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1. Introduction

Among the irreducible, complex representations of reductive groups over finite fields, the sim-
plest to construct and to classify are the principal series: those obtained by Harish-Chandra induc-
tion from a minimal Levi subgroup; see, for instance, [13]. In this paper we use a generalization
of Harish-Chandra induction to construct a “principal series” of representations of the group
GL,(R), where R is any finite commutative ring with identity. Our main results assert that the
well-known intertwining relations among the principal series for GL, over a finite field also hold
for the representations that we construct.

The study of the principal series for reductive groups over finite fields can be viewed as the
first step in the program to understand all irreducible complex representations of such groups in
terms of what Harish-Chandra called the ‘philosophy of cusp forms’ [10, 20]. This program has
met with considerable success. The basic ideas appear already in Green’s determination [8] of the
irreducible characters of GL,(k), where k is a finite field, and these ideas have since been devel-
oped and generalized to a very great extent; see [7] for an overview.

The theory for groups over finite rings is in a far less advanced state. Most efforts so far have
been directed toward groups over principal ideal rings: see for instance [21] and references
therein. By contrast, the results presented below are valid for all finite rings, with the essential
jump in generality being from principal ideal rings to local rings. Moreover, our results depend
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on the algebraic properties of the base ring in only a very limited way: for instance, we give a
uniform construction of a family of irreducible representations of GL,(R) for all finite local rings
R, and to our knowledge these are the first results obtained in this degree of generality.

The present paper is part of a project whose aim is to extend the philosophy of cusp forms to
reductive groups over finite rings. Our construction, which is a special case of a general induction
procedure developed in [3], extends in a natural way to produce more general ‘Harish-Chandra
series’. The analysis of the intertwining properties of these more general series seems, however, to
be substantially more involved than the results for the principal series presented here. See [3,
Section 5] and [4] for some partial results in this more general setting.

1.1. Notation and definitions

Let R be a finite commutative ring with 1. Let G = GL,(R), let L =2 (R*)" be the subgroup of
diagonal matrices in G, and let U and V be the upper-unipotent subgroup and the lower-uni-
potent subgroup, respectively, in G. Let B = LU be the subgroup of upper-triangular matrices.
We write G(R), L(R), etc., when it is necessary to specify R.

The ring R decomposes as a direct product of local rings: R = R; X - -+ X R, and this decom-
position is unique up to permuting the factors [17, Theorem VI.2]. There is a corresponding
decomposition G(R) = G(R;) X -+ X G(R,,), and similarly for L, U, and V. If R is a local ring
then we let N(R) be the subgroup of monomial matrices in G(R), that is, products of permutation
matrices with diagonal matrices. If R is not local then we define N(R) = N(R;) X --- X N(Rp),
where the R; are the local factors of R as above. Let W(R) = N(R)/L(R). It will be convenient to
realize W(R) as a subgroup of G(R), as follows: if R is local, then we identify W(R) with the
group of permutation matrices; and in the general case we identify W(R) with the product of the
permutation subgroups in G(R) = G(R;) X - -+ x G(R,,). Note that following Lemma 4, we will
be able to assume without loss of generality that R is a local ring.

If y:L — GL(X) is a representation of L on a complex vector space X, and if w € W, then
we let w*y denote the representation y o Ad,' : L — GL(X). We let W, = {w € W|w*y = z}.

For each subgroup H C G we let ey denote the idempotent in the complex group ring C[G]
corresponding to the trivial character of H: ey = |H |~ > hep h- Since L normalizes U and V, the
idempotents ey and ey commute with C[L] inside C[G].

We consider the functors

i:Rep(L) — Rep(G) X—C[Gleyey® X

r: Rep(G) — Rep(L) Yi—eyey C[Gl®cg Y,
where Rep(G) denotes the category of complex representations, identified in the usual way with
the category of left C[G]-modules. This is a special case of the construction defined in [3, Section
2], which generalizes a definition due to Dat [6]. The functors i and r are two-sided adjoints to
one another; see [3, Theorem 2.15] for a proof of this and other basic properties.

Definition. Let us say that an irreducible representation of G is in the principal series if it is iso-
morphic to a subrepresentation of iy for some representation y of L.

Example. For each representation y : L — GL(X) of L, the representation iy = C[Gleyey®cX
of G is a nonzero quotient of the representation C[Gley®cjX, the latter being the representa-
tion of G obtained by first extending y from L to LU by letting U act trivially on X, and then
inducing from LU to G. If this representation C[Gley®cyX is irreducible, then it must equal iy.

If R is a field, then the map C[G]euijC[G]eV is known to be an isomorphism of C[G]-C[L]
bimodules; see [15, Theorem 2.4]. It follows that in this case the functors i and r are naturally
isomorphic to the familiar functors of Harish-Chandra induction and restriction, i.e., the functors
of tensor product with the bimodules C[Gley and eyC[G], respectively. The same is not true if R
is not a product of fields, as the following example illustrates.
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Example. Let 1, denote the trivial representation of L. Then we have C[G]eU®@[L]1L =

C[G/LU], with G acting by permutations of G/LU; and likewise C[Gley®c;lr = C[G/LV]. Let
wo € G be the permutation matrix that conjugates U into V, and vice versa; then the map
gLVi—gwoLU induces a G-equivariant isomorphism C[G/LV}—%G[G/LU] Making these identifi-
cations, the map

f®1>—>f8y ®1
| —

ClGley®@cyy1r ClGley®cylL *)

becomes, up to a nonzero scalar multiple, the map C[G/LU] — C[G/LU] of multiplication on
the right by the characteristic function of the double coset LUwWLU. If R is a field, then the latter
map is well-known to be invertible (as are all of the standard generators of the Iwahori-Hecke
algebra C[LU G/LU]; see for instance [5, §67 A]).

By contrast, suppose now that R is not a field. Let m be a maximal ideal of R, and let V; be
the subgroup of V comprising those lower-unipotent matrices over R that reduce, modulo m, to
the identity matrix. The product I = LUV, is a subgroup of G (namely, the group of upper-tri-
angular-modulo-m matrices). Since V; is a subgroup of V we have ey = ey,ey, and so the map
(*) factors through the map

f®10—>fev ®1
[G]€U®( ! -

ClGlev,®cylL,

whose image is isomorphic to the permutation module C[G/I]. The latter has strictly smaller
dimension than C[G/LU], and so (*) cannot be an isomorphism.

For general rings, the permutation module C[G/LU]| can be quite complicated. For instance,
for R = 7,/p*7 (with p a prime and k a positive integer), the results of [18] show that the inter-
twining algebra of this representation depends both on p and on k. By contrast, it follows from
Theorem 2 below that for any R the intertwining algebra of il is isomorphic to the tensor prod-
uct C[S,]*™, where G = GL,(R) and where m is the number of maximal ideals in R.

Example. Suppose that R is a finite discrete valuation ring, with maximal ideal m and residue
field k, and let r be the largest integer such that m" # 0. Reduction modulo m” gives rise to a
group extension

0— G, =2 (M,(k),+) — G(R) — G(R/m") — 0,

which one can use to study the representations of G(R) via Clifford theory; see [11], for example.
In [12], Hill identified a class of representations that are particularly amenable to this approach:
an irreducible representation 7 of G(R) is called regular if its restriction to G, contains a character
whose stabilizer under the adjoint action of G(k) is an abelian group (see [12, Theorem 3.6] for
details and alternative characterizations of regularity). Explicit constructions of all such represen-
tations are given in [16, 22].

An application of [3, Theorem 3.4] gives the following criterion for regularity of the induced
representations iy : if x is an irreducible representation of L(R), then iy is regular if and only if
the restriction of y to the subgroup L(R) NG, = k" has trivial stabilizer under the permutation
action of S,. Moreover, the representations iy, for y satisfying the above condition, account for
all of the regular representations associated to the split semisimple classes in M, (k).

For n=2, all of the principal series representations of G(R) = GL,(R) can be described in
terms of regular representations, as follows. Let y : L — C™ be an irreducible representation of L.
If iy is irreducible, then there is a character T : R* — C”, an integer k, and a regular representa-
tion 7 of G(R/m¥) associated to a split semisimple class in M, (k) such that iy is isomorphic to
the representation (7 o det) ® m, where n is pulled back to a representation of G(R). If iy is not
irreducible, then there is a character 7:R* — C™ such that iy is isomorphic to the
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representation (7 o det) ® (15St), where 1 is the trivial representation, and St is the Steinberg
representation of G(k) pulled back to G(R).

To prove these assertions, we use the obvious isomorphism L =2 R* x R* to write y as a prod-
uct y; ® yx,. The criterion for regularity given above shows that if iy is not itself regular, then jy;
and y, agree on 1+ m’. Supposing this to be the case, we use Lemma 14 (below) to write iy &
(7, o det) ®i(1 ® y; '), where the character 1® y;'y, is trivial on LN G, and is therefore
pulled back from a character 5’ of L(R/m"). Now [3, Theorem 3.4] implies that i(1® y;'y,) is
the pullback to G(R) of the representation iy’ of G(R/m"). If iy’ is not regular then we can repeat
the above procedure, as many times as necessary. In the case where iy is not irreducible we have
%1 = Y2» by Theorem 1 (below), and then Lemma 14 gives iy = (y; o det) ® il;, where il is the
pullback to G(R) of the representation ily) (by [3, Theorem 3.4]). The latter representation is,
as is well known, isomorphic to sum of the trivial representation and the Steinberg
representation.

For n >3 the relationship between the principal series and the regular representations
becomes more complicated.

2. Main results

We will show that the following well-known properties of the Harish-Chandra functors are
shared by the functors i and r for R an arbitrary finite commutative ring.

Theorem 1. There is a natural isomorphism ri = @,cw w* of functors on Rep(L). Consequently, if
x and g are irreducible representations of L, then

dim¢ (Homg(iy, io)) = #{w € W|w'y = o}.
When ¢ = y, we have the following more precise statement:

Theorem 2. For each irreducible representation y of L one has Endg(iy) = C[W, ] as algebras.

Theorems 1 and 2 readily imply the following combinatorial formula for the number of principal
series representations. Following [1], we let Pi(n) denote the number of multipartitions of n with
k parts: ie., the number of k-tuples (A", ..,2%), where each A”) is a partition of some non-
negative integer n;, and > . n; = n.

Corollary 3. If R is isomorphic to a product Ry X --- X R,, of finite local rings, and for each j we
set kj = [R*|, then the principal series of GL,(R) contains precisely [[; P (n) distinct isomorphism
classes of irreducible representations.

Remarks.

e In the case where R is a field, Theorems 1 and 2 are essentially due to Green [8]; see [23] for
the case y = 1, and see [19] for an exposition. Both of these results have been generalized to
arbitrary Harish-Chandra series for arbitrary reductive groups: see [10] and [14], respectively.

e Theorems 1 and 2 can be extended, using [3, Theorem 2.15(5)], to the setting of smooth rep-
resentations of the profinite groups G(O), where O is the ring of integers in a nonarchime-
dean local field.

e Some of our results apply beyond the case of GL,. For instance, an analogue of Theorem 1
holds whenever G is a split classical group: indeed, such groups are easily seen to satisfy prop-
erties (a)-(f) in Proposition 5 below, and our proof of Theorem 1 relies only on those proper-
ties. We have restricted our attention here to GL,, both in order to simplify the exposition,
and because that is the case in which we use these results in [4].
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e On the other hand, adapting our proof of Theorem 1 to the case where L is replaced by a
larger Levi subgroup does not seem to be so straightforward. For one thing, the failure of
Proposition 5(d) in this more general setting greatly complicates matters.

3. Proofs
The first step in the proof of the main results is to reduce to the case of local rings.

Lemma 4. If Theorems 1 and 2 and Corollary 3 are true for all finite commutative local rings,
then they are true for all finite commutative rings.

Proof. Let R be a finite commutative ring, and write R as a product of local rings R; X --- X Rp,.
All of the groups and the representation categories in Theorems 1 and 2 and in Corollary 3 then
decompose into products accordingly: G(R) = G(R;) X -+ X G(R,,), Rep(G(R)) = Rep(G(R;)) X
-++ X Rep(G(Ry)), and so on. The bimodule C[G(R)]eyryev(ry decomposes as the tensor product
of the bimodules C[G(R;)]ey(r)ev(r)> and likewise for ey(r)ev(r)C[G(R)], so the functors i and r
are compatible with the above decompositions. By definition, the group W also decomposes com-
patibly. Thus Theorems 1 and 2 and Corollary 3 over R follow immediately from the correspond-
ing results over the local factors R;. |

Assume from now on that R is a finite commutative local ring Let m denote the maximal
ideal of R, and let k denote the residue field R/m. Recall that W = §,, is then the group of per-
mutation matrices in G. We write ¢ for the word-length function on W with respect to the stand-
ard generating set S = {(12),...,(n — 1n)}.

The following proposition collects the group-theoretical ingredients of the proof of Theorem 1.

Proposition 5.

a.  The multiplication map U x L x V — G is injective.

b. The reduction-mod-m map G(R) — G(K) is surjective.

c.  For each subgroup H of G, let Hy denote the intersection of H with the kernel G, of the above
reduction homomorphism. Then the multiplication map Uy X Ly X Vo — Gy is a bijection, and
the same is true for any ordering of the three factors.

d. For each w € W the multiplication maps

(UNU) x(UNV*)=U and (VAU") x(VAV*) =V

are bijections, where U" = w™'Uw, etc.
e. G is the disjoint union G = Uyew G, where G,, = VwLUG,.
f. For each r,t € W with ((t) < {(r) and t # r one has ULV Nt 'Ur = ().

Proof. Parts (a), (b), and (d) are well-known and easily verified.

For part (c), the map Uy X Ly x Vo — Gy is injective by part (a). Now the ideal m is nilpotent,
so every matrix of the form 1+ x with x € M,(m) is invertible, and thus Gy = {1+ x|x €
M,(m)}, while Ly, Uy, and V, are the subgroups in which x is, respectively, diagonal, strictly
upper-triangular, or strictly lower-triangular. Counting matrix entries then shows that the finite
sets Uy x Ly x Vo and G, have equal cardinality, and so the injective multiplication map
is bijective.

Part (e) follows immediately from the Bruhat decomposition of G(k) [5, (65.4)].

In part (f) we may assume without loss of generality that R is a field, since ULV Nt~ ' Ur is
empty if its reduction modulo m is empty. This assumption implies that (B,N, W, S) is a BN-pair
in G, where we are writing B for the upper-triangular subgroup LU of G; see, e.g., [5, (65.10)].
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Let wy denote the longest element (1,2,...,n)—(n,...,2,1) of W. It follows from [2, Ch. IV §2
Lemme 1] that, under the stated assumptions on t and r, we have tBwyB N BrwyB = (). Since
ULVwy = ULwyU = BwB, while t 'Urwy C t"'BrwyB, we conclude that ULV Nt 'Ur=0. O

We equip C[G] with the Hermitian inner product (|) for which the group elements ¢ € G con-
stitute an orthonormal basis; and with the conjugate-linear involution * defined on basis elements
by ¢* =g '. The two structures are related by the identity (abc|d) = (bla*dc*) for all a,b,c,d €
C[G]. An element a € C[G] is called self-adjoint if a = a*.

Lemma 6. There is a self-adjoint, invertible element z € C[G] that commutes with ey, ey, and

CI[L), and that satisfies z(eUev)2 = eyey and z(eVeU)2 = eyey.

Proof. This follows from a general fact about pairs of orthogonal projections on a finite-dimen-
sional Hilbert space: see [9, Theorem 2], for example. O

Remark. If R is a field then [15, Theorem 2.4] implies that there is a unique element z as in
Lemma 6. This is not the case over a general ring.

Lemma 7. For each w € W we have eyeygveyw = eyeyeyw.

Proof. It is clear that ey = eye(ynyw) and similarly that ey = e(ynyw)eu. Proposition 5(d) gives
e(vnumewnuv) = euw, and it follows that eyey = eyveywey. The same reasoning gives eyweyw =
eyveyeyw, and so eyeyeyw — eyeywveyeyw — eyeywveyw. O

Lemma 8. For each w € W the map

X—eyx

@, : eyveyw C[G] =" eyey C[G]
is an isomorphism of C[L]-C[G| bimodules.
Proof. The following argument is taken from [6, Lemme 2.9]. The map ¢, is well-defined,
because
eveyreywC[G] = eveyey»C[G] C eyeyC[G]
by Lemma 7. The map ¢,, is injective, because for each f € C[G] we have
w lzweyveyw (eveyveysf) = zw(eywevw)zf = eyweynf

where z is as in Lemma 6, and in the first equality we used that V = (VN V*)(V N U"). The
domain and target of ¢, are isomorphic as vector spaces: indeed, eyeyC[G] = woweyveywC[G],
where w is the longest element of W. Since ¢,, is injective it is thus also an isomorphism. O

For each subset K C G, we let C[K] denote the vector subspace of C[G] spanned by K.
Proposition 9. For each w € W the map
® : ClwL] — eyeyC[G,]evey wh—eyeywleyey
is an isomorphism of C[L]-bimodules.

Here the sets wL and G,, are invariant under multiplication by L, on either side, and we are
using these multiplication actions to view C[wL] and C[G,] as C[L]-bimodules.
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Proof. @ is clearly a bimodule map. Let us show that it is injective. For h € C[L] we have
O(wh) = eyeyey, 1 e, 1 wh.

The maps

x—eyx

€V€U(C[G]

GUW—l evw—l C [G]

and

X—eyx

eveUC[G] GUEVC[G]

are isomorphisms by Lemma 8, so we are left to prove that the map
wh»—>er71 €yt wh = weyhey

is injective on C[wL]. It is, because Proposition 5(a) implies that the cosets UIV are all disjoint as
I ranges over L. Thus ® is injective.

To prove that @ is surjective, first note that G,, = VWLGyU because Gy is normal in G. Since
eyv=-ey and uey = ey for all v € V and u € U, we find that eyeyC[G,]eyey is spanned by ele-
ments of the form eyeywigeyey, where I € L and g € Gy. We will show that each element of this
form is in the image of ®.

For each x € V" we have

g = x(x""gx) € VVGy = VY(V{'LoUy) = VYL Uy

by Proposition 5(c). Let o: V¥ — V", f: V¥ — Ly and y: V¥ — Uy be the (unique) functions
satisfying gx = o(x)f(x)y(x) for all x € V*. Writing ey = eynvveunur and ey = eynyweyny», we
then have

eVngeUeV = €Vng€UmvweUmUWeVmUwevmvw

—eVng<|UﬂVW|1 Z x)ereVan

xeunvv

=|junv*™! Z eywio(x) B (x)y(x)epweyay.

xeunvv

Since y(x) € U” we have 7y(x)eyw =ey» for each x € UN V™. Since a(x) € V¥ we have
wla(x)I"'w™! € V, and consequently eywlo(x) = eywl for each x. Continuing the computation
with the space-saving notation h = |[UN V¥|™' S _ 1w IB(x) € C[L], we find that

eywigeyey = eywheyweynyw = evey, 1,y Whegweynyy
= eywheynyveynurevnurevnyr = eywheyey,

and so eyeywlveyey = ®(wh). 0
Proposition 10. The set {eyeywleyey € C[G]|lw € W,1 € L} is linearly independent.

Proof. We know from Proposition 9 that for each w € W the set {eyeywleyey|l € L} is linearly
independent. We must show that for different choices of w these sets are independent from
one another.

Suppose we had elements h,, € C[L], not all zero, with )", _, eveywhy,eyey =0. Let t € W
be an element of minimal length such that 4, is nonzero. To compactify the notation we shall
write y =t 1.

Let z be as in Lemma 6, and write { = y~!zy. Thus { is a self-adjoint, invertible element of
C|G] which commutes with eyy and ey, and which satisfies { (eUery)2 = ewey. Foreachre W
with r = t such that h, # 0 we have
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(CZeUy(eUthhteUeV)|eUeVrh,eUeV> = (CzeuyeUeVeUerytht|rhreUreVreUeV>

= (CzeUyeUeveUerythteveUeVyeUrhj|r> = (CzeUyeUeVeUyevyeUyeweUrythth:‘|r>
= <C2€UyeUevyeuyEVyeUyevyeUrythth:|7’> = <C2(€Uyevy)3€Uryththi|r>
=

r) = (eyhihiey|t teyr) = 0.

eyreyyeyry ﬂ’lthr |T’> = <t€Uhth:<€V€Ur

Here we have repeatedly used the equality (abc|d) = (bla*dc*); in the fourth step we used
Lemma 7 to replace eyeyeyy with eyeyyeyy and to replace eyyeyweyr with egreyyeyn; in the fifth
step we used Proposition 5(d) to write eyreyeyy = ewrevy; and in the final equality we used
Proposition 5(f), which applies because of the minimality of ¢(¢), and which implies that the
functions eyhhfey and t'eyr are supported on disjoint subsets of G and are there-
fore orthogonal.

It follows from this that

0 = (Ceyevevthieyey | Z eyeywhyeyey)
wew
= (CzeuyeUthh,eUeV | eUthhteUeV>
= (CeUyeUthh,eUeV | CeUyeUthhteUeV%
where the last equality holds because ( is self-adjoint, ey, is a self-adjoint idempotent, and { and
ey commute. Thus (eyyeyeyvthieyey = 0. Since { is invertible, and left multiplication by eyy is

injective on eyeyC[G] (Lemma 8), we conclude that eyeythieyey = 0. By Proposition 9 this
implies that h, = 0, contradicting our choice of t and completing the proof of the proposition.

Proof of Theorem 1. The functor ri is naturally isomorphic to the functor of tensor product (over
CI[L]) with the C[L]-bimodule eyeyC[Gleyey, while the functor @, cw w* is naturally isomorphic
to the tensor product with the bimodule C[WXL]. Since G = UG,, we have

eUeVC[G]eUeV = Z eUeVC[GW}eUeV.
wew

Proposition 9 thus implies that the C[L]-bimodule map

C[WXL] = EBWC[wL}meUeVC[G]eUeV
we

is surjective. Proposition 10 implies that this map is injective, so it is an isomorphism of bimod-
ules, and induces a natural isomorphism of functors ri & @w*. The formula for the intertwining
number follows from this isomorphism and from the fact that i and r are adjoints. O

We now turn to the proof of Theorem 2. Every irreducible representation y of the abelian
group L = (R*)" has the form

21 @ @y, s diag(ry, e )= (1) - 2 (1n)

where each ; is a linear character R* — C*. For each such y we let e, = [L| ™" 3", %(1) "'l be
the corresponding primitive central idempotent in CI[L].

Lemma 11. The algebra Endg(iy) is isomorphic to the subalgebra e, eyey C[Gleyeve, of C[G].

Proof. We have
iy = C[G]eUeV@)C[L]C[L]eX =~ C[Gleyeve, = C[Glzeyeve,

where z is as in Lemma 6. Since zeyey and e, are commuting idempotents in C[G], their product
E = zeyeye, is an idempotent and we have Endg(C[G]E) = (EC[G]E)* via the action of
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EC[GIE on C[G]E by right multiplication. Now EC[G]E is a finite-dimensional complex semisim-
ple algebra, so it is isomorphic to its opposite, and we have EC[G]E = e eyey C[Gleyeve,. O

Lemma 12. For the trivial representation 1;, of L we have Endg(il;) = C[W] as algebras.

Proof. First suppose that R is a field, so that the functor i is isomorphic to the functor of Harish-
Chandra induction. Then, as we noted above, i1, is isomorphic to the permutation representation
on C[G/LU], and the isomorphism Endg(il;) = C[W] is a special case of well-known results of
Iwahori-Matsumoto and Tits (see [5, $68] for an exposition).

Now let R be a local ring with residue field k. The quotient map R — k induces a surjective
map of algebras

€L(R)€U(R)EV(R) C [G(R)]eU(R)eV(R) €L(R) — €L(k)€U(k)€V (k) ClG(k)] €U(k)€v(k)€L(k)- (13)

Theorem 1 implies that the domain of (13) is isomorphic as a vector space to C[W], while we
have just seen that the range of (13) is isomorphic as an algebra to C[W]. Since (13) is surjective,
it is an algebra isomorphism. |

Remark. The isomorphism in Lemma 12 is not canonical. One can trace through the various
maps appearing in the proof to construct a set of Iwahori-Hecke generators of
ereyey C[Gleyeyver, although this will depend on the choice of an element z as in Lemma 6.

Lemma 14. Let y =y, ® -+~ ® y, be an irreducible representation of L, let : R* — C* be a
character of R*, and let y' = 1, ® - - ® 7),. Then iy’ = (1 o det) ® iy.

Proof. The algebra automorphism
ClG] — CIgG], g—1(detg)g (15)
sends e, to e,, and fixes ey and ey . Thus (15) induces an isomorphism of C[G]-modules
C[G]eUeV®C[L]CXfi(‘c o det) ® C[Gleyey®cC,.

|

Lemma 16. If y = y{ is a tensor-multiple of a single character of R*, then Endg(iy) = Endg(ilr)
as algebras.

Proof. Lemma 14 ensures that iy = (y; o det) ® ilf. O
Lemma 17. For each w € W there is a natural isomorphism of functors i o w* = i.

Proof. The functor io w* is given by tensor product with the C[G]-C[L] bimodule C[Gleyeyw =
C|Gleyweyw, while the functor i is given by tensor product with C[GJeyey. These two bimodules
are isomorphic, by Lemma 8. O

Lemma 17 implies that in order to compute the intertwining algebra Endg(iy) for an arbitrary
character y of L we may permute the factors y; so that y takes the form

A=1'"®Q Qx where % # 1; unless j=i. (18)
(The exponents indicate tensor powers.) We then have W, & §, x --- X §,,.

In the next lemma we shall consider general linear groups of different sizes, and we shall
accordingly embellish the notation with subscripts to indicate the size of the matrices involved:
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so, for example, L, denotes the diagonal subgroup in G, = GL,(R), and i, is a functor from
Rep(L,) to Rep(G,).
Lemma 19. If y is as in (18) then Endg, (in)) = ®k 1EndG (in, (yJ ")) as algebras.

Proof. Let us write L’ for the block-diagonal subgroup G,, x --- x G, C G,, which contains as
subgroups the groups U' = U, X --- X Uy, and V' =V, x --- x V,.. Let U” be the subgroup of
block-upper-unipotent matrices

Ly xny *
U’ = €G, ",
0 1ﬂk><1’lk
and let V' = (Un)" be the corresponding group of block-lower-unipotent matrices.
Let i’ : Rep(L’) — Rep(G,) be the functor of tensor product with the C[G,]-C[L'] bimodule
C|G,]eyreyr. The semidirect product decompositions U = U, = UXU” and V =V, = VIXV"

give equalities ey = eyreyr and ey = eyeyr, and hence an isomorphism of C[G,]-CI|L,] bimod-
ules

C[Guleu,ev, = C[G,levrey @y ClL levrey:.
It follows that
iy = i (®]l‘(:1inj(}{;1)) .
Since i’ is a functor, we obtain from this isomorphism a map of algebras

i
j

Now, the C[L’]-bimodule map
C[L/] — C[Gn}eU”eV”) hb—)heUueV//

L~

Endg, (1,,}()(?)) — Endg, (in))- (20)

is injective, because the multiplication map L' x U" x V' — Gn is one-to-one. It follows from
this that the identity functor on Rep(L') is a subfunctor of Res ' oi’. Thus i’ is a faithful functor,
and in particular the map (20) is injective. Since the domain and the range of this map have the
same dimension as complex vector spaces, by Theorem 1, we conclude that (20) is an algebra iso-
morphism. 0

Proof of Theorem 2. Lemma 17 allows us to assume that y has the form (18), and in this case we
have algebra isomorphisms

. Lem. 19 n
Endg(iy) e—> ?Endc (i (1;"))

]ﬂ ® EndG (1,,] lL )

Lem 12

®C[ ] = C[W,]. =

Proof of Corollary 3. Choose an ordering {y, ..., 74} of the character group R*. Lemma 17 and
the intertwining number formula in Theorem 1 imply that for each principal series representation
n of GL,(R) there is a unique k-tuple of non-negative integers n, ..., 1 having >, n; = n, such
that 7 embeds in i(y}" ® --- ® x*).
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Theorem 2 implies that the number of distinct irreducible subrepresentations of i(y}' ® -+ ®
%) is equal to the number of distinct irreducible representations of S, x --- x S,,. The latter
number is equal to the number of k-tuples (A(l),...,}u(k)), where each 27 is a partition of ;.
Allowing the exponents n; to vary shows that the total number of principal series representations
is equal to Px(n), as claimed. O
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