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Abstract

In this paper, we consider model order reduction for bilinear systems with non-
zero initial conditions. We discuss choices of Gramians for both the homogeneous
and the inhomogeneous parts of the system individually and prove how these Grami-
ans characterize the respective dominant subspaces of each of the two subsystems.
Proposing different, not necessarily structure preserving, reduced order methods for
each subsystem, we establish several strategies to reduce the dimension of the full
system. For all these approaches, error bounds are shown depending on the trun-
cated Hankel singular values of the subsystems. Besides the error analysis, stability
is discussed. In particular, a focus is on a new criterion for the homogeneous subsys-
tem guaranteeing the existence of the associated Gramians and an asymptotically
stable realization of the system.
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1 Introduction

In this paper, we study model order reduction (MOR) techniques for the following system
with non-zero initial states:

m
#(t) = A(t) + Bu(t) + > New(hug(t),  2(0) = 0 = Xovo, (1a)
k=1
y(t) = Cz(t), t=0, (1b)
where A, N, € R™" B € R"™ ™ and C' € RP*"™. Moreover, z is the state vector, y

the quantity of interest and the columns of Xy € R"™*? span all initial states x( that
are considered here, i.e., there exist vy € R? such that o = Xgvg. We assume that the
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matrix A is Hurwitz, meaning that 0(A) C C_ = {z € C: R(z) < 0}, where o(-)
denotes the spectrum of a matrix and $(-) represents the real part of a complex number.
Furthermore, let u € L?, i.e.,

2'_ OO'LLS25: OOUTSUSS 0.
||u||L2.—/0 lu(s)2d /0 (s)us)ds <

There exist many different MOR. techniques for bilinear systems when zy = 0, e.g.,
methods that are balancing related [I), 14, 19, 21], optimization/interpolation based [5]
13] and data-driven [2]. However, many applications involve non-zero initial states such
that a study for MOR for is essential. Several approaches in this context have been
established for linear systems [3, [4], 12} [15, 25]. There is no straightforward generalization
of these techniques to , since the study of transfer functions and fundamental solutions
is much more involved for bilinear systems. In this work, choose an approach that relies
on estimates for fundamental solutions of bilinear systems that originate in [22]. These
estimates enable a detailed theoretical analysis for an ansatz that conceptionally extends
the one used in [4]. The general idea is to split into two subsystems. System

ban(t) = Aoy (1) 4> N (Duc(t), an (0) = Xoto, (2a)
Yoo () = Cgy (£). - (2b)
involves the initial condition and
i5(t) = Azp(t) + Bu(t) + i Newp(t)up(t), z5(0) =0, (3a)
yp(t) = Cxp(t) - (3b)

captures the inhomogeneous part of . Consequently, we have z = z,, + xp and
Y = Yzo + yB- The above splitting was considered in [I6], where the authors discuss a
balancing approach to produce reduced order models (ROMs). Additionally, MOR of
based on a different splitting was proposed in [9]. However, theoretical questions
remain open for this approaches such as the error analysis.

Notice that the need for MOR of bilinear systems with non-zero initial states is higher
than for linear systems since there is an essential difference between both cases. For
linear systems, it is required that several initial states are of interest in order to motivate
applying MOR to the homogeneous equation. However, the homogeneous bilinear system
is control dependent such that MOR can already pay off for a single initial condition
(Xo = zp and vy = 1) if system evaluations for multiple controls are desired. The
individual reduction of and has several advantages. As for linear systems, one
subsystem can have a higher reduction potential than the other. Hence, reduced order
dimensions can be chosen differently, but the actual benefit of the splitting goes beyond
this degree of freedom. In addition, it turns out that using different Gramians and
different structures of the reduced systems can be beneficial.



In this work, we discuss several Gramian based approaches in which subsystems and
are reduced separately. This leads to reduced order models

m
$;960 (t) = AgoTay (1) + Z Nao kT (uk(t),  Zao(0) = Xovo, Yo (t) = CayTay(t) (4)
k=1
approximating and to reduced systems

Zp(t) = ApZp(t) + Bu(t) + Y (NB,kch(t) + Eku(t)) ug(t), 2p(0) =0, 5)
=1

gp(t) = Cpip(t) + Du(t)

approximating with Z,(t) € R0 and Zg(t) € R"B, where ry,,rp < n and all
above matrices are of suitable dimension. The goal is to choose and such that
y= gxo + QB-

In this paper, we provide estimates that explain how the considered Gramians charac-
terize dominant subspaces in both and . Such a result for has not even been
established in the linear case. These estimates give a motivation for different Gramian
based MOR techniques proposed in this paper without directly using control concepts
such as reachability or observability. Moreover, we prove error bounds for all methods
studied within this paper, closing a gap in the analysis of such schemes. However, the
main focus is on analyzing , since different results on properties of already exist
in the literature.

2 Solution representation and fundamental solutions

The fundamental solution to represents a basis for the solution to the homogeneous
state equation (B = 0). Its precise definition is as follows:

Definition 2.1. Given that s < t, the fundamental solution to s a matriz-valued
function ® satisfying

O(t,s) =1+ /t Ad (v, s)dv + Z/t Ni® (v, s)ug(v)dv.
S k=1 S

If s =0, we set ®(t) := ®(t,0).

This fundamental solution can now be used to derive an explicit representation for the
state variable.

Lemma 2.2. The solution to for 0 <ty <t is given by

x(t) = ®(t, to)x(to) + /t (¢, s)Bu(s)ds.

to



Proof. Using that ®(t,s) = ®(t)®~1(s), the result follows by applying the product rule
to ®(t)g(t), where g(t) := @~ (tg)x(tg) + fti) &~ 1(s)Bu(s)ds. O

In the context of MOR and associated error estimates the solution representation in
Lemma [2:2] is vital. However, the fundamental solution is control dependent and hence
O(t,s) # P(t—s) (no semigroup property of ®(-)). Therefore, an estimate on ¢ is needed
in order to extract the dependence on u. Given two symmetric matrices M; and My we
write M7 < My below if My — M7 is symmetric positive semidefinite.

Lemma 2.3. Let ® be the fundamental solution according to Definition[2.1, K > 0 and
v > 0. Then,

O(t,s) KD (t,5) < exp {/ H”YUO(U)Hg dv} Zy(t —s),

where Z,(t), t > 0, satisfies the matriz differential equation

Z,(t) = AZ,(t) + Z,(t) AT + 7122 N.Z, ()N},  Z,(0) = K, (6)
k=1

and u® is the vector of control functions entering the bilinear part

0 f N, =0
w® = (ud g ... ul)" 0—{’ i N

(7)

with  uy, =
ug, else.

Proof. We factorize K = FFT. Let f; be the ith column of the matrix I and zy,(-, s)
denote the solution to with initial state f; and initial time s. Then, we have

O(t,s)F =[xy, (t,5), x5, (t,5),...,x5,(t,5)],
where d is the number of columns of F. Using the scaling v > 0, zy(-,s) can be
interpreted as the solution to @y, (t) = Axy,(t) + > 1y %kafi (t)yux(t). Applying the
results of [22 Section 2] on a bound for z,(t, s)x}z (t,s), we obtain

m

O(t, ) KD (t,5) = > _xp,(t,8)x)(t,s) < exp {/ H’yuo(v)szv} S Z,(t—s fifi)
s k=1

k=1
= exp {/: H’yuo(v)H; dv} Zy(t — s, K),

where the second argument in Z., denotes the respective initial condition. O

Lemma is a variation of the results from Lemmas 2.2, 2.3 and 2.4 in [22]. The
constant v in Lemma is essential to achieve asymptotic stability of @ Based on
this stability, Gramians for will be introduced in Section However, a bit less than
asymptotic stability is needed, as the following theorem shows. It contains a sufficient
condition for the existence of Gramians. This criterion is related to a matrix inequality
and can be seen as an extended notion of stability for @ We will also see later that
ROMs based on balancing generally satisfy such a condition.

4



Theorem 2.4. Let v > 0 and Z,(-,XoX{ ) the solution to () with K = XoX, . If
there exists a matrix X > 0 such that

1 m
AX + XAT + o) Y NXN < —XoXy (8)
k=1

Then, @ 1s stable meaning that

a<I®A+A®I+ 5 Y k®Nk>cC. (9)
k=1

—ct

Moreover, there is a constant ¢ > 0 such that HZA,(t,XOXO H2 < , 4
condition K = XQX(—)F yields exponential decay. In particular, we can construct a matriz
Ve R”Xﬁ, n < n, with V'V = I providing a projected system with coefficients A=
VTAV, Xo VTXO and Nk VTN,V. This reduced system with fundamental solution
® has an asymptotically stable equation @, i.e., it holds that

e., the initial

. 1 X .
a<I®A+A®I+QZ k®Nk>c<c (10)

and it has no reduction error in the sense that
D(t) Xo = VO(t) Xp.

Proof. Condition implies @D by [7, Corollary 3.2] or [I8, Lemma 6.12]. Now, we can
use a stochastic representation for Z, (-, XoX{ ), see, e.g., [10,[19] which is Z (¢, Xo X, ) =
E [®.,(t)XoX, ®(t)]. Here, the stochastic fundamental solution ®,, satisfies ®,(t) =
I+ [JA®y(s)ds + S5 fo Ni®y(s)dwy(s) by definition, where wi, . ..,w,, are inde-
pendent standard Brownian motions. Based on [24] Theorem 4.4, Remark 1], we then
find

| 2.6, %0x0)||, < B |ou)XoXT @00, < Ell@u(t)Xol} S o7

Let us finally consider

‘ 2

Jocoxo - va ol = i I[P s ] [R]],
0

0
=t (V1 [*0 aty) [Xo] 07 571" 4] [0 ])-
A
0

((Jt)] is the fundamental solution to a bilinear system with matrices [ %]

$
and []\é’“ J\gk ] , we can apply Lemma leading to

oo - vawsol < (ir-vizie [_i])eo{ [ o))



where Z7 is the matrix function solving (6) with coefficients [‘3 Sﬂ, []\é’“ ng] and K =

gg] [XJ X, ]. We exploit the associated stochastic representation which is Z¢(t) =
E ([cbwo(t) i%?(t)} [;{2} [x XJ ] [‘bz’o(t) &)f(t)D, vi/here ®,, is the reduced order stochastic

fundamental solution involving the matrices A and Nj. Consequently, based on the
linearity of the trace and the definition of the Frobenius norm, we have

H(I)(t)Xo - V(i)(t)XOHQF <E HCDw(t)XO - Véw(t)XOH;exp {/Ot Iy (s)||2 ds} .

Due to [24, Corollary 4.5, Remark 1] we know about the existence of V' with VvV =1
such that @, (t)Xo = V®,(t)Xo, where ®,, decays exponentially in the mean square
sense. This decay of ®,, is equivalent to , see, e.g., [10] which concludes the proof. [

Theorem shows that if is satisfied, the bilinear system represented by the matrices
A, N with initial conditions encoded by the matrix Xy can be always reduced to a
asymptotically stable system in the sense of with no reduction error.

Remark 1. If @ 18 asymptotically stable there exists an X > 0 such that

1 m
AX +XAT + $ZN;€XN,I =Y
k=1

given' Y < 0, see [10]. SettingY = —I — XX, now implies (§).

3 Gramians and dominant subspaces

3.1 Gramians and dominant subspaces for (2)

We begin with investigating the homogeneous part of with non-zero initial states. To
do so, we study two Gramians for that provide information concerning the dominant

subspaces of and ([2bf), respectively.

In order to identify the unimportant directions in a Gramian Py is introduced
below. Let Z, = Z,(t, XoX{ ) as in () and K = XX . The existence of the Gramians
requires the asymptotic stability of (@ which is stronger than o(A) C C_. However, we
can enforce this stronger type of stability by a sufficiently large v > 0 providing

1 m
a(A®I+I®A+¥ZNk®Nk)C(C_. (11)
k=1

The rescaled matrices %Nk in (11) are associated to the following equivalent reformula-

tion of :

, 1
T (1) = Azay(t) + Z ?kaﬂﬂo (O)yur(t),  2z0(0) = Xovo,
k=1



but it goes along with an enlarged control energy in the bilinearity. Now, we define
oo
Py = / Z.(s, X0 X, )ds.
0

The dependence of Py on = is not explicitly indicated to simplify the notation. By
definition of Py and the asymptotic stability of @, we can immediately see that Py
solves

1 m
APy + PyAT + o Y NPN = —XoX{ . (12)
k=1

We are now ready to establish an estimate identifying redundant information in ([2a)).
Therefore, let us introduce an orthonormal basis (po;) of eigenvectors of . Con-
sequently, we can write x4, (t) = Y i (T4 (t),p0,i)2 0. The following estimate for
(22, (t), poi)2 allows us to find directions pg; which barely contribute to the dynamics.

Proposition 3.1. Let x,, denote the solution to and v > 0 such that holds.
Then,

1 2
{220 (), Posi)2ll 2 < AG; exp {0-5 HWOHLz} l[volls (13)
where Ao ; is the eigenvalue associated to po;.

Proof. Based on Lemma [2.2] we find that
Ty (t) = ®(t)x0 = (1) Xovo.

Exploiting this leads to
¢ 2 ! 2 ! TAT 2
/<$x0(5),p0,¢>2d52/ <¢’(5)X0'U07p0,i>2d5:/ (vo, Xo @ (s)po,i)3ds
0 0 0

t
< Jwol2pd, /0 B(5)XoXg T (s)ds po.

using the inequality of Cauchy-Schwarz. Using Lemma [2.3] we obtain

t t t
2
[ entomazas < pwleso { [t ool [ 2,06, X0x0 a5
0 0 0
2 2
< Jjooll3 exp { [|7°|[7 } paiPo po = lvoll3 exp { 7] 72 § Ao
O

Consequently, x,, is small in the direction of an eigenvector pg; = po,i(y) of Py associated
to a small eigenvalue \g; = Ao (7). This means that eigenspaces corresponding to small
eigenvalues of Py are less relevant and hence can be neglected.



Let us now turn our attention to the choice of Gramians and the related dominant
subspaces of (2b). We introduce the matrix-valued function Z3 = Z(t, C'TC) satisfying

Zi(t) = AT ZI(t) + ZH (A + o S N Zit)Ne, Zi(0)=CTC, (14)
k=1
where the superscript * indicates that the Lyapunov operator defining the right side of
(14) is the adjoint operator of the one entering @ Let us further assume that
holds. Then, we define

Q= / Zx(s,C T C)ds. (15)
0
By definition of ) and the asymptotic stability of , we have
1 m
ATQ+ QA+ o Y NI QN =-CTC. (16)
k=1

Let 0 < tg < co. We now expand x4, (to) using an orthonormal basis (g;) of eigenvectors
of @, i.e., we write x4, (to) = > 1 (Txy(t0), ¢i)2¢i. The goal is to identify the directions
¢; which do not contribute signiﬁcantly to the output y, on the interval (¢9,00). We
exploit the representation in Lemma [2.2] and obtain for ¢t > ¢y that

Yuo (1) = CO(1, 20)22, (t0) ZCCI) (t,10)qi(w 2o (t0), i) 2- (17)
=1

Eigenvectors ¢; can now be neglected if the respective summand in is small in some
norm. These summands are now analyzed in the following theorem.

Proposition 3.2. Let (¢;) be an orthonormal basis of eigenvectors of the Gramian Q
and v > 0 such that holds. Then,

1
oo 2 1
</ ||C¢(t,to)qi||§dt> "< pZexp {0-5 HwOHiz} : (18)

to

where w; s the eigenvalue associated to g;.

Proof. With Lemma we find

/ 102, to)qill? dt = / 0 Bt t0)C T CB(, to) gudt

to to

:/ tr (C@(t,to)qqu (¢, tO)CT> dt

to

§/ tr <C’exp{/ H’yu H2dv} +(t —t0, ¢iq; He )dt
to

< exp{H’yuOHL2}/O tr (CZW(s,qiqi )C’T) ds

= exp{H’yuOHL2 (CTC/ (s qzqZ >



fo (s,4qiq; )ds solves With right hand side qlqiT . Inserting for CTC above,
we can see that tr (CTC’ fo (s, qiq; Nd ) =g TQq; = pi. This concludes the proof. [

Estimate now tells us that ¢; = ¢;(7y) is an unimportant direction in x,(tg) for
each tg > 0 if p; = pi(y) is small since these vectors have a low impact on the output
Yuo (1), t > to. Consequently, eigenspaces of () corresponding to small eigenvalues can be
removed from the system.

3.2 Gramians and dominant subspaces for (3

We introduce a reachability Gramian Pp as a positive definite solution to

m
ATPt + PolA+ % > N/ P;'Ny < -Pg;'BBTP5". (19)

7=
Such a solution exists given that holds, see [I1, Lemma III.1] or more generally [19,
Proposition 3.1] Notice that an inequality is considered in , since the existence of a
positive definite solution of the associated equality is not ensured. Pp identifies directions
in the state equation that can be removed from the system. To see this, let (pp.;)
an orthonormal basis of eigenvectors of Pg, such that xp(t) = > (zB(t),pBi)2 PB,i-
As in Proposition [3.1| an estimate for (zp(t), pp ;)2 can be found. However, the norm is

a different one.

Proposition 3.3. Let xp denote the solution to and v > 0 such that holds.
Then,

1
sup |(z5(0) pi)al < Al 2 exp (05 1772 (20)

where A\p; is the eigenvalue associated to pp ;.

Proof. The result for v = 1 is a special case of [2I], Section 2.1]. Rescaling Nyxp(t)ug(t) —
%Nkaz B(t)yug(t) in immediately provides the desired estimate for general ~. O

By , we can see that pp; = pp () is less relevant for the dynamics if Ag; = Ap ()
is small. For that reason, one is interested in computing a Pg with possibly small
eigenvalues since such a solution to characterizes the negligible information best.
Therefore, determining Pp becomes an optimization problem of, e.g., minimizing tr(Pp)
subject to (19)).

The dominant subspace of can be found with the same Gramian (), defined in
as in the case of y,,. We expand zp(ty) = > ;i (xp(to),¢i)2¢; for 0 < ty < co. By
Lemma 2.2 we have

yp(t) = C®(t,to)xp(to) + tt Cd(t,s)Bu(s)ds
= Z Cd(t,to)qi{zrr(to), ¢i)2 + /t Cd(t, s)Bu(s)ds

i=1 to



for t > ty. Therefore, the direction g; is less relevant if C®(t,ty)q; is small. The
corresponding estimate for this expression has already been established in Proposition
Consequently, ¢; is also negligible for yp if the eigenvalue p; is small.

4 Gramian-based model order reduction

4.1 Balancing of subsystems (2)) and (3]

We have seen in Sections [3.1] and that the eigenspaces corresponding to small eigen-
values of Py and @) are not important for subsystem and the ones of Pg and () are
less relevant for subsystem . Therefore, we construct a state space transformation
ensuring that Py and ) are diagonal and equal, meaning that po; = ¢; = e;, where ¢;
is the ith unit vector in R™. The ith diagonal entry of the diagonalized Gramians then
determines how much the ith component of the state variable contributes to the dynam-
ics. This procedure of simultaneously diagonalizing the Gramians is called balancing.
After conducting this procedure for , another balancing transformation is constructed
for , guaranteeing that Pg and @ are diagonal and equal as well. Subsequently, the
unimportant information in both subsystems can be removed, leading to the reduced
models and .

The procedure sketched above now works as follows. Based on the assumption that
Py, @ > 0, we can construct the following regular matrices and their inverses

S=02UTLT, 8§'=%XVO: and S=x":U'LT, ST =KVEz, o (21)

where © = diag(6y,...,6,) > 0 and ¥ = diag(o1,...,0,) > 0 with 6; and o; being the
square root of the ith eigenvalue of PyQ) and Pg(, respectively. These diagonal entries of
© and ¥ are called Hankel singular values (HSVs) of and (3)). The other ingredients
in are computed by the factorizations Py = KXK', P = KK, Q = LL" and the
singular value decompositions of XL =VOU" and KL =VXU'.

Replacing (A4, Xy, C, Ni) by the transformed matrices

1 _ [An A Xo, -1 _ -1 o [Nk M
SAS~! = [A; A;ﬂ . 8Xo = [XS;} , O8T =lae], SN8™ = [N:; N:;ﬂ ’
(22)

in with A1, Ng 11 € R™0%™0, Xo; € R™0*9 and C; € RP*"0, we obtain the
following system

] = [ (0] + 2 B e [ woo. [0 =[] o
=1

yo(t) = e ea] | 0], 120,

(23)

having the same output as (2). Above, we set Sz, (t) = {28} The Gramian of
are

SPST =8 TQs =0 = [@1 @2] (24)

10



with ©1 € R™0*™0 and Oy = diag(@rzoﬂ, ..., 0p) contains the n —rz, smallest HSVs of
the subsystem.

The same way, (A, B, C, Ni) is replaced by

. A A B 1 —1 Np, N,
sast=[mz], sp=[R]. os7=laal, sws =Mk,

(25)
in with A11, N 11 € R"X7B, By € R™3*™ and C € RP*"B such that we have
#1(t) | _ [ A1 A z1(t) B - Ni1 Nigaz | | z1(2)
[z';(t):| - [A; Aég} [;r;(t)} + [B;] u(t) + Z |:Nk,21 Nk,22:| [mi(t)} uk(t)’ (26)
k=1

yB(t):[01 02] [i;g” , t>0,
where Sxp(t) = [28} and the new Gramians are

SPpST =5 TQS =% = [21 22}

with ¥; € R"™8%"8 and ¥y = diag(oy5+41,---,0n)-

Remark 2. It is important to point out that the balancing transformations 8 and S
depend on v since the Gramians are functions of this parameter. Consequently, the
balancing realizations in and , as well as the later ROMs, depend on .

4.2 Model order reduction for subsystem (2]

In this section, we discuss two different MOR techniques for (2)) that rely on the balancing
procedure described in Section We already know that the state variables x5 in the
balanced realization are less relevant since they are associated to the small HSVs
9%0“, coy0,. A ROM can now be obtained by neglecting x5. A first option is
to truncate the second line of the state equation in and to set x2(t) = 0 in the
remaining parts of the subsystem. This methods is called balanced truncation and leads
to a ROM with

(Axo,Xo,éxo,Nxo,k> = (A11,X0,1,C1, Ng11) - (27)

Alternatively, one can argue that due to (13)), x2 is close to its equilibrium (especially
if the system is uncontrolled). Hence, it is in a quasi steady state, motivating to set
%x3(t) = 0 in . If we further neglect Ny 2; and Ny 99 in the resulting algebraic
constrain in order to avoid a control dependence of the matrices in the ROM, we obtain
xo(t) = —A2_21A21x1(t). Inserting this for x5 in leads to a ROM with

(Asos X0, Cogs Nao) = (A, X0, € Ny) (28)

11



where ./‘_[ = .A11 — .A12A2_21A21, é = 61 — (‘32./42_21./421 and :Nk = Nk,ll — Nk,12-A2_21-A21- It
is important to point out that both ROMs and ([28)) share the same initial condition
matrix Xj. Notice that the structure preservation in the ROM is also desired here, which
is motivated by the existence of an error bound that we prove later. This bound can
only be achieved between systems having the same structure. We refer to a related SPA
MOR scheme for (3) in [I4], where such a reduced system was derived by an averaging
principle representing a more detailed motivation than given here.

Remark 3. A result on stability preservation for BT has already been established in [7].
Given © > 0 and 0(01) N o(O2) =0, it was shown that

17
0<A11 QI+1T®A11+ ? ZNle ®Nk711) cC_.
k=1

Whether SPA guarantees this type of stability under the same assumption is an open
question. However, for SPA it can be proved that the eigenvalue of the above Kro-
necker matriz involving the matrices in are in C_, see [23]. Since © > 0 and
0(01) N o (O2) = O might not be always given, stability preservation and the existence of
Gramians for the two different balancing related methods are discussed in the following,
only assuming ©1 > 0.

Theorem 4.1. Let § be the balanced transformation providing with ©1 > 0 and
constder the associated balanced realization in . Given the matriz differential equa-
tions

Z”/(t) = Awozv(t) + Zw(t)jgo +

NE

Nwo,kzv(t)]v;),ka ZW(O) = XOXOT,

2 =

k

5 * 7% 1 1 7% ~
Z’y( ) AIOZ,,/( ) + Z’y(t)Axo + ? Z :IJUJCZ ( )Nxmk" Z’y(o) = C:;ro o>
k=1

1

3 |l

(@]

the Gramians P = fooo Zv (s)ds and Q= fo Z; s)ds exist for reduced system . ) with
coefficients as in~ (BT). If instead the ROM by SPA defined in is considered,
the existence of Q is ensured.

Proof. Since the Gramians of a balanced system are identical and equal to the diagonal
matrix ©, we have

m
A1 A2 | | ©1 + SH Afy Ay + i Z Ng,11 Ngji2 | | ©1 N;u NII,21
Az1 Aso O3 2 | | A, A, 2 Nk,21 Ni,22 O2 | [ N] , NT o

k=1
Xo,1
= — [3o] x xa), (29)
m
Afy Ay (S + 0, A1 Ar2 1 Z k 11 k 21 0, Ni,11 Ni12
Ay Az ©2 O2 | [ Az A2z 72 P Nz N 20 Oz | [ Nie.21 N,22
GT
=[] tevea). (30)

12



The left upper blocks of these equations yield

m
A1101 + @1.A11 + 72 ZNk,ll@lN;—,ll < _XO,lX(ID (31)

IN

AL©O1 + 0141 + = " ZNk 1O Nk < —Cf €.

k=1

Therefore, Zw and Z; decay exponentially by Theorem if BT is considered. Conse-
quently, the integrals P and Q exist. We now multiply by

-All .Alg _1: ./_[71 ~ * (32)
A1 Ago —.A2_21.A21.A_1 *

from the right and with its transposed from the left. Evaluating the left upper block of
the resulting equation and multiplying it with A from the right and its transposed from
the left, we find

_ 1 & 1 & _ o
AT, + 014+ 7 5 Y NiON, =-€TC— o) 5 ) Ni91©2Nko1 < —CT€, (33)
k=1 k=1

where Nk,m = Ng21 —nggfl;;flm providing the existence of Q for SPA using Theorem
2.4 O

Due to Theorem technical assumptions like 97«10 =+ 07“104-1 can be omitted in the error
analysis if BT is considered since the reduced Gramians will still exist. Furthermore,
given ©1 > 0, Theorem and tell us that the ROM by BT can always be reduced
to a system satisfying without causing an additional error. Whether P generally
exists for SPA remains open and is therefore always assumed below. Now, we establish
error bounds for the BT and SPA procedures. Firstly, we prove an intermediate lemma
in order to show this result.

Lemma 4.2. Let y,, be the output of and Yz, be the reduced order output of system
(4). Then, we have

o 0) = 101 < (10 -1 2560) [ F ) e { [ Il hual,

where Z5(t), t > 0, satisfies the matriz differential equation

zw =0 a, | zw+zw [ ]+ ;i[ S| 7 (t)[NoTNi,J’
=1
ze0) = [ ] 1x7 7).
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Proof. By Lemma we have that y,,(t) = C®(t)Xovo and yg,(t) = Cuy®(t) Xovo,
where ® and ® are the fundamental Solutions to the original and the reduced system,
respectively, introduced in Definition 2.1 Consequently, we obtain

120 (8) = T ()1 < [[C0(0)Xo — B0 XoH ol = e e [ a0y ][] 2

2
N E

—ale [ [§]100 57170 ) [ 55 il

} is the fundamental solution to the bilinear system with matrices [’3 AZO

and [ S } . Therefore, the result follows by Lemma |2.3|setting K = [2} [xg Xq |

Theorem 4.3. Let y,, be the output of given that holds for a sufficiently large
v > 0. Suppose that yz, is the reduced order output of system , where the matrices

(AxoaXOaéxonyo,k) are either given by BT stated in or by SPA defined in
given a balancing transformation 8 as in with ©1 > 0. We assume that the reduced
system Gramian P for SPA exists. Defining Y = [}}%] as the unique solution to

~ 1 o= [New N X
A1 A Y7 Y] T k, k, T _ , T
{Aﬁ Aiﬂ [YQ] + [Yé} Ag, + ﬁz [Nk; Nk;z} [Yz] Ny =— [Xg,;] Xop:  (34)
k=1
using the balanced realization in , it holds that

0 = Gaoll 2 < (06(02W4,))% exp {0.5 707, } ol (33)

The above weight is
1 & N
Wiy = X02X0o + 2Y2Ag; + 2 [ A2 A | YA, + v > 2 [Nea Nez2 | YNy ) — Ngot PNy o,
k=1

where (A2, Aa1, Nj21) = (A21,0, Nk 21) for BT and (Aa1, Ag1,Ni 1) = (0, — Ay Ao1, Ny 21—
Nio2 Ay As1) for SPA.

Proof. We integrate the result of Lemma on [0,00) and obtain

a0 = FeollFz < € exp { [y 72 } luol3,

where & := tr ([c Cuy ][22 ZE(t)dt [ D The left upper and the right lower block

of f Ze )dt are Py and P, respectlvely Both Gramians exist by assumption and
Theorem This also implies the existence of the right upper block of fo Z§ t)dt
which we denote by P. Tt satisfies

AP+ PA] +—ZNkP ok =—XoXg ;. (36)
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Let 8 be the matrix ensuring (24). Since © = SPST, Y = SP and [e1e2] = C87, we
have

& =tr(CPC ) + tr(Cpy PCL) — 2t1(CPC) )
= tr([e: e] {91 . } [SH) +tr(Coy o Cyy ) — 2tx([€1 ] YO ).
2

2

. . el X
Comparing with (30), we see that tr([e: e;]© [@;T}) = tr([ X0, X0 © [Xg;})
Since the same is true for the reduced Gramians, we obtain

& = tr([XJ, X [el 92} [§3:;])+tr(X{1QXO,1) —2tr([e & ]YCL),  (37)

where Q exists due to Theorem Now, it is needed to find an equation for CN’JO [ere]
for both BT and SPA in order to analyze the error further. We evaluate the first ry,
rows of to obtain an expression for the case of BT:

1 & Np11 N
T A A a1 N,
— @ [e1 ] = [A] 01 4L,02] + [©1 0] [A; A;ﬂ " E [N] 1101 N 5,02 ] [N:;i NZ;E} :
k=1
(38)

‘A'll ‘A21

Al from the left and obtain

For SPA we multiply with {

AT A T (AR AT | | ©1 Ar1 Aiz
* 22 O2 Az Aaz2

m
S SO [ATN AR [er Nii1 N2
2 * x ©2 | | Ni,21 Ng,22

using the partition in and setting 3:\%21 = Npo1 — Nk722A521A21. Multiplying the
first 7., rows of the above equation by A" from the left results in

_ _ 1 o~ - Np11 N
T T — Al A , ,
—C' (e ] =A 01461 —(Apdn)Te:] [A; A;i] + .~ E [NT©1 N/ ,,02] [Nl,:;i NI;Z] )
(39)

We summarize and to one equation. That is

~ 1 & Near N
T X A1 A T k,11 NE,12
—Cp,[€1 2] =[A] 01 Aj;02] + [0, A 6:] [A; A;ﬂ .~ E [N} 61 N[, 0] [Nw NWJ .
k=1

where A9 € {Agl,O}, Agl S {0, —.A2_21.A21} and Nk-,Ql € {Nk721,Nk-721}. Inserting this

15



into tr([e: 2] V'C,) yields

— (e &) YCL)

m
x Al A 1 T T Ng,11 Ng,12
= tr (Y 47,01 AJi0: ] + [0 Afea] [ 422 | + =5 D [7,000 NLwo: ] [Nomt 300

v k=1
=1tr (@1 >

_ 1 &
tr (@2 YQA; + [ﬂm A2z ] YA;—l ? Z Nk 21 Nk 22 ] YN, 21] >

=1
The first ry, rows of give us

1 m
[ A1 A12]Y+Yl 72 [ Nk,11 Ni12 YNzo,k

v k=1

(e ] V) = — tr <X0 01X, 1)

tr (@2

Inserting this into leads to
€ = tr(X),(Q — ©1)X0,)

<@2

By the left upper 75, X r4, block of (30) (BT) and ( . ), it holds that

_ 1 &
YQA; + [Az21 A2z | YA; + ? Z [ Nk,21 Nig,22 ] YN;:m]) .
k=1

2 m
XO 2X0 2 + 2Y2A21 + 2 [-A21 Az YA21 Y E Nk 21 Nk 22 YNk. 21] )
v?
k=1

- - N 1 &
A} 01+ 014, t 5 Z N 101Nz s = —Cf Cay — = > NJ 102N o1
k=1
for both reduced order schemes. Subtracting this identity from the equation for the
reduced Gramian @, we find

. N 1 &
Al (Q—=61)+(Q —O1) Ay + e Z o,k ©1)Nzg ke = 2 > N[ 210N a1
Hence, exploiting the equation for P, we have

tI‘(X(II(Q - @1)X071) = —1tr (

1 — -
= —tr (@272 > Nk,mPN;m) ,

k=1

which concludes the proof of this theorem. O
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The result of Theorem shows an error bound that depends on the truncated HSVs.
Choosing 7, such that O is small therefore ensures a small error and hence a good
approximation.

4.3 Model order reduction for subsystem (3|

In this section, BT and SPA are studied for . As for the methods considered in
Section they rely on the balancing procedure described in Section However,
these methods are not necessarily structured preserving and rely on a different type
of Gramian Pp. In order to find a ROM for , state variables x5 in (26) need to
be removed. These variables belong to the small HSVs o,,41,...,0, and are hence
negligible. A ROM by BT is here obtained by truncating the second line of the state
equation in and to set x2(t) = 0 in the remaining parts of the subsystem. This
results in

(AB,B,OB,E,EMNM) = (A1, B1,01,0,0, Ni11) - (40)

Using similar arguments as in Section Z2(t) = 0 can be set alternatively in (26)).
Additionally ignoring the terms depending on Nj 21 and Nj 92, we obtain zo(t) =
— A5y (A2171(t) + Bau(t)). Inserting this for zo in (26), a ROM is obtained that
has a different structure than . The associated matrices are

(ABaBaéBaBaEkaNB,k> = (A,B,C, D, Ey, Ny,), (41)

where A = A11 - A12A521A21, B = B1 A12A BQ, C == Cl 02A521A21, D =
—CQA2_21327 Ek = —Nk712A2_21B2 and Nk = Nk711 — Nk712A22 Agl. It is important to
mention that the main motivation behind the ROM given by is an error bound
based on the sum of truncated HSVs that we state below. This shows the actual benefit
of the structure change.

Remark 4. Notice that both balancing related methods above preserve the type of stability

given in . If Ag and ]\NfB,k are as in or and if additionally ¥ > 0 and
a(X1)No(Xz) =0, we have

- - 1 &
U(AB®I+I®AB 722 Bkz®NBk CC_
k=1

This was proved in [8, Theorem II.2] for BT and shown in [19, Section 4.2] for SPA in
the context of stochastic systems.

Theorem 4.4. Let yp be the output of given that holds for a sufficiently large
v > 0. Suppose that yp is the reduced order output of system , where the matrices

(AB,B,CB,b,Ek,NB’k) are either given by BT stated in or by SPA defined in
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(41). Then, we have

n

lys —gslle < (2 3 oi | e {051y [72 } lul e
i=rp+1

where 0541, ... ,0p are the truncated small HSVs of system .

Proof. The above results for v = 1 are special cases of the ones in [2I, Theorem 3.1]
(BT) and [20, Theorem 3] (SPA). Rescaling Nyzp(t)ux(t) — %kaB(t)'yuk(t) in (3al)
provides the formulation of this theorem for general ~. O

Theorem [£.4] shows that the truncated HSVs determine the error of the approximation.
Hence, these values are a good indicator for the expected error and can be chosen to find
a suitable reduced order dimension rp. Notice that for the HSVs it holds that o; = 0;(7)
since the underlying Gramians P and ) depend on the rescaling factor ~.

4.4 Model order reduction and an error bound for (/1

In this section, we exploit the results of Sections and in order to find an error
bound between the output y of and some reduced output y which we construct as
the sum of the outputs 9., and yp of subsystems and . We discussed BT and
SPA for the homogeneous and the inhomogeneous part of the bilinear system in order to
obtain g, and §p. All approaches are designed to provide an error bound in L2, which
enables us to combine them in the following theorem.

Theorem 4.5. Suppose that holds for a sufficiently large v > 0. Let y be the output
of the original system and let us define the reduced output § = Yz, +Yn, where Yz, is
the quantity of interest in and yp the one of . We assume that is the ROM of
either BT stated in or by SPA defined in with ©1 > 0, state dimension ry, and
an existing reduced Gramian P for SPA. Let be an rp-dimensional ROM computed
by BT with matrices or by SPA defined through . Then, there exist a matrix
W, defined in Theorem[{.3 such that

n

~ 1 2
Iy =l < [(x©Wa ) ol + (23 o | lull2 | exp {05 2.}
i=rg+1

with ©9 = diag(0r10+1, .., 0y), where Orpg+1s- -+ 0n and oypt1, ..., 0 are the truncated
small HSVs of and , respectively.

Proof. Let us recall that y can be written as y,, + yp, where y,, is the output of
and yp the one of . Consequently, we have

”y - QHL2 = Hyl‘o +YB — (gxo + .@B)HL2 < Hywo - gﬂro”L2 + HyB - QB”L2

using the triangle inequality. The claim now follows by Theorems [£.3] and O
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Theorem indicates that one finds a good approximation gy for the output y of the
large-scale system with non-zero initial states if each individual subsystem of is
reduced such that the associated truncated HSVs are small. Depending on the decay,
the number of truncated HSVs can differ in each subsystem leading to reduced order
dimensions 4, # rp. The result of Theorem is the generalization of the error bound
for the linear case proved in [4, Theorem 3.2] if BT is applied to both subsystems
and . The result for the case of SPA as well as the combination of BT and SPA is
new even for linear systems.

The representation of the error bound nicely shows the relation between the error and
the truncated HSVs which makes these values a good a-priori criterion for the choice of
the reduced order dimensions. However, the first part of the bound is not suitable for
practical computation as W,, depends on the full balanced realization which is not
computed in practice. Instead one can use the general representation &= tr(CPOC’T) +
tr(é‘xopé’;)) - 2tr(CPC~';0) from which tr(©2W,,) was derived at the beginning of the
proof of Theorem & is easily available since it involves the Gramian Py (which
needs to be computed anyway to derive the reduced system) as well as the reduced
Gramian P and the solution P of (both computationally cheap). Of course € then
is an a-posteriori bound but still very powerful in order to determine an estimate for
the reduction quality. The representation £ provides another strategy in reducing
since 8~is the Jo-distance between systems and , where (B,B) are replaced
by (Xo, Xo), see [26]. Necessary conditions for local minimality have been provided
in [26] and a method called bilinear iterative rational Krylov algorithm (BIRKA) was
proposed in [5] satisfying these conditions. Therefore, one can also use BIRKA instead of
a balancing related scheme in order to keep the first summand of the bound in Theorem

[4.5] small.

The second part of the bound in Theorem can be calculated once the Gramian
Ppg, satisfying the linear matrix inequality (LMI) , is computed. At the moment,
LMI solver can only solve problems in moderate high dimensions, which might not be
sufficient for some practical applications. However, once efficient computational methods
are available, considering a Gramian like Pg is very useful due to the a-priori L?-error
bound. In fact, only an L?-bound is compatible with the bound in Theorem One
might also think of choosing a Gramian like P satisfying for subsystem as
proposed in [1]. However, an L2-error bound does not exist in such a case indicating the
relevance of the new approach of choosing some LMI solution as a Gramian.

Remark 5. The value v > 0 was introduced in order to ensure which is a condition
ensuring the existence of the Gramians. On the other hand, v can also be seen as an
optimization parameter since the ROMs, and the HSVs depend on . This value was
chosen equally in both subsystems, as one can see in Theorem [{.5 but certainly they can
also be different if this leads to a better reduction quality.
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5 Numerical results

In this section, we conduct some numerical experiments illustrating the efficiency of the
proposed MOR schemes. All the simulations are done on a CPU 2,2 GHz Intel® Core™i7,
16 GB 2400 MHz DDR4, MATLAB® 9.1.0.441655 (R2016b).

We consider a standard test case model representing a 2D boundary controlled heat
transfer system as described in [6]. The model is governed by the following boundary
value problem

O X(t€) =AX(E), if €€(0,1)x(0,1), and t>0,
X(0€) =ult), if £cT,,

n-VX(LE) =u(t)X(t,€), if €eTs,
X(t, &) =0, if £elaUly,

where I'; = {0} x (0,1), 'y = (0,1) x {0}, I's = {1} x (0,1) and I'y = (0,1) x {1}. Here
the heat transfer term u acting on I'y and I's is the input variable. Moreover, we assume
that the initial temperature is positive and constant in space, i.e.,

X(0,6)=0.1, &€ (0,1)x (0,1).

A semi-discretization in space using finite differences with £ = 10 equidistant grid points
in each direction leads to a bilinear system of dimension n = k? = 100 having the form

&(t) = Az(t) + Nz(t)u(t) + Bu(t), x(0)= Xovo, (42a)
y(t) = Cx(t), (42b)
where Xo = [1 ... 1]T, vo=01and C=21[1 ... 1] (see [6] for more details).

Firstly, in order to apply the proposed techniques, one need to compute Py, @ and Pp

satisfying equations , and , respectively. As shown in [I1], by applying the

Schur complement condition, can be equivalently written as the following linear
matrix inequality

APg+ PgA" + BBT PgN'

NPg —Pp

Hence, we use the YALMIP toolbox [I7] to the cost function tr(Pp) subject to in
order to find a good candidate for the Gramian.

Then, we compute the Hankel singular values associated to subsystems and using,
respectively, the pair of Gramians (P,,, @) and (Pp, Q). The resulting Hankel singular
values are depicted in Figure We notice a fast decay of these values, and hence,
we expect accurate reduced models already for small reduced order dimensions as a
consequence of Theorems and [4.4]

For subsystem , we construct ROMs of orders 5 and 10 using balanced truncation
(referred here as BT) and SPA (referred here as SPA) based on the Gramians Py and Q.
Similarly, for subsystem , we construct ROMs of order 5 and 10 using balanced trun-
cation (referred here as BT_2) and SPA (referred here as SPA_2) based on the Gramians

<0. (43)
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Hankel singular values decay

100 ‘ ; ; ;
—— Hsv — subsystem (2)
—— Hsv — subsystem (3)
1073 | 1
&
3 1076 y
N
1077} 1
—
10_12 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
k

Figure 1: Decay of Hankel singular values for the subsystems and .

Method | Err. bound 7, =5 L’-err. rzo = o | Err. bound r,, = 10 L?-err. Tz = 10
BT 7.64-107° 2.80-107° 1.32-1076 6.76 - 107
SPA 1.53-10~% 5.33-107° 2.57-107° 1.77-1076

Table 1: L2-errors for subsystem : Error bounds in Theorem and real errors for
BT and SPA for the simulation presented in Figure

Method | Err. bound rg =5 | L?-err. rg =5 | Err. bound rg = 10 | L?-err. rg = 10
BT.2 1.69-1071 3.25-107° 7.88-1077 5.31-1078
SPA 2 1.69-1071 3.42-10°° 7.88-1077 4.00-1079

Table 2: L?-errors for subsystem : Error bound in Theorem and real errors for
BT_2 and SPA_2 for the simulation presented in Figure

Pp and Q. In order to compare the quality of ROMs, we simulate the original system
and the reduced models using the input u(t) = e~*cos(0.5t), t € [0,1]. In Figure [2 the
pointwise absolute errors for BT and SPA are depicted, i.e., the function €(t) = |y(t) —g(t)|
is computed, where y and ¢ are, receptively, the original and reduced outputs. One can
observe that the results improve once the reduced order is increased. Both methodologies
produce ROMs with a similar accuracy. Similarly, in Figure |3| the pointwise absolute
error plots for BT_2 and SPA_2 are presented. We notice that, for this example, SPA_2
produces ROMs with a higher accuracy than BT_2. Additionally, in Tables [I] and [2] the
L2-error values for the time interval [0, 1] together with the corresponding error bounds
for the different methods are shown, respectively, for subsystems and .
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Pointwise absolute error — subsystem (2)

1072 T T T
— ROM BT rp, =5
—— ROM BT r,, = 10
10-5 ROM SPA 7, = 5
g —— ROM SPA 7, = 10
o
—
=
<]
&g 10—8
=
e
e}
<
10711
10_14 | | | | | | | |

|
0 01 02 03 04 05 06 07 08 09 1
time (t)

Figure 2: The pointwise absolute error for the approximations of subsystem with
input u(t) = e~ cos(0.5¢t).

In Figure 4, we depict the decay of normalized L?-error bounds from Theorem to-
gether with the real L2-errors produced by the time domain simulations for the subsys-
tem ([2) using the methods BT and SPA. Normalized here means to be divided by the
L?-norm of the original system output, e.g., the normalized L?-error for a given order
is ||y — 9llz2/llyllz2, where g is the reduced output. For this example, BT is performing
slightly better than SPA. Similarly, in Figure [5| we depict the decay of the normalized
L?-error bound from Theorem together with the normalized L?-errors produced by
the time domain simulations for the subsystem using the methods BT_2 and SPA_2.
As stated before, SPA_2 produces ROMs that are more accurate than BT_2.
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