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Pattern formation during the oscillatory electrodissolution of Co was studied using a Co ring
electrode with a small reference electrode at a short distance in the center of the ring. Traveling
pulses as well as source points~one-dimensional target patterns! were observed. These findings
could be reproduced using a reaction-migration equation~RME! the coupling function of which was
derived for the particular geometry from basic potential theory and was found to become negative
for increasing distance. During pattern formation~i.e., for inhomogeneous potential distribution! the
potential drop across the double layer could actually exceed the external applied voltage giving
direct evidence for negative coupling. ©1999 American Institute of Physics.
@S0021-9606~99!02017-6#

I. INTRODUCTION

Electrochemical systems can undergo a number of types
of temporal dynamic behavior such as oscillations, bistabil-
ity, and excitability.1 These dynamics are commonly associ-
ated with, and produced by, a combination of nonlinear re-
action kinetics and potential drop through the electrolyte. It
has been shown that a reaction, whose rate decreases as the
driving force~potential! is increased, can be used in simula-
tions with ordinary differential equations to produce oscilla-
tions and the other types of temporal behavior.2

It is now known, however, that spatial variations in con-
centrations and potential field occur commonly and that the
patterns depend on position as well as time. In the bistable
region transitions from one state to another, such as from
passive to active, can be associated with accelerating reac-
tion fronts.3,4 In the oscillatory region periodic and chaotic
oscillations are often accompanied by spatial patterns that
vary with time;5–14 rotating waves have also been
observed15,16 in the oscillatory region. Levet al.17 during the
electrodissolution of nickel ribbon electrodes obtained
modulated oscillations under galvanostatic and under poten-
tiostatic conditions with an external resistor. Under excitable
conditions pulses can propagate along the electrode surface
in a monotonic or modulated fashion.8

The mechanism of coupling among the reacting sites in
electrochemical systems has been discussed in a few recent
papers.18–23 A nonlocal coupling among reactive sites arises
through the electric field: Potential changes at some location
are transmitted rapidly to other locations. This coupling is
long-range~and thus not local! but is not global because its
effect diminishes with increasing distance. Fla¨tgen and
Krischer4 and Mazouzet al.20 showed that the range of non-
local coupling in electrochemical systems depends strongly
on the electrode geometry. This coupling has been shown to
cause the front acceleration that was mentioned above.3,4,21

In addition, however, a global coupling can be imposed
on electrochemical systems simply through the addition of
an external resistance. When an overall potential is imposed
on a system ~potentiostatic operation!, potential drops
through the resistance influence the potential of the working
electrode~reacting surface!: Thus, this coupling is global.
Galvanostatic operation~constant imposed current! has an
intrinsic constraint since the condition of constant total cur-
rent implies that changes at any location are felt globally.

Global coupling, of course, can also play an important
role in the formation of patterns in other types of reacting
systems. In heterogeneous catalysis mixing in the gas phase
produces a global coupling because a consumption of reac-
tants at one location causes changes in conditions at all lo-
cations of the system.24–27Global coupling through an exter-
nal control or an integral constraint has also beena!Electronic mail: eiswirth@fhi-berlin.mpg.de
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investigated in heterogeneous catalytic systems.28–30 Pattern
formation in semiconductors is to a large extent due to local
diffusion and global constraints due to the current
circuit.31–34

As noted above, the coupling in electrochemical systems
through the electric field depends strongly on the geometry
of the electrochemical cell. In particular, the position of the
reference electrode is important because the dynamics and
patterns often are a result of the interaction of reaction kinet-
ics and the potential drop through the electrolyte; the posi-
tion of the reference electrode influences this relationship.

In this article we first briefly sketch the theory of
reaction-migration systems~in particular the derivation of
the relevant coupling function!. We present model calcula-
tions as well as experiments which show that the coupling
can become negative; i.e., lowering of the potential drop
across the electric double layer at one location causes an
increase of the potential drop at another location.

II. POTENTIAL THEORY OF REACTION–MIGRATION
SYSTEMS

A. Integral formalism

According to potential theory~see, e.g.,35!, the potential
w(x,z,t) inside a volume is given by the charges present,
which act as sinks or sources, and the boundary conditions,
e.g., wz(x,t)[]w/]z(x,t)uz510 in the case of Neumann
boundary conditions~here x denotes the spatial coordinate
parallel,z the one perpendicular to the boundary!.

For an electrode in contact with an electrolyte~inside
which no net charges exist, i.e.,Dw(x,z,t)[0!, the potential
distribution in the electrolyte can thus be expressed in terms
of the boundary condition at the electrode

w~x,z,t !5E
el.

G~x,x8,z!wz~x8,t !dx8, ~1!

whereG represents a Green’s function,35 and the integral is
taken over the whole electrode. In particular, the potential at
the electrodew0(x,t)[w(x,t)uz50 results in

w0~x,t !5E
el.

G0~x,x8!wz~x8,t !dx8 ~2a!

with

G0~x,x8!5 lim
z→10

G~x,x8,z!. ~2b!

The Green’s functionG can be computed from Coulomb’s
law

w0~x,t !5E
el.

s~x8,t !

ux2x8u
dx8, ~3!

and the static field equation, i.e., the fact that the field
wz(x,t) is proportional to the surface charge densitys(x,t)

wz~x,t !522ps~x,t !. ~4!

Combining Eqs.~3! and ~4! results in

w0~x,t !52
1

2p E
el.

wz~x8,t !

ux2x8u
dx8. ~5!

Note that the solution to Eq.~5! depends crucially on the
boundaries of the integral, in physical terms on the geometry
of the electrode. Consequently, there is no general solution;
rather the integral has to be evaluated for each geometry
separately. While the solution is not always analytical, po-
tential theory guarantees that a unique solution exists, which
can, if everything else fails, always be approximated numeri-
cally.

At an electrode–electrolyte interface an electrical double
layer of capacitanceC forms. The potential drop across this
double layer is given by

u~x,t ![wDL~x,t !5wm~ t !2w0~x,t !. ~6!

Herewm(t) denotes the~space-independent! potential of the
~metal! electrode.

If an electrochemical reaction takes place, the neutrality
condition in a volume element adjacent to the electrode re-
quires that the capacitive currentC@]u(x,t)/]t# and the fara-
daic currenti reac(u(x,t)) are balanced by the migration cur-
rent i mig52kwz(x,t) ~k is the conductivity of the
electrolyte!:

C
]u~x,t !

]t
52 i reac~u~x,t !!2kwz~x,t !. ~7!

Equation~7! can be put into integrable form by substituting
wz(x,t) using Eq.~2!. We invertG0 to H0[G0

21 to obtain

wz~x,t !52h~x!w0~x,t !

1E
el.

H0~x,x8!@w0~x8,t !2w0~x,t !#dx8. ~8!

with h(x)52*H0(x,x8)dx8.
@In caseG0 is not analytical, the integral of Eq.~2! resp. Eq.
~5! is approximated numerically by a sum, i.e.,G0 becomes
a symmetric~hence invertible! matrix, H0 its inverse. Ifx is
a two-dimensional spatial coordinate,G0 becomes an invert-
ible four-tensor.#

Equation~8! is now inserted into the evolution equation
@Eq. ~7!#, and Eq.~6! is used resulting in

C
]u~x,t !

]t
52 i reac~u~x,t !!1kh~x!@wm~ t !2u~x,t !#

1kE
el.

H0~x,x8!@u~x8,t !2u~x,t !#dx8.

~9!

We refer to the integrodifferential equation@Eq. ~9!# as the
general reaction-migration equation~RME! in integral form;
it is the central equation for the theoretical treatment
of reaction-migration systems~i.e., electrochemical pro-
cesses!.36

As already pointed out, the local termh(x) and the cou-
pling function H0(x,x8) have to be calculated for each ge-
ometry of the electrodes. Here we restrict ourselves to a spe-
cific, relatively simple, case: Assume a thin annulus of outer
radius unity as working electrode WE, a pointlike reference
electrode RE located above the center of the annulus at a
distanceb, and a counter electrode CE at infinity~the shape
of the CE, therefore, becomes irrelevant!. Since the WE is
assumed thin~inner radiusA50.9!, it can be treated as one-
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dimensional, i.e., the radial dependence is neglected, and the
spatial coordinatex refers to the angle only. Because of sym-
metry, all pointsx of such a WE are equivalent, so that Eq.
~9! reduces to a space-independent local part~‘‘reaction
part’’! and a coupling term which only depends on the dis-
tanceux2x8u

C
]u~x,t !

]t
52 i reac~u~x,t !!1kh@wm~ t !2u~x,t !#

1kE
0

1

H0~ ux2x8u!@u~x8,t !2u~x,t !#dx8.

~10!

The electrode potentialwm depends on two parameters,
namely the distanceb between RE and WE and the external
resistanceRg of the circuit. We combine these into a single
parameterB

B5Rgpk~12A2!2A11b21AA21b2. ~11!

For constant applied external potentialE0 , the metal po-
tential wm becomeswm(t)5(E01hB^u&)/(11hB), the to-
tal resistanceR5(11hB)/kh, so that Eq.~10! can be re-
written as

C
]u~x,t !

]t
52 i reac~u~x,t !!1

E02u~x,t !

R
1k

3E
0

1

HB~ ux2x8u!@u~x8,t !2u~x,t !#dx8,

~12a!

with

HB~ ux2x8u!5H0~ ux2x8u!1
h2B

11hB
. ~12b!

For the present geometry,H0(ux2x8u) was computed nu-
merically. As is evident from Eq.~12b!, the complete cou-
pling function HB(ux2x8u) includes a space-independent
offset, which is determined by the parameterB @see Fig.
1~a!#. Note that for sufficiently negativeB, the coupling
function becomes negative for increasingux2x8u. As shown
in Fig. 1~b!, negative coupling (B,0) occurs only for very
small ~or vanishing! external resistanceRg and small dis-
tanceb. Conversely, a sufficiently large external resistance
and/or large distance between RE and WE give rise to a
coupling function, which is positive everywhere, i.e., favors
synchronization of the dynamical behavior of the electrode.

The limit of infinite B corresponds to the galvanostatic
mode of operation (i g5const.), which is described by

E05Rig , HB→`5H0~ ux2x8u!1h, ~13a!

C
]u~x,t !

]t
52 i reac~u~x,t !!1 i g1kE

0

1

@H0~ ux2x8u!1h#

3@u~x8,t !2u~x,t !#dx8, ~13b!

with the total migration current̂i mig&5 i g . Note that in this
case the space-independent part of the coupling function is

positive and at its maximum possible valueh, i.e., galvano-
static operation tends to synchronize the dynamical behavior
of the whole electrode.

B. Simulations in the oscillatory regime

For numerical simulations we chose a generic NDR-type
electrochemical oscillator ~NDR: negative differential
resistance!.2 In addition to the double layer potentialu, a
chemical concentration variablec plays a role. The reaction
current is assumed to be proportional toc; i reac5c f(u),
where the functional form f (u) is N-shaped, f (u)
5( i 51

3 aiu
i ~a150.559 32, a2524.72531023, a3

51025!. The slow variablec is consumed by the electro-
chemical process, and its equation contains a term for the
formation and depletion resp. transport ofc

]c

]t
5e@2c f~u!112c#. ~14!

Simulations were carried out with the system of equa-
tions @Eqs.~12! and~14!# in the oscillatory regime. While an
external resistanceRg and/or large distanceb of RE and WE
resulted in synchronized oscillations, a variety of complex

FIG. 1. ~a! Coupling functionHB for different values of the parameterB. ~b!
B as a function ofb and the external resistanceRg . Note thatB becomes
negative for smallb and Rg . Bc(A) denotes the value below which the
homogeneous oscillation is unstable (A50.9).
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patterns were obtained when the coupling function became
negative.36 These patterns can be attributed to the superposi-
tion of the local oscillatory instability and long-range nega-
tive spatial coupling; they are roughly comparable to similar
structures in reaction-diffusion systems with a fast-diffusing
third species.37,38 Here we present only two examples rel-
evant for the experiments~Sec. III!. Figure 2 shows a rotat-
ing pulse on the ring electrode~Rg50, b50.1!. The shape of
the pulse is constant in time, so that the integral current is
stationary also. For higher external potentialE0 , more com-
plicated spatiotemporal behavior was obtained~Fig. 3!,
which can be regarded as a one-dimensional target pattern:37

At regular intervals, two pulses are emitted from a certain
place of the annulus, subsequently propagate and annihilate
when meeting on the opposite side. After a short quiescent
interval, another two pulses emerge, propagate and annihilate
in the same way. Note that the quiescent state is not stable
because the underlying local dynamics~reaction part! is os-
cillatory.

III. EXPERIMENT

A. Experimental setup

The annular working electrode was made from a 12.5
mm diam cobalt rod~Johnson Matthey!, in the front side of
which a hole of 10 mm diam and 3 mm in depth was burned
with a plasma burner. Since the center of the hole deviated
0.25 mm from the axis of the rod, the width of the ring
varied between 1.0 and 1.5 mm, i.e., the ring width was 1.5
mm at one point, 1.0 mm 180° displaced, and varied
smoothly between these values. The whole rod was then bed-

ded in polystyrene resin and the center hole filled with the
resin. The horizontal working electrode faced upward in the
electrolyte. The solution level was located about 10 mm
above the ring.

The electrode arrangement was placed in a cylindrical
vessel of 70 mm diam and 60 mm depth. The counter elec-
trode was made from 2 mm diam copper wire, bent to a ring
of 70 mm diam, and was located in the same plane as the
working electrode. A standard silver–silver chloride elec-
trode ~Mettler-Toledo! connected with a thin Haber-Luggin
capillary served as reference electrode for the potentiostat
~Wenking POS 73!. The tip of the capillary was located
about 1 mm above the plane of the ring in its center.

The electrolyte, prepared by dissolving 85% phosphoric
acid and potassium hydroxide in de-ionized water was the
same in all experiments. It had a pH of 1.1 and was 1.0 M in
phosphorous species~most of it as H3PO4 and H2PO4

2!.
Prior to the first experiment of a block of about ten, the

electrode was sanded wet with grit 2400 sandpaper, and then
cleaned with distilled water in an ultrasonic bath. After each
experiment the electrode was rinsed thoroughly with bulk
electrolyte in order to remove precipitates from the surface.
Reproducibility became poorer due to faster formation of
black precipitates when the surface has receded into the resin
after about ten experiments; at this point the preparation was
repeated.

The experiments were carried out under potentiostatic
control. The potential distribution on the ring was measured
with 12 standard silver–silver chloride potential probes

FIG. 2. ~a! Rotating pulse in anx-t plot ~E05220, k5231023, e
51024, B520.1!. ~b! Profile of the pulse in~a!, note thatu can exceed the
external applied voltageE0 .

FIG. 3. ~a! One-dimensional target pattern~E05235, other parameters is in
Fig. 2!. ~b! Local time series of two points separated by 180° on the ring for
the pattern in~a!.
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~Mettler-Toledo!. Their capillaries were positioned equidis-
tantly along the circumference of the ring in a Plexiglas
holder with which the distance between the tips of the cap-
illaries and the electrode surface was controlled to;0.5 mm.
The holder itself was mounted on a 3D-micropositioner. The
capillaries of the potential probes were handmade from;0.5
mm diam and 25 mm long pieces of glass Pasteur micropi-
pettes. The slightly conical shape of the capillaries allowed a
tight grip in the holes of the Plexiglas holder. Each of the
standard silver–silver chloride electrodes was placed in a
cylindrical chamber of 10 mm diam and 50 mm length,
which was connected through 0.7 mm diam silicon tube with
one of the glass capillaries.

A 12-channel 12 bit AD converter~Rhothron! was used
for signal recording. Each channel measured the difference
of the potential of the metal of the WE working electrode
~held on ground by the potentiostat! to one potential probe at
a frequency of 100 Hz. Position-time plots of the potential
distribution were created by linear interpolation between ad-
jacent potential probes, conversion of potential to a gray
scale and projection onto the time-space plane, white denot-
ing passive and dark denoting active areas. The integral cur-
rent was recorded with a separate 8-bit AD converter~Rho-
thron E-Labor!.

B. Experimental results

The following experiments were carried out under con-
ditions where small electrodes~i.e., small disk or tip of a
wire! exhibit oscillatory behavior~most likely uniform for
lack of spatial extension!. Using the annular working elec-
trode WE described in Sec. III A and the reference electrode
far from the working electrode, in this case approximately 10
mm or greater, the system oscillated uniformly, i.e., the cur-
rent was independent of azimuthal position and the total cur-
rent oscillates. As the reference electrode was brought close
to the plane of the working electrode, several types of rotat-
ing waves resulted.

We shall show the results of experiments carried out at
four values of the applied potentialE0 and compare these
results with the numerical simulations shown above.

In Fig. 4 are shown the position-time dependence of the
potential as measured by the 12 potential probes and the total
current as a function of time. As seen in Fig. 4~a!, a pulse
rotates around the ring. The changes of the pulse with angu-
lar position are due to the variation in ring width with posi-
tion and also due to heterogeneities in the electrode surface.
The rotating waves occur also on rings of constant width,38

and thus the phenomena that we are discussing do not de-
pend on this variation. The total current, Fig. 4~b!, is ap-
proximately constant. The small overall variations in current
of period ;6 s ~the period of rotation in this experiment!
correspond to the variation in ring width; the smaller fluc-
tuations are due to noise and irregularities in the metal sur-
face.

The behavior at a somewhat higher potential~900 mV!
is shown in Fig. 5. Again a space-time plot of potential as
measured by the reference probes and the total current are
shown. The rotating pulses are again seen although now the
variations in pulse width and speed are greater as the pulse

rotates around the ring. Note in Fig. 5~a! the changes in slope
of the dark areas, which are due to the variations in wave
speed. The greater variations~compared to Fig. 4! of width
and slope correspond to the larger variations in total current
as seen in Fig. 5~b!; note the current varies with a period
equal to the rotational period of the pulses.

At a yet higher potential~1000 mV! modulation of the
pulses sets in~Fig. 6!. Similar modulation was described
previously.13 The modulation arises from a Hopf bifurcation
out of the rotating pulse with constant shape and yields a
second frequency and thus a quasi-periodic motion. The sig-
nal seen in Fig. 6~b! is irregular and is most likely due to
other transitions, which have occurred subsequent to the
Hopf bifurcation.

We now turn to the main result of the experimental por-
tion of the paper, viz., that shown in Fig. 7, obtained at a
potential of 1100 mV. A space-time plot of the potential
measured by the 12 reference electrodes is shown in Fig.
7~a!. Note that the width of the pulse is narrower than at the
lower potentials. Furthermore, it can be seen that the modu-
lation is now somewhat stronger. Note that two pulses are
born at aboutt5100 s, propagate and annihilate on the op-
posite side, then again two pulses emerge (t5140 s). In the

FIG. 4. ~a! Rotating pulse on the Co ring electrode~dark areas correspond to
a high current resp. low double layer potential! E05700 mV. ~b! Total
current for the pattern in~a! exhibiting only small variations.
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experiments, however, pulses were not always emitted from
the same location, also more than two pulses were some-
times present at the same time, resulting in irregular long-
term behavior. It is important to note that during the time
segment shown in Fig. 7~a! the entire surface passivates at
two occasions; approximately att5100 s and 135 s. The
total current on the electrode is shown in Fig. 7~b!. The
stronger modulation is reflected in a more irregular current
time series in relation to the previous figure. The two times
at which the electrode passivated can also be seen here where
the current reaches a value of approximately zero. Finally,
the time traces of four of the reference electrodes, at posi-
tions spaced at 90° angles, are shown in Fig. 7~c!. Only four
of the measured twelve signals are shown so that the figure is
not overly crowded. Note at the two times at which the elec-
trode is overall passivated that the potential relative to the
applied potential is very small and approximately constant.
This simply says that the potential drop through the electro-
lyte is approximately zero~since little current flows! and
equivalently that the entire imposed potentialE0 drops be-
tween the working electrode and a point just outside the
double layer. Now consider the times at which current flows,
say at the beginning of the time series shown and again in
the period between the two passive occurrences. A positive
value for the potential is the usual, expected result under
conditions at which a current flows. Note that the potential
has positive values as large as 500 mV. The positive values

indicate a potential drop through the electrolyte and a corre-
sponding reduction of the potential drop across the double
layer. Note, however, that at times at which some electrodes
take on large positive values, others~at 180°! have negative
values. These negative values correspond to an increase in
potential drop across the double layer. Thus, we see that with
an imposed potential of 1100 mV the potential drop across
the double layer at locations opposite to the rotating pulse is
greater than 1100 mV.

IV. DISCUSSION

The use of a closely positioned reference electrode pre-
sents an interesting possibility for the investigation of pattern
formation in electrochemical systems, since the influence of
a coupling function with a change in sign can result in new
types of patterns.

The fact that the local potential dropu can actually ex-
ceed the external applied potentialE0 ~Figs. 3 and 7! repre-
sents direct evidence for a negative nonlocal coupling. For
the local reaction partu can at most equalE0 ~when the
current vanishes!, a low potential drop on the opposite side
of the electrode~due to a high local current there! can in-
creaseu only if the coupling is negative.

FIG. 5. ~a! Rotating pulse atE05900 mV. ~b! Total current showing large
variations with the rotation period, i.e., pulse shape is sensitive to the asym-
metry of the ring.

FIG. 6. ~a! Rotating pulse atE051000 mV exhibiting an additional modu-
lation not related to the rotation period.~b! Total current for~a! ~exhibiting
two main frequencies!.
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The existence of rotating waves as well as one-
dimensional target patterns in the oscillatory regime of the
Co dissolution is in good agreement with theoretical predic-
tions. However, the transition to modulated pulses with in-
creasingE0 was not obtained in the model calculations. This
may be due to the fact that the dissolution of Co is too
complicated to be describable by a single chemical variable,

but the mechanistic details are not yet well understood so
that a simple generic NDR model was used. In experiment,
the modulated pulses were also obtained when the RE was
positioned far away from the WE. This effect is therefore
attributed to mechanistic details of the Co dissolution rather
than the influence of negative coupling.

Recently, Grauelet al.39 reported the observation of a
stationary domain in the electrochemical reduction of per-
oxodisulfate in the bistable regime, which has also been pre-
dicted by the reaction-migration equation@Eq. ~12!# and con-
sequently attributed to negative coupling. Since the type of
coupling function shown can give rise to a variety of pat-
terns, it is expected that more experimental observations will
be attributable to the interplay of local synchronization and
desynchronization at larger distances.
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