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A B S T R A C T

Many research activities focus on load-flexible fixed-bed reactors in the context of Power-to-X concepts.
One of the main issues is the occurrence of hazardous temperature excursions in steady state and during
dynamic load changes. The dilution of the catalytically active fixed-bed with inert particles and the use of
catalyst particles with active core and inert shell (so-called core–shell catalyst particles) are proven means
to prevent insufficient thermal management. This work aims at comparing both concepts with respect to
the reactor’s load-flexibility, exemplified for carbon dioxide methanation. In extension to our previous work
of Zimmermann et al. (2020), a multi-period design optimization approach is performed for both concepts,
considering one, two, and infinitely many axial fixed-bed segments. This approach simultaneously determines
the optimal reactor design and operating parameters, which is inevitable for a sound technological comparison
of the two concepts. Additionally, step responses are simulated as worst-case load change policy to switch
from one optimized steady state to another. The results show that with core–shell particles shorter tubes can
be used than with diluted fixed-beds, if one or two fixed-bed segments are considered. This results in lower
pressure loss and higher space–time yield. Additionally, faster load changes can be realized with core–shell
catalyst particles. In the case of infinitely many axial fixed-bed segments, both concepts converge to similar
space–time yields, but show excessive temperature excursion during load changes.
. Introduction

Due to the volatile availability of wind and solar energy, the current
hift from nuclear and fossil fuels towards renewable energy sources
ill cause periods of energy surplus and shortage. A possibility to

ompensate for these fluctuations is energy storage via the synthesis
f chemical compounds. This is known as Power-to-X concept, where

X’ is, for example, methane. In this context, hydrogen is produced by
ater electrolysis with surplus energy. Due to the lack of a hydrogen

nfrastructure and low energy density, hydrogen is subsequently con-
erted with carbon dioxide, e.g., from technical waste streams, into
ethane (Synthetic Natural Gas) and fed into the natural gas grid. In

his way, greenhouse gas emissions are also reduced. The exothermic
ethanation reaction is catalyzed by various metals. Nickel on alumina

upport is often a preferred, low-cost catalyst material, as it shows high
ctivity and high methane selectivity [1].

O2 + 4H2
e.g. Ni/Al2O3
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←⇀↽←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←← CH4 + 2H2O 𝐻0

𝑟 = −164.9 kJ
mol

Wall-cooled fixed-bed reactors are commonly used in the chemical
ndustry to carry out highly exothermic heterogeneously catalyzed gas-
hase reactions. However, due to the present market situation, the
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financial incentive to operate carbon dioxide methanation plants is
currently low. In fact, the state-of-the-art is to produce hydrogen from
fossil natural gas. As fixed-bed reactors are a central part of many
methanation plant concepts, intensive research is being conducted into
possible measures to improve reactor performance and safety. A central
safety aspect in the operation of fixed-bed reactors is the avoidance of
thermal runaway conditions, which occur if the released reaction heat
exceeds the reactor’s cooling capacity. This can lead to a significant
temperature increase within the fixed-bed, damaging the catalyst and
reactor material. The understanding and technical handling of this
aspect has been the focus of research for several decades [2] and has
gained new interest in the light of flexible reactor operation. This
interest originates from an increased relevance of intermittent reactant
supply (i.e., hydrogen) due to an upstream integration of renewable
energy. Consequently, reactors must operate at various steady states
and not, as usual, at a single steady state [3,4]. This demands all safety-
related and economic process constraints to be met under all stationary
conditions and during the transition in between.

Due to the non-linear dependence of the reaction rate on tempera-
ture, the limitation of the temperature-increase in fixed-bed reactors
is a non-trivial task. Thus, different design and operation strategies
vailable online 10 June 2021
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have been investigated with focus on CO and CO2 methanation. An
established approach to limit the fixed-bed temperature increase is
the dilution of reactants via product recycle [5–7]. While absorb-
ing a fraction of the reaction heat, the product gas also shifts the
chemical equilibrium of the methanation reaction towards the side
of the reactants, and thus additionally decreases the rate of reaction
heat release. Besides, other fixed-bed reactor concepts were investi-
gated. Examples include the use of multiple cooling zones [8], multiple
adiabatic reactors in series with intermediate cooling [9], structured
reactors [10,11], membrane reactors [12] or intermediate feed gas
injection/product removal [5,13]. The operation of polytropic fixed-
bed reactors on unstable-operation points was investigated by Bremer
and Sundmacher [14].

A further well-accepted and industrially applied approach to limit
the upper reactor temperature and to avoid runaway conditions is to
dilute the catalyst bed with an inert material [15,16]. As shown in
the Arrhenius plot in Fig. 1, this procedure decreases the reaction rate
and, thus, the heat release rate in the reactor. In consequence, the
temperature in the reactor drops, and the reactor operation becomes
safe. Luyben [17] also points out that the dynamic controllability
of fixed-bed reactors with diluted fixed-bed is improved. However,
this also leads to a drop in the reactor’s space–time yield. For this
reason, two or more segments of different dilution ratios are often
used, which cause characteristic temperature profiles with multiple hot-
spots and complex dynamic behavior [18–20]. Fischer and Freund [21]
developed a methodology to include the dynamics of fixed-bed reactors
into the design problem and applied it to design load-flexible fixed-bed
tubular reactors [22]. Among others, the influence of multiple segments
with different fixed-bed dilution ratios was investigated.

Besides fixed-bed dilution, some studies mention that the prevention
of runaway conditions is also possible by an inert shell covering the
active catalyst particles [23,24]. In the context of this study, such
particles are called core–shell catalyst particles. If properly designed,
the inert shell can significantly limit the effective reaction rate selec-
tively at high temperatures, where the diffusion through the inert layer
becomes rate-determining. On the other hand, if the layer thickness
is sufficiently small, the effective reaction rate is hardly affected at
low temperatures. In this domain, the reaction rate of the core is
rate-determining, as seen in Fig. 1. Core–shell catalyst particles were
identified as the best-possible catalyst particle design for load-flexible
carbon dioxide methanation in our previous work [25]. The result
is obtained by optimization of catalyst particle properties in a reac-
tor with fixed geometry and constant operating variables, which is
supplemented with sensitivity analyses and dynamic simulations.

Based on this result, we extend the procedure by considering multi-
ple steady states with different loads in parallel in a single optimization
of the whole catalyst-reactor system. Thus, optimal design and oper-
ating parameters for a load-flexible fixed-bed reactor are determined
simultaneously. The focus is in particular on the comparison of fixed-
bed dilution with inert material and the use of core–shell catalyst
particles, as both concepts evolve very different trends on the catalyst
level, which ultimately also affects the performance on the reactor
level. The reactor performance measures to which this work primarily
refers are space–time yield, safety, and flexibility. At first, optimal
operation and design parameters are obtained by rigorously optimizing
the methane space–time yield for both concepts considering one, two,
and infinitely many fixed-bed segments for a single steady state. Each
segment of the fixed-bed can consist of different catalyst loadings.
Subsequently, the optimization of a single steady state is extended to
a multi-period design optimization [26–28], to investigate the impact
of alternating reactor loads on reactor design and operation. Finally,
the transitions between the optimal steady-states are simulated to study
2

transition times and behavior.
2. Model

The selection of a proper model is a crucial part of numerical
studies and depends on the research question. Many fixed-bed reactor
models with different degrees of accuracy and complexity have been
developed over the years. Comparisons of some of these models in
the framework of carbon dioxide methanation are given in [12,14,29].
Based on these results, a transient, one-dimensional description of the
polytropic fixed-bed reactor is considered adequate for this work’s aim.
Together with proper correlations for reaction kinetics, heat transfer,
and pressure drop, the model is able to reflect the behavior of more
complex models (e.g. a two-dimensional, heterogeneous model) with
sufficient accuracy. The computational effort to solve the model is
comparatively low, which is necessary for a time-efficient and robust
optimization approach.

The central element of the model are mass and energy balance
equations for a single reactor tube, which is representative for the
whole multi-tubular reactor. If a single reaction is considered, the mass
balance equations of the components CO2, H2, CH4 and H2O can be
unified in a single equation by using, for example, the carbon dioxide
conversion 𝑋CO2

:

𝑛̇𝑖 = 𝑛̇𝑖,in + 𝜈𝑖 𝑋CO2
𝑛̇CO2 ,in (1)

ith 𝑖 ∈
{

CO2,H2,CH4,H2O
}

. For simplicity 𝑋CO2
is further on denoted

as 𝑋. Together with the energy balance in temperature form, the
ransient balance equations of the reactor together with initial and
oundary conditions read as:

𝜀𝑅
𝜕𝑋
𝜕𝑡

= −𝑢 𝜕𝑋
𝜕𝑧

+
𝑀CO2

𝜌 𝑦CO2 ,in

(

1 − 𝜀𝑅
)

𝜁 𝜎eff , (2)

(𝜌𝑐𝑝)eff
𝜕𝑇
𝜕𝑡

= −𝑢in 𝜌in𝑐𝑝
𝜕𝑇
𝜕𝑧

+ 𝜕
𝜕𝑧

[

𝛬ax
𝜕𝑇
𝜕𝑧

]

+ 4𝑈
𝐷

(

𝑇 − 𝑇cool
)

−𝐻r
(

1 − 𝜀𝑅
)

𝜁 𝜎eff , (3)

𝑋|𝑧=0 = 0, 𝛬ax
𝑑𝑇
𝑑𝑧

|

|

|

|𝑧=0
= 𝑢in 𝜌in 𝑐𝑝 (𝑇 − 𝑇in),

𝜕2𝑇
𝑑𝑧2

|

|

|

|𝑧=L
= 0, (4)

𝑋|𝑡=0 = 𝑋0, 𝑇 |𝑡=0 = 𝑇0. (5)

The axial dispersion of mass is neglected, as it is dominated by
onvective mass transport on the reactor scale. In steady-state, the
xial dispersion of energy was found also to be negligible for all cases
onsidered in this work. However, studies show that it can lead to a
ualitatively different transient behavior, in comparison to a model,
hich ignores it [30–32]. Consequently, the axial energy dispersion is

ncluded in the model.
The energy balance’s overall heat transfer coefficient 𝑈 is expressed

s a series of resistances consisting of the outer wall heat transfer
oefficient, inner wall heat transfer coefficient, and the fixed-bed heat
ransfer resistance. It is calculated according to Dixon [33]

1
𝑈

= 1
𝛼w

+ 𝐷
6𝛬r

Biw + 3
Biw + 4

, (6)

with 1
𝛼w

= 1
𝛼w,out

+ 1
𝛼w,in

, Biw =
𝛼w 𝐷
2𝛬r

. (7)

The effective axial and radial heat conductivity 𝛬ax and 𝛬r are
determined by the equation of Yagi and Kunii [34]

𝛬ax = 𝜆bed +
Pe
𝐾ax

𝜆f luid, 𝛬r = 𝜆bed +
Pe
𝐾𝑟

𝜆f luid (8)

with 𝐾ax = 2, 𝐾r = 7

[

2 −
(

1 − 2
𝐷∕𝑑

)2
]

, Pe =
𝑢 𝜌 𝑐𝑝𝑑
𝜆f luid

(9)

and 𝛼w,in according to the correlation of Martin and Nilles [35]. The
required heat conductivity of the fixed-bed without fluid flow 𝜆bed
is calculated according to the Zehner–Bauer–Schlünder model [36],

which is discussed in detail in the VDI heat atlas [37]. The respective
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Fig. 1. Influence of fixed-bed dilution and an inert shell on the effective reaction rate displayed in Arrhenius plots (left side) as well as the product of the dilution ratio and
effectiveness factor (right side). Additionally, the values of an undiluted fixed-bed (𝜁 = 1) are shown. Curves calculated according to 𝜎 = 𝜁 𝜂 𝜎int based on results given in Section 5
at 𝑋CO2

= 0%.
equations are summarized in [25]. An approximation for the tem-
perature in the center of the fixed-bed is also given by Dixon [33]:

𝑇c(𝑧) =
𝑈
𝑈 ′

(

𝑇 − 𝑇cool
)

+ 𝑇cool,

𝑈 ′ = 𝛼w
Bi4w + 24Bi3w + 240Bi2w + 1152Biw + 2304

16
(

Bi2w + 6Biw + 12
)2

.
(10)

The approximation was derived at steady-state conditions. Con-
sequently, by applying this equation, it is assumed that the radial
temperature profile is quasi-stationary. Quasi-stationarity is also as-
sumed for the velocity and pressure profiles, which are calculated by
the overall mass balance equation and the correlation of Eisfeld and
Schnitzlein [38], respectively. As the pressure loss is often not a major
factor in changing the reaction rate, it is assumed constant over the
fixed-bed’s length and is calculated at the inlet of the reactor.

𝑢(𝑧) =
𝑢in 𝜌in
𝜌(𝑧)

, (11)

𝑝(𝑧) = 𝑝in −

[

154𝐴2
w
(1 − 𝜀𝑅)2

𝜀3𝑅

𝜇𝐺 𝑢in
𝑑2

+
𝐴w
𝐵w

1 − 𝜀𝑅
𝜀3𝑅

𝜌in 𝑢2in
𝑑

]

𝑧, (12)

with 𝐴w = 1 + 2
3 (𝐷∕𝑑) (1 − 𝜀𝑅)

, 𝐵w =
[

1.15
( 𝑑
𝐷

)2
+ 0.87

]2
. (13)

Gas-phase properties are calculated as described in [25] with pure
component data given in the VDI heat atlas [37] and the mixing rules
described by Poling et al. [39].

The intrinsic reaction rate of the catalyst particles is given by
Koschany et al. [40]. It was determined on a Ni/Al(O)x catalyst. The
model is valid for temperatures from 453 to 613 K and pressures from
1 to 15 bar.

𝜎int =

𝑘 𝑝0.5CO2
𝑝0.5H2

(

1 −
𝑝CH4

𝑝2H2O
𝐾eq 𝑝CO2

𝑝4H2

)

(

1 +𝐾OH
𝑝H2O
𝑝0.5H2

+𝐾H2
𝑝0.5H2

+𝐾mix 𝑝0.5CO2

)2
(14)

The model is extrapolated for this study. This has to be considered
when interpreting the results because the occurrence of side reactions
(e.g., reverse water gas shift reaction) is neglected. However, the
quantities of side products produced are comparably small, as shown
in Appendix A. Thus, the general behavior of the fixed-bed reactor
remains the same [41].
3

As part of this study is to investigate the influence of an inert shell
on catalyst particles, mass transport limitations at the catalyst particle
scale have to be considered. This is done by multiplying the catalyst
effectiveness factor with the intrinsic reaction rate to get the effective
reaction rate according to

𝜎eff = 𝜂 𝜎int =
𝜎int

(1 + 𝛿)𝑛+1
[

𝛷
tanh(𝛷) +

𝛷2

Biext (1+𝛿)𝑛
+ 𝛷2

Biint

] , (15)

with

𝛷 =
𝑅core
𝑛 + 1

√

𝜎int (𝑐bulk)
Dcore (𝑐bulk − 𝑐bulk,eq)

, Biext =
𝛽CO2

𝑅core

Dcore(𝑛 + 1)
,

Biint =
Dshell

Dcore𝑅𝑛−1
core𝛹 (𝑛 + 1)

, 𝛿 =
𝑅shell − 𝑅core

𝑅core
.

A detailed derivation of Eq. (15) and a comparison to a rigorously
solved catalyst particle model is given in Appendix B. The effective
diffusion coefficients, heat conductivities and mass transfer coefficient
are calculated by [42,43]

Dcore∕shell =
𝜀core∕shell
𝜏core∕shell

𝑑pore,core∕shell
3

√

8
𝜋
𝑅gas 𝑇
𝑀CO2

, (16)

𝜆core∕shell =
1 − 𝜀core∕shell
𝜏core∕shell

𝜆solid,core∕shell, (17)

𝛽CO2
=

DM,CO2

𝑑

⎛

⎜

⎜

⎝

2 + 1.1

(

𝜇𝐺
𝜌𝐺 DM,CO2

)1∕3
(

𝑢 𝜌𝐺𝑑
𝜇𝐺

)0.6⎞
⎟

⎟

⎠

. (18)

Methanation catalysts are usually mesoporous with pore diameters
in the range from 5 to 20 nm. Thus, Knudsen diffusion is assumed
to be the primary mechanism of mass transport within the catalyst
particles. For estimating the tortuosity of the catalyst particles, the
Bruggeman relationship 𝜏 = 𝜀0.5 is used [44]. Based on former studies,
the catalyst particles are assumed isothermal [12,25]. However, the
heat conductivity is required for calculating the effective axial and
radial heat conductivity coefficients at the reactor scale. As the catalyst
particle core and shell heat conductivity can differ, they are averaged
according to the coated sphere model [45]:

𝜆cat = 𝜆core

[

1 + (𝛾 − 1) 𝛩 −
(𝛾 − 1)2 𝛩 (1 − 𝛩)
3 𝛾 + (𝛾 − 1)𝛩

]

, (19)

𝛾 =
𝜆shell
𝜆core

> 1, 𝛩 =
𝑟3shell − 𝑟3core

𝑟3shell
. (20)
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Table 1
Degrees of freedom 𝐷𝑜𝐹 depending on the reactor design concept.

case 1a Uniformly diluted fixed-bed 𝜁
case 2a Uniform fixed–bed of core–shell catalyst particles 𝛿, 𝜀shell , 𝑑pore,shell
case 1b Two segments of different dilution ratios 𝜁1 , 𝜁2 , 𝑧switch
case 2b Two segments of different shell thickness 𝛿1 , 𝛿2 , 𝑧switch , 𝜀shell , 𝑑pore,shell
case 1c Dilution ratio variable along the fixed–bed 𝜁 (𝑧)
case 2c Shell thickness variable along the fixed–bed 𝛿(𝑧), 𝜀shell , 𝑑pore,shell
All cases 𝑁𝑇 ,L, 𝐷, 𝑟core , 𝑇𝑗,in , 𝑢𝑗,in , 𝑝𝑗,in , 𝑇𝑗,cool , 𝛼𝑗,out
3. Optimization problem

This work aims to design a multi-tubular fixed-bed reactor, which
is able to convert a carbon dioxide stream into Synthetic Natural Gas
(SNG) in an optimal manner. For this purpose, carbon dioxide is mixed
with hydrogen in stoichiometric ratio (𝑛̇H2

∕𝑛̇CO2
= 4∕1) and fed to the

multi-tubular reactor. The supplied hydrogen stems from an electrolysis
unit powered by an alternating supply of renewable energy. Thus,
hydrogen generation is not constant and the fixed-bed methanation
reactor has to operate flexibly depending on the installed buffer units.
We assume that 𝑁 reactor loads are equally likely and uniformly spaced
with a mean of 𝐿̄CO2

and load range 𝛥𝐿CO2
= 𝐿CO2 ,max − 𝐿CO2,min.

𝐿CO2 ,𝑗 = 𝐿̄CO2
+
(

𝑗 − 𝑁 + 1
2

) 𝛥𝐿CO2

𝑁 − 1
for 𝑗 ∈ {1,… , 𝑁} (21)

For every possible load, economic and safety requirements have to
e met. In our case, this translates to requirements for 𝑇𝑐 ≤ 750K
nd 𝑋(L) ≥ 95%. We assume that if these conditions are not met, the
atalyst deactivates or the SNG post-treatment costs become uneconom-
cally high, respectively. A further important fixed-bed reactor design
spect is pressure loss, which is reflected in the required compression
ower and therefore in plant operating costs. However, since these
epend on the design of the plant, the pressure loss is left unconstrained
n this study.

To avoid an infeasible operation, the design and operating pa-
ameters have to be chosen accordingly. The design parameters have
echnological bounds and are the same for each load, such as the reac-
or tube number, diameter, and length. The operating parameters can
e varied according to the load, such as inlet pressure, inlet velocity,
nlet temperature, coolant temperature, and the outer wall heat transfer
oefficient.

Further design parameters are obtained depending on the reactor
esign concept. In the case of fixed-bed dilution (denoted case 1), this
s the dilution ratio 𝜁 = 𝑉cat∕(𝑉cat + 𝑉inert ), which is multiplied with the
ource term in balance Eqs. (2) and (3). Although the inert dilution
aterial can have different properties than the catalyst, such as heat

onductivity or particle diameter, we assume these properties to be the
ame. In reactor designs with core–shell particles (denoted case 2), pore
iameter, porosity, and shell thickness can be chosen within specified
ounds (see Tables 1 and 2).

As discussed in the introduction, multiple segments with different
atalyst bed compositions can be used. Therefore, case 1 and 2 are
urther distinguished in three sub-cases. In Sub-case a, the catalyst bed
s uniform within the whole reactor. In Sub-case b, two consecutive beds
f different compositions can be used. The two beds differ either by
he fraction of inert material (case 1b) or by the thickness of the inert
hell (case 2b). A switch function gives the spatial distribution of the
espective parameter:

(𝑧) = (𝜉2 − 𝜉1)

⎡

⎢

⎢

⎢

⎣

0.5 +
0.5(𝑧 − 𝑧switch)

√

(

𝑧 − 𝑧switch
)2 + 𝜅

⎤

⎥

⎥

⎥

⎦

+ 𝜉1, (22)

where 𝜉 ∈ {𝜁, 𝛿} is the switched parameter, 𝑧switch is the switching po-
sition and 𝜅, which equals 10−4 in this study, determines the sharpness
f the transition. In Sub-case c, the dilution ratio and the shell thickness
an be varied freely along the reactor’s length.
4

Table 2
Optimization constraints, variables, parameters, and bounds for loads 𝑗 ∈ {1, .., 𝑁}
[12,41,46–48].
Technological constraints
Conversion bounds 𝑋𝑗 (L) ≥ 95%
Temperature bounds 𝑇𝑗,c ≤ 750 K
Tube/particle diameter ratio 𝐷∕𝑑 ≥ 8
Inlet temperature constraint 𝑇𝑗,in ≥ 𝑇𝑗,cool
Load constraint 𝐿CO2 ,𝑗 = 𝑁𝑇

𝜋
4
𝐷2 𝑢𝑗,in 𝜌𝑗,in 𝑦CO2 ,in

Operating parameter constraints
Inlet pressure 2 bar ≤ 𝑝𝑗,in ≤ 20 bar
Inlet velocity 0.1 m∕s ≤ 𝑢𝑗,in ≤ 1.5 m∕s
Inlet temperature 500 K ≤ 𝑇𝑗,in ≤ 750 K
Coolant temperature 500 K ≤ 𝑇𝑗,cool ≤ 750 K
Outer wall heat transfer coefficient 250 W∕(m2 K) ≤ 𝛼𝑗,out ≤ 2000 W∕(m2 K)
Flow constraints Eq. (21)

Design parameter constraints
Number of tubes 1 ≤ 𝑁𝑇 ≤ 10 000
Tube length 0.1 m ≤ L ≤ 20 m
Tube diameter 2 cm ≤ 𝐷 ≤ 5 cm
Particle core radius 1 mm ≤ 𝑟core ≤ 2.5 mm
Particle shell radius 1 mm ≤ 𝑟shell ≤ 2.5 mm
Particle shell porosity 0.1 ≤ 𝜀shell ≤ 0.7
Particle shell pore diameter 5 nm ≤ 𝑑pore,shell ≤ 25 nm
Catalyst particle fraction 𝜁 = 100% (catalyst with inert shell)

0% ≤ 𝜁 ≤ 100% (fixed-bed dilution)
Particle shell constraint 𝑟core ≤ 𝑟shell (catalyst with inert shell)

𝑟core = 𝑟shell (fixed-bed dilution)
Switching position 0 ≤ 𝑧switch ≤ L

(for case 1b and case 2b)

Fixed parameters
Core porosity 𝜀core = 0.5
Core pore diameter 𝑑pore,core = 10 nm
Core solid density 𝜌solid,core = 3000 kg∕(m3)

Shell solid density 𝜌solid,shell = 3000 kg∕(m3)

Core solid heat conductivity 𝜆solid,core = 1 W∕(m K)

Shell solid heat conductivity 𝜆solid,shell = 1 W∕(m K)

Core solid heat capacity 𝑐𝑝,solid,core = 1000 J∕(kg K)

Shell solid heat capacity 𝑐𝑝,solid,shell = 1000 J∕(kg K)

Carbon dioxide inlet mass fraction 𝑦CO2 ,in = 0.846

Hydrogen inlet mass fraction 𝑦H2 ,in = 0.154

For each case, numerical optimization is performed to maximize the
mean methane space–time yield over all loads

𝑆𝑇𝑌 CH4
=

∑𝑁
𝑗=1 𝑆𝑇𝑌CH4 ,𝑗

𝑁
. (23)

In summary, the general formulation of the resulting nonlinear
optimization problem is given by

max
𝐷𝑜𝐹

𝑆𝑇𝑌 CH4
(𝐿̄CO2

, 𝛥𝐿CO2
, 𝑁, case)

s.t. reactor model Eqs. (1) to (20)
technological constraints (Table 2)
operating constraints (Table 2)
design constraints (Table 2)

with the degrees of freedom 𝐷𝑜𝐹 given in Table 1.
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Fig. 2. Schematic representation of the solution methodology.

4. Solution methodology and computational aspects

As shown in Fig. 2, the results of this study are obtained in three
steps. At first, the optimization problems are solved with a constant
load (𝐿̄CO2

= 1 t/h, 𝛥𝐿 = 0 t/h). This is called base case optimization.
The optimal design and operating parameters are discussed, and the
performance of all reactor concepts is compared.

Subsequently, the influence of a predetermined load range on the
optimal choice of design and operating parameters (also called design
and control variables) is investigated by performing multi-period de-
sign optimizations [26–28] for each case displayed in Table 1. In the
performed multi-period design optimizations, the reactor is subject to
𝑁 piecewise constant loads in successive periods. The steady states
are assumed to be much longer than the transitions in between and
thus the reactor dynamics are neglected. This also implies that the
order of the periods has no influence on the result. The operating
parameters are optimally adjusted within their specified bounds for
each period individually. As the optimal design parameters cannot be
changed during reactor operation, their optimal values are determined
by all loads simultaneously. In total, 15 loads (𝑁 = 15), which are
distributed according to Eq. (21) are considered in each multi-period
design optimization. An individual multi-period design optimization for
various load ranges from 0 t/h (constant load) to 1 t/h (changing load)
is performed. During all studies, the mean carbon dioxide load is kept
constant at 1 t/h.

After successful optimization, all constraints are fulfilled for each
steady state. However, during a dynamic transition from one steady
state to another, some constraints might be violated. Therefore, step
responses of the reactor upon changes of load and operating parameters
are examined as worst–case load-change policy. In this way, unfavor-
able behavior on sudden load changes, such as temperature overshoots
and conversion drops, can be detected. Furthermore, this procedure
gives insight into the time-scale of load-changes, which allows to
judge whether the steady-state assumption of the multi-period design
optimization is assessable.

To apply the discussed methodology, the balance equations (Eqs. (2)
and (3)) are discretized into 300 control volumes by the Finite Vol-
ume Method. The control volumes are logarithmically spaced along
the reactor’s axis, with smaller control volumes at the inlet of the
5

Table 3
Optimal base case parameters.

Unit case

1a 2a 1b 2b 1c 2c

Performance parameters
Methane space–time yield kgCH4

m3 s
0.17 0.57 0.96 1.11 1.26 1.31

Outlet conversion % 95.0 95.0 95.0 95.0 95.0 95.0
Max. fixed-bed temp. K 750 750 750 750 750 750
Pressure loss bar 6.49 2.00 1.14 1.07 1.17 0.89

Optimal parameters
Inlet temperature K 574 569 584 557 562 566
Inlet velocity m

s
1.50 1.50 1.50 1.50 1.50 1.50

Inlet pressure bar 20.0 20.0 20.0 20.0 20.0 20.0
Coolant temperature K 574 569 555 557 562 566
Outer wall heat trans. coeff. kW

m2 K
2.00 2.00 2.00 2.00 2.00 2.00

Tube length m 11.0 3.37 1.95 1.77 1.54 1.48
Tube diameter cm 2.00 2.00 2.00 2.00 2.00 2.00
Number of tubes – 160 158 162 155 157 158
Particle core radius mm 1.25 1.23 1.25 1.00 1.00 1.00
Particle shell porosity – – 0.10 – 0.33 – 0.33
Particle shell pore diameter nm – 5.00 – 14.7 – 12.3

reactor, where steeper profiles are expected. The resulting equations are
implemented into MATLAB2016a within the CasADi framework [49,
50]. Based on the information given in [25], an initial guess on the
optimal parameters of the base case optimization is made. The system
is integrated into steady state via the CVodes integrator of SUNDIALS
[51]. The obtained solution is used for initialization of the base case
optimization. Subsequently, the multi-period design optimizations are
carried out by carefully increasing the load range. Each multi-period
design optimization is initialized with the optimal solution of the pre-
vious. As optimization solver, Ipopt [52] with MA97 [53] as underlying
linear solver is selected. The subsequent step response analyses are also
performed by employing the CVodes integrator of SUNDIALS [51].

5. Results

5.1. Base case optimization

The base case optimization results are shown in Fig. 3 and Table 3.
In all studies, the highest possible inlet pressure and inlet velocity
are preferred, as this minimizes the required fixed-bed reactor cross-
section. For each case, the fixed-bed reactor cross-section is divided into
about 160 tubes with 2 cm diameter. Therefore, together with the outer
wall heat transfer coefficient at the upper bound of 2000 W/(m2K),
the highest possible coolant heat transfer is selected. Inlet and coolant
temperature are chosen in the range of 557–584 K. This temperature
range enables to limit the hot-spot temperature to 750 K on the one
hand, but allows for high reaction rates towards the reactor’s outlet on
the other hand. Consequently, the difference in methane space–time
yields is mainly determined by the tube length necessary to achieve
the required outlet conversion of 95%.

The lowest methane space–time yield is achieved with a single
segment of diluted fixed-bed (case 1a), where the amount of catalyst
is reduced to about 20%. As shown in Fig. 3, the fixed-bed dilution
significantly reduces the effective reaction rate at high temperatures
and, thus, allows to keep the hot-spot temperature in the limit of 750 K.
However, as the fixed-bed dilution is constant over the fixed-bed’s
whole length, the effective reaction rate is also reduced towards the re-
actor’s outlet, where the temperature is relatively low. In consequence,
comparably long tubes of 11.0 m with a considerable pressure loss of
6.5 bar are necessary to achieve a conversion of 95%. As this result
is obtained by numerical optimization, it is evident, that a fixed-bed
methanation reactor cannot be operated at the given conditions with
an undiluted fixed-bed of uniform catalyst particles. The reason for this
is, that if an operation with an undiluted fixed-bed would be possible,
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Fig. 3. Base case optimization results: Conversion, temperature, and effective reaction rate profiles together with either optimal fixed-bed dilution (left) or inert shell thickness
(right) profiles.
Fig. 4. Sensitivity analyses of carbon dioxide conversion, maximum fixed-bed temperature, and methane space–time yield depending on operating parameters. Dashed lines represent
the reactor filled with diluted fixed-bed and solid lines the reactor filled with core–shell particles.
the optimization solver would prefer this option, as the inert material
decreases the reactor space–time yield.

Higher space–time yields are possible by applying an inert shell
onto the catalyst particles (case 2a). The inert shell’s porosity and
pore diameter are chosen such that the effective diffusion coefficient
becomes minimal. This allows the shell to be as thin as possible for
diffusion through the inert shell to become rate-determining at high
temperatures and thus to limit the temperature to 750 K. On the
other hand, the thin shell does not significantly influence the effective
reaction rate towards the reactor’s outlet, where no limitation of the
effective reaction rate is necessary. Thus, a much shorter tube length
compared to fixed-bed dilution is sufficient to achieve a conversion of
95%, which also results in a lower pressure loss of about 2 bar. As
6

shown by the sensitivity analyses in Fig. 4, case 2a also reduces the
parametric sensitivity of the reactor, especially concerning the outer
wall heat transfer coefficient and the coolant temperature.

Significantly higher methane space–time yields are achieved when
two segments of different catalyst loadings are introduced into the
reactor (case 1b and 2b). Both with fixed-bed dilution and inert shell,
the second segment consists of a pure catalyst bed, which leads to
the typical double-humped temperature profile. Since this procedure
increases the amount of active catalyst and the reactor temperature,
the average effective reaction rate also increases. Thus, much shorter
tubes are sufficient to achieve the necessary outlet conversion of 95%.
However, the increase in methane space–time yield is accompanied by
a more complex reactor behavior, as shown by sensitivity analyses in
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Fig. 5. Maximum mean methane space–time yield depending on the carbon dioxide
oad range.

ig. 4. As discussed by Quina and Quinta Ferreira [19], either the first
r the second hot spot can rise, depending on whether an operating pa-
ameter is increased or decreased. Consequently, the optimized points’
emperature is minimal for all operating parameters, except for the
ressure. Similar to Sub-case a, the two-segment reactor with optimal
ixed-bed dilution (case 1b) is more sensitive to changes in operating

parameters than the reactor with core–shell catalyst particles (case 2b).
Case 1c and Case 2c yield the upper bound of space–time yield

achievable by both reactor concepts. For these cases, the reactors are
filled with a short segment of pure, uniform catalyst particles close
to the inlet, where the center temperature quickly rises to the upper
bound. As soon as the upper temperature bound is attained, the fixed-
bed is diluted or an inert shell is applied respectively to keep the
temperature at the upper bound. Afterward, the fixed-bed dilution and
the shell thickness decrease back to zero. This characteristic shape
is known as a singular arc or singular segment in optimal control
theory [16,18]. The obtained solutions show pronounced parametric
sensitivity depending on the operating parameters, due to the segment
with pure, uniform catalyst particles at the beginning of the reactors.
The space–time yields for both concepts are almost the same. However,
the reactor filled with core–shell catalyst particles performs slightly
better. The reason is that the inert shell slightly increases the effective
heat conductivity of the fixed-bed, as the optimally designed shell has
a lower porosity than the porous cores. This allows for slightly higher
effective reaction rates compared to the partially diluted catalyst bed,
without surpassing the temperature limit. The effect, however, is minor.

5.2. Multi-period design optimization

Multi-period design optimizations for an increasing load range from
0 to 1 t/h were performed and the objective values are illustrated in
Fig. 5, respectively. Note that the load range of 0 t/h corresponds to
the base case, and all average space–time yields drop with increasing
load range. The main reason for this drop is the increasing number of
tubes, which rises linearly by 50% from about 160 to 240 in each case.
This is in accordance with the increase in the maximum load from 1 t/h
to 1.5 t/h. At the same time, the remaining design parameters remain
identical to those of the base case shown in Table 3. In addition, the
optimal operating parameters at the maximum load are the same as
for the base case. Consequently, the optimizer favors a larger number
of tubes over modifying the base case single tube design to handle the
maximum reactor load. The additional tube volume is then redundant
at lower reactor loads. Thus, the operating parameters are adjusted by
the optimization such that the upper temperature limit is not exceeded
while the conversion is kept above 95%. However, this offers little
potential to compensate for the loss of methane space–time yield, as
7

only a few percentage points are missing from total conversion, and
the reaction is limited by thermodynamic equilibrium.

For a load range of 1 t/h, the optimal profiles of the operating
parameters, together with the respective conversion and temperature
profiles, are shown in Fig. 6 for fixed-bed dilution and Fig. 7 for the
core–shell particle concept. The optimal inlet velocity and inlet pressure
increase with increasing load, as long as neither parameter is at the
upper bound. This is because higher pressures shift the hot-spot towards
the reactor inlet, while higher velocities shift the hot-spot towards
the reactor outlet. The influence of both parameters, therefore, com-
pensates mutually. Except for case 2b, the inlet temperature is always
determined by the coolant temperature due to the constraint 𝑇in ≥ 𝑇cool.
n general, the coolant temperature decreases with decreasing inlet
elocity, to compensate for the decrease in the effective radial heat
onductivity.

The reactors’ temperature profile is also adjusted by changing the
uter wall heat transfer coefficient, although for case 1a and 2a it is
ptimal at its upper bound of 2 kW/(m2 K) for all loads. For case 1b
t exhibits a steep gradient and for case 2b even a discontinuity. For
he remaining cases, it decreases monotonically with declining load. In
ll cases, the operating parameters are chosen such that the maximum
emperature of 750 K is achieved at least at one point.

As frequent temperature changes of high magnitude could deac-
ivate the catalyst, the maximum temperature difference 𝛥𝑇c is seen
s an important characteristic feature for load flexible reactors. The
aximum temperature difference in a single spot is 85.3 K for the
iluted catalyst bed (case 1a) and 66.0 K for the core–shell particle
oncept (case 2a). For both cases, the hot-spot stays in a narrow section
f about 25 cm near the reactor inlet.

For the reactors with two uniform fixed-bed segments (case 1b
nd 2b), the double-humped temperature profile is maintained at all
oads. However, the maximum temperature difference is 158.3 K for the
iluted catalyst bed (case 1b) and only 77.1 K for the core–shell particle
oncept (case 2b). For the fixed-bed dilution case with infinite segments
case 1c), sagging temperature profiles are obtained with temperature
axima in the second half of the singular arc for loads lower than the
aximum load. For the reactors filled with core–shell catalyst particles
case 2c), the temperature profiles have a maximum in the middle of
he singular arc. Again, the maximum temperature difference for the
eactor with core–shell particles (𝛥𝑇c = 52.6K) is smaller than that of
he reactor filled with a diluted catalyst bed (𝛥𝑇c = 71.7K).

.3. Step response analyses

Whereas all constraints are met in all optimized steady states,
emperature excursions and conversion drops might still occur during
he transition between each steady state, as shown in several works [21,
4]. Thus, the optimal operating parameter setting is switched between
inimum, mean, and maximum load in terms of step changes, as shown

n Fig. 8 (top). Each load is held for 5 min before another load change
s applied.

For a uniform fixed-bed with core–shell particles (case 2a) the new
teady-state settles much faster compared to a uniformly diluted fixed-
ed (case 1a). Apart from temporally limited conversion undershoots
uring positive load changes, a minor oscillation of the temperature
rofile occurs before the new steady state stabilizes. This oscillation
s much more pronounced for the reactor with a uniformly diluted
ixed-bed (case 1a), especially after negative load changes.

Even more pronounced temperature excursions far above the tol-
rable temperature limit occur on negative load changes for reactors
ith two fixed-bed segments, of which the first is partially diluted
ith inert material (case 1b). In this case, the hot-spot in the diluted

segment grows and travels in axial direction to the undiluted segment.
As the hot-spot displacement is a comparably slow process, moving
reaction fronts must be avoided if load flexibility is aspired. In this

regard, the use of core–shell particles within the first segment (case 2b)
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s

Fig. 6. Left: steady-state conversion and temperature profiles with optimal fixed-bed dilution for various loads with a carbon dioxide load range of 1 t/h. Darker colors belong to
teady states with higher loads. Right: respective optimal operating parameters.
Fig. 7. Left: steady-state conversion and temperature profiles with optimal core–shell catalyst particles for various loads with a carbon dioxide load range of 1 t/h. Darker colors
belong to steady states with higher loads. Right: respective optimal operating parameters.
is preferable, as traveling hot-spots and slow transitions are not an issue
here.

For reactors with infinite fixed-bed segments (case 1c and 2c), a
significant temperature overshoot can be seen on negative load changes
for both cases. The temperature overshoot begins in the inlet sec-
tion with pure catalyst right before the singular arc. It then starts to
travel towards the reactor outlet. With fixed-bed dilution (case 1c), the
hot-spot travels a much larger distance, where the maximum of the
temperature profile is located in the second half of the singular arc.
In contrast, with core–shell catalyst particles (case 2c) the temperature
overshoot quickly flattens and the new steady state is attained much
faster compared to the reactor with a diluted catalyst bed.
8

6. Conclusion

The influence of fixed-bed dilution and the core–shell catalyst par-
ticle concept on steady-state and dynamic fixed-bed reactor operation
have been compared in this work. Both concepts’ specific features are
free to choose within one, two, and infinitely many segments along
the reactor axis. Base case design optimizations, multi-period design
optimizations, and dynamic simulations between the optimal steady
states are conducted to evaluate the performance of all cases with
respect to space–time yield, maximum temperature, and load flexibility.

As other authors have already concluded, the steady-state perfor-
mance of multi-tubular reactors with diluted fixed-bed increases with
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Fig. 8. Dynamic profiles of reactor load, outlet conversion, maximum (radially averaged) temperature and position thereof for multi-period optimized cases. (Instead of the fixed-bed
center temperature 𝑇c, the radially averaged temperature 𝑇 is shown, as Eq. (10) is only valid in steady-state. Please also note the different temperature scales.)
an increasing number of optimally diluted fixed-bed segments [18].
This study shows that the same statement holds for reactors filled with
catalyst particles consisting of an active core and an inert shell. The
axial profile of the optimal shell thickness resembles the optimal dilu-
tion profile. However, especially if one or two fixed-bed segments are
considered, the reactor filled with core–shell catalyst particles shows a
significantly higher methane space–time yield, as shorter reactor tubes
can be used compared to its counterpart with a diluted fixed-bed.
This advantage results from a decrease of the effective reaction rate
selectively at high temperatures, where the mass transport through the
inert shell becomes rate-determining. Thus, the effective reaction rate
becomes almost independent of temperature (and linear in concentra-
tion) since Knudsen diffusion is the major transport mechanism within
the inert shell. In comparison, fixed-bed dilution decreases the effective
reaction rate equally over the whole temperature range and does not
change its dependence on temperature and concentration. A detailed
sensitivity analysis reflects this fundamental difference between both
concepts. The reactors filled with core–shell catalyst particles are much
less sensitive towards changes in operating parameters, especially con-
cerning the inlet and coolant temperature as well as the outer heat
transfer coefficient. Additionally, due to the shorter tubes, the pressure
loss of reactors filled with core–shell catalyst particles is lower than in
the respective cases with diluted fixed-bed.

Multi-period design optimizations revealed that the mean space–
time yield of all cases drops with an increasing load range. However,
this does not alter the optimal design of the fixed-bed reactor, aside
from the fact that more tubes are necessary to convert the maximum
load. For the maximum load, the operating parameters are identical to
the base case. For loads lower than the maximum load, the operating
parameters are chosen such that the carbon dioxide conversion is kept
9

above 95%. However, there is no significant potential to compensate for
the increasing number of tubes, which rises linearly with the maximum
load. Since reactor volume, which is obtained by the increased number
of tubes, is redundant for lower loads, the mean methane space–time
yield behaves almost inversely proportional to the load range, as seen
in Fig. 5.

Step response analyses between the optimal steady states revealed
an unfavorable dynamic behavior of reactors with diluted catalyst
beds. Especially for the cases with two and infinite bed segments,
traveling hot-spots with temperatures far above the maximum steady-
state temperature were observed. The same holds for reactors filled
with core–shell catalyst particles with infinite segments due to the
section with pure, uniform catalyst particles at the inlet. In these cases,
the transition between steady states has to be done more carefully,
e.g., by ramping the operating parameters. Another possibility is the
consideration of runaway criteria in transient scenarios or dynamic
optimization (see e.g., [20,21,55]). On the contrary, the reactors filled
with core–shell catalyst particles with one and two fixed-bed segments
did not show any unfavorable dynamic behavior (e.g., moving reaction
fronts). After a load change, the new steady state settles quickly, and
no pronounced temperature excursions are observed.

Based on the results of this study, a fixed-bed reactor filled uni-
formly with core–shell catalyst particles appears as a promising can-
didate for load-flexible methanation reactors, as it offers comparably
high methane space–time yields and is able to deal with drastic loads
changes without showing any unfavorable dynamic behavior. If higher
space–time yields are required, two fixed-bed segments, of which only
the first consists of core–shell catalyst particles, can be considered.
However, this also requires a more complex operation strategy. In a
broader sense, the inert shell on the catalyst particles can be interpreted
as spatially optimized placement of the inert material considering

reactor and particle scale in comparison to ordinary fixed-bed dilution.
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Additionally, assuming uniform producibility of core–shell catalyst par-
ticles, a fixed-bed consisting of such particles is not inherently prone
to statistical activity variations, as it is the case for highly diluted
fixed-beds [56].

7. List of symbols

Latin symbols
𝐴w Parameter in Eq. (12) (–)
𝐵w Parameter in Eq. (12) (–)
Bi Biot number (–)
𝑐𝑝 Isobaric heat capacity

(

J
kg K

)

𝑐 Concentration
(

mol
m3

)

𝑑 Particle diameter (m)
𝐷 Tube diameter (m)
𝐷𝑜𝐹 Degrees of freedom (var. unit)
D Diffusion coefficient

(

m2

s

)

𝐻 Enthalpy
(

J
mol

)

𝑘 Reaction rate constant
(

mol
Pa kg s

)

𝐾 Adsorption constant (var. unit)
𝐿 Load

(

kg
s

)

𝛥𝐿 Load range
(

kg
s

)

𝐿̄ Mean load
(

kg
s

)

L Reactor length (m)
𝑀 Molar mass

(

kg
mol

)

𝑛̇ Molar flux
(

mol
m2 s

)

𝑛 Catalyst geometry factor (–)
𝑁 Number of loads (–)
𝑁T Number of tubes (–)
𝑝 Pressure (Pa)
Pe Peclet number (–)
𝑟 Radial catalyst particle coordinate (m)
𝑅 Radius (m)
𝑅gas Ideal gas constant

(

J
mol K

)

𝑆 Selectivity (–)
𝑆𝑇𝑌 Space–time yield

(

kg
m3 s

)

𝑡 Time (s)
𝑇 Temperature (K)
𝑢 Superficial gas velocity

(

m
s

)

𝑈 Overall heat transfer coeff.
(

W
m2 K

)

𝑈 ′ Overall heat transfer coeff.
(

W
m2 K

)

𝑉 Volume
(

m3)

𝑋 Carbon dioxide conversion (–)
𝑧 Axial reactor coordinate (m)

Greek symbols
𝛼 Heat transfer coefficient

(

W
m2 K

)

-

𝛽 Mass transfer coefficient
(

m
s

)

𝛾 Heat conductivity ratio (–)

𝛿 diml. shell thickness (–)
𝜀 Void fraction (–)
𝜁 Catalyst particle fraction (–)
𝜂 Catalyst effectiveness factor (–)
𝛩 Volume ratio (–)
𝜅 Parameter in Eq. (22) (–)
𝜆 Heat conductivity

(

W
m K

)

10
𝛬 Eff. heat conductivity
(

W
m K

)

𝜇 Dynamic viscosity (Pa s)
𝜈 Stoichiometric coefficient (–)
𝜉 Switched parameter in Eq. (22)
𝜌 Density

(

kg
m3

)

𝜎 Reaction rate
(

mol
m3 s

)

𝜏 Tortuosity (–)
𝛷 Modified Thiele-Modulus (–)
𝛹 Defined by Eq. (32) (var. unit)
𝛺 Defined by Eq. (31)

(

1
m

)

Indices
□𝑖 Comp. 𝑖 ∈ {CO2,H2,CH4,H2O,CO}
□𝑗 Load 𝑗 ∈ {1, .., 𝑁}
□𝑘 Reaction 𝑘 ∈ {CO2 methanation, CO

methanation, reverse water gas shift
reaction}

□CH4
Methane

□CO2
Carbon dioxide

□CO Carbon monoxide
□H2

Hydrogen
□H2O Water
□ax Axial
□bed Fixed-bed
□bulk Gas phase bulk
□in Inlet
□cool Coolant
□core Catalyst particle core
□c Reactor tube center
□eff Effective
□f luid Fluid
□solid Non-porous solid
□shell Catalyst particle shell
□r Radial
□R Reactor
□switch Switching position
□max Maximum
□M Molar
□w Wall
□in Inside
□int Intrinsic
□out Outside
□0 At initial time

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

This research work was conducted within the DFG Priority Program
SPP2080 ‘‘Catalysts and reactors under dynamic conditions for energy
storage and conversion’’ and was funded by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) -406914011. Ronny
Zimmermann and Jens Bremer are also affiliated with the International
Max Planck Research School (IMPRS) for Advanced Methods in Process
and Systems Engineering, Magdeburg, Germany. (Gefördert durch die

Deutsche Forschungsgemeinschaft (DFG)-406914011.)



Chemical Engineering Journal 428 (2022) 130771R.T. Zimmermann et al.

D

t
b
b

w

Appendix A. Influence of the reverse water gas shift reaction

To study the assumption of negligible CO formation in core–shell
catalyst particles, the mass balance equations

1
𝑟𝑛

d
d𝑟

[

𝑟𝑛D𝑖,core
d𝑐𝑖,core
d𝑟

]

=
∑

𝑘
𝜈𝑖,𝑘𝜎𝑘,core, (24)

1
𝑟𝑛

d
d𝑟

[

𝑟𝑛D𝑖,shell
d𝑐𝑖,shell

d𝑟

]

= 0, (25)

𝑖,core
d𝑐𝑖,core
d𝑟

|

|

|

|

|𝑟=0
= 0, (26)

𝑐𝑖,core||𝑟=𝑅core
= 𝑐𝑖,shell||𝑟=𝑅core

, (27)

D𝑖,core
d𝑐𝑖,core
d𝑟

|

|

|

|

|𝑟=𝑅core

= D𝑖,shell
d𝑐𝑖,shell

d𝑟

|

|

|

|

|𝑟=𝑅core

, (28)

D𝑖,shell
d𝑐𝑖,shell

d𝑟

|

|

|

|

|𝑟=𝑅shell

= 𝛽𝑖
(

𝑐𝑖,bulk − 𝑐𝑖,shell
)

(29)

are solved for the species CO2, H2, CH4, CO and H2O and in addition
to the CO2 methanation the reverse water gas shift reaction and the CO
methanation reaction

CO2 + H2 ⇌ CO + H2O

CO + 3H2 ⇌ CH4 + H2O

are included. The reaction kinetic model of Burger et al. [57], which
is derived for the same catalyst as that of Koschany et al. [40], and
model 11 of Lalinde et al. [58] are employed. For the latter, a 30 wt-%
NiO∕Al2O3 catalyst was used. The equation system is solved numeri-
cally at the optimal conditions of case 2a given in Section 5 at 𝑋 = 0%.
Additionally, the results are compared to an uniform catalyst particle.

As displayed in Fig. 9, the methane selectivity of the catalyst of
Koschany et al. [40] and Burger et al. [57] is above 95%, regard-
less of whether core–shell particles or uniform catalyst particles are
used. However, for the catalyst of Lalinde et al. [58], the selectivity
decreases significantly with rising temperatures in the case of uniform
catalyst particles. When core–shell catalyst particles are employed,
the selectivity towards methane remains high. The reason for this is
a hydrogen surplus inside the catalyst particles, which is caused by
the high effective diffusion coefficient of hydrogen compared to the
other reactants. Thus, the chemical equilibrium is shifted from carbon
monoxide towards methane inside the catalyst particles. Additionally,
the target product methane exhibits a higher effective diffusion coeffi-
cient than carbon monoxide and consequently diffuses quicker out of
the porous core and through the inert shell.

Appendix B. Catalyst effectiveness factor approximation

To derive the catalyst effectiveness factor 𝜂 = 𝜎eff∕𝜎int , the catalyst
mass balance Eqs. (24)–(29) have to be solved for the concentration
profiles. If only a single reaction takes place, it is sufficient to consider
the catalyst pellet mass balance equations of a single component. The
concentration profiles of the remaining components can then be ob-
tained from the stoichiometric relations [59]. Therefore, the index 𝑖 is
omitted in the following. In general, no analytical solution for arbitrary
reaction kinetic expressions can be given. However, it is possible to
derive solutions at the limit of low and high reaction rates.

Solution in the regime of low reaction rates

The solution at the limit of low reaction rate can be obtained
straight forward, as the concentrations in the catalyst particle are the
same as the concentrations in the gas phase. In consequence, also the
reaction rates are everywhere the same.

𝜂 =
∫ 𝑅shell
0 𝜎𝑟𝑛d𝑟

𝑅shell 𝑛
=

∫ 𝑅core
0 𝑟𝑛d𝑟
𝑅shell 𝑛

= 1
(1 + 𝛿)𝑛+1

(30)
11

∫0 𝜎bulk𝑟 d𝑟 ∫0 𝑟 d𝑟
In this case, the influence of the inert shell reduces to a mere
dilution factor with 𝛿 = 𝑅shell−𝑅core

𝑅core
.

Solution in the regime of high reaction rates

For the solution at the limit of high reactions rates, the mass balance
equation of the shell together with the boundary conditions are solved
at first [60]:
d𝑐core
d𝑟

|

|

|

|𝑟=𝑅core
=

(𝑐bulk − 𝑐core(𝑅core))
Dcore

𝛽
𝑅𝑛

core
𝑅𝑛

shell
+ Dcore𝑅𝑛

core𝛹
Dshell

= 𝛺(𝑐bulk − 𝑐core(𝑅core)). (31)

with 𝛹 as function of the particle geometry:

∫

𝑅shell

𝑅core

d𝑟
𝑟𝑛

= 𝛹 (𝑛,𝑅core, 𝑅shell). (32)

If the reaction rate in the catalyst particle core is sufficiently high,
he reaction essentially takes place in a thin layer at the boundary
etween shell and core. In this case, the mass balance of the core can
e simplified to:

1
𝑟𝑛

d
d𝑟

[

𝑟𝑛Dcore
d𝑐core
d𝑟

]

≈ Dcore
d
d𝑟

[

d𝑐core
d𝑟

]

= 𝜎(𝑐core). (33)

This equation can be solved to obtain [61]:

d𝑐core
d𝑟

|

|

|

|𝑟=𝑅core
= 𝐹 −

𝜎(𝑐bulk)
Dcore𝐹

(𝑐bulk − 𝑐core(𝑅core)). (34)

ith 𝐹 =
√

2
Dcore

∫ 𝑐bulk
𝑐eq

𝜎(𝑐core)d𝑐.

Eqs. (31) and (34) are set equal to calculate the concentration at the
boundary between shell and core:

(𝑐bulk − 𝑐core(𝑅core)) =
1

𝛺
𝐹 + 𝜎(𝑐bulk)

Dcore𝐹 2

. (35)

With this information, the effectiveness factor at the limit of very
high reaction rates can be calculated as

𝜂 =
(𝑛 + 1)𝑅𝑛

core

𝑅𝑛+1
shell

[

𝜎bulk
Dcore𝐹

+
Dcore

𝛽D2
core

𝑅𝑛
core

𝑅𝑛
shell

𝜎2bulk
𝐹 2

+
Dcore𝑅𝑛

core𝛹

DshellD
2
core

𝜎2bulk
𝐹 2

]−1

(36)

or in dimensionless form as

1
𝜂
= (1 + 𝛿)𝑛+1

[

𝛷 + 𝛷2

Biext(1 + 𝛿)𝑛
+ 𝛷2

Biint

]

(37)

with 𝛷 =
𝑅core𝜎bulk

Dcore𝐹 (𝑛 + 1)
, Biext =

𝛽𝑅core
Dcore(𝑛 + 1)

,

Biint =
Dshell

Dcore𝑅𝑛−1
core𝛹 (𝑛 + 1)

.
(38)

Interpolation of both regimes

Both regimes can be interpolated, to obtain an equation, which
serves as an approximation over the whole range of reaction rates.

1
𝜂
= (1 + 𝛿)𝑛+1

[

𝛷
tanh(𝛷)

+ 𝛷2

Biext(1 + 𝛿)𝑛
+ 𝛷2

Biint

]

(39)

It has to be noted, that the degree of approximation obtained in
the interpolated regime is fortuitous and has to be checked before
application. Especially, as no multiple steady states can be described
by this method. However, the approximation is sufficient for many

engineering problems.
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∫

Fig. 9. Arrhenius plots of the carbon dioxide consumption rate (left) and methane selectivity (right) of uniform and core–shell catalyst particles for various reaction kinetic models.
Parameters of the particles are chosen according to the optimal results in Section 5.
Fig. 10. Arrhenius plots of uniformly active (left) and core–shell catalyst particles (right) at different carbon dioxide conversions (0%, 50%, 90%). Parameters of the particles are
chosen according to the optimal results in Section 5.
Practical application

In practical applications, two problems arise when calculating the
Thiele modulus 𝛷 in Eq. (37). First, reactions kinetic models are often
oo complex and the integral cannot be evaluated. Therefore, another
pproach is to evaluate the integral according to the Trapezoidal rule:

𝑐bulk

𝑐eq

𝜎(𝑐core)d𝑐 ≈ (𝑐bulk − 𝑐eq)
𝜎(𝑐bulk) − 𝜎(𝑐eq)

2
= (𝑐bulk − 𝑐eq)

𝜎(𝑐bulk)
2

.

(40)

The second problem is that for equilibrium reactions, the equilib-
rium concentration in the particle core is not known. This can be dealt
with by assuming it equal to the equilibrium concentration in the bulk.
Now, the Thiele-modulus can be expressed as:

𝛷 =
𝑅core
𝑛 + 1

√

𝜎(𝑐bulk)
Dcore(𝑐bulk − 𝑐eq,bulk)

. (41)

Comparison to rigorously solved catalyst particle mass balance equations

The applicability of the derived solution for the reaction kinetic
model of Koschany et al. [40] for the methanation of carbon dioxide
is studied by comparing the effective reaction rates in the Arrhenius
plot to the rigorous solution of Eqs. (24)–(29). For this purpose, the
12
approximation (Eq. (37)) is evaluated with respect to carbon dioxide.
Fig. 10 displays the Arrhenius plot for a uniformly active catalyst
particle and a core–shell catalyst particle at different carbon dioxide
conversions of a stoichiometric and undiluted mixture of carbon diox-
ide and hydrogen. The approximation is able to describe the effective
reaction rate calculated with the rigorous model to a sufficient degree
but requires only a fraction of the computational effort and is fully
explicit.
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