of fd. We see

that M̂ and M̃ are index d covers of M∗ but have an unequal number of characteristic tori, and
thus are non-homeomorphic. �
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10. Non-prime and non-orientable 3-manifolds

10.1. Prime non-orientable 3-manifolds. Little further work is needed to completely char-
acterize exceptional prime non-orientable 3-manifolds with empty or toroidal boundary. Such a
manifold is either the twisted S2-bundle over S1, or irreducible. We already saw that the former
is exceptional (Proposition 3.2). For the latter case, note that if the orientable double cover of
a non-orientable 3-manifold M is not exceptional, then M is not exceptional. By our previous
work, we only need to consider the irreducible non-orientable 3-manifolds whose orientable dou-
ble covers are S1 ×S2, the 3-torus T 3, S1 ×D2, S1 ×S1 × [0, 1]. Here we have used that closed
non-orientable 3-manifolds have positive first Betti number. In particular, their fundamental
groups are infinite [AFW15, (E.3)].

Note that if a boundary torus for a manifoldM is compressible, M has an S1×D2 summand.
If M is prime, M must be homeomorphic to S1 × D2, which is of course not non-orientable.
Thus, a prime non-orientable 3-manifold with toroidal boundary, must have incompressible
boundary. By [Swa73, Lemma 2.1], the fundamental group of the orientable double cover of an
irreducible non-orientable 3-manifold M with incompressible boundary is free, which would be
the case if the double cover is S1 × S2 or S1 ×D2, if and only if M is a homotopy RP2 × S1.
Such a manifold has first homology group Z⊕Z/2. Thus, it has two double covers, only one of
which is orientable. As a result, it is not exceptional.

It remains to consider the non-orientable 3-manifolds with empty or toroidal boundary, whose
orientable double cover is T 3 or T 2× I. First suppose that M is a 3-manifold that is covered by
T 3. It follows from [MS86, Theorem 2.1] that M is Euclidean. This case is then addressed by
Proposition 5.2. Secondly, ifM is covered by T 2×I, then a doubling argument shows, using the
above, that M is either homeomorphic to the Klein bottle times an interval or to the Möbius
band times S1. In either case M admits two 2-fold coverings, only one of which is orientable.
Thus M is not exceptional. Thus, we have established the following proposition.

Proposition 10.1. Let M be a prime, non-orientable 3-manifold with empty or toroidal bound-
ary. Then M is exceptional if and only if it is homeomorphic to S1×̃S2.

10.2. Non-prime 3-manifolds. Finally, we consider non-prime 3-manifolds. Recall that a
prime decomposition for a 3-manifold M is said to be normal if there is no S1 × S2 factor
when M is non-orientable. It is well-known that every 3-manifold has a unique normal prime
decomposition (see, for instance [Hem04, Theorem 3.15 and 3.21]). Note that we do not assume
that the manifold is closed or orientable.

Below we give a general structure for covering spaces of non-prime 3-manifolds.

Proposition 10.2. Let M ∼=M1# · · ·#Mk be a normal prime decomposition for a 3-manifold

M . Then if M̂ is a cover of M with index d, then

M̂ ∼=
(
M̂11# · · ·#M̂1i1

)
# · · ·#

(
M̂k1# · · ·#M̂kik

)
# ℓS,

where S denotes S1 × S2 or S1×̃S2 whenever M̂ is orientable or non-orientable respectively,

and M̂j :=
(
M̂j1 ⊔ · · · ⊔ M̂ji1

)
is a cover of Mj with index d. Moreover,

(k − 1) · d =

k∑

j=1

ij − 1 + ℓ.

In addition, any M̂ of this form is a cover of M with index d.

Since any cover of a prime 3-manifold is prime, the above gives a prime decomposition of M̂
when we ignore S3 summands.
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Proof. Let p : M̂ →M be the cover. Write M as M1 \B1 ∪ · · · ∪Mk \Bk where each Bj ⊂Mj

is an open ball. Then each restricted map

p|p−1(Mj\Bj) : p
−1(Mj \Bj) →Mj \Bj

is a covering map. Gluing balls along the lifts of the connected sum spheres gives rise to the

covers M̂j .

It is clear that the cover M̂ is built from the collection
⊔
M̂j by identifying spheres in pairs,

arising as lifts of the connected sum spheres. When the sphere pairs are in distinct connected
components, we obtain a connected sum. When they lie in the same connected component, we

obtain an S summand. Note that S can be chosen to be S1×̃S2 whenever M̂ is non-orientable
since N#S1 × S2 ∼= N#S1×̃S2 whenever N is a non-orientable 3-manifold. The relationship
between k, d, ℓ, and ij follows from the construction.

When M is oriented, each M̂j inherits an orientation and it is easy to see that M̂ is a
connected sum of oriented manifolds.

For M̂ of the given form, an index d covering map M̂ → M can be constructed by gluing
together the individual covering maps. �

For non-prime 3-manifolds, we have the following result.

Proposition 10.3. Let M be a non-prime 3-manifold with empty or toroidal boundary. Then
M is exceptional if and only if it is homeomorphic to k · S1 × S2, for some k ≥ 2.

Proof. First, we show that k · S1 × S2 is exceptional. Note that the only cover of S1 × S2 is
itself. Then, we see immediately from Proposition 10.2 that any degree d cover of k · S1 × S2 is
homeomorphic to ((k − 1)d + 1) · S1 × S2.

Next, we show that any manifold which is not of the form k · S1 × S2 is not exceptional. Let
M ∼=M1# · · ·#Mk be a normal prime decomposition for M . By hypothesis, k ≥ 2.

As a preliminary step, we observe that if M has a single prime summand which is not
exceptional, it is itself not exceptional. Since both S2-bundles over S1 are exceptional, such a
prime summand must be irreducible. Without loss of generality, assume that M1 is irreducible

and not exceptional. Then, there exist non-homeomorphic covers M̂1 and M̃1 of M1, both

with index d, for some 1 < d < ∞. Construct the covers M̂ ∼= M̂1#d(M2# · · ·#Mk) and

M̃ ∼= M̃1#d(M2# · · ·#Mk) of M . Note that both have index d. Since M̂1 and M̃1 are both

irreducible, they appear in the prime decomposition of M̂ and M̃ respectively. By the uniqueness

of normal prime decompositions, M̂ and M̃ are not homeomorphic.

Thus, we only need to consider the case where each Mi is itself exceptional. First we consider
the case where M is orientable. Since M is not of the form k ·S1 ×S2, we can assume, without
loss of generality, that M1 be an exceptional manifold other than S1 × S2, that there exists a

cover M̂1 →M1 of index d1 and a cover M̂k →Mk of index dk, such that d1 ≤ dk.

We now build two covers of M with index dk as follows. Let

M̂ = dk(M1# · · ·#Mk−1)#M̂k,

and let
M̃ =

(
M̂1#(dk − d1)M1

)
#(d1 − 1)S2 × S1#dk(M2# · · ·Mk−1)#M̂k.

Suppose that M̂ ∼= M̃ . Then we see that M1
∼= S1 × S2, which is a contradiction.

Next, consider the case when M is non-orientable. Suppose first that there is at least one
irreducible prime summand in the given normal prime decomposition of M . Without loss of
generality, we can assume that this is M1. Since no non-orientable irreducible 3-manifold is
exceptional, we see that M1 is orientable. Let N denote the manifold M2# · · ·#Mk. Since
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M ∼=M1#N is non-orientable, we see that N is non-orientable. Let N̂ be the orientable double

cover of N and construct the orientable double cover 2M1#N̂ of M . Since M1 is irreducible,

it is in particular not S1 × S2. By our argument in the previous paragraph, 2M1#N̂ has two
non-homeomorphic covers of the same index, showing that M is not exceptional.

It only remains to consider the case where M is non-orientable but has no irreducible prime
summands. Since we have a normal prime decomposition, this impliesM is of the form k ·S1×̃S2

where k ≥ 2. Note that in this case H1(M) ∼= Zk where k ≥ 2. Then, we see that there are
2k − 1 connected double covers, only one of which is orientable, which completes the proof. �

We observe that we have established the following proposition.

Proposition 10.4. The only non-orientable exceptional 3-manifold with empty or toroidal
boundary is the twisted S2-bundle over S1.
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