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We study the high-energy phase diagram of a two-dimensional spin-
1
2 Heisenberg model on a square lattice in the presence of disorder.
The use of large-scale tensor network numerics allows us to com-
pute the bi-partite entanglement entropy for systems of up to 30× 7
lattice sites. We demonstrate the existence of a finite many-body lo-
calized phase for large disorder strength W for which the eigenstate
thermalization hypothesis is violated. Moreover, we show explicitly
that the area law holds for excited states in this phase and determine
an estimate for the critical Wc where the transition to the ergodic
phase occurs.
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Paradigmatic to thermodynamics is the assumption that al-
most any initial state of a generic closed system will evolve

into a thermal state governed by the expectation values of a
few macroscopic quantities such as energy or particle number
(1, 2). Many-body localization (MBL) provides a hallmark ex-
ception to this paradigm and generalizes the well-understood
phenomena of Anderson localization (3) to the interacting
realm. Even in the presence of interactions, too much informa-
tion of the initial state is retained, which hinders equilibration
and the description by a thermal ensemble (4–7). Since the
pioneering works of (4, 5), many-body localization has raised
tremendous attention as an increasing number of astonish-
ing properties of this phase where uncovered. These include
a logarithmic growth of entanglement in quenched systems
(8–10), locality of information spread celebrated for potential
applications in quantum information sciences (11, 12), unusual
transport properties (13–15), and an area law (16) scaling of
the entanglement in the excited states (17). These findings
were substantiated in one spatial dimension by extensive nu-
merical studies that employed mainly exact diagonalization
or tensor network approaches as well as the emergence of the
so-called `-bit picture (9) which allows the construction of the
quasi-local conserved quantities instructively describing the
memory of the initial state in the MBL phase (7).

These extensive theoretical efforts were soon complemented
by experimental approaches from the field of cold quantum
gases (18, 19) or photons (20), which allow an accurate simu-
lation of the thermalization dynamics of quantum many-body
systems, or the lack thereof in the case of MBL. Experimen-
tal setups are less restrictive in terms of dimensionality, size,
time scales, or entanglement growth compared to numerical
approaches. They are, however, restricted to studying the
evolution of a few initial states, and while quench dynamics
can be directly simulated, access to the many-body spec-
trum – showing many of the prototypical hallmarks of MBL
– remains elusive using this experimental route. In addition,
experimental setups are not concentrating on quenched but

on quasi-periodic disorder, which is much more convenient to
implement.

Taken together, theoretical and experimental advances have
significantly deepened our understanding of MBL in one spatial
dimensions. First forays into the two-dimensional regime have
been undertaken on the level of the quench dynamics, both
experimentally (21, 22) and from the numerical point of view
(23–26), each with its distinct restrictions. Although some
evidence for MBL in two-dimensional systems (27, 28) has
recently been accumulated, the state of affairs is much less
clear, stimulating a topical debate about whether MBL might
ultimately be unstable in two-dimensions (29, 30).

In this work, we employ an accurate numerical approach to
establish strong evidence for many-body localization in disor-
dered spin- 1

2 Heisenberg models on a square lattice. In particu-
lar, we show that highly excited eigenstates of the system obey
an area law scaling. From the prefactor of this scaling law, we
estimate the critical disorder strength where the transition into
an ergodic phase occurs and find that it is significantly larger
than in the one-dimensional case (23, 31). We also compute
the local magnetization and find that it clusters at opposite
ends of the fully-polarized spectrum, therefore strongly violat-
ing the eigenstate thermalization hypothesis. This clustering
weakens with increasing width of the system, which again sug-
gests that the critical strength needed to localize the system
strongly increases upon increasing the dimensionality of the
system.
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Non-ergodic quantum mechanics cannot be described by a
thermal ensemble. Initial states are frozen in time, which can
be exploited, e.g., to realize topologically-protected quantum
computation away from low temperatures. Quantum systems
are, however, typically ergodic. In this work, we use large-
scale numerics to demonstrate that a generic two-dimensional
lattice of quantum spins exhibits a stable, finite non-ergodic
phase. Specifically, we apply a tensor-network approach to
study the 2d spin- 1

2 Heisenberg model. In the presence of
sufficiently strong disorder, the system is many-body localized,
and the bi-partite entanglement entropy features an area law.
We observe a crossover into an ergodic regime as the strength
of the disorder decreases.
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Fig. 1. Sketch of the system studied in this work. Quantum-mechanical spin- 1
2

degrees of freedom Ŝi are placed on a two-dimensional square lattice of horizontal
and vertical dimension L1 and L2, respectively. They interact via a Heisenberg
exchange term, see Eq. (1). The strength of the on-site magnetic field hi fluctuates
(‘random potential landscape’). The snake-like configuration of the tensor network is
indicated at the bottom.

Model and Method. We study the antiferromagnetic Heisen-
berg model,

Ĥ = J
∑
〈i,j〉

Ŝi · Ŝj +
∑
i

hiŜ
z
i , [1]

where i and j denote nearest neighbors on a two-dimensional
square lattice of size L1 × L2, and Ŝi = (Ŝxi , Ŝyi , Ŝ

z
i )T is a

quantum-mechanical spin- 1
2 degree of freedom. The on-site

magnetic fields hi are drawn randomly from a uniform distri-
bution [−W,W ]. All results are averaged over 1000 different
disorder realizations. From now on, we set J = 1 as the unit
of energy. In the vertical direction associated with L2, we
employ either open or cylindric boundary conditions (OBC or
CBC); the system always has open boundaries in the horizon-
tal direction associated with L1. Our setup is illustrated in
Fig. 1.

We determine a random excited eigenstate – which is gener-
ically a high-energy, mid-spectrum state – of the Hamiltonian
in Eq. (1) using the density-matrix renormalization group
(DMRG). The DMRG is an accurate, tensor-network based
method to study quantum systems (32–34) which was origi-
nally devised to compute ground states in one dimension but
was later extended to tackle 2d problems (35, 36) as well as
excited states in problems with disorder (37–40). In this paper,
we combine these developments and for the first time inves-
tigate high-energy states in a 2d system using the DMRG-X
technique (37). The key numerical control parameter is the
so-called local bond dimension χ, which is a measure of the
amount of entanglement in the system. We work with a maxi-
mum value of χ = 64, which is sufficient to obtain results that
are exact up to machine precision for almost all parameters.
More details can be found in the ‘Materials and Methods’
section (see in particular Fig. 5).

Results. We first study the von Neumann entropy,

SvN = −trρ̂ log2 ρ̂, [2]
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Fig. 2. The bi-partite entanglement entropy of high-energy eigenstates of a lattice
of length L1 and width L2 is computed using tensor networks for various disorder
strengths W and different boundary conditions. The system is cut vertically around
the middle (see Fig. 3 for details), and SvN grows linearly with L2 but is independent
of L1. This demonstrates the entanglement area law. The vertical lines indicate the
error associated with the disorder averaging. Inset: Proportionality constant c(W ) in
SvN = c(W )L2. A divergence at a critical value W c signals the crossover into an
ergodic phase.

where ρ̂ is the reduced density matrix of one half of a system
that is cut vertically. This is a measure of the bi-partite
entanglement. In a thermal ensemble, SvN is an extensive
quantity that should scale with the volume L1L2 of the system.
Due to the eigenstate thermalization hypothesis, the same
should hold true for an eigenstate whose local properties are
reflective of the thermal ones at the corresponding energy. The
behavior of a localized state, however, is very different: the
area law stipulates that SvN is independent of L1 but increases
linearly with L2, i.e., with the area between between both
halves of the bi-partition. The entanglement entropy can thus
be used to differentiate between those two phases of matter.

In Fig. 2, we show SvN as a function of L2 for various
L1, different disorder strengths W , and for both open and
cylindric boundary conditions (note that CBC data is only
included for L1 = 20, L2 ≤ 6, W ∈ {75, 100}). We averaged
over all vertical cuts in the middle area of the system, which
we defined as ±20% around the center (our results do not
dependent on this precise choice, see Fig. 3). One observes
that the entanglement entropy does not depend on L1 but
scales linearly with L2. This clearly demonstrates the area
law and the existence of a many-body localized phase of the
two-dimensional Heisenberg model at sufficiently large W .

As the strength of the disorder decreases, the entanglement
entropy grows, and eventually the local bond dimension and
thus the numerical effort become prohibitively large. This
can be quantified by studying the prefactor c(W ) appearing
in the area law, SvN = c(W )L2, which is plotted in the inset
to Fig. 2. The raw data is fitted to the functional form
c(W ) = a/(W − Wc). From this analysis, one estimates
that the transition into the ergodic phase occurs at around
Wc ≈ 20. This value of Wc is in good agreement with `-
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Fig. 3. Bi-partite entanglement entropy as a function of the relative horizontal position
where the lattice is cut vertically for various values of L1 and L2. The area law
stipulates that SvN ∼ L2 while being independent of L1. We show a running
average over three neighboring data points. The gray lines indicate the ‘middle area’
whose average value is plotted in Fig. 2.

bit studies of the same system (27, 28). Importantly, this
transition point is extracted directly from the area law scaling
of the entanglement, a prototypical feature of many-body
localization.

Another hallmark of the localized phase is the lack of er-
godicity. In an ergodic system, the eigenstate thermalization
hypothesis dictates that local properties of generic eigenstates
mirror the behavior of a thermal ensemble. In the left column
of Fig. 4, we plot the distribution of the local magnetization
〈2Ŝzi 〉 for all sites i, fixed L1, W , and various L2. We do not
observe a thermal peak at 〈2Ŝzi 〉 = 0 but a strong pinning
around 〈2Ŝzi 〉 = ±1. Overall the distribution is symmetric
around 〈2Ŝzi 〉 = 0. This illustrates that the eigenstate ther-
malization hypothesis is prominently violated and that the
system is localized. To quantify the strength of the pinning
to 〈2Ŝzi 〉 = ±1 and thus non-ergodicity in the MBL phase
more clearly, we plot in the right column of Fig. 4 the fraction
of the spectrum of |〈2Ŝzi 〉| that lies below a given threshold.
Varying the threshold from 0 to 1 (which correspond to the
middle and the ends of the spectrum of 〈2Ŝzi 〉, respectively)
we find that only extremely little weight (less than 10%) does
lie within a window of 5% around the ends of the spectrum.
Furthermore, the growth of weight as one approaches the end
of the spectrum is faster than exponential, underlining the
extreme pinning of the expectation values of the local spins to
〈2Ŝzi 〉 = ±1.

Discussion. Our findings provide further evidence for many-
body localization of systems in higher than one dimension.
In particular, we studied the behavior of the entanglement
entropy as the two-dimensional limit is approached and estab-
lished a rigorous area law scaling as L2 is increased at fixed
L1 > L2. We employed an accurate tensor-network based
method that circumvents most of the criticism applicable to
other approaches such as weak coupling expansions or approx-
imate effective representations like the `-bit picture, which
are very powerful but hard to converge in two dimensions.
It is often argued that ultimately many-body localization is
unstable in higher than one dimension, which can can now be
further refuted due to our findings.

The area law in localized systems renders them an ideal
playground for a tensor-network approach whose accuracy
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10−4

10−3

10−2

10−1

100

fr
ac

ti
on

b
el

ow

L2 = 6

0.95 1

10−1

100

0.95 1

10−1

100

0.95 1

10−1

100

Fig. 4. Distribution of the magnetization 〈2Ŝz
i 〉 in high-energy eigenstates for L1 =

30, different L2, and W = 100. Due to the lack of ergodicity, the eigenstate
thermalization hypothesis is violated. We do not observe a peak at 〈2Ŝz

i 〉 = 0 but a
strong pinning around 〈2Ŝz

i 〉 = ±1. This is illustrated more clearly by plotting the
fraction of values |〈2Ŝz

i 〉| that lie below a given threshold.

and complexity grows with the amount of entanglement in
the system. However, the numerical effort is still substantial,
since the complexity to capture an area-law in two dimensions
roughly corresponds to the one of a volume law in 1d. On
the other hand, the amount of entanglement decreases with
the strength of the disorder, and a ‘sweet spot’ can be found
trading disorder strength for system size. By exploring the
scaling with respect to system size at this sweet spot, we
can extrapolate a finite critical disorder strength where the
transition to the ergodic phase occurs and as a consequence
rigorously establish many-body localization in two dimensions.

The methodology put forward in this work can be applied
straightforwardly to other systems such as those subject to
a quasi-periodic instead of a random potential, which are
currently in the experimental focus. Future investigation could
point out similarities and possibly differences of many-body
localization in varying dimensions, e.g., the transport behavior
and the perspective of MBL in 2d for the imminent age of
noisy intermediate-scale quantum computing (41, 42). Finally,
if two dimensions are not enough to suppress the presence of
a many-body localized regime, it begs the question: Is there a
finite dimensionality dc at which MBL indeed will be unstable?

Materials and Methods

In a one-dimensional system of size L, any state can be expressed
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Fig. 5. Left panel: Rescaled energy variance ∆E/E2 of high-energy eigenstates as a function of the DMRG-X sweeps for a system of length L1 ∈ {10, 30}, width L2 = 6,
and open boundary conditions for two different disorder strengths W ∈ {100, 200}. The local bond dimension χ is successively increased until ∆E/E2 has sufficiently
converged. By exploiting U(1) symmetries, we can work with values as large as χ = 64. Right panel: Scatter plot of the energy variance at the end of the DMRG-X sweeping
procedure. The individual data points correspond to all parameter sets {L1, L2,W} shown in Fig. 2. For fixed L2, the disorder strength W increases from left to right. The
different colors indicate the final value of the local bond dimension for the corresponding parameters. The solid and dashed lines illustrate which data points correspond to the
four parameter sets shown in the left panel.

in terms of a matrix-product state,

|Ψ〉 =
∑
{σi}

tr(Aσ1 · · ·AσL )|σ1 . . . σL〉, [3]

where σi denotes a local basis such as the eigenbasis of Ŝzi . The max-
imum size χ of the matrices Aσi is called the local bond dimension
and encodes the amount of entanglement in the state.

We employ the so-called DMRG-X technique to determine a
highly-excited eigenstate of the Hamiltonian in Eq. (1). The key
idea is to start out in a random product state that is an eigenstate of
Ĥ in the limit of large hi. Thereafter, the matrices Aσi are updated
successively from left to right (and vice versa) by so-called DMRG
sweeps. In contrast to a variational ground state calculation, we
do not choose the lowest-energy state during each update but pick
the state which has maximum overlap with the prior one (37). This
accounts for the fact that localized eigenstates which have similar
energy differ vastly in their spatial structures.

The local bond dimension χ is successively increased after each
20 sweeps (see the left panel of Fig. 5). The calculation is stopped
whenever the rescaled energy variance has sufficiently converged.
By implementing the DMRG-X approach using U(1)-symmetries,
we can reach a maximum value of χ = 64. This allows us to obtain
eigenstates with an energy variance close to machine precision for
almost all parameter sets {L1, L2,W} shown in this paper (see the
right panel of Fig. 5).

In order to apply the DMRG-X, our two-dimensional lattice
is first transformed into a one-dimensional chain in a snake-like
fashion (see Fig. 1). Due to this mapping, the Hamiltonian contains
long-range terms. We choose a scheme where the snake connects
the bottom of each column to the top of the next column, which has
the distinct advantage that the local bond dimension of the matrix
product operator that represents Ĥ, which scales linearly with L2,
is reduced compared to the standard approach where subsequent
columns are traversed in the opposite order.
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While writing up this manuscript, Ref. (43) appeared which
analyzes a similar question but with a different focus and method-
ology.
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9. Serbyn M, Papić Z, Abanin DA (2013) Universal slow growth of entanglement in interacting

strongly disordered systems. Phys. Rev. Lett. 110(26):260601.
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