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Connecting Fano interference and the Jaynes-Cummings

model in cavity magnonics

Jakob Gollwitzer', Lars Bocklage (', Ralf Rohlsberger ®'***> and Guido Meier (*°

We show that Fano interference can be realized in a macroscopic microwave cavity coupled to a spin ensemble at room
temperature. Via a formalism developed from the linearized Jaynes-Cummings model of cavity electromagnonics, we show that
generalized Fano interference emerges from the photon-magnon interaction at low cooperativity. In this regime, the reflectivity
approximates the scattering cross-section derived from the Fano-Anderson model. Although asymmetric lineshapes in this system
are often associated with the Fano formalism, we show that whilst Fano interference is actually present, an exact Fano form cannot
be achieved from the linear Jaynes-Cummings model. In the Fano model an additional contribution arises, which is attributed to
decoherence in other systems, and in this case is due to the resonant nature of the photonic mode. The formalism is experimentally
verified and accounts for the asymmetric lineshapes arising from the interaction between magnon and photon channels. As the
magnon-photon coupling strength is increased, these channels merge into hybridized magnon-photon modes and the
generalized Fano interference picture breaks down. Our results are universally applicable to systems underlying the linearized
Jaynes-Cummings Hamiltonian at low cooperativity and connect the microscopic parameters of the quantum optical model to

generalized Fano lineshapes.
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INTRODUCTION

Resonances in atoms, molecules, or matter reflect many of their
properties. Coupling of resonances to the environment or to other
resonances leads to emerging phenomena in a large variety of
systems. Spurred by the possibility of coherent photon-magnon
interaction and associated potential for quantum information
processing, the field of cavity electromagnonics has experienced
enormous growth in the past decade'. A single photonic mode
can be strongly coupled to a single magnon mode??. Classical
coherence effects reproduce the behavior predicted by quantum
optical models both at cryogenic and at room temperatures®*.
Strong magnon-photon coupling via the so-called cavity-magnon
polariton has been vital to reaching photon detection via electrical
spin pumping probes®, dark mode memories®, and magnon
coupling to a qubit”. Invoking the description of the polariton as a
classical interaction between an electromagnetic wave and a
matter polarization®, strong magnon-photon coupling may be
understood as the hybridization of the magnonic and photonic
modes®.

For classically coupled harmonic oscillators, interesting behavior
of the coupled resonances also emerges when the damping
dominates over the coupling strength. For such classical systems,
it has been shown that Fano interference occurs'®'" at and
around the exceptional point'% Based on the quantum picture of
magnon-photon interaction, magnetically induced transparency
(MIT) and the Purcell effect have been demonstrated®. These
effects may be described as interference phenomena associated
with the Fano effect'>. Experiments on magnon-photon interac-
tions show the existence of asymmetric lineshapes, which are
associated with Fano resonances®'*> ', Our study connects the
quantum model of cavity electromagnonics based on the
linearized Jaynes-Cummings (JC) Hamiltonian to the Fano

interference picture. The model links the cavity electromagnonics
and the Fano models in a physically meaningful way. It also shows
that a standard Fano model cannot account for either the cavity
resonance or the magnon-photon coupling. We introduce a
generalized Fano model that adequately describes the asymmetric
lineshapes and reveals the physics that connects the linearized JC
model to Fano interference at low coupling strength.

Fano resonances emerge when a discrete state falls within the
band of continuum states. The fingerprint of the Fano effect is a
characteristic asymmetric lineshape. Coupling between the
resonant and continuum states is described by the configuration
interaction, which mixes the discrete and continuum states of the
system'®. The Fano effect involves interference between these
mixed states and a discrete resonant state. Well-defined phases of
a background channel and a resonant channel are required to
unambiguously identify the Fano effect. The Fano-Anderson
Hamiltonian'’

H = hwpblb+h'> " werclae + > Ax(blec+clb) )
k k

is used to describe the interaction of a discrete magnon state with
a photonic continuum>. Here, b and ¢ are the bosonic operators
of the discrete and continuum states, respectively. The mode
coupling strength is given by A,. The scattering cross-section of
the Fano resonance is'®

(e+9)’ 2
o= O'o 52 + 1 ( )
where €= (E—Ep)/y is the dimensionless resonant channel
detuning with resonance energy E;, g is the asymmetry
parameter, y = I'/2 is the linewidth of the Fano resonance with
damping parameter I, and 0y is the resonant cross-section. In the
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Cavity reflectivity of the interaction between the microwave cavity mode and the magnon mode. a Magnitude of the measured

reflectivity showing the Purcell effect for a thin 10 nm thick permalloy film inserted into the cavity. The Kittel mode of the permalloy film
couples to the cavity photon, which is manifested as a distortion in the cavity resonance. A fit of the reflectivity via Eq. (5) is shown in (b).
The physical quantities extracted from the fit and fits of the reflectivity performed for permalloy thicknesses of 40 nm and 200 nm are given in
the Supplementary Table 1. d The fixed field lineshape at the resonant field of the Kittel mode. Fixed frequency lineshapes as a function of the
dimensionless magnon detuning for various cavity detunings are shown as open blue circles in (c, e-h). The fits of the lineshapes are
performed in accordance with Eq. (6) as discussed in the text and are featured as red lines. The corresponding Re(g) value is shown next to

each fit.

standard Fano form q is real. In case of a complex g, as required in
the present case, the imaginary part signifies a contribution to the
scattering cross-section typically associated with dephasing or

dissipation'®'? such that
L Im(@’
e+1

e+af” <(s+ Re(d))’
Oo > =0 2
& +1 e +1

In contrast to the magnon resonance coupled to a photonic
continuum in the Fano-Anderson model stands the strong
coupling of two-level system and a harmonic resonance as
described by the JC model®. With appropriate modifications, this
JC model is employed to describe magnon-photon coupling in
cavity electromagnonics. Specifically, at high polarization as is
present in a homogeneously magnetized ferromagnetic element,
a collection of two-level systems and a collection of harmonic
oscillators behave identically. This is described by the linearized
Holstein-Primakoff transformation®®, which treats magnonic

()

o=
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excitations as non-interacting bosonic quasiparticles. The so-
called linearized JC Hamiltonian underlying the linearized Holstein
Primakoff transformation is written as

H = hwyb'b + hwcc'c +ihg(b'c + cb) @
which is a common starting point in the field of cavity
electromagnonics and also applies to the system studied in this
work. Here, g is the coupling strength in terms of frequency. The
two resonances can reversibly interchange energy in the case of
strong coupling, which leads to an avoided crossing of the modes
and Rabi oscillations. However, when damping dominates,
the magnon-photon interaction becomes irreversible. A striking
difference between the linearized JC model and the Fano-
Anderson model is that in the latter the resonance lies within a
continuum of states and energy exchange is intrinsically
irreversible?'. Similarity of the two models should therefore be
expected when the coupling strength g of the linearized JC model
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is low and the magnon-photon system does not periodically
exchange energy.

In this work, we show that Fano interference emerges in the
lineshapes of the reflectivity of a coupled magnon-photon system
described by the linearized JC Hamiltonian at low coupling
strength. We measure the evolution of Fano interference in a
coupled magnon-photon system usually used to investigate the
cavity-magnon polariton. In addition, we describe the transition of
the system from the Fano description of interference between
channels to hybridization of modes as the cooperativity is
increased. The resonant nature of the cavity generates an
imaginary part of the asymmetry parameter g. The Fano
description of interfering channels only becomes visible within
the generalized Fano model developed here. Although the model
highly resembles the typical Fano scattering formalism, we show
that only the generalized Fano model accounts for the
magnon-photon interactions in the JC model at low cooperativity.

The reflectivity from a microwave cavity in which the interaction
between a photon and a magnon is described by the linearized JC
Hamiltonian can be expressed in terms of the cavity detuning
Ac = we — w, the magnon detuning A, = wy, — w, the magnon
damping rate y, the cavity damping rate k, and the coupling
strength g. The energy-dependent reflectivity at critical coupling
according to the linearized JC Hamiltonian is*

K
r(Ae,Am) = =1+ ——
(Be, Bm) A + K + 52 )

which has been obtained via the Heisenberg-Langevin approach
using the input-output formalism. The latter describes the
interaction between a cavity system and its environment by
allowing the system to couple to a continuum of environmental
modes. The reflectivity in Eq. (5) arises in all cavity-based systems
underlying the linearized JC model and hence occurs in a
multitude of systems. For instance, this behavior is found in
quantum dots coupled to a cavity??, a condensate of ®Rb atoms
coupled to an optical cavity?®, an ensemble of nitrogen vacancy
centers in diamond interacting with a superconducting resona-
tor*, as well as Mdssbauer nuclei embedded in a cavity for X-
ray525’26. In this work, an explicit connection between Eq. (5) and a
generalized form of Fano interference will be presented.

RESULTS
Generalized Fano form

The absolute value of the reflectivity |r(Am,Ac)| of a t=10nm
thick permalloy (NigoFe,) film inserted into the cavity is shown in
Fig. 1a. The linewidth of magnetic damping of permalloy used in
this study is y &~ 200 MHz and thus much larger than the linewidth
of the cavity k =~ 1 MHz. The coupling strength g is determined by
the amount of magnetic material and spin density® of permalloy
and is of the order of several MHz so that the experiment is
performed in the Purcell regime where y>g>k. Thus, the
cooperativity C = g?/ky is always below one.

Fig. 1b shows the fit of the reflectivity via Eq. (5). The fit
parameters include y, k, and g and are listed in the Supplementary
Table 1. The best-fit values confirm that cavity photon-magnon
interactions occur in the Purcell regime and that the coupling
strength g is proportional to the square root of the permalloy thin-
film thickness as expected. Field swept lineshapes for fixed cavity
detuning are shown for a few cavity detunings in Fig. 1c, e-h. On
cavity resonance (A.=0, Fig. 1g), the lineshape is a symmetric
peak. Measurements are conducted for a magnonic detuning
range A, determined by an external magnetic field, which sets
the ferromagnetic resonance frequency w,, governed by the Kittel
formula for an extended soft ferromagnetic thin film. When the
cavity is detuned, the lineshape acquires an asymmetric shape
that resembles Fano interference.
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Although Eq. (5) describes the reflectivity well, it gives neither
insight into whether the fixed frequency lineshapes are due to
Fano interference nor if a connection between the linearized JC
model and the Fano model exist. To obtain this insight, the
squared amplitude of the reflectivity of Eq. (5) is transformed to a
generalized Fano form (see Supplementary Methods)

HOP = o <<s+ Re(@))’ |m(g,>2>7 ©

EZ_;’_nZ £2+n2

which describes the fixed frequency lineshapes as a function
of dimensionless magnon detuning € = —Ay/y in all coupling?
regimes. The resonant scattering cross-section oy = (1 + k2/A2)~

gives the inverse Lorentzian resonant reflection of the cavity, on
which the spectral signature of the magnon-photon interaction is
imprinted. Here, the complex asymmetry parameter g = Ck/Ac + i
determines the asymmetry of the fixed frequency lineshapes via
Re(g), which depends inversely on cavity detuning. The imaginary
part of the asymmetry parameter is Im(g) = 1 and hence does not
exhibit a functional dependence on external parameters. The
parameter n = /1+f(g,Ac,C) depends on the cavity and
magnon detuning as well as on the cooperativity. For details of
the calculation explicitly connecting the reflectivity to the
generalized Fano form see the Supplementary Methods. The
additional term n approaches n? ~ 1 for decreasing coupling
strength but generally introduces a difference to the standard
Fano model. It describes the coupling of magnon and photon
modes. Because Eq. (6) is a reformulation of the reflectivity given
in Eq. (5), this formula is valid at all coupling regimes.

The experimentally observed fixed frequency lineshapes pre-
sented in Fig. 1 are fit using Eq. (6), showing excellent agreement.
Inverse dependence of Re(g) on cavity detuning A. is shown in
Fig. 2 resulting from the fits of Re(q) to the lineshapes (blue
circles). The exact same dependence is observed with the
cooperativity and damping obtained from fits of the reflectivity
via Eq. (5) (red line, see Supplementary Methods). We note that
such an inverse dependence of the asymmetry parameter on the
cavity detuning in the cavity reflectivity is also evident in Fano
lineshapes between hard X-ray cavities and the Mdossbauer
resonance of >’Fe®®. The linear dependence of Re(g) on the
cooperativity C is visible in Fig. 2d.
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Fig. 2 Behavior of the real part of the asymmetry parameter
Re(q). a-c The dependence of Re(q) on cavity detuning A. for the
case of 10, 40, and 200 nm thick permalloy film. The blue circles are
Re(q) values obtained via a fit of the fixed frequency lineshapes
using Eq. (6). The red curves represent the behavior of Re(q) =
Ck/A. based on the generalized Fano model discussed in the text.
d The linear dependence of Re(g) on the cooperativity at the various
cavity detunings indicated and given in MHz.
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Equation (6) exhibits a strong similarity to the description of Fano
interference in the presence of decoherence, namely Eq. (3) with a
complex g. For increased cooperativity or magnon detuning, the
deviation from Fano lineshapes becomes more pronounced. At low
cooperativity, however, n> ~ 1 and the standard complex Fano
relation (3) is recovered. Then, the first term in the parentheses
represents the coherent part of the standard Fano form. The second
term connected to the imaginary part of g is a Lorentzian that peaks
on magnon resonance. As Im(g) is a constant, the relative coherent
contribution to the fixed frequency lineshapes is set by Re(g). The
ratio of both contributions to the generalized Fano lineshape is
given by Re(q)/Im(q) = g?/yA., which denotes that as cavity
detuning A. increases, the relative contribution of Im(g) to the
spectral signature increases. The constant form of Im(g) stands in
contrast to other studies of generalized Fano interference in which
phase shifts, dephasing, or dissipation are introduced that change
both the real and imaginary parts of G'®*"%, The coupling between
a single magnon and a single photon mode makes the
magnon-photon system fundamentally different to the Fano
interference encountered when a matter resonance lies within a
continuum of states. The JC model is coherent, with dissipation
handled via input-output formalism and the intrinsic damping
constants of the modes. Thus, we do not expect additional
decoherence, explaining the constant form of Im(g).

The contribution of Im(g) to the generalized Fano lineshapes is
attributed to the resonant nature of the photonic mode. The
resonance of the cavity signifies that photons are increasingly
reflected by the cavity as it is detuned. This is described via the
scattering cross-section oy, which represents the spectral response
of the empty microwave cavity. Hence, o0, describes the
probability of a photon entering the cavity as a function of cavity
detuning A, with fewer and fewer photons able to enter the
cavity as A. increases. However, the behavior of o, does not
explain the detuning-dependent size of the spectral feature in the
fixed-frequency lineshapes. For large detuning of the cavity, all
incoming photons are reflected and a flat line without any spectral
feature evolves. In the limit of large cavity detuning, the
reflectivity is |r(¢)|* ~ (2 + 1)/(2 + n?), which approaches unity
for n>~ 1, and the spectral features vanish. A functional
dependence of real and imaginary parts of g on each other, as
in cases of incoherent processes”’, is not present here. In the
present case, the imaginary part is essential to obtain the correct
reflectivity of the cavity and spectral features but is not related to
decoherence. It rather is the addition of the resonant photonic
mode behavior to the Fano model that normally describes a
photonic continuum. The factor n emerges from magnon-photon
coupling, which also stands in contrast to the Fano picture of
interfering and non-coupled channels. The mode coupling is
actually responsible for the dip-like spectral feature at large cavity
detuning, which cannot be explained by the vanishing real part if
the imaginary part is unity'®.

Fano interference

Central to the Fano lineshape is its interpretation as an interference
phenomenon between two scattering channels with well-defined
phases. The magnon-photon coupling regimes for which the
lineshape may be interpreted as Fano interference is determined by
the cooperativity and the detunings via n(e,Ac,C). Under the
assumption that n is real, the fixed frequency lineshapes can be
written in an interference picture by reformulating Eq. (6)

2
i Re(g) —in| . Im(a)2
Ir(e))* = oo< e%e 4 %ewm _i_%) )

where ¢, = —arg(Re(g) —in)and ¢,, = arg(e — in) are the cavity
and magnon channel phases, respectively. The asymmetry para-
meter is thus mapped to a universal phase factor?®. This equation is
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valid in the Purcell and MIT regime. The first term in the parentheses
describes Fano interference, whereas the last term adds the
resonance of the cavity to the Fano model. In the spirit of previous
works on Fano resonance?®®, we interpret the two terms in absolute
value bars as interference between a photonic background channel
set by the cavity and the discrete magnon resonance coupled to the
cavity. This separation is possible because at low coupling strength
the modes can be treated as almost independent. Radiation is
input into the cavity at a fixed cavity detuning value A. while the
magnon channel phase ¢,, progresses form —m to 0 as the
magnonic detuning is swept through the magnon resonance. The
interference between these channels results in characteristic Fano
resonances with the asymmetry defined by the background phase
©., which is set by the cavity detuning. The phase of the cavity
background channel is set by its detuning and thus the asymmetry
can be controlled. The situation differs when the transmission
spectrum is calculated. In this case, one obtains a similar spectrum as
Eq. (6) but with the scattering cross-section for transmission
o) = (1+A2/k?)”" and with a constant asymmetry parameter
Re(g) = 0. For transmission, the cavity phase is always m/2 despite
the cavity detuning. The difference between transmission and
reflection channel can be understood in terms of their interference
with magnon resonance in the cavity (see Supplementary Methods).

For the 10 nm film, the cavity phase ¢, determined from the fits
shown in Fig. 1 is plotted in Fig. 3d, e as a function of Re(q) and A..
Of the measured samples, only for the 10 nm film the cooperativity
is small enough so that no variation in ¢, occurs in the investigated
detuning range. In the Fano model, the background phase sets the
form of the spectrum and yields asymmetric fixed frequency
lineshapes when ¢. is not a multiple of /2. In the model, ¢ is
independent of resonant channel detuning.

Despite deviations from the standard Fano formalism with a
purely real g that are caused by the imaginary part due to the cavity,
Fano interference between the magnon and photon channels
emerges at low cooperativity. At zero cavity detuning, photon input
into the cavity is maximal and the standard Fano term alone
determines the fixed frequency lineshapes. In this limit, the photonic
mode mimics a broad continuum of modes without any influence of
the imaginary part as Re(q) — oo, because no photons are reflected
and all incoming photons probe the magnon-photon interaction.
The lineshape reduces to a Lorentzian as predicted by Eq. (2), which
is indicative of the Purcell broadening of the cavity resonance. Rapid
changes in the cavity phase in the region |A.| < KC yields a rapid
transformation from a Lorentzian to an asymmetric lineshape. These
lineshapes exhibit a large contribution from Re(g) with values
decreasing to unity. The increased reflection of photons from the
cavity modifies the spectral features due to the cavity resonance via
Im(g). The cavity phase is fixed for each lineshape. In the limit of
very large cavity detuning, |Ac| — oo, all photons are reflected, and
no spectral signatures arise (not shown). At intermediate cavity
detunings |A¢|2 kC (shown at Ac = = 1.2 MHz in Fig. 1), almost
symmetric dips occur with their amplitude depending on the mode
coupling term n. These dips are understood in terms of the Purcell
effect where the photonic dissipation is altered while the magnon is
swept over its resonance.

When the cooperativity is increased, as for the 40 and 200 nm
films, n becomes purely imaginary for certain magnon and cavity
detunings. In Fig. 3a—c, the cavity phase ¢. calculated from the
parameters obtained from the fit plotted in Fig. 1 are shown for
permalloy films with thicknesses of 10, 40, and 200 nm. For the
10 nm thick film, ¢_ is effectively constant over the investigated
magnon detuning range so that the Fano interpretation of Eq. (7)
is valid. In contrast, for the 200 nm thick film ¢. is no longer
independent of magnon detuning. Rather, the cavity phase
depends on magnon detuning via the mode coupling term n.
Here, photon-magnon hybridization starts to manifest so that the
physical interpretation of Fano interference of two weakly coupled
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Fig.3 The Fano interference picture. The cavity background channel phase ¢, as calculated from Eq. (7) with the experimentally determined
parameters is shown in dependence on the cavity and magnon detunings for the case of (a) 10 nm, (b) 40 nm, and (c) 200 nm thick permalloy
film inserted into the cavity. The white regions in (b) and (c) correspond to regions in which n becomes imaginary. d, e The cavity phase for
the 10 nm film at zero dimensionless magnon detuning as a function of cavity detuning and Re(g), respectively. The blue open dots represent
the cavity phase calculated on the basis of fits of the fixed frequency lineshapes, whereas the red lines represent the cavity phase of the
theoretical Fano interference picture with n = 1. f The cavity phase at cavity detuning A= —0.2 MHz for the three thicknesses investigated.
Note that only for the case t =10 nm the cavity phase is essentially constant as a function of magnon detuning.

and interfering channels is no longer accurate. Fano interference
can be recovered at low cooperativity only.

DISCUSSION

The results presented here show that at low cooperativity, the
linearized Jaynes-Cummings (JC) model leads to lineshapes that
strongly resemble those characteristic of Fano interference. The
similarity of the Fano scattering cross-section as derived from the
Fano-Anderson Hamiltonian and the linearized JC Hamiltonian at low
coupling strength is evident. A common thread between these
models is the scattering of the incoming photon via a mixed state
containing both discrete-state and continuum-state contributions.
However, while the linearized JC model describes scattering into a
single photonic mode, the Fano-Anderson model describes scattering
into a continuum of photonic modes. At low cooperativity, the
magnon-photon coupling from the linearized JC Hamiltonian is
barely reversible and thus almost coincides with the irreversible
scattering into a continuum in the Fano-Anderson model. The main
difference is the contribution that arises from the resonant nature of
the photonic cavity mode and stands in contrast to the dispersionless
continuum. At higher cooperativities the magnon-photon modes
hybridize, eventually merging into the strong coupling regime, and
the Fano interpretation breaks down.

Asymmetric lineshapes are not necessarily connected to Fano
interference even though the equations resemble the Fano form
(see Eqg. (5)). Only the interference picture of Eq. (7) gives insight
into whether the underlying physics are based on Fano
interference. Especially in the context of two coupled resonances,
the resonant photonic mode of the cavity and the mode coupling
have to be accounted for properly. Control of the Fano parameters

Published in partnership with The University of New South Wales

is given by the cavities’ detuning dependence of the scattering
cross-section gp and the background channel phase ¢..

In conclusion, we show that a generalized Fano form emerges
from the linearized JC model and verify this experimentally in a
microwave cavity coupled to the Kittel mode of a permalloy film in
the Purcell regime. Our model connects the microscopic parameters
of the linearized JC model to the phenomenological parameters of
the generalized Fano form and uncovers magnon—-photon coupling
at low cooperativity as interference between scattering of a
background cavity channel and the magnon channel. These two
channels have well-defined phases in accordance with the Fano
interference picture. This is remarkable as it shows that the physics
of Fano interference surfaces even though the system consists of
two coupled modes with finite linewidths. We thus open a new
perspective in the connection between the Fano-Anderson and the
linearized JC models at low cooperativities. Depending on the
coupling strength, the magnon-photon coupling can be understood
in terms of either Fano interference or mode hybridization. Finally,
the linear JC model describes many types of systems in which a
cavity mode interacts weakly with a matter-based harmonic
resonance. The wide applicability of the linear JC model hence
makes the results presented here important to many areas of
physics including hard X-ray quantum optics, atomic interactions
with optical cavities, and cavity electromagnonics.

METHODS

Experimental setup

To experimentally obtain Fano profiles, we perform reflectivity measure-
ments of a microwave cavity in which microwave photons are coupled to
magnons in a metallic, ferromagnetic thin film. We measure the complex
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reflectivity of the microwave cavity using a vector network analyzer (Sq4
parameter) on a permalloy thin film placed in a rectangular microwave cavity
operated in the TE101 mode at wyes /21 = 3090 MHz. A static magnetic field
Hey: biases the permalloy thin film to set the magnonic resonance frequency
in accordance with the Kittel relation for a magnetic thin film*
Measurements are performed for a cavity detuning of A, = +10MHz
around the cavity resonance frequency of 3090 MHz and for a magnonic
detuning range A, determined by the external magnetic field, which sets
the ferromagnetic resonance frequency. The microwave cavity is machined
out of oxygen-free copper and has a linewidth k/2m (HWHM) of 1.13 MHz so
that the cavity has a Q-factor of =2700 at room temperature. Power is input
into the cavity via a terminal stub, the length of which has been adjusted to
ensure critical coupling. The complex reflectivity of the cavity is obtained for
permalloy films of 10, 40, and 200 nm thickness placed in the cavity.
The absolute value of the reflectivity on the detuning grid is shown in the
Supplementary Fig. 2, where a fit performed using Eq. (5) together with the
fit parameters and further details of the experiment are shown.
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