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Christian Schäfer1,2,3,4,∗ Florian Buchholz1,† Markus Penz5,‡ Michael Ruggenthaler1,2,§ and Angel Rubio1,2¶
1 Max Planck Institute for the Structure and Dynamics of Matter and Center for Free-Electron

Laser Science & Department of Physics, Luruper Chaussee 149, 22761 Hamburg, Germany
2 The Hamburg Center for Ultrafast Imaging, Luruper Chaussee 149, 22761 Hamburg, Germany

3Department of Physics, Chalmers University of Technology, 412 96 Göteborg, Sweden
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5Department of Mathematics, University of Innsbruck, Technikerstraße 13/7, A-6020 Innsbruck, Austria
(Dated: June 15, 2021)

Strong light-matter coupling provides a promising path for the control of quantum matter where
the latter is routinely described from first-principles. However, combining the quantized nature of
light with this ab initio tool set is challenging and merely developing, as the coupled light-matter
Hilbert space is conceptually different and computational cost quickly becomes overwhelming. In this
work, we provide a non-perturbative photon-free formulation of quantum electrodynamics (QED)
in the long-wavelength limit, which is formulated solely on the matter Hilbert space and can serve
as an accurate starting point for such ab initio methods. The present formulation is an extension
of quantum mechanics that recovers the exact results of QED for the zero- and infinite-coupling
limit, the infinite-frequency as well as the homogeneous limit and we can constructively increase
its accuracy. We show how this formulation can be used to devise approximations for quantum-
electrodynamical density-functional theory (QEDFT), which in turn also allows to extend the ansatz
to the full minimal-coupling problem and to non-adiabatic situations. Finally, we provide a simple
local-density-type functional that takes the strong coupling to the transverse photon-degrees of free-
dom into account and includes the correct frequency and polarization dependence. This is the first
QEDFT functional that accounts for the quantized nature of light while remaining computationally
simple enough to allow its application to a large range of systems. All approximations allow the
seamless application to periodic systems.

Keywords: Strong coupling, Ultra-strong coupling, Cavity quantum-electrodynamics, Quantum-
electrodynamical density-functional theory, photon-free QED

I. INTRODUCTION

In the last decade seminal experimental results [1–4]
have demonstrated that the properties and dynamics of
atoms, molecules and solids can be substantially mod-
ified by coupling strongly to the modes of a photonic
environment. The strong coupling between light and
matter in theses cases leads to the emergence of hybrid
light-matter states (polaritons) which subsequently can
be used to control, for instance, chemical reactions [5–11],
enhance charge and energy transport [12–19], even over
very large distances, and there are recent indications that
they might be used to increase the critical temperature of
superconductors [20–22]. Many of these changes persist
at normal ambient conditions and are hence promising for
quantum-technological applications [1]. They question
however our common perception that light and matter
are distinct physical entities and call for a more unified
description.

Typically, in such strong light-matter coupling situa-
tions only a few photonic modes, which are supported by
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a cavity geometry, play a substantial role. Their interac-
tion with matter is however greatly enhanced in compar-
ison to the free-space situation. Effective subwavelength
confinement [2, 23–26] or circuit geometries [27–29] en-
able hybridization strengths on the order of the matter
excitation. A noticeable hybridization between light and
matter (strong coupling) results in the emergence of po-
laritons in the excited states. The coupling between (ar-
tificial) cavity modes and matter excitation can be that
considerable that all eigenvalues of the individual con-
stituents are affected and even the ground state becomes
correlated (ultra-strong coupling). For even larger hy-
bridization, the character of light and matter becomes
truly interlacing (deep ultra-strong coupling).

Many of the experimentally observed effects, in par-
ticular those involving chemical reactions under strong
coupling, are so far theoretically not well understood [6,
11, 30–32]. Detailed theoretical explanations are largely
missing as strong light-matter coupling calls in principle
for investigations within the framework of quantum elec-
trodynamics (QED) [33]. This, however, leads to an enor-
mous increase of computational complexity as the com-
bined light-matter Hilbert space becomes prohibitively
large (illustrated in Fig. 1). The most common approach
is to considerably reduce the dimensionality of the light-
matter Hilbert space by deciding a priori which matter
and photon states are supposed to be important. This
leads to effective model light-matter Hamiltonians [3, 34].
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Figure 1: To the left, an illustration of the exponential in-
crease in computational complexity: In QED the matter
Hilbert space He is extended with the photonic Fock space
(indicated by the vectors for different modes α starting with
the vacuum state 0α=1 · 0α=2 · . . . ) and hence the combined
Hilbert space grows exponentially also with the number of
photonic states. A vast reduction of complexity is found
by approximating QED with quantum mechanics, where
the photonic sector is subsumed into the effective mass of
the particles and into classical electromagnetic fields. The
effective photon-free QED ansatz takes the dominant fluctu-
ations of the quantized electromagnetic field 0̃ into account,
while having the same dimensionality as ordinary quantum
mechanics.

A different approach is to reformulate the full QED prob-
lem in terms of reduced quantities. Quantum mechanics,
for instance, can be viewed as a reduction of the full
QED problem onto the matter sector only, where the
photon field is taken into account approximately by the
effective (physical) mass of the particles [33, 35] and by
the longitudinal Coulomb interaction as well as by pos-
sible Van-der-Waals corrections [33, 35, 36]. This can be
viewed as an example of an effective ab initio light-matter
Hamiltonian. This simplification is, however, no longer
valid in the case of strong light-matter coupling and more
advanced reformulations of QED become necessary. An
in principle exact reformulation of QED on the basis of
reduced quantities is quantum-electrodynamical density-
functional theory (QEDFT), which allows to avoid the
unfeasible coupled matter-photon wave function alto-
gether [37–40]. The main drawback of QEDFT is that we
need to find approximations to the matter-photon cou-
pling, usually in terms of matter quantities only [41, 42].
Deriving such functional expressions for interactions is
already for matter-only DFT a challenging task and the
photonic field introduces additional and unfamiliar com-
ponents into the problem. It therefore becomes desirable
to define an effective ab initio photon-free QED as an
alternative to standard quantum mechanics which is also
applicable to strong light-matter coupling situations and
serves as a starting point for approximations for QEDFT.
Furthermore, this effective matter-only theory should be

constructively improvable and recover the physical limits
of the original QED solution.

In this work we provide such a non-perturbative
photon-free QED reformulation that takes the dominant
fluctuations of the quantized electromagnetic field ex-
plicitly into account (Sec. II). It thereby lifts the arti-
ficial distinction between light and matter that underlies
standard quantum mechanics and it remains applicable
from the weak to the deep ultra-strong coupling regime.
Among other things we show that the ansatz recovers the
exact QED solution in the weak- and infinite-coupling
limit, the infinite-frequency limit, as well as for the ho-
mogeneous electron gas, without the need to treat the
photonic degrees of freedom at all. While many effec-
tive ab initio descriptions of light-matter coupling prob-
lems are known, e.g., the high-frequency limit of Floquet
theory [43–45], this high consistency with fundamental
physical conditions provides a much more flexible and
general perspective. Since the theory is build upon an
explicit ansatz for photonic operators in terms of matter
quantities, we still have approximate access to photonic
observables. Further we show that the non-perturbative
photon-free QED reformulation is obtained as an trun-
cation of a especially efficient basis-expansion of the full
QED problem (Sec. III). In this way, we can consistently
increase the accuracy of the ansatz, converging to the
original QED results and accounting for all correlations
between light and matter. Furthermore, we show how
this ansatz can be used to set up an orbital-dependent
approximation in QEDFT that shares the same benefi-
cial features as the non-perturbative photon-free QED
reformulation (Sec. IV). Based on this functional we pro-
pose a simple local-density-type approximation for strong
light-matter coupling that provides up to ultra-strong
coupling excellent results and yet accounts for the cor-
rect frequency and cavity-polarization dependence. Due
to the flexibility of the QEDFT framework, we can finally
discuss how this ansatz can be extended to full minimal
coupling and comment on non-adiabatic extensions.

II. PHOTON-FREE QED ANSATZ

The point of departure for our endeavour is the
Pauli-Fierz (or minimal coupling) Hamiltonian of non-
relativistic QED in Coulomb gauge. For simplicity, we
will focus here at first on the long-wavelength limit, but
the following conceptions are general enough to allow
an abstraction beyond this common simplification. We
provide an outlook beyond those common approxima-
tions in Sec. IV. In atomic units with electron charge
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q = −|e| = −1 and keeping the nuclei fixed we have

ĤPF =
1

2

Ne∑
i=1

(
−i∇i +

1

c
Â

)2

+

Ne∑
i=1

v(ri)

+
1

2

Ne∑
i6=j

w(ri, rj) +

Mp∑
α=1

ωα

(
â†αâα +

1

2

)
.

(1)

The Ne electrons move according to the forces caused by
the local nuclear potentials v in addition to their longi-
tudinal interaction w and the coupling to the transverse
vector potential at the molecular center-of-charge r0

Â =
√

4πc2
Mp∑
α=1

Sα(r0)εα
1√
2ωα

(
â†α + âα

)
. (2)

The Mp cavity eigenmodes Sα(r0) ∝ 1/
√
V are the solu-

tions to the boundary value problem of the effective cav-
ity (which we assume to be lossless for simplicity) and
provide the local (vacuum) field-strength. The vector
potential is conveniently expanded in the eigenmodes of
the cavity geometry Â =

∑
α Âαεα, featuring polariza-

tion εα, frequency ωα and cavity volume V . The Âα
obey the following equation of motion in the Heisenberg
picture,(

1

c2
d2

dt2
+
ω2
α

c2

)
Âα,H = −λ

2
α

c
εα ·

(
Ĵp,H − Ĵd,H

)
, (3)

with λα =
√

4πSα(r0) the fundamental coupling

strength. The paramagnetic current Ĵp = −i
∑
i∇i

serves as a driving force for the photonic degrees of free-
dom. The diamagnetic current in the long-wavelength
approximation Ĵd = −Ne/c

∑
α Âαεα, on the other

hand, can be conveniently absorbed in effective cavity
frequencies and polarizations denoted from here on as ω̃α
and ε̃α. For a single mode, we can simply move Ĵd to the
left-hand-side to obtain ω̃2

α = ω2
α + ω2

d,α, ω2
d,α = Neλ

2
α,

and εα = ε̃α. The diamagnetic term therefore dresses
the bare cavity frequency by the fundamental coupling
strength λα and the amount of charged particles. For
multiple modes, a normal-mode (or Bogoliubov) transfor-
mation (see App. A) similarly eliminates the diamagnetic
current, leading to a pure bilinear coupling in the Hamil-
tonian Eq. (1). The representation in normal modes with

ω̃α also transforms all related operators Â where we keep
the original notation for brevity.

After absorbing the diamagnetic current, the Ehren-
fest, or more specifically Maxwell’s, equation associated
to Eq. (3) is easily solved with the help of the classical
Greens function for the harmonic oscillator,

Aα(t) = −ω̃α

t∫
−∞

dt′c
ω2

d,α

Neω̃2
α

sin (ω̃α(t− t′)) ε̃α · Jp(t′) .

(4)

In the limit of Maxwell’s equation there is therefore no
need to keep track of the photonic degrees of freedom, as
their evolution is fully determined by the initial condi-
tions and the matter degrees of freedom.

Now let us stretch this idea, comparably to the rel-
ativistic Breit substitution [46], to the Heisenberg equa-
tion of motion and let us attempt to avoid the necessity of
photonic degrees of freedom in Eq. (1). Certainly, such a
substitution is far less trivial for the operator quantity, it
is furthermore complicated by the fact that now we deal
with two different pictures, i.e., Heisenberg for Eq. (3)
and Schrödinger for Eq. (1). A suitable first approxima-
tion is an adiabatic ansatz for the quantum fluctuations,

∆Âα = −c
ω2

d,α

Neω̃2
α

ε̃α ·∆Ĵp where ∆Ô = Ô − 〈Ô〉 . (5)

Surely, also the pure photonic contributions have to be
substituted and we obtain

ω̃αâ
†
αâα ≈

1

2

ω2
d,α

Neω̃2
α

(
ε̃α · Ĵp

)2

(6)

in the adiabatic limit (see App. B). Replacing now all
photonic degrees of freedom by their introduced counter-
parts, we obtain the effective photon-free Hamiltonian

Ĥpf(t) = −1

2

Ne∑
i=1

∇2
i +

Ne∑
i=1

v(ri) +
1

2

Ne∑
i 6=j

w(ri, rj)

+

Mp∑
α=1

ω̃α
2
−

Mp∑
α=1

ω2
d,α

Neω̃2
α

[
1

2
ε̃α ·

(
Ĵp − Jp(t)

)

+ ω̃α

t∫
−∞

dt′ sin (ω̃α(t− t′)) ε̃α · Jp(t′)

]
(ε̃α · Ĵp) ,

(7)

which is now time-dependent. While computationally
simpler to solve, more importantly this provides us with
a starting point conceptually much closer to the known
realm of electronic structure theory.

A particularly interesting feature of this effective
Hamiltonian Eq. (7) is that the adiabatic correction
takes the form of a polarization-projected kinetic opera-
tor −(ε̃α · Ĵp)2 ∼ (ε̃α · ∇i)2 + (ε̃α · ∇i)(ε̃α · ∇j 6=i) with
opposite sign to the kinetic operator. A large part of
the photonic fluctuations are therefore responsible for
dynamically increasing the mass of the charged parti-
cle along the axis of polarization, very much in line with
the perturbative mass-renormalization obtained from the
Lamb shift [35] and the accumulation of electronic den-
sity inside cavities [19, 36, 42]. If we would extend the
number of modes to infinity, we would even recover the
logarithmic ultra-violet divergence characteristic of the
Lamb shift [47]. We notice furthermore that simply dis-
regarding pure photonic contributions in the substitution
procedure from Eq. (1) to Eq. (7) would mean to miss the
factor 1

2 introduced in Eq. (6). This would imply that for
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Figure 2: Linear-response spectrum of the dipole moment r(ωα) for a single cavity-mode with different cavity frequencies
ωα coupled to one-dimensional soft-Coulomb hydrogen v(x) = −1/

√
x2 + 1. Shown are the exact reference (a, left), the

photon-free effective Hamiltonian Eq. (7) (b, middle), and the classical Maxwell solution (c, right). The fundamental cou-

pling strength was chosen such that gα/ωα = 0.136, gα =
√
ωα/2λα, i.e., on the interface between strong and ultra-

strong coupling, with ωα = εhydrogen1 − εhydrogen0 in resonance with the first electronic excitation. We have chosen a grid
of 301 points with 0.1 a0 spacing (a0 being the Bohr radius) and 40 photonic Fock states for the exact reference using the
PZW Hamiltonian Eq. (8). The response was obtained by the delta-kick method applying a perturbation vkick(x, t) =
−10−4/π · 10−2/[(t − 1)2 + 10−4]x with consecutive time-propagation for T = 103 a.u. with 4th-order Runge-Kutta and a
time-stepping of dt = 5 · 10−4 a.u.

λα →∞ the mass would not tend to infinity but to neg-
ative values instead and the Hamiltonian would become
unbounded from below, a common problem for similar
approaches within relativistic regimes [48].

While we accomplished our initial goal of a non-
perturbative photon-free QED theory, such an adiabatic
substitution does not come without sacrifices. Fig. 2 il-
lustrates the absorption spectrum of one-dimensional hy-
drogen strongly coupled to an optical cavity using the ex-
act Pauli-Fierz Hamiltonian, the photon-free description
Eq. (7), and the purely classical description of the pho-
tonic field. Clearly, even on this strongly simplified level
including only adiabatic fluctuations, the photon-free de-
scription Eq. (7) improves noticeable over the classical
Maxwell picture. It accounts correctly for the upwards
(1st matter excitation) and down-wards (higher matter
excitations) bending at low cavity frequencies.

A particularly important feature of the photon-free
Hamiltonian is the explicit dependence on the cavity fre-
quency via ω2

d,α/ω̃
2
α. To understand the importance of

this observation, let us utilize the Power-Zienau-Woolley
(PZW) transformation [49–51] and rewrite our original
Coulomb-gauge Hamiltonian Eq. (1) in the routinely uti-
lized PZW form [33, 35, 51]

ĤPZW = −1

2

Ne∑
i=1

∇2
i +

Ne∑
i=1

v(ri) +
1

2

Ne∑
i 6=j

w(ri, rj) (8)

+
1

2

Mp∑
α=1

[
(−i∂pα)2 + ω2

α

(
pα +

λα
ωα
ε̃α ·

Ne∑
i=1

ri

)2]
.

The photonic harmonic-oscillator coordinates are given
here explicitly as pα. Without truncation of electronic
or photonic space, both the Pauli-Fierz Eq. (1) and the
PZW-Hamiltonian Eq. (8) provide the exact same result
for all physical observables, as we would expect from the
concept of gauge invariance. We note, however, that the
PZW Hamiltonian is not a convenient starting point for
extended periodic systems, since the periodicity in the
matter coordinates is explicitly broken [52]. Eq. (8) now
involves the dipole self-polarization term 1

2 (λαε̃α·
∑
i ri)

2.
So even if we would disregard the photonic degrees of
freedom altogether, we would remain with a confining
harmonic potential acting on the electronic degrees of
freedom that results in the correct behavior for zero and
infinite coupling. This approximation is sometimes re-
ferred to as QED Hartree-Fock [36, 53]. Fig. 3 how-
ever clearly illustrates that the photon-free Hamiltonian
Eq. (7) is superior due to its explicit frequency depen-
dence. The latter furthermore guarantees that photon-
free and exact description coincide for infinite cavity fre-
quency, where matter excitations are no longer allowed
to couple to the photonic degrees of freedom. It provides
thus an excellent electronic subspace solution which be-
comes exact whenever a factorized wave-function ansatz
is possible.

By handling operators as if we would treat expectation
values, we intrinsically assume that both sides of Eq. (5)
possess the same set of eigenstates. This, for instance,
is satisfied for a set of plane waves describing free elec-
trons and quantized photonic fields. Unfortunately, for
the vast majority of condensed matter systems this con-
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Figure 3: Ground-state variance (a-c) and energy (d-f) for
the one-dimensional soft-Coulomb hydrogen atom coupled
to a single cavity mode. Illustrated are the exact solution
(a,d), the photon-free Hamiltonian Eq. (7) (b,e) and the
photon-free self-polarization solution of Eq. (8) (c,f). The
results presented here are entirely due to the quantized na-
ture of light, a semi-classical Maxwell treatment would show
no effect in the ground state. We disregarded the trivial
zero-point energy shift ωα/2 in all calculations, used 2001
grid points with 0.025 a0 spacing, finite-difference order 4
and 40 photonic Fock states (using the PZW Hamiltonian).

dition will not be met. Knowing about the limitation
of such a construction, we can however use the solution
of the homogeneous electron gas inside the cavity as a
basis for a formally more accurate description. We show
in the following that even by restricting ourselves to the
original electronic Hilbert-space this provides accurate
results which become exact in the limit of weak and deep
ultra-strong coupling, thus providing a preferable start-
ing point for functional development.

III. THE PHOTON-COUPLED HO-
MOGENEOUS ELECTRON GAS BASIS

We already stated that the photon-free ansatz becomes
exact in the homogeneous limit. This is indeed no coin-
cidence, as it can be shown that in the free (v = 0) and
non-interacting (w = 0) limit, the Pauli-Fierz Hamilto-
nian Eq. (1) can be diagonalized analytically with a com-
bination of Bogoliubov and coherent shift transforma-
tions [47]. The obtained photon-coupled homogeneous
electron gas (pHEG) Hamiltonian is purely additive in
the new transformed operators,

ĤpHEG = −1

2

Ne∑
i=1

∇2
i −

Mp∑
α=1

ω̃αβ̂
2
α +

Mp∑
α=1

ω̃α

(
ĉ†αĉα +

1

2

)
,

(9)

with the coherent shift operator

β̂α =
ωd,α√
2Neω̃3

α

ε̃α ·
Ne∑
i=1

(−i∇i) .

See App. C for a definition of the transformed annihila-
tion and creation operators ĉα, ĉ

†
α. An immediate conse-

quence of the additive structure is that the eigenfunctions
of the Hamiltonian Eq. (9) are factorized in nature. Its
eigenbasis can be chosen as plane-wave Slater determi-
nants and displaced photon number states,

|{kj}, {βα(K), nα}〉 = |Φ{kj}〉 ⊗
Mp∏
α=1

|βα(K), nα〉 .

Here K =
∑
i kj represents the collective momentum of

all particles, a well defined quantum number in the pHEG
system. The photonic states |βα(K), nα〉 implicitly ac-
count for the collective momenta of the homogeneous
electronic system. It becomes apparent that this new
basis, although factorized, represents intrinsically inter-
acting light and matter parts, very similar to the photon-
free ansatz motivated in Sec. II. It is now our intention
to bring this particular pHEG solution into use as a basis
for a general, inhomogeneous system. This demands for
an expression of the local potential in the pHEG basis,
a computationally simple task for any potential that can
be represented in a Fourier-basis. The matrix elements of
the external single-particle potentials in the pHEG basis
then read

〈{kj}, {βα(K), nα}|v(r̂i)|{k′j}, {βα(K′), n′α}〉 (10)

= 〈Φ{kj}|v(r̂i)|Φ{k′j}〉 ·
Mp∏
α=1

〈βα(K), nα|βα(K′), n′α〉 ,

where all kj = k′j have to match for j 6= i in order to
provide a non-zero expression due to orthogonality. The
first part is the Fourier transformation of the potential
at ki − k′i and the second can be evaluated analytically
in terms of associated Laguerre polynomials [54] with ar-
gument βα(ki) − βα(k′i). We denote the second part as

the Fourier transform of a function mn,n′

α (ri) and conse-
quently Eq. (10) is conveniently expressed with the help
of the convolution theorem,

Fv ·
Mp∏
α=1

Fmn,n′

α = F

(
v ∗

Mp

~
α=1

mn,n′

α

)
.

The coherent shifts of the pHEG basis therefore provide
an effective screening or mollification of the local poten-
tial. In the homogeneous system (v = 0) photonic excita-
tions nα are mere replica without substantial relevance.
The moment our system becomes inhomogeneous (v 6= 0)
however, we start to couple different eigenstates via scat-
terings at the local potential. In perfect agreement with
our conclusions in Sec. II, we observe that for an inho-
mogeneous system the photonic Fock space recovers its
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Figure 4: Absolute deviation in ground-state energy com-
pared to the exact Pauli-Fierz reference solution of a tun-
able one-dimensional soft-Coulomb hydrogen v(x) =

−1/
√
x2 + ξ2 coupled to a single cavity mode. (a) Pauli-

Fierz Hamiltonian with maxnα = 4 excitations, (b) pHEG
basis with maxnα = 0 and the original potential v, (c)
pHEG basis with maxnα = 0 but mollified potential
v ∗m0,0

α , (d) pHEG basis with maxnα = 4. The pHEG basis
is vastly superior over the non-interacting Pauli-Fierz basis
for large λα. The flatter the local potential (ξ → ∞), the
closer we get to the scattering-free homogeneous solution
and the better performs the pHEG basis. The electronic
dimension was represented with 31 k-points on a periodic
grid. The reference solution was obtained using the Pauli-
Fierz Hamiltonian with 100 photonic excitations.

relevance. However, even in lowest order n = n′ = 0, thus
entirely within the zero-excitations sector, the modifier
is non-zero

m0,0
α (r) =

√
Neω̃3

α

πω2
d,α

e
−Neω̃

3
α

ω2
d,α

(ε̃α·r)2

δ(ε̃⊥,1α · r) δ(ε̃⊥,2α · r) ,

where ε̃⊥,1α , ε̃⊥,2α are selected such that they complete
ε̃α into an orthonormal basis for R3. Convolution with
the Gaussian above acts as a mollification and yields a
zeroth-order correction to our original photon-free ansatz
Eq. (7). This correction vanishes, i.e., m0,0

α → δ, for
λα → 0 or ∞ and ωα → ∞ and we observe again that
the photon-free ansatz is exact in those limits. For higher
orders n, n′ the respectively modified potentials v ∗mn,n′

α

couple different excitation-number sectors.
Assuming a sufficient number of photonic excitations

nα are considered, the pHEG basis provides exactly
the same results as the original Pauli-Fierz Hamiltonian
Eq. (1). As presented in Fig. 4, this Fock-space dimension
nα can however be substantially smaller in the pHEG ba-
sis while still obtaining much better converged energies
than with the trivial non-interacting basis |Φ{kj}〉⊗ |nα〉
for the Pauli-Fierz Hamiltonian. Especially in the ultra-

strong coupling limit the superiority of the pHEG basis
is apparent. Here, the non-interacting basis demands a
quickly growing Fock space while the pHEG basis is exact
for λα → ∞ by construction, even in its lowest approx-
imation. Very intuitively, the flatter the local potential,
i.e., the closer our system resembles a homogeneous sys-
tem, the better the pHEG basis converges. The sharper
the local potential, the more scattering events have to be
described by the pHEG basis. Comparing Fig. 4 (a) to
(d) it however becomes apparent that even for strongly
localizing potentials this does not break the ansatz intro-
duced here. Note that with the change of operators pho-
ton observables are still accessible. Even in the photon-
free case matter-fluctuations can represent photonic op-
erators (see, e.g., App. B). While we illustrated here the
correlated energy, also purely photonic observables such
as the photon number can be accurately reproduced by
the truncated pHEG basis with very few excitations, as
demonstrated in App. C.

In spite of the great advantage that the pHEG ba-
sis might provide, the high complexity of the electronic
system remains. So even our non-perturbative photon-
free ansatz will be challenged by any many-particle sys-
tem and thus calls for further considerations if we in-
tend to describe realistic molecules or solids. A combina-
tion of the photon-free ansatz with established electronic-
structure theory approaches will already provide a first
suitable description of (ultra-) strong light-matter cou-
pling. The following section illustrates how our previ-
ous considerations seamlessly integrate into QEDFT and
shows how the conceptions behind the non-perturbative
photon-free ansatz can be projected to realistic systems.

IV. QUANTUM ELECTRODYNAMI-
CAL DENSITY-FUNCTIONAL THEORY

A much more reduced reformulation of QED is
QEDFT, where the wave function of the coupled light-
matter system is substituted by a current density and
a vector potential [37–40, 55]. Like in other versions of
density-functional theory no information is lost by this
substitution and the full wave function can be recon-
structed in principle from this pair of reduced observ-
ables [37]. The main drawback of QEDFT is, similar
to any density-functional reformulation, that we in gen-
eral do not have explicit expressions (expressed only by
the pair of reduced observables) for the terms that ap-
pear in the defining equations (see, e.g., Eq. (13) be-
low). To approximate these terms, one usually relies on
auxiliary systems which are easier to treat numerically.
The standard choice, that is also followed by and large
in QEDFT, is to use non-interacting auxiliary systems.
This Kohn-Sham construction gives rise to effective po-
tentials that force the auxiliary non-interacting system
to give the same current density and vector potential
as the original reference system [37–40]. These effec-
tive potentials can be expressed by differences of equa-



7

tions of motion. While it is relatively straightforward to
find simple approximations for the longitudinal interac-
tion [56, 57], for the transverse interactions between light
and matter there are only a few approximations hith-
erto available [41, 42, 58]. The main problem with the
matter-photon interaction terms in QEDFT is that the
auxiliary, uncoupled Kohn-Sham wave function provides
an inconvenient starting point to approximate a linearly
coupled term of photonic and matter operators (see also
the discussion of Eq. (13) below). It is at this point where
QEDFT can strongly benefit from the methods devised
here, and we can make use of the approximate theories
derived above.

Focusing on the ground-state case in the long-
wavelength limit, the two basic equations of motion that
we will use in order to define the effective potential are
the balance of forces due to the paramagnetic current

density ĵp(r) = 1
2i

∑
i

(
δ(r− ri)

−→
∇i −

←−
∇iδ(r− ri)

)
,

ρ(r)∇v(r) = 〈F̂T (r)〉+ 〈F̂W (r)〉 − 1

c

〈(
Â · ∇

)̂
jp(r)

〉
,

(11)

together with the static mode-resolved Maxwell’s equa-
tions,

Aα = −
cω2

d,α

Neω̃2
α

ε̃α · Jp . (12)

Both equations follow from the Heisenberg equation of
motion for their respective operators (see also Eq. (3))
with the Pauli-Fierz Hamiltonian of Eq. (1) and are
evaluated with the ground state of the coupled light-
matter system Ψ. Here the density operator is ρ̂(r) =∑
i δ(ri − r), F̂T (r) = i

2 [̂jp(r),
∑
i∇2

ri ] is the local stress

force, F̂W (r) = − i
2 [̂jp(r),

∑
i 6=j w(ri, rj)] is the local in-

teraction force, and 〈·〉 indicates the expectation value
with respect to Ψ. Alternatively, Eqs. (11) and (12) can
be derived from the corresponding full minimal-coupling
expression (see App. E) by taking the long-wavelength
limit. In the static case the zero-component of the cur-
rent density, i.e., the density ρ(r), determines also the
other components of the current density [39]. Thus the
exact mean-field exchange-correlation (Mxc) scalar po-
tential of static Kohn-Sham QEDFT is defined by

∇2vMxc(r) = ∇ · 1

ρ(r)

[
FT ([Φ], r)− FT ([Ψ], r) (13)

− FW ([Ψ], r) +
1

c

〈(
Â · ∇

)̂
jp(r)

〉
− 1

c
(A · ∇)jp([Φ], r)

]
,

where FT ([Φ], r) and jp([Φ], r) indicate the expectation

values of F̂T (r) and ĵp(r) with respect to the non-
interacting Kohn-Sham wave function Φ, and FT ([Ψ], r)
as well as FW ([Ψ], r) accordingly with respect to Ψ.
Further, in the static case the mean-field contribution
(A ·∇)jp[Φ], which arises from the Ĵp ·A coupling in the
Kohn-Sham system, is zero. For the differences in stress

and interaction forces various approximations based on
the Kohn-Sham wave function exist in the DFT litera-
ture [59–62]. Taking just the non-interacting Kohn-Sham
wave function already leads to a non-vanishing expression
for the interaction force FW ([Φ], r). This contribution is
called the local Hartree-exchange contribution [57, 63],

∇2vHx(r) = −∇ ·
[
FW ([Φ], r)

ρ(r)

]
. (14)

The same is no longer the case for the matter-photon
interaction term in Eq. (13), where substituting just
the auxiliary Kohn-Sham wave function leads to zero.
The reason for this is that we work with an uncoupled
and non-interacting Kohn-Sham wave function (the pho-
tonic part only consists of trivial shifted harmonic oscilla-
tors [39, 40]). Having an approximation to the coupling
in terms of matter quantities becomes therefore highly
desirable.

The most straightforward approach follows the discus-
sion in Sec. II by just replacing ∆Âα = Âα − Aα →
−cω2

d,α/(Neω̃
2
α)ε̃α ·∆Ĵp in Eq. (13). In order to guaran-

tee the real-valuedness of the expectation value we have
to use the symmetrized form of Eq. (15). While on the
level of the equations of motion the validity of this ad hoc
ansatz remains unclear, we find that by using the photon-
free Hamiltonian of Eq. (7) to derive the equation of the
paramagnetic current density the approximate coupling
term becomes

1

c

〈(
∆Â · ∇

)̂
jp(r)

〉
(15)

−→ −1

2

Mp∑
α=1

ω2
d,α

Neω̃2
α

(〈(
ε̃α ·∆Ĵp

)(
ε̃α · ∇

)̂
jp(r)

〉
+ c.c.

)
,

which exactly agrees with the above symmetrized
equation-of-motion-based substitution. Here the expec-
tation value is taken with respect to the photon-free QED
ground-state wave function of Eq. (7). From this alter-
native approach that leads to the same expressions we
see that this simple approximation becomes exact for the
various limiting cases discussed in the previous sections.
We furthermore know how to constructively increase the
accuracy of this approach by including more terms from
the pHEG basis expansion with the respective mollifica-
tion. This implies that it is a reasonable strategy to build
approximations for the coupling-force term based on the
simple substitution of Eq. (15). Rewriting the exact Mxc
potential as vMxc(r) = vpx(r) + vHx(r) + vc(r), we find
the static orbital-dependent photon-exchange (px) con-
tribution as

∇2vpx(r) = −∇ ·

Mp∑
α=1

ω2
d,α

Neω̃2
α

(ε̃α · ∇)
〈(
ε̃α · Ĵp

)
ĵp(r)

〉
ρ(r)

 ,
(16)

where now the expectation value is taken with respect to
a real-valued, auxiliary Kohn-Sham wave function and
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thus also Jp ≡ 0. This expression can be further sim-
plified for special cases, such as in one spatial dimension
and for one particle (Ψ = ϕ =

√
ρ), where it becomes

∂2
xvpx(x)=−

Mp∑
α=1

ω2
d,α

2ω̃2
α

∂x

∂x
[
(∂xϕ(x))

2−
(
∂2
xϕ(x)

)
ϕ(x)

]
ϕ(x)2


=

Mp∑
α=1

ω2
d,α

2ω̃2
α

∂2
x

[
∂2
x

√
ρ(x)√
ρ(x)

]
. (17)

Eq. (17) intuitively illustrates that electronic density be-
comes accumulated at local maxima, consistent with in-
creasing the particle mass along the polarization direc-
tion as discussed in Sec. II.

However, in general the expression for vpx (Eq. (16))
is still an orbital-dependent functional and hence can be-
come costly for very large systems. It is therefore de-
sirable to simplify this expression even further. Borrow-
ing from a recent demonstration that Eq. (14) leads to
the well-known exchange-only local-density approxima-
tion (LDA) for the Coulomb interaction in the homoge-
neous case [57], we follow the same strategy to devise a
simple LDA for Eq. (16).

Starting point of the derivation, which we provide in
detail in App. D, is to express the current-current cor-
relation in terms of one and two-body reduced density
matrices〈(

ε̃α · Ĵp

)
ĵp(r)

〉
=

1

2

[
(ε̃α · ∇′)∇ρ(1)(r, r

′)− (ε̃α · ∇′)∇′ρ(1)(r, r
′)
]
r′=r

+

∫ [
(ε̃α · ∇′2)∇ρ(2)(r, r2; r′, r′2) + c.c.

]
r′=r,r′2=r2

dr2 .

From here on, we use the closed-shell exchange
representation of the two-body reduced density
matrix ρ(2)(r, r2; r′, r′2) = 1

2 [ρ(1)(r, r
′)ρ(1)(r2, r

′
2) −

1
2ρ(1)(r, r

′
2)ρ(1)(r2, r

′)] for spin- 1
2 particles in com-

bination with the homogeneous electron-gas ansatz
ρ(1)(r, r

′) = 2(2π)−d
∫
|k|<kF exp(ik · (r− r′))dk with a

local Fermi radius kF in d spatial dimensions. This leads
to the photon-exchange-only LDA (pxLDA) that can be
given for arbitrary spatial dimensionality d,

∇2vpxLDA(r) = −
Mp∑
α=1

2π2ω2
d,α

Neω̃2
α

(ε̃α · ∇)2

(
ρ(r)

2Vd

)2
d

(18)

with Vd the volume of the d-dimensional unit sphere. For
a single electron, an additional factor 2 would appear, but
here we will further stick to the given closed-shell form
(see App. D for a more broad discussion). Let us empha-
size that even this particularly simple functional includes
the correct frequency and cavity-polarization dependence
that are inherent to the non-perturbative photon-free
approach. Assuming an isotropic interaction between
light and matter, Eq. (18) allows for the direct solution

vpxLDA(r) = −
∑
α 2π2ω2

d,α/(dNeω̃
2
α)(ρ(r)/(2Vd))

2/d, a
form suitable to describe free-space Lamb-shift physics.
However, this form is consequently inapplicable to cavity
settings.

The local potentials from Eqs. (13)-(18) are generally
determined as the solutions to a Poisson-type equation
∇2v(r) = −f(r). Solving the latter is a routinely per-
formed calculation-step in ab initio density-functional
theory codes in order to obtain the Hartree potential
∇2vH(r) = −4πρ(r) in a cost-efficient way [64]. It is
thus straightforward to go to realistic, three-dimensional
systems. The numerical implementation and validation
of such functionals for sizable, realistic systems will be
discussed in detail in a forthcoming publication.

Finally, the energy associated with the vMx = vHx +
vpx, or approximations thereof, is given by

EMx =

〈
−1

2

Ne∑
i=1

∇2
i +

1

2

Ne∑
i 6=j

w(ri, rj)

〉
+

∫
v(r)ρ(r)dr

+

Mp∑
α=1

ω2
d,α

2Neω̃2
α

〈
Ne∑
i,j=1

(ε̃α · ∇i)(ε̃α · ∇j)

〉
+

Mp∑
α=1

ω̃α
2

with the expectation values with respect to the non-
interacting Kohn-Sham wave function Φ determined by
vMx. Further, photonic observables can be approximated
by using the simple substitution discussed in Sec. II and
also in App. B.

Let us next consider how these simple exchange-type
approximations for the coupling between light and matter
perform in a test-case scenario. In Fig. 5 we show the spa-
tial electronic dipole variance and total energy for a one-
dimensional soft-Coulomb hydrogen model from weak to
deep ultra-strong coupling. Investigating a single-particle
system guarantees that we only consider the reliability of
the light-matter approximation and do not mix in the ap-
proximate longitudinal electron-electron description. By
construction, the photon-exchange approximation vMx

(blue diamonds) recovers the photon-free QED Hamilto-
nian solution (red dashed-dotted line). Both (consistent)
approximations over-estimate the coupling effect (the ex-
act result is the black dashed line) and tend to over-bind.
As discussed in Sec. II, these approximations become ex-
act for weak and deep ultra-strong coupling. In the in-
termediate (ultra-strong) regime employing the mollifica-
tion (crossed-line and blue stars) suggested by the basis-
expansion in Sec. III leads to a clear improvement. The
mollification also renders the minimization variational,
i.e., by construction the energy is always above the ex-
act energy. Similarly to the usual Coulombic LDA, which
tends to delocalize electrons too strongly, the pxLDA also
underestimates the enhanced binding. This leads to a
partial error cancellation in the ultra-strong coupling do-
main but results in the wrong infinite-coupling limit.

Overall, the pxLDA provides fairly accurate predic-
tions for ultra-strong light-matter coupling with mini-
mal additional costs when compared to common density-
functional approximations for the Coulombic interaction.
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Figure 5: Dipole variance 〈r̂2〉 − 〈r̂〉2 (top) and total energy
difference to the exact solution E − Eexact (bottom) of the
correlated cavity hydrogen system for various approxima-
tions compared to the exact solution (black dashed) with 40
photon number-states (using the PZW Hamiltonian). The
index “−m” indicates the utilization of the ad hoc mollifi-
cation of the external potential according to Sec. III. The
mollification leads to variational energies. The exchange
LDA potential provides excellent results up to λ = 0.3.
The cavity frequency of the single cavity mode is set in res-
onance with the bare lowest excitation energy like in Fig. 2.
The real-space grid and potential was chosen identical to
Fig. 3. Since we selected particularly tough parameters for
the benchmark, the approximations presented here will per-
form better for softer potentials (compare Sec. III).

This computational simplicity allows us to utilize the
pxLDA in an adiabatic manner also for time-propagation.
Fig. 6 presents the linear-response spectrum (similar to
Fig. 2) and illustrates that the adiabatic pxLDA poten-
tial correctly predicts the upwards-bending of the first
matter-excitation at low frequencies. However, it falsely
predicts the same behavior for all excited states. There
are several possible origins for that. Firstly, since in the
time-dependent case we have complex wave functions, in
the original Eq. (16) we should work with ∆Ĵp instead of

Ĵp. Thus Eq. (18) also includes the implicit approxima-
tion Jp ≡ 0 due to the adiabatic homogeneous-electron-
gas ansatz for the fluctuations. This can be corrected by
working with Eq. (16) and by re-substituting ∆Ĵp. Sec-
ondly, in the time-dependent case we should actually use
a different equation of motion (total current instead of
just the paramagnetic current), which leads to the con-
tribution of several further terms that are zero in the
static case, and we should use a consistent approxima-
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Figure 6: Linear response spectrum of the dipole mo-
ment r(ωα) of a single cavity mode with varying frequency
ωα coupled to one-dimensional soft-Coulomb hydrogen.
Shown are the adiabatic utilization of the pxLDA potential
Eq. (18) in combination with the semi-classical Maxwell so-
lution (a, top) and the exact reference solution (b, bottom).
All parameters are identical to Fig. 2.

tion to the Mxc vector potential as well (see App. F).
That is, to be consistent with the static approximation
we should actually use a current-density formulation of
QEDFT also in the dipole-coupling limit. In addition,
we need to include non-adiabatic photon fluctuation ef-
fects. This poses a real problem for a simple Hamiltonian
approach as discussed in Sec. II since it is inconsistent
to mix the operators in the Heisenberg picture with the
Hamiltonian in the Schrödinger picture used to propa-
gate the wave functions. Yet, for the equation-of-motion
approach employed in this section, no such restriction
applies, since we can easily switch between the different
pictures. This allows to define also a non-adiabatic ver-
sion of the presented px potential (as discussed in App. F)
leading to multi-photon excitations.

Furthermore, for a detailed understanding of light-
matter coupling effects, it is desirable to go beyond the
common dipole approximation. Again we can simply fol-
low the above strategy and replace the fluctuations of
the vector-potential operator by inverting the inhomo-
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geneous quantum Maxwell equation, which is discussed
in App. E. Yet since we can derive the defining equa-
tion for the px potential by taking the long-wavelength
limit of the corresponding minimal-coupling equations
(see also App. E), we can find a first approximation to the
beyond-dipole case by simply making the coupling terms
ωd,α ∝ λ2

α and the polarizations ε̃α spatially dependent
in Eq. (16) or (18). Such a simple extension would al-
ready lead to (static) ponderomotive forces that allow to
trap polarizable systems in the eigenmode profile.

Finally, we note that we have limited our initial in-
vestigation presented here to the exchange-level of the-
ory in the longitudinal and the transverse light-matter
interactions. Besides going beyond the single-Slater-
determinant ansatz [63, 65] or combinations with wave-
function-based methods [66], there is the possibility
(hitherto only for the longitudinal interaction) to use di-
rectly parametrizations or approximations of correlation
expressions [67, 68]. The photon-free framework provides
us with functionals that are in close structural relation to
the known approximations and conditions developed in
ordinary density-functional theory which facilitates the
further development of QEDFT. Providing accurate yet
computationally affordable functionals that go beyond
the dipole approximation, include correlations and non-
adiabatic contributions will be the subject of future work.

V. CONCLUSION

Solving the Schrödinger equation for realistic system
is an extremely hard task. The moment we consider
the quantum character of light, we add an abundance of
additional degrees of freedom to the already almost in-
tractable problem. Our goal to retain the first-principles
character of electronic-structure theory and entwine it
with QED is thus particularly challenging, unless we find
effective descriptions which allow us to absorb large parts
of the QED problem into the familiar electronic problem.

We presented here such an effective photon-free frame-
work which adheres to all essential physical demands,
including the correct frequency and cavity-polarization
dependence, and accounts even in its simplest form for
a substantial part of the full QED problem. Even if we
remain entirely within the electronic Hilbert space, we re-
cover the exact results of light-matter interaction in the
weak coupling, deep ultra-strong coupling and high fre-
quency limit, as well as for homogeneous systems. This
framework provides an excellent electronic subspace so-
lution which becomes exact whenever a factorized wave-
function ansatz is possible. Starting from there, we il-
lustrated that the photon-free approach corresponds to a
highly efficient basis for light-matter interaction in many
relevant situations. Expressing the coupling purely in
matter quantities provided a convenient starting point
to develop exchange-correlation potentials dealing with
correlated light-matter systems. We then leveraged the
potential of the photon-free ansatz by constructing a hi-

erarchy of QEDFT functionals, illustrated their perfor-
mance for ground and excited states and discussed how to
go beyond the simple adiabatic and dipole-approximated
cases. As outcome we derived the first local-density ap-
proximated functional, combining the quantum nature
of light with the computational simplicity of well known
electronic local-density functionals in DFT. The photon-
free construction, including the derived QEDFT func-
tionals, is ideally suited to describe periodic systems
strongly coupled to light.

That the photon-free QED Hamiltonian remains en-
tirely within the electronic Hilbert space is of great ben-
efit not only computationally but also conceptually. The
latter feature allows it to serve as a foundation for the
development of more advanced electron-photon-structure
approaches without the need to consider extensions of the
known methodologies to larger Fock spaces. For instance,
the description of strong light-matter coupling in terms of
non-equilibrium Green’s functions commonly introduces
the necessity to solve an expanded set of Kadanoff-Baym
equations [69]. The present photon-free QED ansatz on
the other hand could serve as a starting point that re-
mains exact in the infinite coupling limit. It is thus
ideal for perturbative improvements on top of its non-
perturbative foundation.

Our approach is conceptually general enough to be ex-
panded to vibrational light-matter coupling and beyond
the dipole approximation. Extensions beyond the dipole
approximation become feasible if we follow the equation-
of-motion constructions of Sec. IV. The obtained spec-
tral information and the lack of multi-photon excitations
suggests that future development should foremost focus
on going beyond the adiabatic approximation. While
this demands curing an old wound of density-functional
theory, the equation-of-motion construction provides a
passage to memory-dependent functionals. It further-
more avoids the numerical and perturbative instabil-
ity of other orbital-dependent functionals such as the
time-dependent optimized-effective potential [70]. This
would not only greatly benefit the description of strongly-
correlated light-matter systems but also ameliorate com-
mon problems with ordinary density-functional theory.
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Appendix A: The Bogoliubov transformation

In the following, we recall the well-known Bogoliubov
transformation [71, Sec. 1.10] utilized in Sec. II. The
transformation is based on the realization that the purely
photonic part of Hamiltonian Eq. (1)

Ĥph =

Mp∑
α=1

ωα

(
â†αâα +

1

2

)
+
Ne
2c2

Â2

with Â given by Eq. (2) is simply the Hamiltonian of Mp

coupled harmonic oscillators. This is even more obvious
when we introduce the harmonic oscillator coordinates
qα = 1/

√
2ωα

(
â†α + âα

)
and pα = i

√
ωα/2

(
â†α − âα

)
,

which leads to the Hamiltonian

Ĥph =
1

2

Mp∑
α=1

p2
α +

Mp∑
α,α′=1

Wα,α′qαqα′

 ,

with Wα,α′ = ω2
αδα,α′+4πNeSα(r0)Sα′(r0)εα ·εα′ . Since

Wα,α′ is symmetric there is a unitary transformation

U which brings Wα,α′ into diagonal form Ω̃ = UWU†

with eigenvalues ω̃2
α. This diagonalization introduces the

decoupled normal modes with corresponding operators
q̃β =

∑
α Uβ,αqα, p̃β =

∑
α Uβ,αpα and polarization vec-

tors ε̃β =
∑
α Uβ,αεα. The resulting Hamilton reads

ĤPF = −1

2

Ne∑
i=1

∇2
i +

Ne∑
i=1

v(ri) +
1

2

Ne∑
i6=j

w(ri, rj)

+
1

c
Ĵp · Â +

Mp∑
α=1

ω̃α

(
ˆ̃a†αˆ̃aα +

1

2

)
,

where we introduced the annihilation operators ˆ̃aα =
1/
√

2ω̃α(ω̃αq̃α + ip̃α) corresponding to q̃α, p̃α, as well as
the respective creation operators.

Appendix B: Adiabatic Breit ap-
proximation for the photon energy

A sensible effective photon-free Hamiltonian (e.g.,
Eq. (7)) has to adhere to the same fundamental rules as
the original Hamiltonian. Foremost, this includes the ex-
istence of bound eigenstates and translational invariance.
To achieve this, we cannot just disregard all photonic de-
grees of freedom in an ad hoc fashion but instead have
to find the matter term corresponding to

∑
α ω̃αâ

†
αâα.

From the equations of motion we get for the annihilation
operators (the creation operators are always just the Her-
mitian conjugate),

d2

dt2
âα = −ω̃2

αâα −
ωd,α

√
ω̃α√

2Ne
εα ·

(
Ĵp −

i

ω̃α

d

dt
Ĵp

)
.

we can identify the adiabatic approximation as

âα ≈ −
ωd,α√
2Neω̃3

α

εα · Ĵp .

This leads to the critical contribution that renders the
photon-free Hamiltonian bounded from below

ω̃αâ
†
αâα ≈

ω2
d,α

2Neω̃2
α

(εα · Ĵp)2 .

Appendix C: Photon observ-
ables in the truncated pHEG basis

The Bogoliubov and coherent shift transformations of
âα, â

†
α mentioned in Sec. III can be combined as

ĉα =

√
ω̃α
4ωα

(
â†α + âα

)
−
√

ωα
4ω̃α

(
â†α − âα

)
+ β̂α ,

with the back transformation

âα =
1

2

(√
ωα
ω̃α

(
ĉ†α + ĉα

)
−
√
ω̃α
ωα

(
ĉ†α − ĉα

))
−
√
ωα
ω̃α

β̂α .

In a photon-free approach that ignores excited states of
ĉ†αĉα the photon number operator for mode α is thus

found to be â†αâα = ωα
ω̃α
β̂2
α. In the limits ωα → 0 and

ωα → ∞ this operator goes to zero as expected. The
expectation value of the photon number operator for the
pHEG ground state with βα(K) = 0 and nα = 0 is found
to be 〈â†αâα〉 = (ω̃α−ωα)2/(4ω̃αωα) [47] (the factor two in
the reference comes from taking two different polarization
directions into account).

A benchmark calculation is displayed in Fig. 7 and
shows a rapid increase in accuracy including just a few
excitation numbers in a truncated pHEG basis. This spe-
cial feature of the pHEG approximation is further high-
lighted by plotting the excitation-number distribution,
i.e., the probability to find the system in each excitation-
number sector, see Fig. 8. For small excitation numbers
the pHEG basis shows a much quicker decrease, meaning
a higher accuracy if the basis is truncated at low excita-
tion numbers.

Appendix D: Photon-exchange-only LDA derivation

In order to arrive at a local-density approximation
for the photon-exchange-only term, we note that for a
properly anti-symmetrized wave function Φ(r, r), r =
(r2 . . . rNe), we can express the expectation value in
Eq. (16) in terms of the one-body (1RDM) and two-body
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Figure 7: Absolute deviation of the photon number in the
ground state compared to a Pauli-Fierz reference solu-
tion for a tunable one-dimensional soft-Coulomb hydrogen
v(x) = −1/

√
x2 + ξ2 coupled to a single cavity mode. (a)

Pauli-Fierz Hamiltonian with maxnα = 4 excitations, (b)
pHEG basis with maxnα = 0 and the original potential v,
(c) pHEG basis with maxnα = 0 but mollified potential
v ∗ m0,0

α , (d) pHEG basis with maxnα = 4. The result is
similar to Fig. 4, just with a lesser benefit from the molli-
fied potential. The electronic dimension has 41 k-points on
a periodic grid. The reference solution was obtained using
the Pauli-Fierz Hamiltonian with 100 photonic excitations.
The displayed parameter area is smaller than in Fig. 4 in
order to limit it to values where the reference solution has
converged.

Figure 8: Excitation-number distribution for the ground
state with a pHEG basis compared to a Pauli-Fierz refer-
ence solution for a one-dimensional soft-Coulomb potential
with ξ = 1 coupled to a single cavity mode with λα = 1.
The electronic dimension has 41 k-points on a periodic grid.
The photon filling in the low-number sectors in considerably
reduced in the pHEG basis which makes the truncation at
low excitation numbers numerically accurate.

reduced density matrices (2RDM) [67, Sec. 2.4] as

fα(r) =
〈(
ε̃α · Ĵp

)
ĵp(r)

〉
=
〈(
ε̃α · Ĵp

)
Φ, ĵp(r)Φ

〉
=
Ne
2i

∫ [((
ε̃α · Ĵp

)
Φ
)∗
∇Φ−

((
ε̃α · Ĵp

)
∇Φ
)∗

Φ
]

dr

=
Ne
2

∫
[((ε̃α · ∇)Φ∗)∇Φ− ((ε̃α · ∇)∇Φ∗)Φ] dr

+
Ne(Ne − 1)

2

∫
[((ε̃α · ∇2)Φ∗)∇Φ− ((ε̃α · ∇2)∇Φ∗)Φ]︸ ︷︷ ︸

((ε̃α·∇2)Φ∗)∇Φ+c.c.

dr

=
1

2

[
(ε̃α · ∇′)∇ρ(1)(r, r

′)− (ε̃α · ∇′)∇′ρ(1)(r, r
′)
]
r′=r

+

∫ [
(ε̃α · ∇′2)∇ρ(2)(r, r2; r′, r′2) + c.c.

]
r′=r,r′2=r2

dr2 .

(D1)
We used partial integration to move ε̃α · ∇2 to the
other side in the underbraced expression. This 2RDM
contribution will later be found having the same form
as the 1RDM terms but with opposite sign, lessening
the strength of the attractive px potential, and will fi-
nally be neglected altogether. In the remaining inte-
gral the 2RDM can be rewritten in terms of the 1RDM
for closed-shell Slater-determinant states of spin- 1

2 par-
ticles that we assume from here, ρ(2)(r, r2; r′, r′2) =
1
2 [ρ(1)(r, r

′)ρ(1)(r2, r
′
2) − 1

2ρ(1)(r, r
′
2)ρ(1)(r2, r

′)]. This
makes the integral

∫
(ε̃α · ∇′2)∇ρ(2)(r, r2; r′, r′2)

∣∣
r′=r,r′2=r2

dr2

=
1

2

∫[
∇ρ(1)(r, r

′)
∣∣
r′=r

(ε̃α · ∇′2)ρ(1)(r2, r
′
2)
∣∣
r′2=r2

− 1

2
((ε̃α · ∇2)∇ρ(1)(r, r2))ρ(1)(r2, r)

]
dr2

=
1

2
∇ρ(1)(r, r

′)
∣∣
r′=r

∫
(ε̃α · ∇′2)ρ(1)(r2, r

′
2)
∣∣
r′2=r2

dr2

− 1

4

∫
((ε̃α · ∇2)∇ρ(1)(r, r2))ρ(1)(r2, r)dr2 .

For the homogeneous electron gas of spin- 1
2 particles the

1RDM is then given by the usual Fermi-sphere integra-
tion [67, Sec. 6.1]

ρ(1)(r, r
′) =

2

(2π)d

∫
|k|<kF

eik·(r−r′)dk , (D2)

with the local Fermi radius given by kF(r) =
2π(ρ(r)/(2Vd))

1/d with Vd the volume of the d-
dimensional unit sphere (see Giuliani and Vignale [72,
Eq. (1.77)], but also easily derived from (D2) by setting
r′ = r). The Fermi sphere is centered around the origin
since we consider the static case with zero current jp = 0.
Then

∇ρ(1)(r, r
′)
∣∣
r′=r

=
2i

(2π)d

∫
|k|<kF

k dk = 0
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is readily seen to be zero because k is integrated over
the symmetric Fermi-sphere volume. We now insert the
ansatz (D2) also into all remaining terms from (D1) and
get with kF = kF(r), chosen at r because this is the
primary position, and k′F left open that

fα(r) =
2

(2π)d

∫
|k|<kF

(ε̃α · k)kdk

− 1

(2π)2d

∬
|k|<kF
|k′|<k′F

(ε̃α · k)k

( ∫
eik·(r−r2)eik′·(r2−r)dr2︸ ︷︷ ︸
ei(k−k′)·r(2π)dδ(k−k′)

+c.c.

)
dkdk′

=
2

(2π)d

∫
|k|<kF

(ε̃α · k)kdk− 2

(2π)d

∫
|k|<min(kF,k′F)

(ε̃α · k)kdk .

Here the r2 integration led to a delta function that leaves
the smaller integration radius from the two k,k′ inte-
grals. What was done here is to introduce the local ap-
proximation Eq. (D2) for ρ(1)(r, r2) even though the po-
sitions r, r2 are not close. Since further r2 is taken from
the whole space, we can argue that for an inhomogeneous
medium min(kF, k

′
F) approaches zero because k′F possi-

bly gets very small and thus no contribution arises from
the original 2RDM expression. On the other hand, for
a homogeneous medium it will hold min(kF, k

′
F) = kF

since k′F = kF and thus fα(r) = 0 which exactly fits
our expectations. To take all those different situations
into account, we introduce a factor κ ∈ [0, 1] that ex-
presses the ratio that is left from the first integral after
subtracting the second with a smaller radius. The max-
imally inhomogeneous limit corresponds to κ = 1 while
the homogeneous case is κ = 0. Within the main text we
decided to limit ourselves entirely to the case κ = 1. Con-
sidering spin-polarized systems motivates a spin-resolved
LDA which would suggest a different κ regime and will
be the subject of future work. Introducing the new pa-
rameter κ is a simple approach that allows us to stay in
the realm of the local density approximation. Clearly,
those considerations suggest that the light-matter inter-
action, as it is non-local in character, should be described
ideally by more advanced non-local functionals following
the spirit of modern (meta) GGAs. Fig. 9 illustrates the
performance of the LDA for various values also including
the possibility κ > 1. In this example, the LDA potential
with κ = 1 provides even better results than the full ex-
change potential for λ < 0.3 due to error-compensation.

Evaluating the integral by switching to polar coordi-
nates we get

fα(r) =
2κ

(2π)d

∫
|k|<kF

(ε̃α · k)kdk =
2κVd
(2π)d

kF(r)d+2

d+ 2
ε̃α .

Putting this solution for fα(r) into Eq. (16) yields a
Poisson-like equation for the photon-exchange-only LDA
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Figure 9: Exchange LDA approximation vκpxLDA with differ-
ent parameters κ compared to the exact reference solution
(black solid) for the one-dimensional soft-Coulomb potential
with ξ = 1 coupled to a single cavity mode in resonance
to the first bare excitation energy. The setup is identical
to Fig. 5. The choice κ = 1 suggested here provides excel-
lent results up to λ = 0.3. Larger values can improve the
(deep) ultra-strong coupling limit at the cost of instability
(collapse onto a few/single grid-point) and overestimation in
the strong to ultra-strong domain.

potential,

∇2vpxLDA(r) = −∇ ·

Mp∑
α=1

ω2
d,α

Neω̃2
α

(ε̃α · ∇)fα(r)

ρ(r)


= − 2κVd

(2π)d

Mp∑
α=1

ω2
d,α

Neω̃2
α

(ε̃α · ∇)

[
kF(r)d+1

ρ(r)
(ε̃α · ∇)kF(r)

]
.

Expressing the Fermi radius by the local density once
more, we get the final result

∇2vpxLDA(r) = −
Mp∑
α=1

2κπ2ω2
d,α

Neω̃2
α

(ε̃α · ∇)2

(
ρ(r)

2Vd

)2
d

.

Assuming an isotropic mode distribution, the differential
operators (ε̃α · ∇)2 are summed up to full Laplacians
and thus, if zero boundary conditions are assumed, the
photon-exchange-only LDA potential is explicitly given
by

vpxLDA(r) = −
Mp∑
α=1

2κπ2ω2
d,α

dNeω̃2
α

(
ρ(r)

2Vd

)2
d
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Appendix E: Minimal-coupling
photon-exchange approximation

The static Pauli-Fierz Hamiltonian in full minimal cou-
pling in SI units takes the form [37, 73]

Ĥ(t) =

Ne∑
i=1

1

2m

(
−i~∇i −

q

c
Â(ri)

)2

+

Ne∑
i=1

qa0(ri)︸ ︷︷ ︸
=v(ri)

−
Ne∑
i=1

q

2mc
σi ·

(
∇i × Â(ri)

)
+

1

4πε0

Ne∑
i<j

q2

|ri − rj |

+

2∑
s=1

∫
~ω(k)â†(k, s)â(k, s)dk ,

where additionally an external current can be coupled
to the photon subsystem to establish the basic mapping
theorem of ground-state QEDFT [37, 40]. The vector
potential operator in Coulomb gauge is given by

Â(r) =

√
~c2

ε0(2π)3

∫
dk√
2ωk

2∑
s=1

ε(k, s)
[
â(k, s)eik·r

+ â†(k, s)e−ik·r] .
We use the usual definitions for the frequency ω(k) =
c|k|, the bosonic creation and annihilation field opera-
tors â†(k, s) and â(k, s), as well as for the polarization
unit vectors ε(k, s) for the continuum of free-space modes
indicated by their wave vector k and the two physical po-
larization directions s. Further, a0(r) is a scalar external
vector potential and σ denotes a vector of the 2×2 Pauli
matrices in the Stern-Gerlach term. The Pauli-Fierz
Hamiltonian can be derived either by taking the non-
relativistic limit of the Dirac Hamiltonian [37], where the
Stern-Gerlach term appears naturally, or by quantizing
the Abraham model of classical radiation-reactions with
an ad hoc inclusion of the Stern-Gerlach term [73]. In
order for the Pauli-Fierz Hamiltonian to be well-defined
we need to include an ultra-violet cutoff and we further
note that m is the bare mass of the electrons. The main
reason for working in SI units in this appendix is to keep
track of the difference between bare and physical mass.

Following the discussion in the main text we will use
two basic equations of motion to establish the minimal-
coupling px approximation. The first one is the operator
form of the Maxwell’s equation in the Heisenberg pic-
ture [37, 40]

(
1

c2
d

dt
−∇2

)
ÂH(r, t) = µ0cq ĵ⊥,H(r, t), (E1)

where the physical-current-density operator in the

Schrödinger picture is

ĵ(r) = ĵp(r) + ĵd(r) + ĵm(r).

The additional ⊥ indicates that we only consider the
divergence-free part due to the Coulomb gauge [37, 40]
and the first term in the total current density is the para-
magnetic current density

ĵp(r) =
~

2mi

Ne∑
i=1

(
δ(r− ri)

−→
∇i −

←−
∇iδ(r− ri)

)
,

the second term is the diamagnetic current density

ĵd(r) = − q

mc

Ne∑
i=1

δ(r− ri)Â(r) ,

and the last one is the magnetization current due to the
Stern-Gerlach term

ĵm(r) =

Ne∑
i=1

~
2m

(
δ(r− ri)

−→
∇i × σi +

←−
∇i × σiδ(r− ri)

)
.

The second equation of motion, which will be enough
to investigate the static case in analogy to the main text,
is the (component wise) paramagnetic equation of mo-
tion [37, 40]

d

dt
ĵkp,H(r, t) = F̂ kT,H(r, t) + F̂ kW,H(r, t) (E2)

+
q

mc

3∑
l=1

[
ÂlH(r, t)∂lĵ

k
p,H(r, t) +

(
∂kÂ

l
H(r, t)

)
ĵlp,H(r, t)

]
− 1

m

[
∂k

(
q2

2mc2
ÂH(r, t)2 + v(r)

)]
ρ̂H(r, t)

+
q

mc

3∑
l,m,n=1

(
∂k∂lÂ

m
H (r, t)

)
εlmnµ̂nH(r, t) ,

where εlmn is the anti-symmetric Levi-Civita symbol and

F̂T (r) =
i~2

2m

[
ĵp(r),

∑
i

∇2
i

]
,

F̂W (r) = − i

4πε0

ĵp(r),

Ne∑
i<j

q2

|ri − rj |

 ,

µ̂(r) =
~

2m

∑
i

σiδ(r− ri) .

Using now a Pauli-Kohn-Sham system with the exact
A(r) = 〈Â(r)〉 from the Maxwell-Kohn-Sham equa-
tion [40] we get the same Eq. (E2), where instead of

Â(r) we just use the expectation value (mean-field) A(r)
and replace v(r) by vs(r). Using now that vMxc(r) =
vs(r)− v(r) we find (suppressing the r dependency)
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∇2vMxc = m

3∑
k=1

∂k
1

ρ

[
F kT [Φ]− F kT [Ψ]− F kW [Ψ]− q

mc

3∑
l=1

(
〈Âl∂lĵkp〉 −Al∂ljkp [Φ] +

〈(
∂kÂ

l
)
ĵlp

〉
−
(
∂kA

l
)
jlp[Φ]

)
+

1

m

(〈(
∂k

q2

2mc2
Â2

)
ρ̂

〉
−
(
∂k

q2

2mc2
A2

)
ρ

)
− q

mc

3∑
l,m,n=1

(〈(
∂k∂lÂ

m
)
εlmnµ̂n

〉
− (∂k∂lA

m) εlmnµn[Φ]
)]

.

(E3)

Again, the major issue is to find a reasonable approxi-
mation for the explicit light-matter coupling terms. Fol-
lowing the discussion in the main text we solve Eq. (E1)
formally, consider the fluctuations about the mean-field
∆Â(r) and replace

∆Â(r)→ q

4πε0c

∫
∆ĵ⊥(r′)

|r− r′|
dr′ (E4)

in Eq. (E3) (in a symmetrized manner as discussed in
the main text) and use Ψ→ Φ throughout. In this way,
we have defined the corresponding minimal-coupling px
approximation, where the usual quantum-mechanical Hx
part is defined by Eq. (14).

Assuming now that the induced fields have wave-
lengths that are much larger than the extension of the
matter subsystem of interest, we can make the long-
wavelength approximation for the px potential. Consid-
ering Eq. (E3), the only term that is not strongly sup-
pressed in this case is

q

mc

3∑
l=1

(〈
Âl∂lĵ

k
p

〉
−Al∂ljkp [Φ]

)
−→ q

mc

(〈(
Â · ∇

)̂
jp

〉
− (A · ∇)jp[Φ]

)
.

Since in the long-wavelength limit also the Stern-Gerlach

term vanishes, the physical current is just ĵ(r) = ĵp(r) +

ĵd(r). Furthermore, replacing the Green’s function of the
free-space Laplacian by its periodic finite-volume coun-
terpart

1

4π|r− r′|
→
∑
n∈Z3

1

V k2
n

eikn·(r−r′) , (E5)

where kn = 2π
L n and V = L3, we can express Eq. (E4)

explicitly by

∆Â(r) =
q

ε0c

∑
n,s

εn,s
V k2

n

∫
eikn·(r−r′)εn,s ·∆ĵ(r′)dr′ .

If we now denote α ≡ (n, s), Sα(r) = exp(ikn · r)/
√
V ,

λα(r) = Sα(r)
√

1/ε0 and ω2
d = q2N/(mε0V ) this be-

comes in the long-wavelength limit

∆Â =
c

qN

∑
α

εα
ω2

d

ω2
α

εα ·
(

∆Ĵp −∆Ĵd

)
, (E6)

where Ĵp = −i~
∑
i∇i and Ĵd = q

cNeÂ. Eq. E6 can

then be solved for Â by the Bogoliubov transformation

introduced in App. A which leads to the new frequencies
ω̃α and polarization vectors ε̃α. If we further allow to
take into account a cavity in the long-wavelength limit
by changing the λα and εα, only keep a few effective
modes, subsume the rest of the modes in the physical
mass of the electrons m→ me and use atomic units (~ =
|e| = me = 1/(4πε0) = 1), we recover exactly the case of
the main text. We note that for the sake of consistency,
if we change the local form of the modes by hand, also
the longitudinal modes will change as can be seen from
Eq. (E5). We therefore use a generic w(r, r′) in the main
text to accommodate also this eventuality.

This connection to the long-wavelength limit also di-
rectly shows that if we go beyond the dipole approxima-
tion, in lowest order we can just re-substitute λα → λα(r)
and εα → εα(r).

Appendix F: Time-dependent
photon-exchange approximation

In the time-dependent case the simple idea that the
interacting and the auxiliary system have both the same
(zero) paramagnetic currents does no longer hold. Var-
ious choices for the basic variables of QEDFT are pos-
sible [37, 38]. The one that is most consistent with our
static discussion is to make the physical currents the same
in both systems. This is then a more general setting
for the long-wavelength situation than the usual density-
based QEDFT [37, 38].

We therefore use the orbital equations (here again in
atomic units)

i∂tϕi(r, t) =

[
1

2

(
−i∇+

1

c
As(r, t)

)2

+ vs(r, t)

]
ϕi(r, t) ,

(F1)

for the Kohn-Sham system, whereas in the static case we
only had the spatially independent As = A. In the static
case this homogeneous effective field can be discarded
without loss of generality. It corresponds to a trivial
global gauge transformation. For the interacting system
the basic equation of motion for the matter is [37, 40]

d

dt
j(r, t) = FT ([Ψ], r, t) + FW ([Ψ], r, t) (F2)

− 1

c

〈(
ÂH(t) · ∇

)̂
jp,H(r, t)

〉
− ρ(r, t)∇v(r, t)

− 1

c

〈
ÂH(t)

(
∇ · ĵH(r, t)

)〉
−
〈
ÊH(t)ρ̂H(r, t)

〉
,
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where the physical current in the Schrödinger picture is

ĵ(r) = ĵp(r) + Ne
c Â and − 1

c∂tÂH(t) = ÊH(t). Here 〈·〉
indicates to evaluate the expectation value with a fixed
initial state of the coupled light-matter system Ψ, which
will usually be the ground state of the Pauli-Fierz Hamil-
tonian Eq. (1). The corresponding equation of motion
for the Kohn-Sham system is then (see also discussion in
App. E, while the Stern-Gerlach part is now omitted in
accordance with Eq. (F1))

d

dt
jk(r, t) = F kT ([Φ], r, t)

− 1

c

3∑
l=1

[
Als(r, t)∂lj

k
p([Φ], r, t) +

(
∂kA

l
s(r, t)

)
jlp([Φ], r, t)

]
−
[
∂k

(
1

2c2
As(r, t)

2 + vs(r, t)

)]
ρ(r, t)

+
1

c

(
∂tA

k
s (r, t)

)
ρ(r, t)− 1

c
Aks (r, t)∇ · j(r, t) ,

where we have already used that it generates the same
density and current density as the interacting reference
system. In general, we would also have contributions
due to an external vector potential in Coulomb gauge
Aext(r, t) in Eq. (F2), which is then used to derive the ba-
sic mapping theorems [37, 38]. But since we are only in-
terested in the case where Aext ≡ 0 here, we have skipped
this possibility from the start for notational simplicity.

We can then define the Mxc potentials via

∂kvMxc −
1

c
∂tA

k
Mxc =

1

ρ

[
F kT [Φ]− F kT [Ψ]− F kW [Ψ]

− 1

c

3∑
l=1

(
AlMxc∂lj

k
p [Φ] +

(
∂kA

l
Mxc

)
jl
)

− 1

c

3∑
l=1

AkMxc∂lj
l +

1

c

3∑
l=1

〈
ÂlH∂lĵ

k
p,H

〉
+

1

c

3∑
l=1

〈
ÂkH∂lĵ

l
H

〉
+
〈
ÊkHρ̂H

〉]
, (F3)

where we used vMxc = vs − v and AMxc = As −
Aext. Now, denoting the right-hand side of Eq. (F3)
by Qk[Φ,Ψ], we can use the Helmholtz decomposition to
find in accordance with Eq. (16) the (longitudinal) scalar
Mxc potential

∇2vMxc(r, t) = ∇ ·Q([Φ,Ψ], r, t) (F4)

and the (transverse) vector Mxc potential

−∂tAMxc(r, t) = cQ⊥([Φ,Ψ], r, t) .

In the static case, where the paramagnetic and diamag-
netic contributions are individually zero, all the diamag-
netic parts cancel and AMxc ≡ 0 and we are left with
Eq. (F4) only.

Again, we need to find an approximation to the pho-
tonic part in terms of Kohn-Sham quantities. As a first
step we rewrite AMxc(r, t) = A(t) + Axc(r, t) such that

we can shift A(t) to form the fluctuation operator ∆Â in
Eq. (F3). Then we follow the strategy of the static case
and employ the mode-resolved inhomogeneous Maxwell’s
equation for Âk =

∑
α Âαε̃

k
α, which becomes

(
∂2
t + ω̃2

α

)
Âα,H(t) = −

cω2
α,d

N
Ĵp,H(t) · ε̃α .

This can be solved formally by

Âα,H(t) =−
cω2
α,d

N

t∫
0

dt′
sin(ω̃α(t− t′))

ω̃α
Ĵp,H(t′) · ε̃α

+ Âα cos(ω̃αt) +
∂tÂα,H(0)

ω̃α
sin(ω̃αt) .

We then define the px approximation by using Âα,H(t) =

Aα(t) + ∆Âα,H(t) and replacing

∆Âα → −cω2
d,α/(Neω̃

2
α)ε̃α ·∆Ĵp ,

∆∂tÂα,H(0)→ −cω2
d,α/(Neω̃

2
α)ε̃α ·∆∂tĴp,H(0) , and

∆Ĵp,H(t)→ ∆Ĵp,Hs(t) ,

where Hs indicates that we use now the Kohn-Sham sys-
tem Heisenberg picture. Further, we use a symmetrized
form of the photonic expressions as discussed in Sec. IV,
evaluate all expectation values with the auxiliary Kohn-
Sham wave function, and denote the resulting part of the
Mxc vector potential as Apx(r, t) = A(t)+Ax(r, t). This
way we find several further terms in the non-adiabatic px
approximation. In the static case only the cosine term
survives and we recover exactly Eq. (16).
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