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We investigate the linear dynamics of an electromagnetic field propagating in curved spacetime
in the presence of plasma. The dynamical equations are generically more involved and richer than
the effective Proca equation adopted as a model in previous work. We discuss the general equations
and focus on the case of a cold plasma in the background of a spherically symmetric black hole,
showing that the system admits plasma-driven, quasibound electromagnetic states that are prone
to become superradiantly unstable when the black hole rotates. The quasibound states are different
from those of the Proca equation and have some similarities with the case of a massive scalar field,
suggesting that the linear instability can be strongly suppressed compared to previous estimates.
Our framework provides the first step toward a full understanding of the plasma-photon interactions
around astrophysical black holes.

I. INTRODUCTION

A. Motivation

The propagation of fundamental fields on black
hole (BH) spacetimes is a decades-long fascinating sub-
ject, which has received considerable attention in the last
years for its relevance for tests of fundamental physics
with BH observations [1]. A particularly relevant case is
the one of an electromagnetic (EM) field propagating in
a BH spacetime in the presence of plasma. The study of
plasmas is crucial in many branches of physics and as-
trophysics, including the study of BHs, for at least two
reasons: (i) astrophysical BHs can be surrounded by ac-
cretion disks due to the outward transfer of angular mo-
mentum of accreting matter [2, 3]; (ii) photons emitted
by accreting BHs can interact with the plasma of the in-
terstellar medium, potentially affecting their propagation
at large distances.

It is common lore to assume that a photon propa-
gating in a plasma is simply dressed with an effective
mass, induced by the interaction with the background
medium. A photon in a plasma is therefore commonly
described with a Proca-like equation ∇σFσν = ω2

plA
ν ,

where Fσν = ∂σAν − ∂νAσ is the EM field strength and1

ωpl = (ne2/me)
1/2 (1)

is the plasma frequency of the background medium [4],
with n the particle density of electrons with charge e and

1 Throughout this paper, we use G = c = 1 and rationalized Heav-
iside units for the Maxwell equations. The metric signature is
mostly positive.

mass me. The Proca equation has been studied in detail
on both Schwarzschild and Kerr metrics [5–12]. In the
case of a rotating BH, the system can develop a superra-
diant instability, similar to the one exhibited by massive
scalar fields (see Ref. [13] for a review). This sows the
seeds for striking observational signatures, which are par-
ticularly significant for primordial BHs dark matter [14]
or in the presence of extra degrees of freedom such as
axions [15]. This mechanism has been also advocated
as a possible explanation for the origin of fast radio
bursts [16].

Given the interesting phenomenological implications of
plasma-photon interactions around BHs, it is of crucial
importance to understand first of all whether or not the
Proca equation represents a good description of the dy-
namics of the system. The fact that the Proca equation
can at most be an approximation is already clear from the
counting of the degrees of freedom: a massive spin-1 field
propagates three polarizations (two transverse modes and
a longitudinal one), whereas photons in a cold plasma
propagate only two transverse modes, since the putative
longitudinal mode is electrostatic, see details below.

In this work we take the first step toward a detailed
investigation of the propagation of EM waves in a plasma
in curved spacetime, and show that even in the case of a
Schwarzschild BH – where of course superradiance can-
not develop – the spectrum of the quasibound states de-
viates from the one of a simple Proca equation. This
will impact the plasma-driven superradiant instability,
since the quasibound states around a static BH are those
prone to become superradiantly unstable when the BH
rotates [6, 7, 13]. Our results call for further investiga-
tion, and are likely pointing toward a strong suppression
of the expected superradiant instability in rotating BH
spacetimes.

Other plasma effects have been pointed out recently
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and indicate that plasma may generically hinder our abil-
ity to perform strong-field gravity tests, for example by
quenching the superradiance instability [17, 18]. The
present work shows that the suppression of the instabil-
ity will be even more severe (and already present at the
linear level) when one accounts precisely for the presence
of the plasma in the dynamical equations.

In principle, the above problems could be stud-
ied in the framework of general-relativity-magneto-
hydrodynamics (GRMHD) (see, e.g., Refs. [19, 20] for a
review). However, GRMHD simulations typically focus
on highly-magnetized plasmas in the absence of an elec-
tric field, and are also computationally expensive, which
makes them unsuitable to follow the (potentially long)
evolution of the microscopic EM field on different back-
grounds. Indeed, to the best of our knowledge, a de-
tailed understanding of the propagation of EM waves in
a plasma in curved spacetime problem was not considered
in previous work.

B. Cold and hot plasma

A plasma is a gas composed of electrons and ions (ion-
ized by heating or photoionization) which obey the classi-
cal Maxwell-Boltzmann rather than Fermi-Dirac or Bose-
Einstein statistics [4]. A plasma can be further classified
in terms of its temperature. In a cold plasma the ther-
mal velocity of the electrons is larger than that of ions,
but still much smaller than the speed of an EM wave
propagating in it, namely

vthermal ≡
√

2Te
me
� ω

k
, (2)

where ω and k are the frequency and wave number of
the EM field, and Te is the temperature of the electrons.
In this case the thermal pressure is negligible. In a cold
plasma, the longitudinal modes are plasma oscillations
which do not propagate and do not transport energy. The
presence of this electrostatic mode already shows that
the Proca equation cannot fully describe the interaction
of photons with a cold plasma.

On the other hand, in a hot plasma, the electron ther-
mal velocity cannot be neglected and the electrons can-
not be considered at rest with respect to propagating
waves. In this case the electrostatic modes are con-
verted into propagating, energy-transporting, longitudi-
nal modes called Langmuir waves [21]. These modes
propagate at the speed of sound in the plasma and the
(nonrelativistic) equations resemble the Proca one in the
case in which the electrons are ultrarelativistic [22, 23]
(although this approximation is beyond the regime of va-
lidity of the original equations).

In the following we will limit ourselves to the study of
cold plasma, since the latter provides a good description
of accretion disks around BHs [2, 24]. Indeed, in the
inner region of a typical accretion disk the temperature

can be estimated as [19]

Tdisk ' 4× 103α−1/4
(M�
M

)1/4( r

M

)−3/8
eV� me, (3)

where α ∼ O(1) is a dimensionless coefficient relating the
kinematic viscosity of the fluid with the velocity of turbu-
lent elements. Therefore, vthermal ≈ 0.06 or smaller. On
the other hand, for a quasibound state around a BH of
mass M , ω ∼ ωpl and k = 2π/λ, where λ ∼ M/(Mωpl)

2

is the typical length scale of the mode [25, 26]. This gives
ω/k ∼ 0.3 or larger for the most interesting case Mωpl .
0.5. We also stress that in the present work we treat
the plasma as spherically symmetric, and static. The
first is a simplifying assumption and should be relaxed
to accommodate more realistic accretion disk geometries.
Once spherical symmetry is assumed, the plasma is static
to very good approximation: the time scales of interest
to this work are much shorter than the time scales of
other important astrophysical phenomena. In particular,
the BH accretion timescale can be conservatively esti-
mated to be given by a fraction of the Eddington accre-
tion timescale τaccr = M/Ṁ ∼ f−1Edd 1015 s, where fEdd is
an accretion efficiency factor. For fEdd ∼ O(1), which
is conservative as accretion may be much less efficient,
one sees that the time scale of the plasma radial motion
is much longer than the time scale of the quasi-trapped
long-lived perturbations studied below, τaccr � ω−1pl .

The remaining of this manuscript is organized as fol-
lows. In Sec. II we define the general setup of our work,
the main equations in spherical symmetry (Sec. II B) and
the plasma profiles we considered (Sec. II D). We show
our numerical results for the quasibound states in Sec. III
and comment on the implications for spinning BHs in
Sec. IV. Finally, we conclude in Sec. V.

II. SETUP

A. General equations

The general study of the propagation of EM waves
through a cold plasma in curved spacetime was pionereed
in [27], where the authors derived the system of nonlinear
equations governing the plasma and the EM field. In this
work we start from those equations and specialize to a
background Schwarzschild metric, for which we study the
quasibound states for different plasma configurations.

Consider a two-component plasma made of electrons
and ions. Let us denote the number density and four-
velocity of the electrons as n and uµ, while Jµ stands
for the ion current density. The system of differential
equations for the plasma quantities reads [27]

∇νFµν = enuµ + Jµ, (4)

uµ∇µuν = e/meF
ν
µu

µ, (5)

uµuµ = −1, (6)

∇µ(nuµ) = 0. (7)
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These are Maxwell’s equations together with the mo-
mentum and particle conservation equations, in covariant
form.

We study the propagation of a perturbation through
the plasma by introducing the small perturbations
ñ, ũµ, F̃µν , e.g. Fµν = F background

µν + F̃µν (and likewise
for other quantities). Here we neglect second-order per-
turbations of the plasma and EM field, as well as any per-
turbation of the background metric gµν (since the grav-
itational backreactions of these fields is small). We also
neglect perturbations of the ions, since they will be sup-
pressed with respect to those of the electrons by a factor
∝ me/mion � 1. In the hot plasma case an extra term
would appear in the momentum equation (5), due to the
pressure of the fluid.

The presence of a plasma implies the existence of a
preferred rest frame. Locally, the plasma defines surfaces
of simultaneity for the observer, whose effective metric
tensor is

hµν = gµν + uµuν . (8)

The tensor hµν projects orthogonally onto the tangent
rest plane of the (electron) plasma. Then, the kinematic
of an electron fluid is described by two matrices: the rate
of rotation (the vorticity) ωµν ≡ −ωνµ, and the rate of
deformation θµν ≡ θνµ. This follows from the general
decomposition [28]

∇µuν = ∇(µuν) +∇[µuν] = ωνµ+θνµ−uµuα∇αuν , (9)

from which we get

ωµν =
1

2
(vµν − vνµ) , (10)

θµν =
1

2
(vµν + vνµ) , (11)

where we defined the tensor vµν = hµαhνβuα;β . We
can also define the plasma frequency as in Eq. (1),
the electric component Eµ ≡ Fµνu

ν , the magnetic
component Bµν ≡ hµ

αhν
βFαβ , and the Larmor tensor

ωL
µν = − e

me
Bµν . With these definitions, by differenti-

ating Maxwell’s equation (4) and using the momentum
equation (5), Ref. [27] obtained the perturbed equation

for the vector potential perturbation Ãµ in the Landau
gauge, uµÃ

µ = 0, containing both the influence of the
gravitational potential and that of the moving plasma:(
hαβuν∇ν(∇µβ − δµβ∇γγ) + (ωαβ + ωαβL + θαβ (12)

+θhαβ +
e

me
Eαuβ)× (∇µβ − δµβ∇γγ)

+ω2
plh

αµuγ∇γ + ω2
pl(θ

αµ − ωαµ)
)
Ãµ = 0,

where ∇µν ≡ ∇µ∇ν and θ = θµµ. The above equation is
the starting point for a rigorous analysis of the linearized
photon dynamics in a cold plasma in curved spacetime.
It is clearly very different from an effective Proca equa-
tion which would have the form ∇α∇αÃµ = ω2

plÃµ. In

particular, note that Eq. (12) contains third-order deriva-
tives.

In the flat spacetime limit and in the Fourier domain,
the spatial part of Eq. (12) reads

k(k · Ẽ)− k2Ẽ +
(

1−
ω2
pl

ω2

)
ω2Ẽ = 0 , (13)

which is indeed the equation that regulates the propaga-
tion of an EM wave in an isotropic plasma with dielectric
tensor ε = 1−ω2

pl/ω
2. Taking k along the z direction one

can write the standard dispersion tensor D and find its
determinant, which reads det|D| = (ω2ε − k2)2ω2ε = 0.
There are two types of solutions to this dispersion rela-
tion: the first one corresponds to the longitudinal mode
with ε = 0, i.e. ω = ωpl; while the second one corre-
sponds to the two transverse modes (ω2ε − k2) = 0, i.e.
ω2 = k2 + ω2

pl [29].

B. Spherically symmetric spacetimes

We now specialize to the symmetries of the
Schwarzschild background. We work in the coordinates
(t, r, θ, φ), in which the line element reads

ds2 = −fdt2 + f−1dr2 + r2dΩ2
2 (14)

with f(r) = 1 − 2M/r, where M is the BH mass. In
this case both the vorticity and the deformation ten-
sors are zero, as can be easily checked from Eqs. (10)
and (11). The four velocity of a static plasma is

uα = (u0,~0), with u0 = f−1/2 satisfying the normal-
ization condition uµu

µ = −1. From Eq. (5), the electric
field has then only one nonvanishing radial component
Eα = (0,me/e Γ

r
00(u0)2, 0, 0), where Γµαβ are the stan-

dard Christoffel’s symbols. We assume an unmagnetized
plasma Bµν = 0 (and therefore also ωL

µν = 0).
Moreover, in any spherically symmetric spacetime it is

possible to separate the angular part of the fields from the
radial one by performing a multipolar expansion. Follow-
ing Ref. [5], we introduce a basis of four vector spherical
harmonics:

Z(1)lm
µ = [1, 0, 0, 0]Y lm, (15)

Z(2)lm
µ = [0, f−1, 0, 0]Y lm, (16)

Z(3)lm
µ =

r√
l(l + 1)

[0, 0, ∂θ, ∂φ]Y lm, (17)

Z(4)lm
µ =

r√
l(l + 1)

[0, 0,
∂φ

sin θ
,− sin θ∂θ]Y

lm, (18)

where Y lm(θ, φ) are the standard scalar spherical har-
monics. These vector spherical harmonics satisfy the or-
thogonality condition∫

dΩZ(i)lm
µ η̂µνZ(i′)l′m′

ν = δii
′
δll
′
δmm

′
, (19)
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where dΩ = sin θdθdφ and η̂µν =
diag[1, f2, 1/r2, 1/(r2 sin2 θ)]. The perturbation of
the vector potential can be decomposed in this basis as

Ãµ(r, t, θ, φ) =
1

r

4∑
i=1

∑
l,m

ciu
lm
(i)(t, r)Z

(i)lm
µ (θ, φ), (20)

where c1 = c2 = 1 and c3 = c4 = 1/
√
l(l + 1). Using

this decomposition and a frequency-domain representa-
tion ulm(i)(t, r) = ulm(i)(r)e

−iωt, the field equations become

u(1) = 0 , (21)(
rf(l + l2 + r2ω2

pl)− r3ω2
)
u(2) − r2f2u′(3) = 0 , (22)

l(1 + l)rfu(2) + r3(ω2 − fω2
pl)u(3)

−l(1 + l)r2fu′(2) + 2Mrfu′(3) + r3f2u′′(3) = 0 , (23)(
rf(l + l2 + r2ω2

pl) + r3ω2
)
u(4)

−2Mrfu′(4) − r
3f2u′′(4) = 0 , (24)

where u′(i) = ∂ru(i), we have suppressed the l superscript,

and the radial dependence of ωpl = ωpl(r). Owing to the
spherical symmetry of the background, the equations do
not depend on the angular number m. Note that, despite
the fact that Eq. (12) contains third-order derivatives,
the final system of equations in the frequency domain is
of second differential order.

From Eqs. (21)–(24) we can immediately notice that
the polar (i.e., even-parity) sector, described by the func-
tions u(1), u(2) and u(3) is completely decoupled from the
axial (i.e., odd-parity) sector, described by the function
u(4). This resembles the case of a massive vector field
discussed in Ref. [5] and is in fact a consequence of the
spherical symmetry of the background. We can therefore
treat the two sectors independently, as in the following.

1. Axial sector

Interestingly, the axial equation is identical to the axial
Proca equation found in [5]. Thus, the axial sector can be
easily reduced to a Schrödinger-like equation analogous
to the massive vector case [5]

D2u(4)(r) = 0, (25)

with D2 ≡ d2

dr2∗
+ ω2 − f

(
l(l+1)
r2 + ω2

pl

)
, and in terms of

the tortoise coordinate defined by dr∗
dr = f−1. In this case

the plasma frequency plays indeed the role of an effective
mass for the component u(4).

2. Polar sector

On the other hand, the polar sector is different from
the Proca case.

In the monopole case (l = 0), only the first two spher-
ical harmonics are defined and the field equations reduce
to u(1) = 0 and

(ω2 − ω2
plf)u(2) = 0. (26)

In general, this equation admits only the trivial solution
u(2) = 0, whereas in the flat spacetime limit (M → 0) we
recover the presence of electrostatic degrees of freedom,
ω2 = ω2

pl, which are typical of photons propagating in
cold plasma.

For l 6= 0, the polar equations for u(2) and u(3) can be
reduced to a single Schrödinger-like equation,

d2

dr2∗
ψ − V (r)ψ = 0, (27)

where the complicated form of the effective potential
V (r) is given in Appendix A. As expected, V (r →
2M) → −ω2 and V (r → ∞) → ω2

pl(r → ∞) − ω2. The
fact that the polar sector reduces to a single second-order
differential equations implies the presence of only one dy-
namical degree of freedom. Note that the potential V
depends on the plasma frequency ωpl(r) and also on its
radial derivatives.

C. The hydrogenic spectrum for Proca modes

In the next section we shall compute the quasibound
states of our problem by solving Eqs. (25) and (27) nu-
merically with suitable boundary conditions. The lat-
ter select an infinite set of complex eigenfrequencies:
ω = ωR + iωI . It will be useful to compare the results
with the case of a Proca field with mass ~ωpl = const
around a Schwarzschild BH. In the latter case, the spec-
trum has a clear physical interpretation in the Newtonian
limit, which corresponds to the Compton wavelength of
the Proca field, ∼ 1/ωpl, being much larger than the
horizon size. This requires Mωpl � 1. To leading or-
der in this limit the spectrum of quasibound states has a
hydrogenic form [5–8, 30]

ωR ∼ ωpl

(
1− (Mωpl)

2

2(l + S + 1 + n)2

)
, (28)

ωI ∼ −
1

2
C

(1)
lS (Mωpl)

4l+2S+5ωR , (29)

where l is the total angular momentum2 of the state with
spin projections S = −1, 0, 1 (with S = 0 for axial
modes and S = ±1 for the two polarizations of polar
modes), n is the overtone number (n = 0 for the longest-

lived, fundamental mode), and C
(1)
lS are constants (given,

2 This can be seen by applying the angular-momentum operator
to the state [8]. Note that l was erroneously identified with
the orbital angular momentum in Ref. [5]. See Ref. [13] for a
discussion of different spherical bases used in the literature.
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e.g., in Ref. [13]). The most unstable mode is the polar

dipole with S = −1, l = 1, which has C
(1)
1−1 = 16 [8].

The dominant slope of the imaginary part of the mode
is ωI ∝ (Mωpl)

10 for the axial dipole, and ωI ∝ (Mωpl)
8

and ωI ∝ (Mωpl)
12 for the two polar dipole modes. The

above analytical approximation in the Newtonian limit
is in excellent agreement with the exact numerical re-
sults [8, 9, 11, 12, 31–34].

In the spinning case, the imaginary part acquires a
factor ωI ∝ (ωR−mΩ), which depends on the BH angular
velocity Ω. Therefore, in the superradiant regime, ωR <
mΩ, the modes with the smallest slope in the static case
(namely, the polar dipole with S = −1) become the ones
with the shortest instability timescale, τ = 1/ωI [13] (see
Sec. IV for more details).

In the next section we shall compare our numerical
results for the full plasma-photon system with the above
hydrogenic behavior of a Proca field.

D. Plasma profiles

We consider two different plasma profiles: a homo-
geneous density profile and a Bondi-like accretion disk
model. We will examine first the case of homogeneous
density, and therefore homogeneous plasma frequency,
ωpl = const. This approximation is obviously not re-
alistic, especially close to the BH. However, it will serve
as a warm-up to elucidate the structure of the equations
and identify the correct limit asymptotically far from the
BH.

Then, we will consider a radial dependence ωpl =
ωpl(r), as expected in the surroundings of a spherically
symmetric BH. In particular, we will consider the Bondi-
like accretion disk model, which describes the accretion
dynamics of a non-self-interacting gas around a spheri-
cally symmetric compact object [35]. This model predicts
a power-law density profile for the gas and consequently
a plasma frequency of the type

ω2
pl(r) = ω2

B

(2M

r

)λ
+ ω2

∞, (30)

where
√
ω2
B + ω2

∞ is the plasma frequency at the horizon
(since in the relevant regime ω∞ � ωB, with a little abuse
of notation we shall refer to ωB as the horizon plasma
density). The slope λ depends on the adiabatic index
of the gas (e.g., λ = 3/2 for monoatomic species). The
constant term ω∞ is the asymptotic plasma frequency at
infinity, i.e the interstellar medium plasma frequency far
away from the central BH.

III. PLASMA-DRIVEN QUASIBOUND EM
MODES OF A SCHWARZSCHILD BH

A. Numerical method

We compute the characteristic frequencies of our sys-
tem using a direct integration shooting method [5, 7, 36].
The main idea is to integrate the system from the horizon
outwards to infinity, imposing suitable boundary condi-
tions. Close to the horizon, the solution must be a purely
ingoing wave, as the horizon behaves as a one-way mem-
brane,

u(i) ∼ e−iωr∗
∑
n

b(i)n(r − 2M)n, (31)

where the coefficients b(i)n can be computed in terms of
the arbitrary coefficient b(i) 0 by expanding the relevant
equations near the horizon. At infinity, the solution at
the leading order can be written in its most generic form
as

u(i) ∼ B(i)e
−k∞r∗ + C(i)e

+k∞r∗ , (32)

where k∞ =
√
ω2
pl(r →∞)− ω2. We are interested in

strongly localized, quasibound state solutions for ω <
ωpl, and we will therefore impose the condition C(i) = 0,
implying exponentially damped solutions at infinity, and
solve the associated eigenvalue problem. This method
does not rely on a specific shape of the effective poten-
tial and is thus extremely flexible. Moreover, the direct
integration method works particularly well for the com-
putation of quasibound states, while it is expected to be
less precise for the computation of normal modes (corre-
sponding to the boundary condition B(i) = 0), especially
for the highly damped modes.

Since the axial and polar sectors are decoupled and
each one is described by a single second-order differen-
tial equation, for a given value of l we expect to find two
families of modes (axial and polar), each one defined by
an overtone number n. In the following we shall mainly
focus on the fundamental (n = 0) modes, although track-
ing a fixed overtone number is difficult in the small Mωpl

regime. As we shall see, in the same regime the imagi-
nary part of the mode can become extremely small and
sensitive to small numerical errors. The latter can be
reduced by increasing the numerical accuracy and the
truncation order of the series expansions at the horizon
and at infinity.

This procedure is also suitable to find unstable modes,
i.e. those with ωI > 0 and whose time dependence is
exponentially growing as eωIt. We have searched for
such modes in different configurations and found none,
confirming the reasonable expectation that the system is
stable in the static case.
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FIG. 1. Imaginary (upper panel) and real (lower panel) part
of the plasma-driven quasibound EM mode of a Schwarzschild
BH in the axial sector for the case ωpl = const. The imaginary
part of the frequency is always negative, while the real part
is always smaller than the plasma frequency. We show the
fundamental mode (n = 0, orange) and the first overtone
(n = 1, blue) for l = 1. The dashed curves correspond to the
hydrogenic spectrum, which is recovered as expected in the
limit Mωpl � 1. Note that the axial sector is equivalent to
that of a Proca field [5].

B. Constant-density plasma

Figure 1 shows the real part and the imaginary part
of the axial eigenvalues ω = ωR + iωI , normalized to the
plasma frequency. We consider l = 1 and two different
overtone numbers, respectively n = 0 (orange) and n = 1
(blue). As expected, the imaginary part of the frequency
is always negative and represents a mode which is expo-
nentially decaying in time, while the real part is always
smaller than ωpl, a necessary condition to obtain solu-
tions that are confined in the vicinity of the BH. Since
the axial sector is the same as in the Proca case, this
plot is equivalent to what found in Ref. [5] for the axial
quasibound states of a Proca field around a Schwarzschild
BH. The dashed curves shown in Fig. 1 correspond to the
hydrogenic spectrum expected in the Mωpl � 1 limit.

While in the axial sector the potential is simple and
equivalent to that of a Proca equation, in the polar sector
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FIG. 2. Same as in Fig. 1 but for the polar sector. In this case
the modes do not reduce to the hydrogenic Proca spectrum
in the Mωpl � 1 limit.

the situation is different. Indeed, not only are the equa-
tions more involved than in the Proca case, but the polar
sector only contains a single propagating mode, in con-
trast with the two polar modes of a Proca field. Thus, as
expected, the structure of the plasma-driven polar qua-
sibound states is different and cannot be mapped into a
hydrogenic spectrum as in the axial case. This is shown
in Fig. 2.

In this case the numerical computation of the eigen-
frequencies becomes increasingly more challenging for
values of the coupling Mωpl . 0.4 and we therefore
do not show the lower part of the spectrum in Fig. 2.
However, in order to investigate the small-mass coupling
regime, Mωpl � 1, we separately studied smaller inter-
vals around Mωpl ' 0.15, as shown in Fig. 3. Although
the numerical results are noisy in this limit, we find that
the scaling of ωI is significantly different from the hydro-
genic behavior predicted in the Proca case for S = −1.
Indeed, our best fit yields ωI/ωpl ∼ (Mωpl)

10.84, to be
compared with ωI/ωpl ∼ (Mωpl)

7 for the S = −1 Proca
mode. In fact, we find a scaling that is quite close to the
(subleading) polar mode with polarization S = 1 for the
massive vector case [5].

In some sense, the plasma-driven EM quasibound
states are phenomenologically closer to a massive scalar
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FIG. 3. Imaginary part of the plasma-driven EM quasibound
mode in the polar sector in Mωpl � 1 regime. The blue dots
indicate the numerical data; the black solid line is the best-fit
power law, while the red line denotes the hydrogenic scaling
in the Proca case.

field than to a Proca field. In both plasma-driven EM
fields and massive scalar fields, the minimum scaling of
the imaginary part (which sets the shortest, and therefore
most interesting, mode lifetime) is ωI/ωpl ∼ (Mωp)9.
This scaling is set by the axial dipole mode in the plasma-
photon system. Thus, the lifetime of the fastest qua-
sibound states in the plasma-driven case is parametri-
cally longer than for a Proca field – for which the short-
est lifetime is set by the polar modes – by a factor
(Mωpl)

−2 � 1.

C. Plasma profile from Bondi accretion

We now analyze the quasibound states for a more re-
alistic plasma density profile, as predicted by Bondi ac-
cretion. In this case the axial sector is also described by
Eq. (25), except for a radial dependence in the plasma fre-

quency ωpl → ωpl(r) =
√
ω2
B(2M/r)λ + ω2

∞. The polar
sector is again more involved and its potential depends
nontrivially on the radial derivatives of the plasma fre-
quency. The equations for the polar case are presented
in Appendix A.

In Fig. 4 we show the results for the imaginary and real
part of the frequency in the axial sector as a function of
ω∞, the quantity that would asymptotically corresponds
to a mass term. In all cases we fix λ = 3/2 for the
Bondi model (corresponding to monoatomic gas) and we
show the results for different values of the horizon plasma
frequency ωB. We notice that, as in the homogeneous
plasma case, the real (imaginary) part of the frequency
decreases (increases) monotonically with Mω∞. The ef-
fect of ωB is the opposite: larger values of the density in
the vicinity of the BHs lead to a smaller imaginary part
and a larger real part. Indeed, for larger values of ωB it is
more difficult to find minima in the effective potentials,

��-��

��-��

��-�

��-�

��-�

-
��

(ω
/ω

∞
)

λ=3/2, ωB=1.1/M

λ=3/2, ωB=1/M

λ=3/2, ωB=0.9/M

��� ���� ���

�������

�����

�������

������

� ω∞

�
�(
ω
/ω

∞
)

FIG. 4. Imaginary (upper panel) and real (lower panel) part
of the quasibound state frequency in the axial sector for a
photon in a Bondi-accretion plasma model, see Eq. (30). The
imaginary part is always negative, while the real part is al-
ways smaller than the plasma frequency, as expected. The
imaginary part of the frequency decreases (the modes become
short-lived) as the horizon plasma ωB density increases.

i.e. it is more difficult to support quasibound states. In
fact, we were not able to find quasibound states solutions
for ωBM & 1.7, in good agreement with the numerical
study in Ref. [37] for a scalar toy model. Furthermore,
this behavior is consistent with the ωB → 0 limit, as in
this case the spectrum shown in Fig. 1, with smaller
values of the real part of the eigenfrequencies, must be
recovered.

Note that, in general, the imaginary part of the quasi-
bound states for a Bondi plasma profile is smaller than in
the homogeneous-plasma case. This makes the numerical
computation harder, especially for polar modes for which
the imaginary part is even smaller than in the axial case.
Although not shown, we were also able to compute the
plasma-driven polar mode in the case of a Bondi profile,
at least when Mω∞ = O(1). As in the homogeneous
case, the axial modes are found to be the shortest lived
for small values of the plasma frequency.
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IV. THE ROLE OF THE BH SPIN

In this work we focused on finding the plasma-
driven EM quasibound states around a nonspinning
(Schwarzschild) BH. A natural and paramount extension
is to consider the spinning case, namely solving the equa-
tions on a Kerr background metric.

This case is significantly more involved, but also more
interesting in view of the fact that the quasibound states
can become (superradiantly) unstable in the spinning
case [13]. A detailed analysis of the photon-plasma inter-
actions around a Kerr BH is left for future work. Here
we anticipate the main differences relative to the static
case considered here:

• Vorticity. In a Kerr BH the vorticity tensor does
not vanish, i.e. (from Eq. (10)) ωab ∼ O(χ), where
χ = J/M2 is the dimensionless angular momen-
tum of a Kerr BH. On the other hand, the rate
of expansion is still zero, θab = 0. Therefore, the
linearized field equations (12) contain extra terms
which vanish in the static case;

• Plasma profile. A spinning BH drags plasma in its
vicinity. In the stationary and axisymmetric case,
the plasma density can generically depend both on
the radius and on the angle θ, i.e. ωpl = ωpl(r, θ);

• Mode coupling. In the spinning case, axial and po-
lar modes with different harmonic index l are cou-
pled to each other [6, 7, 38, 39]. Thus, even if the
axial sector is the same as in the Proca case when
the BH is static, in the spinning case it would get
corrections arising from the different polar sector.
For a Kerr BH we therefore expect that the en-
tire quasibound spectrum will differ from the Proca
one.

Overall, for the above reasons do not expect the lin-
earized equations to be separable, at variance with the
Proca case [10] (unless possibly for specific profiles, see
e.g. Refs. [40, 41]). The linear dynamics can still be
computed perturbatively in the slow-rotation approxi-
mation [6, 7, 39], or fully numerically (see, e.g., Ref. [9]
for the Proca case), or using the methods adopted in
Refs. [12, 37, 42].

It is reasonable to expect that, for a Kerr BH, the
quasibound spectrum is modified by corrections propor-
tional to the superradiant [13] factor ω−mΩ, where m is
the azimuthal number of the perturbation and Ω is the
BH angular velocity. In particular, the imaginary part of
the quasibound state might change sign when ω < mΩ,
turning the mode from stable to unstable. This correc-
tion is evident in the hydrogenic spectrum of massive
bosonic perturbations of a Kerr BH [6–9, 31, 34] in the
(Newtonian) small-mass limit. Nonetheless, for the rea-
sons listed above one cannot exclude that the quasibound
spectrum of a Kerr BH can be qualitatively different from
the Proca case. A detailed analysis is required and will
appear elsewhere.

It is important to stress that the plasma-driven su-
perradiant instability can be strongly quenched by non-
linear and relativistic effects [15, 17]. Thus, although
we expect that the linear spectrum of plasma-driven EM
modes around a Kerr BH is significantly different than in
the Proca case, the nonlinear and relativistic quenching
might be efficient also for this more realistic configura-
tion.

For the Schwarzschild background considered in this
work, expanding Eqs. (4)–(7) to second order in the per-
turbations, we find that the linearized analysis is valid
provided

|∂iEi| � ene . (33)

This equation implies eωE/v � ω2
plme, where E is the

amplitude of the electric field, and v = ω/k is the velocity
of the EM wave in the plasma. For v ∼ 1 and ω ∼ ωpl

we recover the condition e|E| � meωpl, which implies
that the plasma backreaction on the dispersion relation
is negligible. For a stable quasibound state that decays in
time, this condition is always satisfied if it holds initially.
However, for a superradiantly growing state the condition
is eventually violated before the EM field can extract
enough energy from the BH [17].

V. CONCLUSION AND EXTENSIONS

We initiated a detailed investigation of the equations
governing the linearized dynamics of an EM field propa-
gating in a plasma in curved spacetime. Our main goal
was to explore the differences with the case of Proca the-
ory which has been so far used as a proxy for the plasma-
photon interaction around a BH. We focused on the case
of cold plasma around a background Schwarzschild BH
and computed the quasibound spectrum of EM modes.
We showed that, while the axial sector is identical to the
Proca one, polar perturbations propagate a single de-
gree of freedom (at variance with the two polar modes
of a Proca field) which is described by a new field equa-
tion. This drastically affects the polar quasibound-mode
spectrum and the scaling of these modes in the small-
frequency limit.

We also studied the stability of the system, by look-
ing for unstable modes numerically. We explored a large
region of the parameter space and found no unstable
modes, as expected in the static case.

As discussed in the previous section a natural and ur-
gent extension is to consider the case of plasma-driven
EM modes of a spinning (Kerr) BH, which is likely to
be drastically different from the Proca case. We expect
quantitatively (and perhaps qualitatively) different re-
sults for what concerns the superradiant instability. In
this context, our analysis suggests that the linearized
analyses performed in the past (e.g., [14, 16, 37]) in
the context of plasma-driven superradiant instabilities
around spinning BHs should be revisited.



9

Although a detailed analysis in the spinning case is
required, our results already suggest that the dominant
unstable modes could be more akin to the scalar massive
modes of a Kerr BH rather than to the vector massive
modes. If confirmed, this would imply that the toy model
adopted in Ref. [37] could be more accurate than what
one would in principle expect.

Another interesting extension of our work is to study
nonlinear plasma-photon effects in a coherent and covari-
ant framework. It was recently argued that nonlinear and
relativistic effects can strongly quench the superradiant
instability [15, 17]. The framework adopted here could
be used to study this interesting problem quantitatively.
For example, one could expand the exact field equations
to second order in the perturbations and study the back-
reaction of the plasma onto the EM field.

We also neglected magnetic fields and focused on the
case of cold plasma. Considering a magnetized/hot
plasma is another natural extension.

Finally, we assumed that the plasma was static, but
this is not the case for an accreting BH. While this ap-
proximation is valid for modes that are short-lived with
respect to the typically accretion timescale of the BH,
this might not always be the case, especially for problems
(e.g. the superradiant instability) which could be char-
acterized by extremely long timescales. Thus, another
interesting extension would be to solve the linearized
photon-plasma dynamics in the time domain, also tak-
ing into account the dynamics of the plasma density, or
perform a multiscale adiabatic approximation [26].

We hope to report on these interesting problems in the
near future.
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Appendix A: Polar sector

Here we derive the full potential for the polar sector.
We first consider a homogeneous plasma (ωpl = const)
and then a generic radially dependent density profile, i.e.
ωpl = ωpl(r).

1. Homogeneous plasma case

From Eq. (22), it is possible to find an expression for
u(2) in terms of u′(3). This expression can be inserted

in Eq. (23) to get a single second order equation for the
decoupled variable u(3):

u′′(3) − u
′
(3)

2f2l(l + 1)ω2 + (f − 1)f2r2ω4
pl − fω2

pl

(
f(f + 1)l(l + 1) + 2(f − 1)r2ω2

)
+ (f − 1)r2ω4

fr
(
fω2

pl − ω2
)

(f
(
l2 + l + r2ω2

pl

)
− r2ω2)

+u(3)

ω2 −
f
(
l2 + l + r2ω2

pl

)
r2

 f−2 = 0. (A1)

Equation (A1) is still not in the form of a Schroedinger-
like equation. We therefore perform the following sub-
stitution: u(3) = G(r)ψ(r), where G is an unknown
function such that with this transformation equation
Eq. (A1) assumes the form d2ψ/dr2∗−V (r)ψ = 0. We find

G(r) = r−1
√
fr(l2 + l + r2ω2

pl)− r3ω2
√
r(fω2

pl − ω2)
−1

and we finally arrive at a Schrodinger-like equation in
terms of the tortoise coordinate where the potential has
the following cumbersome form
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V (r) =
d(r)

4 (ω2 − fωpl
2) (fl(l + 1)r + fr3ωpl

2 − r3ω2)
, (A2)

with

d(r) = −ω4
[
f4
(
3l2(l + 1)2 + 72l(l + 1)r2ω2

pl

)
+ 2f3

(
− 18l(l + 1)

(
l2 + l + 1

)
r2ω2

pl

− l2(l + 1)2(2l(l + 1) + 1)− 36l(l + 1)r4ω4
pl − 20r6ω6

pl

)
− f2l2(l + 1)2

]
− ω8

(
−12fl(l + 1)r4 − 20fr6ω2

pl

)
− 4r6ω10 − ω2

[
2f5ω2

pl

(
−3l2(l + 1)2 − 29l(l + 1)r2ω2

pl

)
+ f4

(
4l2(l + 1)2(2l(l + 1) + 1)ω2

pl + 48l(l + 1)r4ω6
pl + 4l(l + 1)(9l(l + 1) + 5)r2ω4

pl + 20r6ω8
pl

)
+ 2f3

(
l2(l + 1)2ω2

pl + l(l + 1)r2ω4
pl

) ]
− 4f6l(l + 1)ω4

pl

(
l2 + l + 4r2ω2

pl

)
− 2f5ω2

pl

(
−2l2(l + 1)2

(
l2 + l + 1

)
ω2
pl − 6l(l + 1)r4ω6

pl − 2l(l + 1)(3l(l + 1) + 1)r2ω4
pl − 2r6ω8

pl

)
− ω6

(
f2
(
48l(l + 1)r4ω2

pl + 4l(l + 1)(3l(l + 1) + 5)r2 + 40r6ω4
pl

)
− 30f3l(l + 1)r2 − 2fl(l + 1)r2

)
. (A3)

Note that V → −ω2 as r → 2M and V → ω2
pl − ω2 as

r →∞.
2. Nonhomogeneous plasma case

The case of a generic radially dependent plasma den-
sity proceeds in the same fashion as the homogeneous
case. We find the same expression for the function G
with ωpl replaced by ωpl(r). As in the previous case we
then arrive to a Schrodinger-like equation with an effec-
tive potential

V (r) =
d(r)

4 (ω2 − fωpl(r)2) (fl(l + 1)r + fr3ωpl(r)2 − r3ω2)
, (A4)

where

d(r) = ω4
[
36f3l(l + 1)r2

(
−2f + l2 + l + 1

)
ωpl(r)

2 + f2l2(l + 1)2(f(−3f + 4l(l + 1) + 2) + 1)

− 4f3l(l + 1)rωpl(r)
(
(9f − 5)r2ω′pl(r)− fr3ω′′pl(r)

)
+ 4f4l(l + 1)r4ω′pl(r)

2 + 72f3l(l + 1)r4ωpl(r)
4 + 40f3r6ωpl(r)

6
]
+

ω2
[
2fωpl(r)

2
(
f2l2(l + 1)2(f(3f − 4l(l + 1)− 2)− 1) + 4f4l(l + 1)r4ω′pl(r)

2
)

− 4f5l2(l + 1)2r2ω′pl(r)
2 + 4f4l(l + 1)rωpl(r)

3
(
2(7f − 3)r2ω′pl(r)− 2fr3ω′′pl(r)

)
− 48f4l(l + 1)r4ωpl(r)

6 − 2f3l(l + 1)r2(f(−29f + 18l(l + 1) + 10) + 1)ωpl(r)
4

− 4f3l(l + 1)rωpl(r)
(
f2l(l + 1)rω′′pl(r) + 2fl(l + 1)ω′pl(r)

)
− 20f4r6ωpl(r)

8
]

− 2f2ωpl(r)
4
(
6f4l(l + 1)r4ω′pl(r)

2 − 2f3l2(l + 1)2
(
−f + l2 + l + 1

))
+ ω6

(
−48f2l(l + 1)r4ωpl(r)

2 − 40f2r6ωpl(r)
4 + 2fl(l + 1)r2(f(15f − 6l(l + 1)− 10) + 1)

)
+ 4f5l(l + 1)r3ωpl(r)

5
(
(1− 5f)ω′pl(r) + frω′′pl(r)

)
+ 12f5l(l + 1)r4ωpl(r)

8

+ 4f4l(l + 1)rωpl(r)
3
(
f2l(l + 1)rω′′pl(r) + (f + 1)fl(l + 1)ω′pl(r)

)
− 4r6ω10

− 4f5l(l + 1)r2(4f − 3l(l + 1)− 1)ωpl(r)
6 + 4f5r6ωpl(r)

10 + ω8
(
12fl(l + 1)r4 + 20fr6ωpl(r)

2
)

(A5)

In this case the asymptotic behavior reads V → −ω2 as r → 2M and V → ω2
pl(r → ∞) − ω2 as r → ∞.
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Obviously, the effective potential in Eq. (A4) reduces to Eq. (A2) when ωpl = const.
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