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We show how one can deterministically generate photonic matrix product states with high bond and physical
dimensions with an atomic array if one has access to a Rydberg-blockade mechanism. We develop both a quantum
gate and an optimal control approach to universally control the system and analyze the photon retrieval efficiency
of atomic arrays. Comprehensive modeling of the system shows that our scheme is capable of generating a large
number of entangled photons. We further develop a multi-port photon emission approach that can efficiently
distribute entangled photons into free space in several directions, which can become a useful tool in future
quantum networks.

I. INTRODUCTION

The generation of multiphoton quantum states is at the
core of many quantum technologies, including computing [1],
cryptography [2], networks [3], or sensing [4]. The stand-
ard method utilizes parametric down-conversion (PDC) [5],
where the desired state is generated by heralding its presence
by post-selection. While very successful in several scenarios,
this method possesses certain limitations, notably the expo-
nential dependence of the success probability on the number
of photons. These limitations can be overcome, for instance,
by using emitters coupled to photonic waveguides, where one
first prepares an entangled state of the emitters, which is then
mapped into the multiphoton state using collective decay [6, 7].
This requires an effective non-linear interaction (coherent or
dissipative) among the emitters, and the number of photons
is limited by the number of emitters. An alternative way of
generating multiphoton states at a higher rate is to do it sequen-
tially using a photon source with long coherence time [8–13].
The class of states that can be generated in this way coincides
with the set of matrix product states (MPS) [14], a class of
tensor network states that have been extensively studied in
condensed matter physics [15–18]. Some of the sequential gen-
eration protocols have recently been experimentally realized
in quantum dots [19] and circuit QED [20, 21]. Going bey-
ond one-dimensional MPS, it has been proposed to produce a
subclass of projected entangled pair states (PEPS) [18, 22, 23]
by allowing the emitted photons to travel back and interact
with the photon source again [24–26], coupling multiple MPS
sources [27–30], or applying linear optical operations on cer-
tain resource states [31].

Most of the above-mentioned schemes produce tensor net-
work states of photonic qubits with a limited bond dimension
(typically, D = 2), which contains important states like the
GHZ state [32] and the cluster state [33]. A notable excep-
tion is the scheme studied in Ref. [25], which is capable of
probabilistically producing tensor network states with small
D > 2 utilizing the PDC process in an optical loop. Never-
theless, It is very desirable to deterministically produce tensor
network states with moderately higher bond dimensions, as
the ground states of a large variety of many-body systems
are encoded there [17, 34–37]. Tensor network states of high
bond dimensions can also be instrumental for metrological

purposes [38, 39]. Moreover, tensor network states with higher
physical dimensions (photonic qudit) further allows one to
explore high-dimensional entanglement [40] with many ap-
plications, for instance, to produce bosonic quantum error-
correcting codes [41], or act as high-dimensional resource
states for state preparation [42] and computation [43–47].

A very attractive way of generating photonic states is by
using atomic ensembles and arrays in free space [48–55]. The
most significant advantage is that that system does not require
the presence of a cavity or a waveguide to collect the photons;
interference effects are harnessed instead to emit the photons in
a determined direction with a high probability, a phenomenon
that is enhanced by collective effects (superradiance) in three
spatial dimensions. In Ref. [49] a scheme was proposed to
efficiently generate photonic states in atomic arrays. The basic
idea is to combine those interference/collective phenomena
with a Rydberg blockade mechanism [56, 57], so that in a first
step an entangled atomic state is prepared, which is mapped in
a second step into photonic degrees of freedom. This results
in one or two outgoing photonic wavepackets in a state that is
predetermined by the procedure.

In this paper we show how, in a similar setup, it is pos-
sible to generate quantum photonic states in a sequential way,
where the output states consist of many wavepackets outgoing
in predetermined directions and whose quantum state is an
arbitrary MPS. This generalizes the class of states that can
be produced on a similar setup [12] (a subclass of MPS with
D = 2) with a simpler atomic level scheme. We illustrate
the method with simple examples, like the cluster state [33]
(an MPS with D = 2) and the generalized GHZ states [42]
(MPS with high bond dimension and physical dimension). We
analyze the performance of the source by careful simulation of
the impact of imperfections in this scheme and characterizing
the photon retrieval efficiencies of atomic arrays with various
geometries. We predict that with this scheme and realistic
conditions it should be possible to generate several tens of
entangled photons, and extend the setup to send the photons to
different directions by controlling the phase-matching direction
of the collective excitations. Thus, this setup provides us with
an excellent platform for the sequential generation of photonic
MPS, which can efficiently distribute the entanglement among
multiple ports.

The rest of the manuscript is structured as follows. In Sec-
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tion II, we present our scheme to generate arbitrary MPS using
a Rydberg-blockaded atomic array. In Section III, we develop
both a quantum gate approach and a quantum optimal control
approach [58, 59] to implement arbitrary unitaries in our sys-
tem, illustrate their usage by constructing unitaries required
for generating the cluster state and the generalized GHZ state,
and analyze the impact of imperfections during the unitary
evolution process. In Section IV, we characterize the photon
retrieval efficiencies of atomic arrays with various geometries
and the impact of imperfections during the photon emission
process. Then we compute the number of entangled photons
that can be created with our scheme in Section V and extend it
to operate as a multi-port device in Section VI. We propose a
possible experimental realization in Section VII and summarize
our work in Section VIII.

II. MPS GENERATION WITH A RYDBERG ARRAY

The general protocol for the sequential generation of MPS
is presented in Ref. [14]. In this section, we first briefly review
this protocol in Section II A, and then introduce our Rydberg-
blockaded atomic array setup in Section II B.

A. MPS generation protocol

Let us consider a photon source with Hilbert spaceH(D,d)
src

consisting of a D-dimensional ancilla with Hilbert spaceHD
coupled to a d-dimensional emitter with Hilbert space Hd,
thatH(D,d)

src = HD ⊗Hd. We assume that we can implement
any arbitrary unitary operation Usrc ∈ SU(D · d) in H(D,d)

src ,
and we can trigger a photon emission process MP : Hd →
Hd ⊗Hph that generates a d-dimensional photonic qudit with
Hilbert spaceHph:

MP : |i〉d → |0〉d|i〉ph, i ∈ (0, ..., d− 1) . (1)

The sequential photon generation protocol starts with an
initial state |ϕI〉D|0〉d without excitations on the emitter. In
each round, we first apply a unitary on the photon source
U[i] ∈ H

(D,d)
src and then trigger a photon emission MP , which

produces a photonic qudit. Thus, in this protocol, the unitaries
always act on states of form |ϕ〉D|0〉d as

U[i]|ϕ〉D|0〉d =
d−1∑
j=0

V j[i]|ϕ〉D|j〉d. (2)

After operating the protocol for n rounds (shown in Fig. 1(b)),
we get the final state

|Ψ〉 = MPU[n]...MPU[1] |ϕI〉 . (3)

Assuming that after the n-th photon emission, the photon
source disentangles from the photonic state, such that |Ψ〉 =
|ϕF 〉D|0〉d ⊗ |ψMPS〉, we get a n-qudit photonic MPS of the

form [14] (see Appendix A for details)

|ψMPS〉ph =
d−1∑

i1,...,in=0
D 〈ϕF |V in[n] ...V

i1
[1] |ϕI〉D|in...i1〉ph.

(4)
If one is able to generate arbitrary unitaries in H(D,d)

src , then
the D-dimensional matrices {V ik[k]} can be arbitrary, as long as

the isometry condition
∑1
ik=0 V

ik†
[k] V

ik
[k] = ID is fulfilled [14].

This shows that in principle, the whole family of MPS can
be generated in this way. Furthermore, by including another
m-level ancilla, it is possible to create superposition of the m-
level ancilla and photonic MPSs of the form (see Appendix A
for details)

∣∣ψm,ph
〉

=
m−1∑
i=0

αi|i〉m
∣∣∣ψiMPS

〉
ph
. (5)

This additional ancilla can be either a physical system or a
part of the Hilbert space of a high-dimensional ancilla. Such
superposed states find many applications in quantum networks
[60], and realize the functionality of quantum random access
memory [61].

A good physical platform to generate MPS of high bond and
physical dimensions with the above protocol requires one to

1. have a Hilbert space or its subspace of structureH(D,d)
src

with high dimensions,

2. be able to efficiently implement unitary operations
[cf. Eq. (2)],

3. be able to realize the photon emission MP [cf. Eq. (1)].

In the following subsections we show that a Rydberg block-
aded [56, 57] atomic array is well-suited for this task.

B. System setup

We consider an array of N atoms (sketched in Fig. 1(a)),
with three hyperfine ground states |g〉, |l〉 and |q〉, a Rydberg
state |r〉, and an auxiliary excited state |e〉 used for the photon
emission. The transitions between all these states are controlled
with lasers (denoted with coloured arrows in Fig. 1(a)). We
assume our system is inside the Rydberg blockade radius, such
that at most one Rydberg excitation can be present in the sys-
tem. In addition, the system is operated in the low-excitation
regime, which means that most atoms are in the ground state
|g〉. We denote the many-body ground state of the system by
|0〉 = |g〉⊗N .

Let us first consider the unitary evolution process in our
protocol under ideal conditions, which means (i) the Rydberg
blockade condition is perfect, and (ii) there are no decoherence
processes. Since the state |e〉 is not involved in the unitary op-
erations, we define σiαβ = |α〉i 〈β| and write the Hamiltonian
for our atomic array as follows

H (t) = H0 +Hrg (t) +Hrl (t) +Hrq (t) , (6)
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U[n]
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i1
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i2
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in
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Δ

ui⌦rg
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|ei
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Figure 1. Generation of photonic MPS with a Rydberg-blockaded array. (a) Schematic plot and single-atom level scheme of our protocol. We
consider an atomic array within the Rydberg blockade radius. For each atom, there are three hyperfine ground states |g〉 , |l〉 , |q〉 coupled to an
intermediate Rydberg state |r〉 via lasers denoted by arrows of different colours. A fast decaying excited state |e〉 is used to convert the collective
excitation(s) on |l〉 to photon(s). (b) The sequential photon generation protocol. Starting from the atomic initial state |ϕI〉, the photonic state
is generated by successively applying the unitary operation U[i] followed by the photon emission process MP for n times, which yields an
n-photon matrix product state. (c) The structure of collective Hilbert space Hcol in the low-excitation regime (without |e〉), with the basis
defined in Eq. (12). The arrows indicate the same laser transitions with the same coloring as in (a). The subspace used in our scheme for
generating the cluster state is shown in pink (see Section III).

whereH0 contains the energy of the atomic levels (with ~ = 1)

H0 = ωr

N∑
i=1

σirr + ωq

N∑
i=1

σiqq + ωl

N∑
i=1

σill, (7)

and we have three driving lasers, denoted by Lg, Lq and Ll,
which are used to connect the levels |g〉, |q〉 and |l〉 with the
Rydberg level |r〉 during the unitary process. We define the
collective excitation operator

S†α,k =
N∑
i=1

uie
ik·riσiαg, α = r, q, l, (8)

where the ui ∼ O(1/
√
N) is the normalized laser profile for

Lg with
∑
i |ui|

2 = 1. The Hamiltonian Hrg (t) correspond-
ing to the laser Lg is

Hrg (t) = 1
2

(
Ωrg (t) e−iωrgtS†r,krg + H.c.

)
. (9)

Starting from |0〉, Hrg(t) leads to a Rabi evolution between
|0〉 and S†r,krg |0〉 with collective Rabi frequency Ωrg (t). The
lasers Ll and Lq have plane-wave profiles, with Hamiltonians

Hrα (t) = 1
2

N∑
i=1

(
Ωrα (t)σirαei(krα·ri−ωrαt) + H.c.

)
,

α = l, q.
(10)

In the low-excitation regime, we can apply the Holstein-
Primakoff approximation [62] to our system to treat the col-
lective excitation operators S†l,k and S†q,k as bosonic operators,

whereas the Rydberg collective excitation operator S†r,k can
be treated as a spin-1/2 creation operator due to the Rydberg
blockade. We have

S†r,krg ≈ σ
†
r, S†q,krg−krq ≈ a

†
q, S†l,krg−krl ≈ a

†
l . (11)

In our MPS generation protocol, we fix the laser momenta of
Lg,Lq and Ll, and hence omit the momentum dependence of

the approximated operators (right hand side of Eq. (11)) for
notational simplicity. The lasers Lg,Lq and Ll couple states
in a collective Hilbert spaceHcol consisting of a qubit formed
by presence or absence of a collective Rydberg excitation with
Hilbert space Hr, and two oscillators formed by collective
excitations on |q〉 and |l〉 with Hilbert spacesHq andHl, such
thatHcol = Hr ⊗Hq ⊗Hl. A basis ofHcol is spanned by∣∣srmqnl

〉
= 1√

mq!nl!
(σ†r)sr (a†q)mq (a

†
l )
nl |0〉 . (12)

Here, sr = 0, 1 andmq, nl are positive integers. For notational
simplicity, we further omit the label(s) of the mode(s) with no
excitations, for instance we define

∣∣srmq

〉
≡
∣∣srmq0l

〉
. The

structure ofHcol and the laser-induced transitions is depicted
in Fig. 1(c).

The collective Hilbert spaceHcol contains the the structure
H(D,d)

src needed for the MPS generation protocol in Section II A.
We identify the first D Fock states inHq as a D-level ancilla,
and the first d Fock states inHl as a d-level quantum emitter.
Thus this platform fulfills the requirement 1 for a good MPS
source listed in Section II A.

Using the definitions of the collective operators [Eq. (11)],
we can rewrite the system Hamiltonian [Eq. (6)] as

Hcol (t) = Hcol
0 +Hcol

rg (t) +Hcol
rl (t) +Hcol

rq (t) , (13)

where

Hcol
0 = ωrσ

†
rσr + ωla

†
l al + ωqa

†
qaq, (14)

Hcol
rg (t) = Ωrg (t)

2

(
e−iωrgtσ†r + H.c.

)
, (15)

Hcol
rα (t) = Ωrα (t)

2

(
e−iωrαtaβσ

†
r + H.c.

)
α = l, q. (16)

By combining the universal controllability for the Jaynes-
Cummings model [63, 64] and the Lemma 5.5 of Ref. [65], one
can show that any arbitrary unitary in Hcol can be generated



4

with time evolution under Hcol (t), and the optimal time cost
to implement a unitary in H(D,d)

src scales as TD,d ∼ (Dd)2 (see
Appendix H). Thus this platform fulfills the requirement 2 lis-
ted in Section II A. We also estimate the scaling of implement-
ing the unitary as a function of the dimension in Appendix H.

One can also engineer a on-demand photon emission process
MP : Hl → Hl ⊗Hph by coupling |l〉 to an excited state |e〉
with a plane-wave profile laser Le, which triggers the emission
of the photon(s) [49]

MP :
∣∣srmqnl

〉
→
∣∣srmq

〉
|nl〉ph (17)

This fulfills the requirement 3 listed in Section II A. Here, we
assume that the atomic population only goes from |e〉 to |g〉,
which for instance can be realized by choosing |e〉 ↔ |g〉 as a
cycling transition [49]. Such high-efficiency photon retrieval
of a spin-wave stored in an atomic array has been demonstrated
experimentally [66, 67]. More details of the photon retrieval
process are presented in Section IV.

With all three requirements for an efficient MPS source
fulfilled, this setup can be used to generate photonic MPS with
high bond dimension D and physical dimension d satisfying
D+ d− 2� N (required by the low-excitation regime) using
the generic protocol introduced in Section II A.

III. IMPLEMENTATION OF UNITARY OPERATIONS

The Hamiltonian written in the collective basis [Eq. (13)] is
equivalent to a central qubit coupled to two oscillators. Uni-
versal control of qubit-oscillator systems has been studied in
various setups, in particular the Jaynes-Cummings model of a
single qubit coupled to an oscillator. While state preparation
can be done using the Law-Eberly scheme [68], efficiently
implementing arbitrary unitary operations is more challen-
ging [64, 69–72]. In this section, we present efficient unitary
control methods for this setup. We first provide a quantum
gate approach that utilizes the AC Stark shift to implement a
set of universal gates needed for generating photonic MPS of
bond dimension D = 2 and physical dimension d = 2 in Sec-
tion III A. Then, we present a quantum optimal control scheme
that achieves universal control in Hcol in Section III B. We
demonstrate these two approaches by constructing unitaries re-
quired for generating the cluster state [33] and the generalized
GHZ state [42]. We further analyze the impact of imperfections
during the photon generation protocol in Section III C.

A. Quantum gate approach

The class of MPS of D = 2 and d = 2 contains many
interesting states like the GHZ state [32] and the cluster state.
To generate this class of states with our scheme, it is sufficient
if both ancilla and emitter are two-level qubits. Thus,H(2,2)

src =
span{|0〉 , |1l〉 ,

∣∣1q〉 , ∣∣1q1l〉} (the basis of H(2,2)
src is depicted

in pink in Fig. 1(c), and cf. Eq. (12) for the definition of basis).
The procedure to implement a unitary inH(2,2)

src consists of
three steps.

1. Apply a π-pulse of the driving Ll to transfer the popula-
tion from |l〉 to the Rydberg level |r〉 as |1l〉 → |1r〉 and∣∣1q1l〉→ ∣∣1r1q〉.

2. Implement the desired operation within a space

Hmid = span
{
|0〉 , |1r〉 ,

∣∣1q〉 , ∣∣1r1q〉} .
Here Hmid is similar to H(2,2)

src , but with the collective
excitation(s) on |l〉 transformed to the Rydberg state |r〉.

3. Apply another π-pulse with the laser Ll to transfer the
population from |r〉 back to |l〉 as |1r〉 → |1l〉 and∣∣1r1q〉→ ∣∣1q1l〉.

The key step is to implement arbitrary unitaries in Hmid, for
which we need to construct a universal two-qubit gate set in
Hmid using the lasers Lg and Lq. Lg can realize arbitrary
rotations in Hr that couples |0〉 ↔ |1r〉 and

∣∣1q〉 ↔ ∣∣1r1q〉,
whereas Lq couples |1r〉 ↔

∣∣1q〉. However, Lq also leads to
population leakage from

∣∣1r1q〉 to
∣∣2q〉, which is outside of

Hmid.
To avoid such leakage error, we propose to use the AC Stark

shift [73, 74] induced by applying Lq with a large detuning
∆ST � Ωrq. This allows us to construct a phase gate of the
form ST (θ) = diag

(
1, e−iθ, eiθ, e−2iθ, e2iθ) with the basis

{|0〉 , |1r〉 ,
∣∣1q〉 , ∣∣1r1q〉 , ∣∣2q〉}. Using ST (θ) together with

single-qubit rotations, we can construct the SWAP gate and
CNOT gate inHmid (see Appendix B for details). The SWAP
gate, CNOT gate and the single-qubit rotations onHr realize
a universal gate set in Hmid, and thus lead to the universal
control ofH(2,2)

src using the quantum gate approach.
For example, to generate the cluster state of the form Eq. (4)

with elements

V 0 = 1√
2

(
1 0
1 0

)
, V 1 = 1√

2

(
0 1
0 −1

)
,

|ϕI〉 = 1√
2

(
|0〉+

∣∣1q〉) , |ϕF 〉 = |0〉 ,
(18)

we need to implement two kinds of unitaries U cl
[i 6=n] and U cl

[n]
(see Appendix B for details). Each application of U cl

[i6=n] fol-
lowed by MP adds one site to the cluster state, and the last
unitary U cl

[n] followed by MP emits the last photon and dis-
entangles the source from the photonic MPS. The quantum
circuit for implementing U cl

[i 6=n] is shown in Fig. 2(a). U cl
[n] can

be simply implemented with a two-photon Raman π-pulse that
swaps all population from |q〉 to |l〉, which we discuss in detail
in Section VII.

B. Quantum Optimal Control (QOC) approach

The quantum gate approach can be implemented in a rel-
atively easy fashion since one only needs to sequentially im-
plement the gates. However, the phase gate ST (θ) is rather
slow to implement, and it is less obvious how to extend this
approach to universally control Hcol for the generation of
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U +H
[i 6=n]

−

Figure 2. Implementation of the unitaries Ucl
[i6=n] required for the

cluster state of Eq. (18) with (a) the quantum gate approach and (b)
the quantum optimal control approach. The gates X,Y, Z correspond
to single qubit Pauli rotation, e.g. X (θ) = exp

(
iσxθ/2

)
. The time

scale is set by the maximum Rabi frequency Ωmax of the atomic
transitions induced by the lasers Lq and Ll.

photonic MPS with a larger bond and physical dimension
D and d. QOC allows one to implement unitary operations
in high-dimensional Hilbert spaces with a speed that poten-
tially reaches the maximum speed allowed by quantum evolu-
tion [75, 76], and has already been applied to Rydberg atomic
array experiments [77, 78]. Thus we develop a QOC ap-
proach to implement required unitaries in our protocol based
on the Gradient Optimization of Analytic Controls (GOAT)
algorithm [79].

In our MPS generation scheme we need to construct unitaries
U[i] that behave as in Eq. (2). At each site i of the MPS, the
D × D matrices {V j[i]}j=0,...,d−1 together form an isometry

V̂[i] : HD → H(D,d)
src that satisfies the isometry condition

V̂ †[i]V̂[i] = ID. V̂[i] can be implemented through any unitary of
the form

U[i] =
(
V̂[i] B1
O B2

)
, (19)

where the first row corresponds to H(D,d)
src and the second to

the rest of Hcol. Here, O is a zero matrix, which physically
means that U[i] does not cause the population to leak out of
H(D,d)

src . The parts B1 and B2 can be arbitrary as long as
U[i] is unitary. This freedom of choice pose a challenge for
certain gradient-based QOC algorithms like Krotov [80] and
GRAPE [81], which requires backward evolution from U[i].
Thus we develop a QOC approach to efficiently synthesize U[i]
by modifying the cost function of the GOAT algorithm such
that it exactly captures the V̂ j[i] and O parts of U[i] (see the
Appendix C for details). With this algorithm and the control
Hamiltonian Hcol (t), we can obtain the pulse sequence for
efficiently implementing desired U[i]. As a demonstration, the
pulse sequence for U cl

[i 6=n] is shown in Fig. 2(b). Here we
only use the resonant laser couplings for Lg,Lq and Ll, which
simplifies experimental realization.

Generation of high-dimensioanl MPS We further demon-
strate the ability of generating MPS of high bond and physical
dimensions by considering the following generalized GHZ

state [42]

|GHZ(n, d)〉 = 1√
d

d−1∑
i=0
|i〉⊗nph . (20)

This state serves as a quantum resource state in the re-
source theory of genuinely multipartite entanglement under
biseparability-preserving operations [42]. Defining E (d, i) as
the d-dimensional matrix with everywhere zero but only the i-
th diagonal element being one, |GHZ(n, d)〉 can be written as
an MPS of form Eq. (4) with both bond and physical dimension
D = d as

V j[i] = V j = E (d, j + 1) , j ∈ (0, ..., d− 1) ,

|ϕI〉 = 1√
d

d−1∑
i=0

∣∣iq〉, |ϕF 〉 = |0〉 .
(21)

This state can be sequentially generated with the following two
unitaries in Eq. (3)

UgG
[i 6=n] :

∣∣jq〉→ ∣∣jqjl〉 ,
UgG

[n] :
∣∣jq〉→ |jl〉 , ∀j ∈ (0, ..., d− 1) .

(22)

Similar as in the cluster state case, each application of UgG
[i 6=n]

followed by MP adds one site to the state, and UgG
[n] followed

by MP produces the last photon and disentangles the source
from the photonic MPS. The QOC pulse sequence for generat-
ing UgG

[i6=n] in the case of d = 3 is shown in Appendix C, and

UgG
[n] is implemented in the same way as U cl

[n] by a two-photon
Raman π-pulse between |q〉 and |l〉. The ability of generating
|GHZ(n, d)〉 clearly demonstrates that our scheme is particu-
larly suitable to create high-dimensional entanglement.

C. Realistic modeling including imperfections

There will be various imperfections in real implementa-
tions of the above photon generation protocol. During unitary
operations, the dominant imperfections are related to the Ry-
dberg state |r〉. For example, the Rydberg decay (Γr) and
dephasing (Γφ) lead to a typical lifetime of Rydberg states
around ∼ 50µs [82], which is significantly shorter than the
ground-state spin-wave coherence time that already can reach
sub-second level [67]. Also, the finite Rydberg non-linearity
U provided by the van der Waals interaction [83] leads to a
small probability to create double Rydberg excitations. The
photon emission also has a finite retrieval efficiency pem. Due
to the above imperfections, operating our scheme will generate
a n-photon density matrix ρph with a non-unit fidelity with
respect to the targeted state Fph = 〈ψMPS| ρph |ψMPS〉. Due
to the sequential nature of our scheme, Fph decays exponen-
tially with the number of photonic qudits generated nph as
Fph = e−ξ·nph . Here ξ represents the error per photon.

Let us denote the maximal Rabi frequency during unitary
implementations in our scheme as Ωmax. We assume our
scheme runs in the strong driving regime Ωmax � Γr(Γφ) and
good blockade U � Ωmax, which has already been reached by
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current experiments (for example see Refs. [78, 82]). Including
Rydberg imperfections into the modeling, we find that the
system density matrix ρ (t) evolves as

dρ (t)
dt

= −i
[
H ′ (t) , ρ (t)

]
+

∑
i,α={g,l,q}

Γr
2

(
2σiαrρσirα − σirrρ− ρσirr

)
+
∑
i

Γφ
2
(
2σirrρσirr − σirrρ− ρσirr

)
,

(23)

where the doubly excited Rydberg states are included in the
Hamiltonian H ′ (t). Since in our scheme we need to success-
ively implement unitaries many times and possibly reach high
excitations for high bond or physical dimension, the errors
will accumulate over time and lead to involved dynamics. To
track the long-time evolution of our atomic array with many
atoms in a reliable way, we formulate an effective model in
the collective basis that takes all these errors into account (see
Appendix D for details). This effective model has a Hilbert
spaceHeff that contains the Rydberg doubly excited states as
well as the mixed states created by decoherence.

The finite photon retrieval efficiency pem also reduces Fph.
Its effect can be described by introducing the process map
WP : Heff → Heff ⊗Hph, that maps the system density matrix
to a joint density matrix of the system and a photonic qudit (see
the construction of WP in Appendix E). Using WP and the
solution of the master equation inHeff for the unitary operation
process, we can compute the photonic state fidelity Fph with
the help of the matrix product density operator (MPDO) [84]
approach (see Appendix F for details).

0 0.25 0.5
0

0.12

0.25

0 0.02 0.04 0.06
0

0.05

0.1

0.15

0 0.01 0.02 0.03
0

0.2

0.4

0 0.025 0.05
0

0.1

0.2

0.3
(a) (b)

(c) (d)

<latexit sha1_base64="8hDkprpbX5yksCd7NqnIeDThD0s=">AAAB/HicbZDLSgMxFIbPeK31Ntqlm2AR3FhmRNRl0Y3LCvYC7VAyaaYNTTJDkhHKUF/FjQtF3Pog7nwb0+kstPWHwMd/zuGc/GHCmTae9+2srK6tb2yWtsrbO7t7++7BYUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHw7q7cfqdIslg9mktBA4KFkESPYWKvvVs6ynhKIy2nSz4mKad+tejUvF1oGv4AqFGr03a/eICapoNIQjrXu+l5iggwrwwin03Iv1TTBZIyHtGtRYkF1kOXHT9GJdQYoipV90qDc/T2RYaH1RIS2U2Az0ou1mflfrZua6DrImExSQyWZL4pSjkyMZkmgAVOUGD6xgIli9lZERlhhYmxeZRuCv/jlZWid1/zLmn9/Ua3fFHGU4AiO4RR8uII63EEDmkBgAs/wCm/Ok/PivDsf89YVp5ipwB85nz+WvZS9</latexit>�lnpem

Figure 3. The dependence of ξ in Fph = e−ξ·nph on (a) the Rydberg
decay rate Γr , (b) the Rydberg dephasing rate Γφ, (c) the energy shift
of the doubly-excited Rydberg state (denoted by Ω2

max/U
2), and (d)

the photon retrieval efficiency (denoted by −logpem). In the strong
driving regime Ωmax � Γr,Γφ and with good blockade U � Ωmax,
we obtain linear scalings.

We obtain the scaling of ξ by numerical simulation of
the protocol to generate cluster state using the QOC pulse
sequence in Fig. 2(b). By obtaining Fph as a function of

photon number nph, we can extract the error of Fph per
photon ξ = ξ

(
Γr/Ωmax,Γφ/Ωmax,Ωmax/U, pem

)
as shown

in Fig. 3. We see that in the strong driving regime and with
good blockade we have

ξ = β0 + βrΓr + βφΓφ
Ωmax

+ βU · Ω2
max

U2 − βem · log pem. (24)

The non-universal coefficients {βi} depend on the desired
photonic state and the pulse shape. For example in Fig. 3, β0 ≈
5 × 10−4 represents the error due to the pulse imperfection,
βr ≈ 17.1 , βφ ≈ 6.7 and βU ≈ 1.9 correspond to the Rydberg
decay, dephasing and double excitation error respectively, and
βem ≈ 0.48 corresponds to the photon retrieval error. Note
that βr and βφ can be further reduced by using a shorter pulse,
at the expense of increasing βU . In the rest of this manuscript
we assume our protocol operates in the regime of small error,
in which Eq. (24) is valid. Note that if one implement unitaries
via the quantum gate approach [cf. Section III A], the Stark
pulse will further leads to unwanted small residual population
transfer [73, 85], which scales as Ω2

ST/2∆2
ST when ∆ST �

ΩST. This error does not exist in Eq. (24) obtained from the
QOC approach.

In actual experiments, the maximum Rabi frequency Ωmax
can be tuned on demand and is only bounded by the maximal
laser power available, while Γr,Γφ, U are determined by the
properties of the atomic array. Thus, by defining the total
decoherence rate Γ ≡ βrΓr + βφΓφ and choosing Ωmax =[
ΓU2/ (2βU )

]1/3
, ξ takes the optimized value

ξopt = β0 + 3β1/3
U

(
Γ

2 |U |

)2/3
− βem · log pem. (25)

The scaling Eq. (24) and Eq. (25) applies to atomic arrays with
arbitrary geometries as long as they lie within the Rydberg
blockade radius. Different array geometries will affect the Ry-
dberg non-linearity U , the photon retrieval efficiency pem, and
the Holstein-Primakoff approximation. The analysis of array
geometry dependence will be the focus of the next section.

IV. PHOTON RETRIEVAL IN ATOMIC ARRAYS

As we have shown in the previous section, we need to
achieve high photon retrieval efficiency pem because Fph de-
creases as pβem·nph

em . Defining the photon retrieval error as
εem = 1− pem, the maximal retrieval efficiency of an atomic
ensemble generally scales inversely to its optical depth OD
εem ∼ OD−1 [49, 86]. In recent years, however, some theoret-
ical works have suggested that the use of atomic arrays with
optimized collective excitation profiles can lead to dramatic
improvements in retrieval efficiency [87–89]. Thus, in this sec-
tion, we will characterize how the photon retrieval efficiency
scales for atomic arrays and the impact of imperfections during
the photon emission process. See Appendix G for more details
about this section.

The photon retrieval process is shown in Fig. 1(a), which
consists of a Raman pulse of Rabi frequency Ωel (t) and detun-
ing ∆ (t) that transfers the population on |l〉 to a fast-decaying
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excited state |e〉, which only decays to the state |g〉. During
the emission process |e〉 → |g〉, the emitted photon can be res-
cattered by atoms due to the dipole-dipole interactions between
atoms [90]. Starting from a singly excited state

|1l〉 = S†l,krg−krl |0〉 =
∑
j

uje
i(krg−krl)·rjσjlg|g〉

⊗N
,

(26)
the decay dynamics is governed by the following non-
Hermitian Hamiltonian Hem(t) = Hel(t) +HDDI with

Hel (t) = Ωel(t)
2
∑
i

(
σiele

ikel·ri + H.c.
)
−∆(t)

∑
i

σiee,

HDDI = −µ0d
2
egω

2
eg

∑
j,l

d∗j ·G0
(
rj , rl, ωeg

)
· dlσegj σ

ge
l .

(27)
Here, deg and dj are the dipole matrix element and unit atomic
polarization vector. The dyadic Green’s tensor is [91]

G0
(
rj , rl, ωeg

)
= eik0R

4πk2
0R

3

[(
k2

0R
2 + ik0R− 1

)
I

+
(
−k2

0R
2 − 3ik0R+ 3

) R ⊗R
R2

]
,

(28)

with R = rj − rl and k0 = ωeg/c with c being the speed of
light. From Eq. (27) and Eq. (28) we can compute the evolution
of the atomic array and the photon retrieval efficiency following
the approach in Ref. [88]. The photon retrieval efficiency is
defined as the probability of the photon to be emitted into some
detection mode Edet(r).

To achieve high retrieval efficiency, one needs to optimize
the excitation profile of the collective excitation to best match
the detection mode [87–89]. We study two types of excitation
profiles. One is the optimal profile as studied in Ref. [88],
which gives the minimal photon retrieval error εopt

em . Another
is the profile created by a Gaussian beam, which we call the
Gaussian profile, with its photon retrieval error denoted as
εGauss

em . To assess our photonic MPS generation protocol, we
only use the Gaussian profile, as it is experimentally easier to
implement.

For concreteness, we fix the distance between atoms to be
d0 = 0.6λeg , but similar subwavelength interatomic distances
give similar results. We consider two types of retrieval schemes.
In the scheme shown in Fig. 4(a), the photon is emitted in two
opposite directions, where the detection mode is a symmet-
ric superposition of two vector Gaussian modes [92] along
the photon emission directions. This retrieval setup has been
shown to lead to favorable scaling of the retrieval efficiency in
the case of a single layer two-dimensional array [88]. We as-
sume that the photons collected from these two directions can
be later recombined, for example using the setup in [30]. The
geometry of our atomic array is characterized by its transverse
size Lv and longitudinal size Lz .

The Fig. 4(b) shows the scaling of the photon retrieval error
as a function of Lv for the two-directional retrieval scheme.
For the case of Lz = 1 we reproduced the scaling εopt

em ≈
(logLv)2

/L4
v in Ref. [88]. When increasing Lz , we obtain

εopt
em ≈ c

opt
Lz
·(logLv)2

/L4
v . For the Gaussian excitation profile,

we also have εGauss
em ≈ cGauss

Lz
·(logLv)2

/L4
v when Lz is small.

This indicates that for the two-directional retrieval scheme with
an array of a few layers in the transverse directions, the optimal
excitation profile is close to a Gaussian profile.

In Fig. 4(c) we show the behavior of the photon retrieval
error as a function of Lz . When Lz increases, more of the
photonic field can leak out through the transverse directions
that are perpendicular to the detection mode. Thus, in general,
the photon retrieval efficiencies increase when Lz increases.
For the Gaussian profile, one obtains a power-law scaling,
that cGauss

Lz
≈ L0.7

z . In the optimal case, the behavior is more
involved, since in this case the excitation profile adapts to the
detection mode, which partially compensates for the leakage
of the photonic field.

The other retrieval scheme we consider is a typical uni-
directional retrieval shown in Fig. 4(d). In this case, the detec-
tion mode is a single vector Gaussian beam. In Fig. 4(e), we
show the scaling of the photon retrieval errors εopt

em and εGauss
em

as a function of Lv. Apart from the region where Lv is small,
εopt

em and εGauss
em do not depend on Lv , which is expected from

the result of the atomic ensemble, since the optical depth does
not involve the transverse size. In Fig. 4(f) we show the scaling
of εopt

em and εGauss
em as a function of Lz . We get εopt

em ≈ 1.45L−2
z

and εGauss
em ≈ 0.84L−1

z when Lv/Lz is not very small. Here
the scaling of εGauss

em is already reaching the best scaling for the
atomic ensemble case [49, 86]. We further find that in a wide
range of geometries Lv and Lz , the εGauss

em of uni-directional
scheme can be related to that of the two-directional scheme
through

εGauss
em (1Dir) ≈ 0.84L−1

z + εGauss
em (2Dir) , (29)

which indicates that the error εGauss
em of the uni-directional

retrieval scheme stems from both the photonic field leaked
from the direction opposite to the detection mode, which scales
as 0.84L−1

z , and the field leakage to the transverse directions,
which share the same scaling as the error εGauss

em for the two-
directional retrieval scheme. This behavior predicts an increase
of εGauss

em when Lv/Lz � 1, where the leakage to transverse
direction is the dominant error. Such behavior is observed
in Fig. 4(f) for Lv = 6 case, and qualitatively explains the
increase of εopt

em in that region as well.
The scaling εGauss

em ∝ L−1
z of the uni-directional retrieval

error with Gaussian profile indicates that it shares the same
physics as the photon retrieval process in disordered atomic
ensembles where the optical depth OD ∝ Lz . Thus, just like
the atomic ensemble case, we can add a cavity to enhance the
optical depth of the atomic array. Assuming we add a cavity of
finesse F , the photon retrieval error is reduced approximated F -
fold. Such a cavity-enhanced photon retrieval from an optical
lattice has been demonstrated in Ref. [67, 93] with F ≈ 50.

Imperfections during the photon emission process include (i)
array defects, (ii) thermal atomic motion, and (iii) the deviation
of the Holstein-Primakoff approximation. Here we briefly
describe their effects, and the details are shown in Appendix E
and in Appendix G.

a. Atomic defects. As shown in Ref. [88], one expects
that the relative decrease of the retrieval efficiency should be
proportional to the ratio of the detection mode hitting the empty
sites. Numerical results show that the following relation for
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Figure 4. The scaling of the photon retrieval error from excitation with optimal profile εopt
em and with Gaussian profile εGauss

em as array geometries
Lv and Lz for an interatomic distance d0 = 0.6λeg . (a) A schematic plot of two-directional retrieval. We denote the scheme by ‘2Dir’ in the
plot. (b) and (c) are the scaling of εopt

em and εGauss
em with Lv and Lz for two-directional retrieval scheme. Similarly, (d),(e),(f) are the schematic

plots and scaling of photon retrieval errors with Lv and Lz for the uni-directional retrieval scheme.

the retrieval efficiency pdef
em with defects holds [88]

pdef
em = pem

1− αdef

∑
j∈def

∣∣Ej∣∣2∑
l

|El|2

 , (30)

where Ej = Edet
(
rj
)
· d∗j is the intensity of the detection

mode at the position of the j-th atom, and the coefficient αdef
depends on d0 and the array geometry.

b. Atomic thermal motion. The effect of atomic thermal
motion is modeled as a random spatial disorder with a stand-
ard deviation of σth [94]. This leads to an additional photon
retrieval error that scales as σ2

th/d
2
0, the same as predicted in

Refs. [88, 95].
c. Holstein-Primakoff approximation [62]. The error

due to the approximation [Eq. (11)] comes in when our
photonic MPS generation protocol in Section II involves states
with multiple collective excitations. This error lead to a lower
bound on the photon retrieval efficiency for generating MPS
with bond dimensionD and physical dimension d in the regime
of D + d− 2� N as

pem → p′em ≥
(

1− (D + d− 2) (D + d− 3)
2N

)1/(d−1)
pem.

(31)
For the cluster state, we have D = 2 and d = 2, thus p′em ≥(
1− 1

N

)
pem.

V. OPTIMAL PERFORMANCE OF THE SCHEME

Given that the error per photon ξopt scales as Eq. (25) and
with the retrieval efficiencies studied in Section IV, we can

optimize the array geometry Lv and Lz to find the minimal
ξopt.

The array geometry will affect both the retrieval efficiency
pem and the Rydberg nonlinear shift U . The U is determined
by the van der Waals interaction Vij = C6/

∣∣~ri − ~rj∣∣6 between
Rydberg atoms at position ~ri = d0~i = d0

(
ix, iy, iz

)
and ~rj

as [96]

U =
√√√√√ N (N − 1)∑
~i 6=~j

∣∣∣~i−~j∣∣∣12
C6

d6
0
≡ fLv,Lz

C6

d6
0
, (32)

where we denote the geometric factor as fLv,Lz . Substituting
Eq. (32) and N = L2

vLz into Eq. (25) and using the lower
bound of pem in Eq. (31), we get

ξopt = β0+
(

27βU
4f2
Lv,Lz

)1/3(
Γd6

0
|C6|

)2/3

−βem·log p′em. (33)

Since in experiments the parameters Γ, C6, d0 depend on
the particular atomic configuration chosen, in our numerical
optimization we scan over Lv and Lz to find the minimal
ξopt with respect to a given |C6| /

(
Γd6

0
)
. To quantify the per-

formance more intuitively, we define an entanglement length
Nph ≡ log 2/ξopt, which is the photon number that can be
generated with Fph = 1/2.

As a demonstration, the result of this optimization for gen-
erating cluster state with optimal control pulse in Fig. 2(b) is
shown in Fig. 5. For the two-directional retrieval scheme, we
obtain Nph ∼ [|C6|/(Γd6

0)]0.23, shown in Fig. 5(a). The cor-
responding optimal array geometry Lopt

z and Lopt
v can also be

estimated from a power law scaling Lopt
z ∼ [|C6|/(Γd6

0)]0.05
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Figure 5. (a) The scaling of the entanglement length Nph and corres-
ponding optimal array geometryLopt

v andLopt
z as a function of overall

resource |C6| /Γd6
0 for the two-directional photon retrieval scheme.

(b) A comparison of the Nph scaling for different photon retrieval
schemes, including the uni-directional and two-directional retrieval
schemes in free space, the one-directional retrieval scheme assisted
by a cavity with finesse F = 50, and the two-port two-directional
retrieval scheme [cf. Section VI]. The current state-of-the-art experi-
mental parameters [cf. Eq. (34)] gives |C6| /

(
Γd6

0
)

= 7.9× 107.

and Lopt
v ∼ [|C6|/(Γd6

0)]0.1. We find such power law scal-
ing behavior is universal for both uni-directional and two-
directional retrieval schemes, with different exponents depend-
ing on the non-universal constants {βi} and the specific re-
trieval scheme. We further compare the performance of differ-
ent schemes in Fig. 5(b), from which we see the uni-directional
retrieval + cavity scheme and two-directional retrieval scheme
gives rise to favourable scaling of Nph. To make a quantit-
ative estimation of Nph, we use current state-of-the-art ex-
perimental parameters [82], in which the Rydberg state is
|70S, J = 1/2,mJ = −1/2〉, with

C6 = −862.69GHz · µm6,

Γr = 19.6kHz, Γφ = 21.3kHz,
(34)

and assume we work on a optical lattice with d0 = 532nm [97],
which leads to |C6| /

(
Γd6

0
)

= 7.9× 107. With this parameter
set, the uni-directional protocol in free space can generate a
cluster state of Nph ≈ 9 photons with fidelity Fph = 1/2. If
we add a ring cavity of finesse F = 50 (similar to that used
in Ref. [67]), this improves to Nph ≈ 75 photons. While for
the two-directional retrieval scheme, this parameter set yields
Nph ≈ 47 photons. We estimate the required maximal Rabi
frequency Ωmax ∼ 2π× 15MHz for the this set of parameters,
already available in current experiments [98]. Depending on
the available laser power, one could synthesize pulses that lead
to smaller values of βr(βφ)/βU compared to that in Fig. 2(b)
to reduce Ωmax.

These results indicate that using the uni-directional re-
trieval + cavity scheme or the two-directional retrieval scheme,
our scheme can deterministically generate strongly-entangled
photonic MPS with a large number of photons. We further
qualitatively estimate that Nph ∼ D−2d−2 in Appendix H.
The entanglement length Nph can be improved by reducing
Γd6

0/ |C6|, which can be done by choosing a Rydberg state
with a larger principal number, making the interatomic dis-
tance d0 smaller, or reducing the decoherences of the Rydberg

excitation. Using a cavity with larger finesse F also improves
Nph. We also point out that our analysis based on the atomic ar-
ray can be applied to the case of a disordered atomic ensemble
as well.

VI. FREE-SPACE MULTI-PORT EMISSION

An important ingredient of the quantum network is to create
large-scale distributed quantum entanglement. In principle,
thanks to the sequential nature of our protocol, we can generate
temporally separated photons and send them to a photon switch
within an optical fiber to distribute photons into different ports
within the fiber. Here we go one step further to propose a
setup and protocol that can directly distribute the sequentially
generated photons into multi-ports in free space.

In our MPS generation protocol, the direction of photon
emission can be controlled by the photon retrieval laser Le,
which imprints a plane-wave phase pattern with a specific mo-
mentum. Due to the conservation of momentum, the emitted
photon tends to fly to a phase-matched direction [49]. Based
on this effect, we propose the following setup depicted in
Fig. 6(a) for the multi-port photon generation, where we have
a one-layer, two-dimensional square array. The laser Lg is per-
pendicular to the plane to create collective Rydberg excitation,
and the lasers Lq (Ll) with plane-wave profile with fixed mo-
menta is used to transfer the collective exciation between |r〉
and |q〉 (|l〉). The emission direction of photons is determined
by the momentum of the laser Le. The photon(s) will fly to two
directions that have the same momentum component parallel to
the plane, and opposite momentum component perpendicular
to the plane, characterized by the angle θ. Thus we choose the
detection mode to be a symmetric superposition of two vector
Gaussian modes along the photon emission directions.

The photon retrieval error of the excitation with Gaussain
profile εGauss

em as a function of θ is characterized in Fig. 6(b). As
expected, εGauss

em gradually increases with larger angle θ. The
emitted photonic field along each direction is well character-
ized by a Gaussian beam [49, 88] with wavelength λeg, beam
waist w0, and asymptotic beam angle θ0 = λeg/πw0. In order
to make the photons in different ports distinguishable, the angu-
lar distance between different ports should at least be 2θ0. The
minimal version of the multi-port device consist of two ports
with angles θ1 = θ0 and θ2 = −θ0. Thus we substitute the
retrieval efficiency pem at the angle θ = θ0 into Eq. (33) and
optimize Lv to get the maximal entanglement length Nph. The
scaling of Nph for the two-port device is shown in Fig. 5(b),
and we get Nph ∼ [|C6|/(Γd6

0)]0.24 for this case, with corres-
ponding optimal array size Lopt

v ∼ [|C6|/(Γd6
0)]−0.1 (data not

shown). With the current experimental parameters [Eq. (34)],
we can generate cluster state of Nph ≈ 28 with this two-port
device. By allowing photon emission with larger angle θ, one
can increase the number of ports available at the expense of
increasing photon retrieval error. We also point out that such
multi-port photon retrieval works for three-dimensional atomic
arrays as well [49], where the emission direction is further af-
fected by the Bragg scattering along the z direction in Fig. 6(a).
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Figure 6. A multi-port free-space multiphoton source. (a) The schem-
atic plot of the multi-port retrieval scheme. The laser Lg is perpendic-
ular to the plane to create collective Rydberg excitation, and the laser
Le can be shone from multiple directions to control the direction of
the emitted photon(s). Here for clarity we did not plot the lasers Ll
and Lq. (b) The angle dependence of the photon retrieval error εGauss

em
of the excitation with Gaussian profile.

VII. EXPERIMENTAL CONSIDERATION

The level scheme in Fig. 1(a) can be realized in various
types of atoms. In Fig. 7 we illustrate a possible level scheme
based on rubidium-87 (87Rb), with quantum number of relev-
ant states marked on the figure. The Rydberg state could be
|r〉 =

∣∣70S, J = 1/2,mJ = 1/2
〉
, for example.
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Figure 7. An implementation of the level scheme in Fig. 1(a) using
87Rb level structure. The hyperfine ground states are individually
coupled to the Rydberg state |r〉 via two-photon transitions with lasers
of different frequencies and polarizations. The on-demand photon
emission is triggered by a two-photon Raman transition from |l〉 to
|e〉 [49].

The experiment can be initialized by preparing all atoms
in the state |g〉⊗N through optical pumping. Each state can
be coupled to the Rydberg state with two-photon transitions
(shown as arrows with different colors in Fig. 7). By choosing
the frequencies and the polarizations of different lasers, one
can address the transitions depicted in Fig. 7 individually. As
a particular example, one can directly couple the state |l〉 and
|q〉 by two-photon Raman transition using the lasers Ll and Lq
shown in Fig. 7. This allows us to simply implement the U cl

[n]

and UgG
[n] discussed in Section III.

In Fig. 7, the on-demand photon emission is realized by a
two-photon Raman transition that couples |l〉 → |e〉 through
the intermediate state |g〉 with a detuning ∆ [49]. Due to the
selection rules on mF , the photon decays from |e〉 only to
|g〉. In the case of generating photonic MPS with physical
dimension d = 2, at most a single photon is emitted each
time. In that case, one can alternatively use a laser to couple
state |r〉 and |e〉, go through the process |l〉 → |r〉 → |e〉 to
emit photons. In this case it is further possible to operate the
protocol without using the state |l〉, which could simplify the
experimental realization, at the expense of storing the collective
excitation on |r〉 that has a larger decoherence rate.

VIII. SUMMARY AND OUTLOOK

Summing up, we have proposed a physical platform and a
protocol to deterministically generate multiphoton entangled
states in free space based on a Rydberg-blockaded atomic
array. We have developed both a quantum gate approach and
the quantum optimal control approach to universally control a
large Hilbert space, which enables the generation of photonic
MPS with large bond and physical dimensions, and allows one
to experimentally explore the rich regime of one-dimensional
spin systems. The strong nonlinearity and long coherence time
of the Rydberg state together with the good photon retrieval
efficiencies of atomic arrays, lead to favorable scaling of the
entanglement length of the photonic MPS, which may enable
the generation of large-scale photonic quantum entanglement
beyond the state of the art. Furthermore, one can control the
photon emission angle of the sequentially generated photons,
which makes this platform a potential multi-port device that
can efficiently distribute entangled photons in free-space.

This work can be extended in many ways. First, one can fur-
ther reduce the decoherence errors by using long-lived states
in alkaline earth atoms [99], optimize the pulse shape, and
apply open system optimal control techniques [79, 100, 101].
Second, a more involved atomic level scheme may allow one
to produce photonic MPS with polarization encoding [49, 102],
and the photon directional retrieval enables momentum mul-
tiplexing [49, 103], which can be used to generate higher-
dimensional photonic tensor network states in free space [102].
The ability to generate tensor network states with high bond
dimension and physical dimension further call for identifying
genuine quantum resource states in this class of states that can
be efficiently created in the near-term devices. Finally, the
principle to obtain a large Hilbert space with bosonic modes
and the associated control techniques developed here can be
extended to various other platforms, for example waveguide
QED [6] and circuit QED systems [104].
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Appendix A: Generation of ancilla-photon superposed states

In this appendix, we show that an ancilla-emitter system
is further suitable for generating superposed states between
the ancilla and the multi-photon MPS [cf. Eq. (5)]. This is a
specific class of the superposed states considered in Ref. [60],
where many applications of such states are discussed. For
example, one can generate a state of the form [60]:

|ψ〉 = 1√
2
|0〉m|GHZ1〉ph + 1√

2
|1〉m |GHZ2〉ph , (A1)

where |GHZ1〉ph = 1√
2

(
|0000〉ph − |1111〉ph

)
and

|GHZ2〉 = 1√
2

(
|0011〉ph + |1100〉ph

)
. Such a coherent su-

perposition allows one to choose the entanglement structure of
the photons by measuring the ancilla in different basis.

To create the states of the form Eq. (5), let us consider
adding an m-level ancilla to the MPS source discussed in
Section II A. So the system Hilbert space becomes Hm ⊗
HD ⊗Hd. As pointed out in Section II A, the m-level ancilla
is not necessarily a physical system. For example, in the system
described in the main text (cf. Section II B), the role of the m-
level ancilla can be played by a part of the Hilbert spaceHq . In
this case, one needs dimHq = 4 to act as two 2-dimensional
ancillas, to create the state of form Eq. (A1).

Starting from an initial state

|ψI〉 =
m−1∑
i=0

αi|i〉m
∣∣ϕI,i〉D|0〉d, (A2)

where
{∣∣ϕI,i〉}

i=0,...,D−1
correspond to the boundary condi-

tion of photonic MPS, in the s-th round of photon generation
we apply the unitary Û [s] of following form

Û [s] =
∑
ijj′kk′

U j
′k′

jk [i, s] (|i〉m〈i|)⊗ (
∣∣j′〉

D
〈j|)(

∣∣k′〉
d
〈k|),

(A3)
where due to the unitarity of Û [s],∑
p,q

U∗j
′k′

pq

[
i′, s
]
Upqjk [i, s] = δii′δjj′δkk′ , ∀s = 1, ..., n.

(A4)
After the unitary operation, we trigger a photon emission
[cf. Eq. (1)]. After applying this sequence for n rounds, the
state becomes

|ψF 〉 = MP Û [n] ...MP Û [1] |ψI〉

=
m−1∑
i=0

αi|i〉m
(
Ukn[i,n]...U

k1
[i,1]
∣∣ϕI,i〉D) |0〉d|kn...k1〉ph,

(A5)

where
(
Uk1

[i,s]

)
jj′
≡ U j

′k1
j0 [i, s]. In the last step we can dis-

entangle the D-level ancilla with the photons and the m-level
ancilla [14]. For example, we can map the D-level ancilla to a
state |ϕF 〉D at last. After tracing out the D-level ancilla and
the d-level emitter, we get the desired state [cf. Eq. (5)] of the
m-level ancilla and the photons, with∣∣∣ψiMPS

〉
ph

=
∑
kn...k1

D 〈ϕF |Ukn[i,n]...U
k1
[i,1]
∣∣ϕI,i〉D|kn...k1〉ph.

(A6)
Here the unitarity of

{
Û [s]

}
s=1,...,n

[cf. Eq. (A4)] lead to the

canonical form of
{∣∣ψiMPS

〉
ph

}
i=0,...,(m−1)

.

The above process can also be viewed as a quantum random
access memory [61], where the input quantum address is the
initial state Eq. (A2), and each (quantum) memory cell is a
multi-photon MPS.

Appendix B: The quantum gate approach

Here, we present the details of the quantum gate approach
for generating D = 2, d = 2 photonic MPS. As discussed in
Section III A, the key step is to implement arbitrary unitaries
inHmid = span(|0〉, |1r〉, |1q〉, |1r1q〉). The resonant driving
Lg can be decomposed into the X and Y component, with

X (θ) = exp
(
−i
(
Iq ⊗ σx

)
θ/2
)
,

Y (θ) = exp
(
−i
(
Iq ⊗ σy

)
θ/2
)
,

(B1)

and we can construct Z(θ) = X(−π/2)Y (−θ)X(π/2). On
the other hand, the resonant driving Lq can be decomposed
into

Xq (θ) = exp
[
−iθ

(
aq ⊗ σ†r + a†q ⊗ σr

)
/2
]
,

Yq (θ) = exp
[
θ
(
a†q ⊗ σr − aq ⊗ σ†r

)
/2
]
,

(B2)

which couples the states |1r〉 and
∣∣1q〉, but also couples

∣∣1r1q〉
to
∣∣2q〉, which is out ofHmid. To avoid this leakage, we choose

to construct a SWAP gate and the CNOT gate within Hmid
without population leakage to state

∣∣2q〉.
Let us apply Lq with Rabi frequency Ωrq and a large de-

tuning ∆ST � Ωrq. This induces different AC Stark shifts
between |1r〉 and

∣∣1q〉, and between
∣∣1r1q〉 and

∣∣2q〉:
|1r〉 ↔

∣∣1q〉 :
Ω2
rq

2∆ ,
∣∣1r1q〉↔ ∣∣2q〉 :

Ω2
rq

∆ . (B3)

By applying the pulse for a time t = 4∆STθ/Ω2
ST, we obtain

a phase gate ST (θ) = diag
(
1, e−iθ, eiθ, e−2iθ, e2iθ) with the

basis {|0〉 , |1r〉 ,
∣∣1q〉 , ∣∣1r1q〉 , ∣∣2q〉}. Using ST (θ) and reson-

ant laser drivings, the SWAP and CNOT gates are constructed
as:

SWAP = Yq
(
−π/4

)
Z
(
π/2

)
ST
(
π/2

)
·Xq

(
π/4

)
ST
(
−π/2

)
Z
(
−π/2

)
,

(B4)
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CNOT =X
(
5π/16

)
Z
(
π/2

)
ST
(
π/2

)
X
(
3π/16

)
. (B5)

These two gates together with the single-qubit rotations pro-
duced by Lg constitute a universal two-qubits gate set inHmid
without leakage error.

We know each unitary in our protocol should act as Eq. (2).
For the case of generating MPS with D = 2 and d = 2, this
is equivalent to implementing the isometry V̂[i] : HD=2 →
H(2,2)

src . One can synthesize a quantum circuit to implement
desired isometries, for example using the UniversalQCompiler
package [105].

As a demonstration, we construct the unitarie that generates
the cluster state [Eq. (18)]. Using a SVD decomposition ap-
proach [14], we find two isometries V̂ cl

[i6=n] and V̂ cl
[n] needed to

generate n-photon cluster state

V̂ cl
[i 6=n] =

(
V 0

[i]
V 1

[i]

)
= 1√

2


1 0
1 0
0 1
0 −1

 ,

V̂ cl
[n] =

(
V 0

[n]
V 1

[n]

)
=


1 0
0 0
0 1
0 0

 .

(B6)

The corresponding unitaries Û cl
[i 6=n] and Û cl

[n] have the form of
Eq. (19). The gate sequences for implementing U[i 6=n] and U[n]
are shown in Fig. 2, where the gates in the second qubit are
implemented with X,Y, Z, while the first-qubit rotations are
implemented as SWAP → rotations on the second qubit →
SWAP.

Appendix C: The quantum optimal control (QOC) approach

In QOC we aim to find the time-dependence of{
Ωrβ (t)

}
β=g,l,q in Hcol(t) [Eq. (13)] that yields the desired

Utarg ∈ Hcol of the form Eq. (19), with the embedded isometry
V̂targ. First, we assume that

{
Ωrβ (t)

}
β=g,l,q are analytical

functions parameterized by a set of parameters ᾱ. The dy-
namics of our system under the control Hamiltonian Hcol(ᾱ, t)
gives rise to the time-ordered (T ) evolution operator (with
~ = 1)

U (ᾱ, T ) = T exp
(
−i
∫ T

0
Hcol(ᾱ, t)dt

)
. (C1)

In numerical calculation, we truncate the dimensions ofHl
andHq such that dimUtarg = Nh. The zero matrix O thus is
of dimension (Nh − d ·D) ×D. We can denote the unitary
generated by our QOC pulse with the same block structure as
in Eq. (19)

U (ᾱ, T ) =
(
V ′ (ᾱ, T ) B′1 (ᾱ, T )
O′ (ᾱ, T ) B′2 (ᾱ, T )

)
. (C2)

We aim to get V ′ (ᾱ, T ) = V̂targ and O′ (ᾱ, T ) = O.

Let us define FV (ᾱ) = Tr
(
V̂ †targV

′ (ᾱ, T )
)

and FO (ᾱ) =

Tr
(
O(ᾱ, T )†O′ (ᾱ, T )

)
. The deviation of V ′ (ᾱ, T ) from

V̂targ is quantified by (1 −
∣∣FV (ᾱ)

∣∣ /D) and the deviation
of O′ (ᾱ, T ) from O can be quantified by w

D

∣∣FO (ᾱ)
∣∣ with a

tunable penalty constant w. Thus our optimization task is to
minimize the cost function

g (ᾱ) = 1− 1
D

∣∣FV (ᾱ)
∣∣+ w

D

∣∣FO (ᾱ)
∣∣ . (C3)

We can evaluate the gradient of g (ᾱ) as

∂ᾱg (ᾱ) = − 1
D|FV |Re

[
F ∗V · Tr

(
V̂ †targ∂ᾱV

′
)]

+ w
D|FO|Re

[
F ∗O · Tr

[(
∂ᾱO

′†
)
O′ +O′

†
∂ᾱO

′
]]
,

(C4)

where ∂ᾱV
′ (ᾱ, T ) and ∂ᾱO

′ (ᾱ, T ) are the correspond-
ing blocks [cf. Eq. (19)] of the matrix ∂ᾱU (ᾱ, T ). The
U (ᾱ, T ) and ∂ᾱU (ᾱ, T ) can be obtained using the GOAT
algorithm [79] that numerically integrates the coupled system
of the equation of motion

∂t

(
U
∂ᾱU

)
= −i

(
H 0
∂ᾱH H

)(
U
∂ᾱU

)
. (C5)

With the knowledge of g (ᾱ) and ∂ᾱg (ᾱ), the control pulse
can be optimized by typical gradient descent search meth-
ods. In our numerical optimization, we synthesize indi-
vidual pulses for the real part and the imaginary part for each{

Ωrβ (t)
}
β=g,l,q , since this ensures a real value of each pulse

amplitude. For each individual component, we choose a Four-
ier form f (ᾱ, t) =

∑jmax
j=1 Aj sin (j · w · t) as our pulse amp-

litude, where the parameters are ᾱ =
{
Aj , w

}
j=1,...,jmax

. We
also add two sigmoid functions to bound the amplitude and
enforce a smooth start and end of the pulse

S1
(
f (ᾱ, t)

)
= b

(
1− 2

1 + exp
(
g1 · f (ᾱ, t) /b

)) ,
S2 (t, T ) = 1− 2

1 + eg2(T−t) ,

(C6)

where b, g1and g2 are tuning parameters. The overall pulse
form for each individual component is S1

(
b, gf , f (ᾱ, t)

)
·

S2 (t, T ).
As an example, the synthesized pulse for implementing

U cl
[i6=n] (with the corresponding isometry V̂ cl

[i6=n] [Eq. (B6)]) for
the cluster state generation is shown in Fig. 2, and the pulse for
implementing UgG

[i 6=n] for generating the generalized GHZ state
Eq. (22) of physical dimension d = 3 is shown in Fig. 8. We
can quantify the quality of the pulses in Fig. 2(b) and in Fig. 8
by computing the cost function without the O matrix part as
gV
(
Utarg

)
= g (ᾱ)

∣∣
w=0, and getting gV

(
U cl

[i6=n]

)
= 1.1 ×

10−5, gV
(
UgG

[i 6=n]

)
= 2 × 10−3, which clearly demonstrate

the effectiveness of this method.
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Figure 8. The QOC pulse sequence for implementing UgG
[i 6=n]

[Eq. (22)] for the generation of the generalized GHZ state of physical
dimension d = 3.

Appendix D: The effective modeling of long-time evolution for a
Rydberg-blockaded atomic array

To compute the photonic state fidelity Fph =
〈ψMPS| ρph |ψMPS〉 efficiently, it will be shown in Ap-
pendix F that we need to numerically obtain the full
Liouvillian propagator WL [Eq. (F2)] for the evolution
process, which is a computationally demanding task, as its size
grows with the Hilbert space dimension of the atomic array
to the power of 4. Thus, directly solving the master equation
Eq. (23) in the many-body Hilbert spaceH is only possible for
array sizes of tens of atoms. To treat the case of larger atom
numbers, we need to find an effective master equation that
captures the dynamics of the system under the evolution of
Eq. (23). For this purpose, we shall first understand the effects
of various imperfections discussed in Section III C.

Recall the basis elements of the collective Hilbert spaceHcol
[cf. Eq. (12)]∣∣srmqnl

〉
= 1√

mq!nl!
(σ†r)sR(a†q)mq (a

†
l )
nl |0〉 , (D1)

where sr = 0, 1 and mq, nl are positive integers. First, we
include the double Rydberg excitations due to finite van der

Waals interaction between Rydberg atoms Vij = C6/r
6
ij . We

model its effect with an effectively uniform level shift U for
Rydberg doubly excited states, which can be determined from
Eq. (32)). Thus, the Rydberg double-excitation can be taken
into consideration by adding basis states with sr = 2 intoHr.
Thus now the Rydberg collective excitations form a qutrit with
the same properties as a truncated anharmonic oscillator with
nonlinearity U .

The Rydberg state |r〉 can dephase at a rate Γφ, and can
decay to the three hyperfine ground states |g〉 , |q〉 , |l〉 with
decay rate Γr for each channel. Since the Rydberg decay
transition has short wavelength (e.g. λryd = 294nm in
Ref. [82]), for a normal 87Rb optical lattice with lattice con-
stant d0 = 532nm [97] we have d0/λryd ≈ 1.8, and therefore
the dipole rescattering effect during the Rydberg decay process
is very weak.

To get insight for constructing the effective master equation
that captures the evolution under Eq. (23), first we analytic-
ally solve the decoherence dynamics under Eq. (23) with an
initial state |1r〉 = a†r |0〉 =

∑N
i=1 uie

ikrg·riσirg |0〉 by unrav-
elling Eq. (23) into a non-Hermitian evolution S (t, t0) ρ =
e−iHnht ⊗ eiH̄nhtρ and the quantum jumps J [106] as

ρ(t) = S (t, t0) ρ (t0)
+
∞∑
n=1

∫ t
t0

dtn · · ·
∫ t2
t0

dt1S (t, tn) J · · · JS (t1, t0) ρ (t0) ,
(D2)

with the non-Hermitian Hamiltonian

Hnh = H ′ (t)− i

2
(
3Γr + Γφ

) N∑
i=1

σirr, (D3)

and the quantum jump given by

Jρ =
N∑
i=1

Γr
∑

α={g,q,l}

σiαr ⊗ σ̄iαr + Γφσirr ⊗ σ̄irr

ρ,
(D4)

where H ′ (t) is same as in Eq. (23). For demonstration, we
show the solution under purely spontaneous decay (choosing
Γφ = 0) and under purely dephasing (choosing Γr = 0)

purely decay : ρ (t) =
(
e−3Γrta†r ⊗ ā†r + 1

3
(
1− e−3Γrt

) (
I + ρ

(1)
q,q + ρ

(1)
l,l

)) ∣∣0⊗ 0̄
〉
,

purely dephasing : ρ (t) =
(
e−Γφta†r ⊗ ā†r +

(
1− e−Γφt

)
ρ

(1)
r,r

) ∣∣0⊗ 0̄
〉
,

(D5)

where we have defined the identity operator I and the density
matrix creation operator for singly-excited mixed state ρ(1)

α,α′

as

ρ
(1)
α,α′ =

N∑
i=1
|ui|2σiαg ⊗ σ̄iα′g, α, α′ = r, q, l. (D6)

In order to get a simplified description for ρ(1)
α,α′ , we introduce

a set of collective creation operators as

a†Mα
=

N∑
i=1

uiσ
i
αg, α = r, l, q. (D7)

Here {a†Mα
}α=l,q are oscillator creation operators, and a†Mr

is truncated up to the third Fock state since we include up to
double Rydberg excitations. We introduce a projection operator
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Pdiag whose effect is to discard correlation terms with i 6= j.
Thus we can simplify the description of ρ(1)

α,α′ by rewriting it
as a projection on the collective excitations as

ρ
(1)
α,α′ = Pdiag

[
N∑

i,j=1

(
uiσ

i
αg

)
⊗
(
ūj σ̄

j
α′g

)]
= Pdiag

[
a†Mα

⊗ ā†Mα

]
.

(D8)

Similarly, we can analytically solve the dynamics start-
ing from a doubly excited state |2r〉 = 1√

2

(
a†r
)2 |0〉. The

solution for the purely decay case (Γφ = 0) is ρ (t) =
ρ(0) (t) + ρ(1) (t) + ρ(2) (t), with

ρ(0) (t) = e−6Γrt 1√
2

(
a†r
)2 ⊗ (ā†r)2 ∣∣0⊗ 0̄

〉
,

ρ(1) (t) = 2
3
(
e−3Γrt − e−6Γrt

) (
a†r ⊗ ā†r

)
·
[
I + ρ

(1)
q,q + ρ

(1)
l,l

] ∣∣0⊗ 0̄
〉
,

ρ(2) (t) = 1
9
(
1− e−3Γrt

)2 (
ρ(0) + 2ρ(1)

q,q + 2ρ(1)
l,l + 2ρ(2)

ql,ql + ρ
(2)
qq,qq + ρ

(2)
ll,ll

) ∣∣0⊗ 0̄
〉
,

(D9)

where we defined a general notation

ρ
(ne)
{α},{α′} =

N∑
i1 6=...6=ine=1

ne∏
k=1

∣∣uik ∣∣2σikαkg ⊗ σ̄ikα′
k
g. (D10)

Here {α} ≡ α1...αne ,
{
α′
}
≡ α′1...α

′
ne and αi, α′i = r, l, q.

Similar to Eq. (D8), Eq. (D10) can be rewritten using the Pdiag
as

ρ
(ne)
{α},{α′} = Pdiag

 ne∏
k=1

a†Mαk
⊗ ā†Mα′

k

 . (D11)

Here the effect of Pdiag is to discard correlation terms where
{i1, ..., ine} 6= {j1, ..., jne}.

We can also solve the pure-dephasing (Γr = 0) dynamics
starting from |2r〉 as

ρ (t) =
[
e−2Γφt 1√

2

(
a†r

)2
⊗
(
ā†r

)2

+ 2te−2Γφt
(
a†r ⊗ ā†r

)
· ρ(1)
r,r

+
(

1− e−2Γφt − 2te−2Γφt
)
ρ(2)
rr,rr

] ∣∣0⊗ 0̄
〉
.

(D12)

Thus we see that during our sequential MPS generation pro-
tocol, the dephasing of |r〉 and the decay from |r〉 to |l〉 and
|q〉 produce mixed excitations, and these mixed states with
ne-excitations are represented by

ρmix = N{α},{α′}ρ
(ne)
{α},{α′}

∣∣0⊗ 0̄
〉
, (D13)

where N{α},{α′} is a normalization factor.
Eq. (D11) allows us to greatly simplify the description of

ρmix since now it is characterized by its number of collective
excitations. To carefully understand the evolution of ρmix
under the master equation Eq. (23), we study its non-Hermitian
evolution and the quantum jump one by one. Defining the
non-Hermitian evolution operator as

Unh (t) = T exp
(
−i
∫ t

0
Hnh (τ) dτ

)
, (D14)

the non-Hermitian evolution of ρmix is

Unh (t)⊗ Ūnh (t) ρmix = Unh (t)⊗ Ūnh (t)

×N{α},{α′}Pdiag

[
ne∏
k=1

a†Mαk
⊗ ā†Mα′

k

] ∣∣0⊗ 0̄
〉
.

(D15)

The effect of Unh (t) can be understood on the single-operator
level,

Unh (t)σ†α1g...σ
†
αng |0〉 = σ†α1g (t) ...σ†αng (t)Unh (t) |0〉 ,

with σ†αg (t) = Unh (t)σ†αgU−1
nh (t) .

(D16)
When Hnh(t) does not include the driving Lg, we always have
Unh (t) |0〉 = |0〉. Also notice that Hnh(t) is a collection of
single-particle Hamiltonians Hnh(t) =

∑N
i=1Hi(t), such that

σ†α′g with α′ 6= α does not get mixed into σ†αg (t). Thus the
order of Pdiag and Unh (t) in Eq. (D15) can be exchanged as

Unh (t)⊗ Ūnh (t)Pdiag

[
ne∏
k=1

a†Mαk
⊗ ā†Mα′

k

] ∣∣0⊗ 0̄
〉

= Pdiag

[
Unh (t)⊗ Ūnh (t)

ne∏
k=1

a†Mαk
⊗ ā†Mα′

k

] ∣∣0⊗ 0̄
〉
.

(D17)
When Lg is turned on, the non-Hermitian dynamics becomes

more involved. We approach it from a different perspective, by
looking at the purity Pr of ρmix. One gets

Pr = Tr
[
ρ2

mix

]
= N{α},{α′}

∑
i1 6=...6=ine

|ui1 |
4
...
∣∣uine ∣∣4.

(D18)
In our scheme, we consider Lg to be a laser beam that shines
on the whole array. Thus its beam profile ui in general scales
as ui ∼ O

(
1/
√
N
)

, and N{α},{α′} ∼ O
(
1/ne!

)
. Thus

Pr ∼ O
(
1/ne!Nne

)
→ 0 when N � 1. On the other hand,

we know that unitary evolution does not change Pr. Thus,
starting from ρmix, when the system is only driven by Lg,
for an array with N � 1 the purity is always Pr ≈ 0. The
consequence is that Rydberg mixed excitation(s) almost do not
evolve back to |g〉 under Lg. Thus, in our effective model we
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make the approximation that ρmix does not change under Lg
driving.

Similarly to the non-Hermitian evolution case, the action of
quantum jump J on ρmix can also be simplified by changing the
order of J and the projection Pdiag, since J is also a collection
of single atom jumps

Jρmix = N{α},{α′}Pdiag

J ne∏
k=1

a†Mαk
⊗ ā†Mα′

k

 ∣∣0⊗ 0̄
〉
.

(D19)
Thus, the evolution of ρmix can be obtained by a projec-

tion Pdiag on the Lindblad dynamics of collective excitations
{a†Mα

}[cf. Eq. (D7)], as shown in Eq. (D17) and Eq. (D19).
The Fock space of these collective excitations expands a Hil-
bert spaceHmix.

Together with the Lindblad evolution of collective excita-
tions inHcol, the Hilbert space of our whole effective model is
Heff = PRyd [Hcol ⊗Hmix]. Here, PRyd projects out the
states with more than two Rydberg excitations. The unit-
ary evolution preserves the population withinHcol andHmix,
while the Rydberg decoherence processes couple these two
spaces. This structure is illustrated in Fig. 9.

pure excitations mixed excitationsσ R ,aQ ,aL aMR
,aMQ

,aML

Lindblad dynamics Lindblad dynamics

dephasing

r → g jump

Heff = ⊗
Hcol Hmix

r → q , l jump,

Figure 9. Illustration of the coupling structure forHeff .

The system density matrix ρeff(t) ∈ Heff evolves under the
following Lindblad master equation

ρ̇eff (t) = −i
[
Heff (t) , ρeff (t)

]
+
∑
n

1
2

[
2Cnρeff (t)C†n − ρeff (t)C†nCn − C†nCnρeff (t)

]
,

(D20)
with Hamiltonian

Heff (t) = PRyd

[
Heff

0 +Heff
rg (t) +Heff

rq (t) +Heff
rl (t)

]
.

(D21)
Defining ωMα = ωα with α ∈ {r, q, l}, we have

Heff
0 =

∑
α=r,l,q,Mr,Ml,Mq

ωαa
†
αaα + U

2 n̂r · (n̂r − 1) , (D22)

with n̂r = a†rar + a†Mr
aMr

, and

Heff
rg (t) = Ωrg (t)

2

(
e−iωrgta†r + h(c).

)
, (D23)

Heff
rα (t) = Ωrα (t)

2

[
e−iωrαt(ar ⊗ a†α

+aMr
⊗ a†Mα

) + H.c.
]
, α = l, q.

(D24)

Following the result of the analytical solution of Eq. (D9),
we can write down the jump operators in Eq. (D20) for the
Rydberg decay process as

CR→G =
√

Γrar, CMr→G =
√

ΓraMr
,

CR→Mα =
√

Γrarσ†Mα
, CMr→Mα =

√
ΓraMrσ

†
Mα

,
with α = l, q,

(D25)
where the σ†Mα

for α = r, l, q have same structure as oscillator
creation operators, but without the

√
n dependence. The jump

operators for the Rydberg dephasing process are

CR→Mr =
√

Γφarσ†Mr
, CMr→Mr =

√
Γφσφ, (D26)

where σφ = diag
(

0, 1,
√

2
)

to capture the evolution in
Eq. (D12).

Benchmark with exact simulation

We provide a benchmark of our effective modeling by com-
paring its prediction with that obtained by numerically solving
the master equation Eq. (23). In order to numerically reach lar-
ger system size for solving Eq. (23), we consider a simplified
atomic-level structure that only involves states |g〉 , |q〉 , |r〉 as
shown in Fig. 10(a), and include all errors discussed in this
section. The benchmark on this simplified level structure is
enough to demonstrate the validity of our effective modeling
since the state |q〉 and |l〉 experience the same errors.

Ωrq
uiΩrg

0

U

Γ r
Γ r

Γφ …
(a) (b)
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Figure 10. The simplified atom level structure for the benchmark.
(a) The single-atom level scheme. (b) A part of the level scheme
for the collective effective model. The basis is defined in Eq. (D29).
The two-sided arrows correspond to the laser couplings in (a) with
the same coloring. The purple arrow corresponds to the dephasing
channel.

We test our effective model on a cyclic Raman transition
process between the state |0〉 and

∣∣1q〉, which the evolution
starts from state |0〉 and going through following process

|0〉 → |1r〉 →
∣∣1q〉→ |1r〉 → |0〉 → ... (D27)

back and forth. Such a population transfer is very common
in our protocol. We count each transfer process between |0〉
and

∣∣1q〉 as one time of Raman transfer. The errors appear
when the Rydberg state |r〉 gets populated during each Raman
transfer, thus this cyclic process allows us to see how the errors
accumulate in the long-time evolution.
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Specifically, for this cyclic Raman transfer process we al-
ternatively apply π pulses with resonant laser coupling Lg and
Lq of constant Rabi frequencies Ωrg and Ωrq, with coupling
time trg = π/Ωrg and trq = π/Ωrq. For simplicity, here we
consider the beam profile of Lg as a plane wave, such that
ui = 1/

√
N in Eq. (8). In the numerical calculation, we trun-

cate the many-body Hilbert space H up to two excitations,
which is enough to simulate the case of the photonic MPS
generation with D = 2 and d = 2. In this case, we have

H = span(|g〉⊗N ,
{
|qi〉 , |ri〉

}
i=1∼N ,{∣∣riqj〉 , ∣∣qirj〉 , ∣∣rirj〉 , ∣∣qiqj〉}

i<j=1∼N
),

(D28)

with dimH = 2N2 + 1.
The basis of Heff for the simplified level structure before

applying the projection Pdiag is:∣∣srmq, s̃Mr
m̃Mq

〉
=√

N{α},{α}
sr!mq!

(
a†r
)sr(

a†q

)mq(
a†Mr

)s̃Mr(
a†Mq

)m̃Mq
|0〉 .

(D29)
In Fig. 10(b), we pictorially demonstrate the coupling

between a part of the basis in Heff during this cyclic Raman
transfer process.

For demonstration, in Fig. 11(a) we compare the system
dynamics obtained by solving the effective master equation
[Eq. (D20)] with the exact solution obtained by solving the
exact master equation [Eq. (23)] for the following choice of
parameters:

N = 20, Γr/Ωmax = 0.016,
Γφ/Ωmax = 0.016, U/Ωmax = 5. (D30)

We see a good agreement between the exact soluation and
prediction of the effective model. To quantify the validity of
the effective model, we compare these two dynamics on the
full density matrix level. The exact master equation simulation
provides us with the time-dependent density matrix ρ (t) ∈ H,
while the effective model provides another time-dependent
density matrix ρeff (t) ∈ Heff. To directly compare ρeff (t) and
ρ (t), we reconstruct a density matrix in H from ρeff (t) by
mapping the corresponding basis fromHeff toH. For example

|1r〉 〈1r| →
N∑

i,j=1
uiu
∗
je
ikrg·(ri−rj) |ri〉

〈
rj
∣∣ ,

and |1Mr
〉 〈1Mr

| →
N∑

i,j=1
|ui|2 |ri〉 〈ri| .

(D31)

From this mapping we obtain a density matrix ρmb
eff (t) ∈ H

predicted by our effective model. Then we can compute the
infidelity 1− Feff (t) between ρmb

eff (t) ∈ H and ρ(t), where

Feff (t) =
(

Tr
√√

ρ (t)ρmb
eff (t)

√
ρ (t)

)2
. (D32)

The evolution of the infidelity for the dynamics in Fig. 11(a) is
shown in Fig. 11(b). During the entire evolution that contains

8 Raman transfers, the infidelity stays very low. We further
obtain the infidelity after 10 Raman transfers for various para-
meters, which is shown in Fig. 11(c-d). In all the regimes that
our protocol runs (see the parameter range in Fig. 3), we see
good agreement between the exact simulation and the predic-
tion from our effective model. Thus this effective modeling
reliably captures the dynamics of the atomic array over a long
time.

Appendix E: Multi-photon emission and the construction of the
process map WP for photon emission process

With a finite retrieval efficiency pem, the photon emission
process of |1l〉 is

|1l〉
MP−−→ |0〉

(√
pem|1〉ph |0〉εph

+
√

1− pem|0〉ph |1〉εph

)
,

(E1)
Where εph is a photonic environmental mode used to capture
the erroneous jump. Under the Holstein-Primakoff approx-
imation [Eq. (11)], the multiphoton emission property for a
state

∣∣mqnl
〉

can be obtained directly from the single-photon
emission property [49], which gives∣∣mqnl

〉 MP−−→
nl∑
j=0

√(
nl
j

)
pjem(1− pem)nl−j

∣∣mq

〉
|j〉ph |nl − j〉εph

.
(E2)

Error due to the Holstein-Primakoff approximation

In real experiments there will be an additional photon re-
trieval error due to the deviation of the collective excited states
in many-body Hilbert space H from that obtained under the
Holstein-Primakoff approximation [Eq. (12)]. For simplicity,
let us consider the collective excitation profile being close to
a plane wave as ui ≈ 1/

√
N . In this case the exact form of∣∣mqnl

〉
ext inH and

∣∣mqnl
〉

are

∣∣mqnl
〉

ext =

√
Nmq+nl

(
N −mq − nl

)
!

mq!nl!N !

·
(
S†q,krg−krq

)mq(
S†l,krg−krl

)nl
|0〉 ,∣∣mqnl

〉
= 1√

mq!nl!

(
a†q

)mq(
a†l

)nl
|0〉 .

(E3)

Approximately expanding the operators S and a in Eq. (E3)
both using spin operators [cf. Eq. (8)], we can compute the
overlap of these two states in the regime of mq + nl � N as

〈
mqnl

∣∣mqnl
〉

ext ≈

√
1−

(
mq + nl

) (
mq + nl − 1

)
2N .

(E4)
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Figure 11. Benchmark of the effective model with a cyclic Raman transfer process. (a) The time evolution of the ratios of total population with
no excitation (pg), with one excitation on |q〉 (pq), with one Rydberg excitation (pr) and with two Rydberg excitations (prr) over 8 Raman
transfers. The rounded points are exact solution, and the lines correspond to the results from the effective model simulation. (b) The evolution of
the infidelity for the same process as in (a). (c) The infidelity after 10 Raman transfers under various imperfections rates. (d) The infidelity after
10 Raman transfers for various Rydberg nonlinear shifts U .

To estimate the effect that this difference has on photon re-
trieval, we decompose

∣∣mqnl
〉

as

∣∣mqnl
〉

ext ≈

√
1−

(
mq + nl

) (
mq + nl − 1

)
2N

∣∣mqnl
〉

+

√(
mq + nl

) (
mq + nl − 1

)
2N |φ〉err,

(E5)
where |φ〉err is a state that is orthogonal to

∣∣mqnl
〉
. We overes-

timate the photon retrieval error by assuming that |φ〉err does
not generate a directional photon that can be retrieved. This
lead to an state-dependent retrieval efficiency

pem

(∣∣mqnl
〉

ext

)
=
(

1−
(
mq + nl

) (
mq + nl − 1

)
2N

)
pnlem.

(E6)
For simplicity, we represent this state dependence by a renor-
malized single photon emission rate p′em for

∣∣mqnl
〉

ext that

scales as

p′em

(∣∣mqnl
〉

ext

)
=
(

1−
(
mq + nl

) (
mq + nl − 1

)
2N

)1/nl

pem.

(E7)
We further overestimate the multi-excitation retrieval error by
determining p′em from largest excitation number, which relates
to the bond dimension D and physical dimension d of the
photonic state that we want to generate as follows:

maxmq = D − 1, max nl = d− 1. (E8)
Thus we get an lower bound of the retrieval efficiency
[cf. Eq. (31)]

p′em ≥
(

1− (D + d− 2) (D + d− 3)
2N

)1/(d−1)
pem. (E9)

For example in the cluster state generation, the state with
maximal possible excitation number is

∣∣1q1l〉, with D = 2
and d = 2. Thus for the cluster state generation, we get a
reduced retrieval efficiency p′em ≥

(
1− 1

N

)
pem.

The construction of WP

Now we can construct the the process map WP : Heff →
Heff ⊗Hph for the photon emission process. In the effective
modeling [Appendix D], the general basis ofHeff is
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∣∣srmqnl, s̃Mrm̃Mq ñMl

〉
=

√
N{α},{α}
sr!mq!nl!

(
a†r

)sr(
a†q

)mq(
a†l

)nl(
a†Mr

)s̃Mr(
a†Mq

)m̃Mq(
a†Ml

)ñMl |0〉 , (E10)

with sr + s̃Mr 6 2 since we include at most two Rydberg excitations. By introducing three additional environmental modes
εr, εMr , εMl

, we can denote the emission process MP : Heff → Heff ⊗Hph as

MP :
∣∣srmqnl, s̃Mrm̃Mq ñMl

〉
→

nl∑
j=0

√(
nl
j

)(
p′em

)j(1− p′em

)nl−j ∣∣mq, m̃Mq

〉
|j〉ph |nl − j〉εph

|sr〉εr |s̃Mr
〉εMr

∣∣ñMl

〉
εMl

.

(E11)

Here we assumed that all excitations on |l〉 and |r〉 completely
decays away after the photon emission process. From Eq. (E11)
we can construct WP as

WP = Trεph,εr,εMr ,εMl

[
MP ⊗ M̄P

]
. (E12)

Appendix F: Computing photonic state fidelity using the matrix
product density operator (MPDO) approach

In this section we provide the formalism to compute the fidel-
ityFph = 〈ψMPS| ρph |ψMPS〉 for generating |ψMPS〉 [Eq. (4)]
with Rydberg-blockaded atomic array [cf. Section II], where
ρph is the eventually created photonic density matrix in our
protocol including all errors. Let us consider the effective mod-
eling of the atomic array [cf. Appendix D] with the density
matrix ρeff(t) ∈ Heff. The ρph is determined by the dynamics
of ρeff(t), which follows Eq. (D20). Denote Neff ≡ dimHeff,
Eq. (D20) can be written as a vectorized form

d~ρeff (t)
dt

= L (t) ~ρeff (t) , ~ρeff(t) =
Neff−1∑
a,b=0

ρab(t)
∣∣∣a⊗ b̄〉 .

(F1)
Here L (t) is the Liouville operator, and b̄ represent the com-
plex conjugate of b. The solution of Eq. (F1) is

~ρeff (T ) = T
{
e

∫ T
0
L(t)dt

}
~ρeff (0) = WL~ρeff (0) , (F2)

where the Liouvillian propagator WL is of dimension
dim (WL) = N4

eff .
The process map WP [Eq. (E12)] for the photon emission

process can be written as

WP =
dmax−1∑
i,j=0

Neff−1∑
a,b,c,s=0

W ij
P,abcs

∣∣∣c, s̄, i, j̄〉 ∣∣∣a, b̄〉 , (F3)

which maps the system density matrix with vectorized basis
|a⊗ b̄〉 to an source–photon joint density matrix with vector-
ized basis |c, s̄, i, j̄〉 = |c⊗ s̄〉 ⊗ |i⊗ j̄〉ph. Here dmax − 1 >
d−1 denote the maximal photon number that can be generated
in the emission process, although the d′ − 1 > d− 1 levels are
not used in the computation of Fph.

Thus in total, each round of photon generation consisting of
an evolution under the master equation [Eq. (D20)] followed

by the photon emission WP , results in a map

~ρ[k] =
dmax−1∑
ik,jk=0

N ik,jk
[k] ~ρ[k−1],

N ik,jk
[k] = W ikjk

P WL[k] .

(F4)

Starting from an initial state |ϕI〉 ∈ Heff and successively
operate the protocol for n rounds, we arrive at a source–photon
density matrix

~ρ[n] =
dmax−1∑
{ik,jk}=0

N in,jn
[n] ...N i1,j1

[1] |ϕI , in...i1〉 |ϕI , jn...j1〉.

(F5)
The n-photon density matrix ρph is obtained by tracing out the
source

~ρph =
dmax−1∑
{ik,jk}=0

Tr
[
N in,jn

[n] ...N i1,j1
[1] B̃

]
|in, ..., i1〉ph |jn, ..., j1〉ph,

(F6)
with B̃ =

∑Neff−1
a=0 |ϕI〉 〈a| ⊗ |ϕI〉 〈a|. Defining B =

|ϕI〉 〈ϕF |, the fidelity Fph can then be efficiently evaluated as

Fph =
d−1∑

{ik,jk}=0

Tr
[
N in,jn

[n] ...N i1,j1
[1] B̃

]
× Tr

[(
V jn[n] ⊗ V̄

in
[n]

)
...
(
V j1[1] ⊗ V̄

i1
[1]

)
(B ⊗B)

]
.

(F7)

Appendix G: photon retrieval process

In this section, we present the details for calculating the
photon retrieval efficiency pem. Our calculations in this section
follow Ref. [88] closely.

As explained in Section IV, we consider the photon
emission from the singly-excited initial state [Eq. (26)],
and the decay dynamics can be described by an ansatz∣∣ψem (t)

〉
=
(
lj (t)σjlg + ej (t)σjeg

)
|0〉 which evolves un-

der a non-Hermitian Hamiltonian Hem(t) = Hel(t) +HDDI
[Eq. (27)]. In our calculation we set the polarizations of all
atoms along x direction to maximize the photon emission speed
along z direction, that dj = x∀j [cf. Fig. 4(a)]. We get the
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equation of motion as

ėj = i∆ej − iΩel(t)2 lj + iΓem
∑
l

Mjlel,

l̇j = −iΩel(t)2 ej ,

(G1)

where Γem = µ0ω
3
egd

2
eg/3π~c is the spontaneous emission

rate from |e〉 to |g〉 and Mjl = 3πk−1
0 d∗j ·G0

(
rj , rl, ωeg

)
·

dl. Eq. (G1) can be further simplified by noticing that
Mjl is a symmetric complex matrix, thus can be transpose-
diagonalized [107], and we will obtain a set of eigenval-
ues

{
λξ
}

and corresponding eigenmodes
{

vξ
}

that satisfies
vTξ · vξ′ = δξξ′ and

∑
ξ vξ ⊗ vTξ = I.

By solving atomic state evolution [Eq. (G1)] and relating it
to the emitted photonic field via an input-output relation [88,
108, 109], one can compute the photon retrieval efficiency pem
as the probability to go to a defined detection mode Edet (r).
One can define a detection mode operator [88]

Êdet = ideg
√

k0

2ε0Fdet

∑
j

E∗det
(
rj
)
· djσjge, (G2)

where the factor Fdet =
∫
z=const d2rE∗det(r) ·Edet(r) normal-

izes Êdet such that
〈
Ê†detÊdet

〉
represents the photon number

per unit time emitted into the detection mode. The retrieval
efficiency pem can be represented as

pem =
∫ ∞

0
dt
〈
Ê†det(t)Êdet(t)

〉
. (G3)

By solving the dynamics of
∣∣ψem (t)

〉
, one can show [88]

pem =
Sλeg
4Fdet

N∑
j,l

ujKjlu
∗
l , (G4)

where Sλeg = (3/2π)λ2
eg is the resonant atomic optical cross-

section. The matrix K has a form

Kjl = i
N∑

ξ,ξ′=1
vξ,jv

∗
ξ′,l

E∗ξEξ′

λξ − λ∗ξ′
, (G5)

where Eξ =
∑
m vξ,jEj and Ej = Edet

(
rj
)
· d∗j .

As introduced in the main text, we consider two retrieval
schemes: a uni-directional retrieval scheme where the photon
goes to a single direction, and a two-directional retrieval
scheme where the photon goes to two opposite directions
(shown in Fig. 4). For the uni-directional retrieval scheme, we
set the detection mode as a single vector Gaussian mode [92]

Exdet(r) = E0

∫ 1

0
dbbe−b

2k2
0w

2
0/4eik0z

√
1−b2J0 (bk0ρ) ,

Ezdet(r) = −iE0
x

ρ

∫ 1

0
dbb

2J1 (bk0ρ)√
1− b2

· e−b
2k2

0w
2
0/4+ik0z

√
1−b2 ,

(G6)

where J0 and J1 are the Bessel functions. For the two-
directional retrieval scheme, we choose a symmetric super-
position of two vector Gaussian modes from two opposite
directions as our detection mode.

The smallest photon retrieval error εopt
em corresponds to the

largest eigenvalue of the matrix K in Eq. (G4), with the corres-
ponding eigenvector as its excitation profile, denoted as the op-
timal excitation profile. We also study the case of initial atomic
excitation profile as a Gaussian mode lj (0) ∝ Exdet

(
rj
)
,

which in principle can be easily created with the laser Lg and
Ll, where Lg has the Gaussian profile and Ll has plane-wave
profile. The retrieval error in this case is denoted as εGauss

em , as
shown in Section IV.

Effect of array defects and atomic thermal motion

To model the effect of atomic defects, we generate ran-
dom atomic configurations where a fraction (up to 20%) of
positions in the array are unoccupied. For each fraction, we
generate 100 realizations of the configuration. As shown in
Ref. [88], one expects that the relative decrease of the retrieval
efficiency should be proportional to the ratio of the detec-
tion mode hitting the empty sites. The results for the uni-
directional (two-directional) retrieval is shown in Fig. 12(a)
(Fig. 12(b)), where we separate a series of the intervals of∑

j∈def
∣∣Ej∣∣2/∑l |El|

2, and average the photon retrieval er-
rors within each interval. From these data we obtain the scaling
of the modification of pem due to atomic defects as in Eq. (30).
we also see that αdef decreases with the increase of array size,
showing that an array with a larger size is more robust against
this error. These results are consistent with Ref. [88].

To model the effect of atomic thermal motion, we add ran-
dom spatial disorder δrj =

(
δx,j , δy,j , δz,j

)
where each com-

ponent is randomly distributed with a standard deviation σth.
The error of the effect of photon retrieval efficiency are shown
in Fig. 12(c) and Fig. 12(d), with each point obtained by aver-
aging over 50 realizations of atomic positions with the same
σth/d0. In those figures, we see that the effect of this ran-
dom disorder is proportional of σ2

th/d
2
0, which is the same as

predicted in Refs. [88, 95].

Appendix H: Scaling of the achievable photon number with the
bond and physical dimension of MPS

As pointed out in the introduction, MPS with moderate high
bond and physical dimensions already find many applications,
and can well capture the ground states of 1D local gapped
Hamiltonians [34–37]. Even for one-dimensional spin models
at a critical point, a moderately highD is enough to capture the
ground state when this chain only have moderate system size,
as the main deviation to the thermodynamic limit result comes
from the finite size effect, instead of a finite-entanglement
effect provided by the limited D [110]. In this section, we
provide a simple estimation of the scaling of the maximum
achievable photon number as a function of the bond dimension
and the physical dimension of MPS.
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Figure 12. The effect of atomic defects and thermal motion on
the photon retrieval efficiency pem. (a) The relative difference
between the retrieval efficiency for perfect array pem and efficiency
pdef

em of array with defects on random positions, as a function of∑
j∈def |Ej |

2/
∑

l
|El|2 for uni-directional retrieval scheme. Here

each point is obtained by averaging evenly separated intervals of in x
axis. (b) The same as (a), but for two-directional retrieval scheme. (c)
and (d) The difference between pem and the retrieval efficiency pth

em
with atomic positional disorder as a function of standard deviation σth
of the positional disorder. Each point is averaged over 50 realizations
of atomic positions with the same σth/d0.

The photon number Nph is determined by the error rate per
photon as Eq. (33). To produce an MPS with bond dimension
D and physical dimension d, we need to implement a unit-
ary on the Hilbert space of dimension 2 · dimH(D,d)

src = 2Dd.
There is numerical evidence suggesting that [111] the time
cost TD,d of implementing a general unitary in such a Hilbert
space using the quantum optimal control approach scales as
TD,d ∼ (Dd)2. Thus, it takes more time to implement unitar-
ies when we want to produce photonic MPS with higher bond
and physical dimensions, which lead to stronger decoherence
as the coefficients βU , βr, βφ in Eq. (33) are proportional to
TD,d. Also the retrieval efficiency is bounded by Eq. (31). In
the regime of D + d � N, β0 ≈ 0 and pem ≈ 1, the worst
case estimation yields the following scaling of error

ξD,dopt ≈ TD,d

(
27βU

4f2
Lv,Lz

)1/3(
Γd6

0
|C6|

)2/3

− βem
(D + d− 2)(D + d− 3)

2 (d− 1)N .

(H1)

Thus the dominant part lead to a qualitative scaling of Nph ∼
D−2d−2.

Note that there are ways to reduce the error. As discussed in
Section V, one can use higher Rydberg levels to improve the
non-linearity and add a cavity to reduce the photon retrieval
error.

[1] J. L. O’Brien, A. Furusawa, and J. Vučković, Photonic quantum
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