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Magic-angle twisted trilayer graphene (MATTG) recently emerged as a highly tunable platform
for studying correlated phases of matter, such as correlated insulators and superconductivity. Su-
perconductivity occurs in a range of doping levels that is bounded by van Hove singularities which
stimulates the debate of the origin and nature of superconductivity in this material. In this work,
we discuss the role of spin-fluctuations arising from atomic-scale correlations in MATTG for the su-
perconducting state. We show that in a phase diagram as function of doping (ν) and temperature,
nematic superconducting regions are surrounded by ferromagnetic states and that a superconducting
dome with Tc ≈ 2 K appears between the integer fillings ν = −2 and ν = −3. Applying a perpendic-
ular electric field enhances superconductivity on the electron-doped side which we relate to changes
in the spin-fluctuation spectrum. We show that the nematic unconventional superconductivity leads
to pronounced signatures in the local density of states detectable by scanning tunneling spectroscopy
measurements.

Introduction. — Since the discovery of superconduc-
tivity and correlated insulating states in magic-angle
twisted bilayer graphene (MATBG) [1, 2], twisted van
der Waals materials have become indispensable for the
design of novel quantum materials at will [3]. In the
quickly developing field of twistronics [4], tremendous
theoretical [5–24] and experimental [25–44] efforts have
been undertaken to unravel the nature of strong cor-
relations [45, 46] and to access new moiré engineered
structures with twisted double-bilayer graphene [47–
50], twisted trilayer graphene [51–55], transition metal
dichalcogenide homo- and heterobilayers [56–60] as well
as other materials [61–63] at the frontier of condensed
matter research [3].

These systems are fascinating because of the precise
control of electronic properties and correlations that
can be achieved by tuning twist angle [1, 2], doping
level [1, 2, 25], temperature [26, 27], pressure [28, 64] and
external screening [29–31, 65]. The appearance of almost
flat bands at so-called “magic angles”, first predicted in
early theoretical works [66–69], puts a variety of exotic
correlated phases within experimental reach, including
correlated insulators [25–30, 35, 38–44], orbital ferromag-
netism [25, 36, 37, 70] and magnetic field induced Chern
insulators [31–34, 71].

Among the findings that have sparked the most in-
terest in the field of twistronics is the discovery of ro-
bust and reproducible superconductivity in MATBG [1,
25, 28], with preliminary evidence for possible su-
perconductivity also present in twisted-double bilayer
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graphene [47–49], ABC trilayer graphene aligned to
hexagonal boron nitride [72] and twisted transition metal
dichalcogenides [56]. Very recently, another graphitic
moiré system that features reproducible, highly tunable
superconductivity (as well as correlated insulators) has
been discovered: magic-angle twisted trilayer graphene
(MATTG) [51–53], where the twist angle alternates by
+θ and −θ between each graphene layer [see Fig. 1 (a)].
Experiments on MATTG find superconductivity at dop-
ing levels between integer fillings of ν = −2 and ν = −3,
where ν corresponds to the number of electrons per moiré
unit cell relative to charge neutrality [51–53]. Addition-
ally, Refs. 51 and 53 report superconductivity between
fillings of ν = 2 and ν = 3, which is much weaker
in Ref. 52 but can be stabilized upon application of a
perpendicular displacement field. Furthermore, displace-
ment fields are found to give rise to additional super-
conducting features between fillings of ν = 1 and ν = 2
and between ν = −1 and ν = −2 [51]. This demon-
strates that (i) superconductivity in MATTG seems to
preferentially appear in between integer fillings of the flat
bands and that (ii) superconductivity in MATTG can be
readily tuned through a perpendicular displacement field,
which makes MATTG a particularly attractive platform
for studying strongly correlated physics.

The coexistence of correlated insulating and supercon-
ducting states in MATTG has further elicited questions
about their intrinsic relationship in graphene-based moiré
materials. In particular, the question of whether the su-
perconducting states are of unconventional nature and
driven by electron-electron interaction, or conventional
and mediated by electron-phonon coupling, is still in-
tensely debated at the moment even for MATBG [24, 30,
46].
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The aim of this work is to shed light on this contro-
versial question by presenting how unconventional super-
conductivity in MATTG can arise from spin fluctuation
exchange on the atomic scale. Starting from a fully atom-
istic tight-binding description of the system, we investi-
gate the effect of long-ranged electron-electron interac-
tions on the phase diagram of MATTG. To this end, we
derive a microscopic pairing interaction Γ̂2 in the fluc-
tuation exchange approximation (FLEX) and solve the
non-linear Bogoliubov-de Gennes equations as function
of filling and temperature. Our results indicate that spin-
singlet superconductivity can be driven by magnetic fluc-
tuations in between integer fillings. At the same time,
superconductivity is shown to depend sensitively on the
value of the carbon pz Hubbard-U , which is influenced
by experimental details such as environmental screening
and the application of fields, and that it can be moved
from one between-integer filling to another flexibly. For
a suitably chosen interaction strength and without a dis-
placement field, we find superconductivity is strongest in
between fillings of ν = −2 and ν = −3 (with critical tem-
perature Tc ≈ 2 K) as well as around ν = +2 + δ, while
being surrounded by ferromagnetic insulating states. We
show that, for fixed interaction strength, a perpendicular
electric field weakens the superconducting dome with on
the hole-doped side, but enhances superconductivity at
doping levels around ν = +2+δ. Hereby we demonstrate
that correlated and superconducting features driven by
electronic interactions in MATTG are highly tunable by a
perpendicular electric field which corroborates recent ex-
perimental findings [51–53], in particular those of Ref. 52.
We then analyze the nature of the superconducting state
further and show that according to our atomistic calcula-
tions MATTG hosts unconventional, nematic d-wave su-
perconductivity that displays clear signatures of C3 sym-
metry breaking in the local density of states.

Atomic, Electronic and Magnetic Structure. — We
investigate MATTG with alternating twist angles of
±1.61° between adjacent sheets, as schematically de-
picted in Fig. 1 (a). This twist angle is very close to
the magic angle of 1.54° which exhibits the smallest flat
band width. The atomic positions of MATTG are re-
laxed using classical force fields (see Supplementary Ma-
terial I) [73–76]. We find that the central layer remains
flat, while the atoms of the outer layers undergo signifi-
cant out-of-plane displacements, which is in good agree-
ment with other work [77–79].

As shown in Fig. 1 (b), we find that for θ = 1.61°,
the low-energy electronic structure of MATTG consists
of a set of flat bands (similar to MATBG), which are
intersected by a Dirac cone with a large Fermi veloc-
ity [77, 79–81] compared to the flat band kinetic energy
scales. Comparison with our ab initio DFT calculations
at charge neutrality (see Supplementary Material II and
Methods) and those of Lopez-Bezanilla and Lado [79]
for MATTG shows that an onsite potential of −35 meV
needs to be included on the twisted middle layer to re-
duce the energy of the flat bands such that they intersect

the Dirac cone below the Dirac point.

To include the effects of long-ranged electron interac-
tions we employ a two-fold strategy [82, 83]. First, we
treat the long-ranged part of the electron interactions us-
ing a self-consistent Hartree theory in the atomistic tight-
binding framework (see Supplementary Material III, IV
and Methods) [5, 82, 84–86]. Through the Hartree po-
tential, the electronic structure of MATTG acquires a
filling dependence, which shifts the normal state elec-
tronic bands to higher or lower energies depending on
the doping level. We show in Fig. 1 (b) that the disper-
sion of the flat bands of MATTG are indeed very sensitive
to long-ranged electron interactions: removing electrons
lowers the K-point energies of the flat bands relative to
the Γ-point, which is similar to the doping dependence of
MATBG [5, 82, 84–86], and is accompanied by a global
shift of the flat bands relative to the Dirac cone to more
negative energies. In contrast, adding electrons increases
the K-point energies of the flat bands relative to the Γ-
point, and shifts the whole flat band manifold to higher
energies relative to the Dirac cone. The Dirac cone with
its large Fermi velocity is insensitive to long-ranged elec-
tron interactions.

The local density of states in the outer layer of
MATTG, as shown in Fig. 1 (c) for a doping level of
ν = −2.5, exhibits large peaks in the AAA regions for
energies within the range of the flat bands (the conduc-
tion flat band CFB and valence flat band VFB). This
behaviour is consistent with the earlier prediction that
the flat-band physics in MATTG is similar to that of
MATBG [81]. Although the flat bands have their largest
spectral weight in the central layer, significant weight
is distributed on the outer layers leading to pinning of
the van Hove singularities associated with the flat bands,
which we predict should be observable in scanning tun-
neling microscopy (STM) experiments. This is shown in
the left panel of Fig. 1 (c), where the flat bands give rise
to C3 symmetric signatures in the LDOS. At larger en-
ergies (remote conduction band RC1 and remote valence
band RV1), the states become more delocalized [see right
panel of Fig. 1 (c)].

Having captured the effect of long-range electron-
electron interactions in the doping-dependent band struc-
ture, as a second step we study the influence of the re-
maining short-ranged terms, i.e., a repulsive Hubbard-
U , by calculating the atomistic susceptibility χ̂0 in the
magnetic channel. To this end, we employ the random
phase approximation (RPA) in its static, long-wavelength
limit [8, 9] (see Methods). For given filling and temper-
ature (ν, T ), the magnetic susceptibility χ̂0 contains in-
formation about (i) the critical interaction strength Uc,
that is the minimal value of U needed to drive the system
from the paramagnetic regime (U < Uc) into magnetic
order (U ≥ Uc) and (ii) the type of magnetic order de-
pending on the distribution of magnetic moments in the
moiré unit cell.

In Figure 1 (e) we show Uc as a function of filling at
T = 1.3 K. The color maps indicate the type of magnetic
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ordering [yellow: antiferromagnetic (AFM) and red: fer-
romagnetic (FM)]. We find that small values of Uc are ob-
served at (or close to) the integer fillings ν = ±3,−2,±1
driving FM order. Small values of Uc indicate that the
system is very susceptible to this kind of magnetic or-
der as already a small interaction value U is sufficient
to trigger the magnetic instability. Interestingly, for
ν = −3,−2,±1 these dips in Uc are surrounded by AFM
regions exhibiting a much larger Uc. Such behaviour was
previously observed in MATBG [7] and indicates that,
depending on the value of the Hubbard-U , these AFM
instabilities may not be strong enough to actually occur,
which opens the door for possible spin-fluctuation medi-
ated superconductivity.

To investigate the influence of an external, perpendic-
ular electric field, we set the onsite energies of the outer
layers to ∆D = ±30 meV, which models the presence of a
displacement field similar in magnitude (see Supplemen-
tary Material IV) to that applied in the experiments of
Ref. 52 to achieve their highest superconducting transi-
tion temperatures. In Figure 1 (f) we show the same
RPA analysis for this additional interlayer potential. In
contrast to what was found without an electric field, we
now observe small values of Uc close to ν = +2 elec-
trons. We observe an increase in the small value of Uc

at ν = +1, and the value at ν = +3 remains relatively
unchanged by the displacement field. Moreover, on the
hole-doped side Uc is increased strongly almost over the
whole doping range, which is where the lowest values of
Uc were observed without a displacement field. Interest-
ingly, now an AFM region which is surrounded by FM
regions emerges around ν = +2.5. Within this AFM re-
gion, Uc is large, which yields a paramagnetic phase with
AFM fluctuations for U < Uc.

Spin-fluctuation induced Superconductivity. — To
model superconductivity in MATTG, we derive a micro-
scopic pairing interaction Γ̂2 in the fluctuation-exchange
approximation (FLEX) that incorporates effects of trans-
verse and longitudinal spin-fluctuations. We then solve
the non-linear Bogoliubov de-Gennes (BdG) equations
self-consistently, using the full atomistic FLEX pairing
vertex (for details see Method section and Supplemen-
tary Material VII, VIII).

When MATTG is doped near ν = −2.5 in the absence
of a displacement field, our unconventional BCS theory
reveals nematic superconductivity that originates from
AFM spin-fluctuation exchange. As shown in Fig. 1 (d),
as a function of filling and temperature, the system fea-
tures a superconducting dome enclosed by FM instabili-
ties at integer fillings ν = −2 and ν = −3. The transition
temperature of the superconducting phase is substan-
tially influenced by the spin-fluctuation spectrum. As
AFM tendencies are weakened with increasing temper-
ature and FM instabilities dominate around the integer
fillings, the superconducting region is effectively confined
between ν = −2 and ν = −3 with an upper critical tem-
perature of Tc ≈ 2 K. For even larger temperatures, the
flat bands of the system are no longer resolved due to

temperature broadening and the system continuously re-
turns to ordering tendencies inherited from the untwisted
system [9]. This can be clearly recognized by the FM or-
dering tendencies disappearing at high T .

The driving force behind this superconducting phase
originates from low-energy AFM spin-fluctuations [87]
that can provide an attractive potential for electrons in
MATTG. The non-uniform real-space profile of the spin-
mediated pairing vertex Γ̂2 in the moiré unit cell (see
Supplementary Material VII) shows that these attractive
components are strongest on nearest-neighbor bonds in
the single graphene sheets of MATTG, thus suggesting
in-plane Cooper pairs. The low-energy spin-fluctuations
are strengthened in the vicinity of the magnetic insta-
bility, i.e., when the value of the repulsive Hubbard-U
is slightly below the critical interaction strength U <∼
Uc. The system then remains paramagnetic and spin-
fluctuation exchange can provide the pairing glue for un-
conventional spin-singlet superconductivity between the
integer fillings. At the same time, singlet Cooper pairs
may not be relevant close to the FM instabilities as the
effective interaction Γ̂2 is purely repulsive in the singlet
channel.

The only free parameter in our approach is the value
of the Hubbard-U , which cannot easily be extracted
from first-principles due to the large number of atoms
in the moiré unit cell. Besides, transport measurements
are very sensitive to the dielectric environment which
may screen the interactions more strongly. This can be
achieved by, for example, varying the distance between
the MATTG sample and the metallic gate(s) [30, 65], us-
ing a dielectric substrate with larger dielectric constant
or placing an AB stacked graphene bilayer in the im-
mediate vicinity of the sample [29]. In our study, we
adopt U = 5.1 eV, which is a realistic value for graphene-
based materials obtained from first-principles calcula-
tions [88, 89]. Choosing this particular value of the Hub-
bard interaction supports spin-fluctuation induced super-
conductivity for ν = −2 − δ on the hole-doped side and
ν = +2+δ on the electron-doped side, which is schemati-
cally visualized by the blue superconducting (SC) domes
in the top panel of Fig. 1 (e). Based on our argument, we
propose that the superconducting instabilities can shift
to different fillings if the dielectric screening reduces the
Hubbard-U to smaller values. For example, if the inter-
action strength is screened to U = 4.4 eV as visualized
by the green dashed line in Fig. 1 (e), superconducting
domes shift towards AFM regions in the phase diagram
where U <∼ Uc. As can be seen in the top panel of the
same Figure, this results in the formation of two super-
conducting domes (green) at fillings ν = −1 − δ on the
hole doped side and at ν = +1− δ on the electron doped
side.

As recent experiments have demonstrated the displace-
ment field tunability of the superconducting phase [51,
52], we further investigate the system in the presence of
an electric field (∆D = ±30 meV), with the results shown
in Fig. 1 (f). We observe that the spin-fluctuation spec-
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FIG. 1. Unconventional superconductivity in magic-angle twisted trilayer graphene (MATTG). (a) The atomic
structure of MATTG consists of three superimposed graphene sheets. While the outer graphene sheets are aligned (AA stacked)
and untwisted, the inner layer (black) is twisted at an angle θ (−θ) relative to the lower (upper) sheet. (b) Band structure
of MATTG at θ = 1.61°. Long-range electron-electron interactions are taken into account through Hartree corrections that
lead to a doping-dependent band structure. The flat band dispersion is strongly affected by the filling factor ν (blue: ν = +3,
black: ν = 0, red: ν = −3), whereas the Dirac cone remains unaffected. (c) Local density of states (LDOS) in the outer
layer of MATTG for ν = −2.5. The left panel clearly shows that the flat bands are mostly localized in the AAA regions.
The right panel shows the spatial distribution of the LDOS in the top layer at energies of the remote valence band (RV1),
remote conduction band (RC1), valence flat band (VFB) and conduction flat band (CFB), reflecting the C3 symmetry of the
non-interacting Hamiltonian. (d) Phase diagram of MATTG for θ = 1.61° around ν = −2.5. Our numerical calculations reveal
a superconducting dome driven by low-energy AFM spin-fluctuations that ranges from ν = −2.35 to ν = −2.7 with an upper
critical temperature of Tc ≈ 2 K. The average amplitude of the order parameter |∆̄| is reduced with increasing temperature and
vanishes towards the integer fillings ν = −3 and ν = −2, where ferromagnetic phases (FM) dominate. At high temperatures,
the system remains paramagnetic (PM). (e,f) Magnetic correlations in MATTG at zero (left) and nonzero ∆D = ±30 meV
(right) perpendicular displacement field. The lower panel displays the critical Hubbard interaction strength Uc needed for the
onset of magnetic order as a function of filling. The type of magnetic order is color-coded (red: FM, yellow: AFM). The upper
panels display a sketch [which is confirmed quantitatively for filling between ν = −3 and ν = −2 in (d)] of parameter regions
that can host unconventional SC driven by AFM spin-fluctuations for U ≈ 5 eV (dashed black horizontal line). As magnetic
interactions can only provide the pairing glue for superconductivity as long as the system remains paramagnetic, i.e. U < Uc,
this mechanism supports SC at ν = −2 − δ and around ν = +2 + δ. Applying an electric field to the sample (panel (f))
enhances superconducting regions at the electron-doped side at ν = +2 + δ.

trum undergoes major changes such that superconduc-
tivity is enhanced at the electron-doped side and a su-
perconducting dome spreads over almost the entire filling
range between ν = +2 and ν = +3, which is in agreement
with recent experimental findings [51, 52]. This highly
tunable filling dependence of the superconducting domes
under the influence of an electric field is caused by modi-
fications in the low-energy bandstructure of MATTG [79]
and hence the spin-fluctuation spectrum. As depicted in
Fig. 1 (e,f), FM insulating states move to the electron
side at ν = +2,+3 and the vacated phase space in be-
tween is taken over by superconducting domes driven by

AFM fluctuations in the paramagnetic phase. We relate
these findings to those of the experimental reports [51, 52]
in more detail in the discussion section below.

Nematic superconducting order. — Next, we analyze
the nature of the superconducting spin-singlet order pa-
rameter ∆̂ that is obtained from our atomistic BCS the-
ory for unconventional superconductivity (see Method
section for details). We concentrate on U = 5.1 eV,
T = 0.2 K and ν = −2.5, firmly placing the system in a
superconducting state. Here, the superconducting order
shows clear nematic signatures of C3-symmetry break-
ing on the atomic (carbon-carbon) bond scale and the



5

FIG. 2. Properties of the superconducting order parameter in MATTG for ν = −2.5 and T = 0.2 K. (a) Spatially
resolved atomistic gap |∆(ri)|/max{|∆(ri)|} in the outer layer of MATTG. Our analysis reveals three degenerate real-valued
ground states that break C3 rotational symmetry on the moiré scale along the nematic axis C2 (black arrow). (b) Layer-wise
representation of the order parameter field. The value of |∆(ri)| is larger by a factor of ∼ 10 in the middle layer compared to
the outer layers with most weight being concentrated in the AAA regions. The phase of the superconducting gap is shifted by
π between single layers. Additionally to the nematicity on the moiré scale, we find strong local atomic-scale nematicity in the
orientation of the d-wave components τ (ri) (black streamlines). The moiré nematicity is clearly visible due to the emergence

of a vortex-antivortex pattern near the AAA regions. (c) Local density of states (LDOS) in the superconducting state ∆̂3 from
panel (a) in the AAA region of the outer layer of MATTG. Peaks at selected energies (1)-(4), which correspond to flat bands
being gapped by the order parameter, show clear signatures of C3 symmetry breaking. In subpanel (2) the influence of the C2

nematic axis is visible: States are pushed out of the AAA regions along its direction and accumulate on both sides where the
gap amplitude vanishes. (d) Strength of the superconducting order and its projections on the honeycomb d-wave components
as a function of the Hubbard-U . The d-wave order parameter increases exponentially as function of interaction strength U . The
s+ projection has negligible weight. (e) Free energy of all complex superpositions of the real-valued irreducible representations
dxy and dx2−y2 . The minima in free energy occur for the real-valued nematic solutions (and their U(1) transformations) only.

moiré length scale, see Fig. 2 (a,b). First, the spa-
tially resolved order parameter amplitude |∆(ri)| ob-

tained from averaging the order field ∆̂ = ∆ij over
nearest-neighbor bonds, and shown in Fig. 2 (a), de-
picts clear signatures of C3 symmetry breaking on the
moiré scale. The nematic superconducting ground-state
is three-fold degenerate consisting of three order param-
eters with nematic axis C2 varying by rotation around
120◦. All three states are degenerate in free energy,
thus breaking the original C3 symmetry of the Hamil-
tonian spontaneously. Furthermore, we find that the or-
der parameter is completely real-valued and thus restores
time-reversal symmetry (TRS) in contrast to any chiral
dx2−y2±idxy superconducting state. In fact, we find that
complex-linear combinations of the d-wave components
∆ij = cos(θ)f ijdx2−y2

+ sin(θ)eiφf ijdxy
are energetically dis-

favored [see Fig. 2 (e)]. The amplitude distribution of
the order parameter is strongly enhanced in the AAA re-
gions along the nematic C2 axis in the middle layer of
MATTG and is a factor of ∼ 10 smaller in the outer two
layers as depicted in Fig. 2 (a). At the same time, the or-
der parameter vanishes in the ABA and BAB regions as

expected due to the lack of states in the non-interacting
Hamiltonian.

In addition, we characterize the superconducting or-
der parameter on the atomic scale, where the symmetry
is given by the D6h point group of the single graphene
sheets. As the FLEX pairing vertex Γ̂2 is most attractive
on nearest-neighbor bonds, we project the gap onto the
complete basis set fη spanned by the irreducible repre-
sentations of D6h, which consists of the extended s-wave
η = s+ and two d-wave components dxy and dx2−y2 , see
Methods. Our analysis reveals that the real-valued or-
der parameter shows nematic d-wave characteristics with
vanishing s-wave amplitude, similar to atomistic calcu-
lations in MATBG [7, 90]. To this end, we define a
real-valued two-component vector for each carbon atom
τ (ri) =

∑
j ∆ij(f

ij
dx2−y2

, f ijdxy
)T that captures the spa-

tially varying orientation in the d-wave components and
is displayed as streamlines in Fig. 2 (b). There exists
a local d-wave nematicity on the carbon-carbon bond
scale that forms a vortex-antivortex structure close to
the AAA and ABA/BAB regions and is aligned to the C2

nematic axis on the moiré scale. Interestingly, the phase
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FIG. 3. Quasiparticle density of states (DOS) in the superconducting phase of MATTG for ν = −2.5 and
T = 0.2 K. (a) The density of states in the superconducting state captures fermionic quasiparticle excitations with energies

±En,k ≈ ±
√

(εn,k − µ)2 + |∆n,k|2 that result in the DOS being particle-hole (ph) symmetric. In the DOS of all layers (black
line), we find clear and separate features of the Dirac cone (highlighted by the red line) and the flat bands: While the flat
bands are fully-gapped on an energy scale of ∼ 1 meV (black line), the Dirac cone leads to separate linear signatures ∼ |E|
(green dahsed line) in the DOS. The partial DOS of the middle layer of MATTG (grey line) shows no contribution from the
Dirac cone’s DOS ∼ |E|, but contains contributions of the flat bands only. This is in agreement with the Dirac cone having
dominant spectral weight in the outer layers, whereas the flat bands dominate in the middle layer. (b,c) Quasiparticle energy
landscape E(k) as function of momentum in the Brillouin zone of MATTG. In the superconducting phase, the Dirac cones
at K and K′ each show two nodes in the quasiparticle spectrum reflecting the C3 symmetry breaking nature of the nematic
superconducting phase in momentum space. These nodes become distinguishable by the dark blue regions in (c) indicating the
vanishing gap amplitude |∆n,k| → 0 as the quasiparticle energies approach E(k)→ 0. (d) Schematic sketch of the Dirac cone

in the normal-state (upper panel) and superconducting phase (lower panel). In the non-interacting case ∆̂ = 0 and at filling
ν = −2.5, the chemical potential (yellow plane) cuts the Dirac cone at energies higher than the Dirac point such that the tip
of the Dirac cone is mirrored by ph-symmetry and the Fermi surface consists of a ring (black line). In the superconducting
phase, the quasiparticle spectrum shows two nodes at this Fermi surface (green arrows), but is gapped away from these points.

of τ i from the middle to the outer layers of MATTG is
shifted by π, which is a consequence of the interlayer re-
pulsion in the normal-state Hamiltonian. This π-locked
Josephson coupling was previously also observed between
the two graphene sheets in MATBG and is expected to
stabilize the nematic phase. [7, 90, 91].

The averaged amplitude of the nematic superconduct-
ing order parameter |∆̄| = 〈|∆(ri)|〉 is sensitive to the
choice of the Hubbard-U with respect to the critical
interaction strength Uc predicted by the RPA analy-
sis. In Figure 2 (d), we show that for ν = −2.5 and
T = 0.2 K nematic superconductivity is only present if
U − Uc

<∼ 0.1 eV in our approximation. Approaching
the magnetic instability U → Uc, the overall amplitude
of the pairing interaction Γ̂2 increases and the gap pa-
rameter grows exponentially as function of interaction
strength and density of states ρ(ε) on the fermi surface

∝ exp
[
− 1/(ρ(EF )|Γ̂2|)

]
as expected in a weak-coupling

theory. This also emphasizes the sensitivity of supercon-
ductivity to screening the interactions or to changes in
the spin-fluctuation spectrum, as for example by a dis-
placement field as demonstrated in Fig. 1 (e,f).

The nematic properties of the superconducting state
lead to clear signatures of C3-symmetry breaking in the
local density of states (LDOS). Figure 2 (c) depicts the
LDOS at the AAA region in the outer layer of MATTG.
We find that the superconducting state gaps the flat

bands in MATTG, while the highly dispersive Dirac cone
remains partially ungapped (within the energy resolution
0.01 meV of our calculations) as each Dirac cone shows
two nodes on the Fermi surface, see Fig. 3. As the gap
amplitude is largest in the AAA region along the nematic
axis C2, states are consistently pushed out of these re-
gions for low energies as shown in the sub panel (2) of Fig.
2 (c). For larger energies [sub panels (1), (3), (4)] the
system continuously goes back to a spectral weight dis-
tribution similar to the normal-state Hamiltonian shown
in Fig. 1 with a lower degree of C3 symmetry breaking.

To analyze the behavior of the Dirac cone and the flat
bands in more detail, in Fig. 3 (a) we show the den-
sity of states (DOS) in the superconducting phase ei-
ther for the full system (black thick line) and restricted
to the central layer (thin grey line). In the BCS for-
malism, condensation of Cooper pairs occurs on the en-
ergy scale of |∆̄|, whereas electronic excitations are de-
scribed in terms of fermionic quasiparticles with energy
±En,k ≈ ±

√
(εn,k − µ)2 + |∆n,k|2 that are shifted rela-

tive to the energies in the normal state εn,k by the order
parameter amplitude (in momentum-band space) |∆n,k|,
resulting in a particle-hole symmetric DOS. In the DOS
of all layers, we find separate features of the Dirac cone
(highlighted by the red line) and the flat bands. While
the flat bands are fully-gapped (black line), the Dirac
cone remains partially ungapped and leads to separate
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linear signatures ∼ |E| (red line).

First, the flat bands of MATTG are fully-gapped on
an energy scale of ∼ 1 meV (black line) corresponding
to the average gap amplitude |∆̄|. Although the gap
can reach values of 10 meV in the AAA regions where
it is strongly amplified, the DOS is sensitive only to the
spatially averaged value of the gap. Comparing this to
the density of states of only the middle layer (thin grey
line) illustrates that the Dirac cone has dominant weight
on the outer layers only: The linear contribution to the
density of states of all layers is not present in the central
layer and a true gap of ∼ 1 meV opens up. This shows
that the dominant contribution to the flat bands resides
in the central layer.

Next, we analyze the band splitting of the Dirac cones
by calculating the quasiparticle spectrum E(k) through-
out the Brillouin zone of MATTG, see Fig. 3 (b). The
Dirac cones located at K and K ′ each show two nodes
in the quasiparticle spectrum that reflect the C3 sym-
metry breaking of the nematic superconducting state in
momentum space. In Figure 3 (c), these nodes become
visible by the dark blue regions indicating the vanish-
ing gap amplitude |∆̄| → 0 as the quasiparticle energies
approach E(k) → 0. In Figure 3 (d) we sketch the sit-
uation close to the Dirac cone for the chosen filling of
ν = −2.5. The chemical potential (yellow plane) cuts
the Dirac cone at energies higher than the one of the
Dirac point such that the tip of the Dirac Cone is mir-
rored due to the particle-hole symmetry of the quasipar-
ticle spectrum and the Fermi surface consists of a ring
(black line). In the superconducting phase, the particle-
hole symmetric quasiparticle spectrum shows two nodes
on this Fermi surface [green arrows in panel (d)]. Away
from these nodes, the Dirac cone is slightly gapped. Col-
lectively, this leads to a linearly increasing DOS around
the Fermi-level, in contrast to the constant contributions
that would be present if the Dirac Cones remained com-
pletely ungapped.

Discussion. — Our work emphasizes the role of
spin-fluctuation exchange in the formation of super-
conducting instabilities in MATTG. By including both
long-ranged (Hartree) and short-ranged (Hubbard-U)
electron-electron interactions in our microscopic theory,
we find that without a displacement field, ferromag-
netic ordering dominates around integer fillings ν =
−3,−2,−1 and 1 even at relatively small interaction
strengths (U ≈ 3−4 eV). In between these integer fillings
stabilizing antiferromagnetic order requires a larger inter-
action strength (U ≈ 4 − 5 eV). Intriguingly, estimating
U from the monolayer graphene case puts the interac-
tion strength right at the border of these different order-
ing tendencies. This allows superconductivity mediated
by spin fluctuations in between integer fillings for values
smaller than the critical interaction required to stabilize
AFM order. This superconductivity is bounded by the
above mentioned stronger ferromagnetic order when ap-
proaching integer fillings, naturally restricting the region
of superconductivity to dome structures in a ν−T phase

diagram.
At zero electrical field, choosing, e.g., U = 5.1 eV

we find the strongest superconductivity for filling be-
tween ν = −3 and ν = −2 caused by low-energy
anti-ferromagnetic spin-fluctuations in the paramagnetic
phase. In this regime, superconductivity occurs within
a characteristic dome shape in the ν − T phase diagram
exhibiting a critical temperature of Tc ≈ 2 K. This is
also where Refs. 51 and 52 find clear signatures of a su-
perconducting state. A weaker superconducting feature
is predicted around ν = +2, which, however, within our
approach is not surrounded by ferromagnetic order. In
Ref. 51 superconductivity was reported at a similar fill-
ing, while Ref. 52 only finds very weak indications of su-
perconductivity around that filling without displacement
field.

Including a displacement field, ferromagnetic order is
weakened at the hole-side and strengthened at the elec-
tron side at least for integer fillings of ν = +2 and
+3, which we attribute to dramatic changes in the spin-
fluctuation spectrum. Superconductivity is strengthened
in between these fillings in agreement with Ref. 52. The
additional superconducting features, which appear only
in Ref. 51 at fillings between ν = +1 and +2 and in be-
tween ν = −1 and −2 deserve further study. At values of
U for which we can robustly argue for superconductivity
between ν = ±2 and ±3, antiferromagnetic order has al-
ready taken over at filling between ν = ±1 and ±2. This
might hint towards an insufficiency of our mean-field ap-
proach, overestimating the strength of antiferromagnetic
order due to the absence of quantum fluctuations and
neglecting interchannel feedback.

As next steps, we suggest the experimental scrutiny of
(i) the filling-dependence of the superconducting phase
when tuning the electronic interactions by screening [30]
and of (ii) the emergent nematicity. The latter should
yield clear signatures of C3-symmetry breaking in the
LDOS being accessible within STM measurements. Since
recent experimental work [53] suggests that the supercon-
ducting phase might be of non-spin-singlet type close to
the filling ν = −2.4, this also deserves further theoreti-
cal investigation in our approach as ferromagnetic spin-
fluctuations, which surround the SC dome in our phase
diagram, are known to drive spin-triplet SC phases [92].
Revealing the intrinsic interplay between spin-singlet and
spin-triplet phases is an exciting avenue of future re-
search.

METHODS

Moiré Structure. — The commensurate moiré unit
cell of twisted trilayer graphene (TTG) can be defined
using the same convention as twisted bilayer graphene
(TBG) [93]. We start from an AAA trilayer graphene
with a carbon atom of each layer residing at the origin of
the x−y plane, and twist the middle layer anti-clockwise
with respect to the encapsulating layers about the z-axis.
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This creates a structure with a single moiré pattern be-
cause of the alignment of the encapsulating layers.

For atomistic methods, commensurate moiré unit cells
must be constructed. Following Ref. 93, commensurate
moiré structures are defined by two integers n and m
which specify the twist angle, θ, via

cos θ =
n2 + 4nm+m2

2 (n2 + nm+m2)
. (1)

The corresponding moiré length scale is determined
through the twist angle via

L(θ) =
a0

2 sin(θ/2)
, (2)

where a0 is the lattice constant of graphene. For our
simulations, we use n,m = 20, 21 (θ = 1.61°) which leads
to a commensurate unit cell of size L(θ) = 8.59 nm that
contains N = 7566 carbon sites.

We relax the atomic positions of TTG using classi-
cal force fields implemented in LAMMPS [73]. For the
intralayer potential we use AIREBO-morse [75] and for
the interlayer potential we use Kolmogorov–Crespi po-
tential [74]. We take the lattice parameter of graphene
to be a0 = 2.42 Å, with further details of computational
parameters in Ref. 76.

Atomistic Modelling & Hartree Calculations. — In
real space, the atomistic tight binding Hamiltonian takes
the form

H0 =
∑

ij,σσ

H0
ijc
†
iσcjσ,

H0
ij = t(ri − rj).

(3)

The operator c
(†)
iσ annihilates (creates) an electron at site

ri with spin σ. The pz electrons are coupled via Slater-
Koster hopping parameters [93]:

t(d) = t‖(d) + t⊥(d)

t‖(d) = V 0
ppπ exp

(
−|d| − acc

δ0

)[
1−

(
d · ez
|d|

)2
]

t⊥(d) = V 0
ppσ exp

(
−|d| − d0

δ0

)[
d · ez
|d|

]2

.

(4)

Here, ez is a unit vector which points perpendicular to
the graphene sheets, d0 = 1.362 a0 is the vertical spacing
of graphite, δ0 = 0.184 a0 is the transfer integral decay
length, and acc = a0/

√
3 is the distance between two

nearest neighboring carbon atoms (in pristine graphene).
The term Vppσ = 0.48 eV describes the interlayer hopping
while Vppπ = −2.7 eV models the intralayer hopping.

To obtain good agreement with DFT calculations for
the electronic structure at charge neutrality, we add an
additional onsite energy term through

H∆
ii2 = −35 meV, (5)

where this term only exists on the inner, twisted layer
(2), as indicated by the subscript of the Hamiltonian.

We performed self-consistent Hartree tight-binding cal-
culations following the method outlined in Ref. 82. Full
details of the method have been outlined in the Supple-
mentary Material III for completeness, and readers can
also refer to Refs. [5, 84–86] for other models of TBG.
We utilise a 8×8 regular grid in the Brillouin zone to cal-
culate the electron density and a 11×11 set of moiré unit
cells to converge the Hartree potential in real space. An
on-site interaction of 17 eV is used with a 1/|r| potential
with a dielectric constant of 1 for all other interactions.
We work in the limit of zero temperature and employ a
linear mixing scheme to iteratively converge the set of
equations.

The full tight binding Hamiltonian consists of the fol-
lowing contributions

Ĥ = Ĥ0 + ĤH + Ĥ∆ + ĤE ,

H =
∑

ijσ

Hijc
†
iσcjσ.

(6)

The hopping terms are included through Ĥ0, Hartree in-
teractions are included through ĤH , the additional on-
site potential energy is included through Ĥ∆, and finally
an electric field is included through ĤE . Further de-
tails of the Hartree contributions and the inclusion of
the electric field can be found in the Supplementary Ma-
terial III, IV.

Density Functional Theory. — Density Functional
Theory (DFT) calculations were carried out using
ONETEP [94, 95] on large twist angle TTG structures,
see Supplementary Material II for results. We utilised
the Perdew-Burke-Ernzerhof exchange-correlation func-
tional [96] with projector-augmented-wave pseudopoten-
tials [97–99], a kinetic energy cutoff of 800 eV, and a min-
imal basis of four non-orthogonal generalized Wannier
functions per carbon atom. Due to the metallic nature
of TTG, we use the ensemble-DFT approach [100, 101].
Our calculations are converged such that the total energy
change between iterations is less than 25 meV.

Magnetic Susceptibility. — To account for magnetic
fluctuations, we add a Hubbard interaction acting on the
graphene pz orbitals in the Hamiltonian H:

HU = H + HI, HI =
∑

iσ

U ni,σni,σ̄. (7)

To treat the four-fermion term HI, we employ the random
phase approximation in the static, long-wavelength limit
q = (q, q0) → 0 as presented in Ref. 9. To this end, we
calculate the atomistic magnetic susceptibility χ̂0:

χ̂0 = χ̂0(q = q0 = 0) =
T

Nk

∑

k,k0

Ĝ(k, k0) ◦ Ĝ(k, k0)T.

(8)

The Green’s function Ĝ(k, k0) = Gij(k, k0) as a function
of Matsubara frequency k0, moiré momentum k is given
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by

Ĝ(k, k0) = (ik01− Ĥ(k) + µ1)−1, (9)

with Ĥ(k) the “non-interacting” tight-binding Hamilto-
nian including the Hartree corrections and µ is the chem-
ical potential corresponding to the filling factor used in
the Hartree potential.

From the extended Stoner criterion [102], we find that
the critical Hubbard-U needed for the onset of magnetic
ordering is given by Uc = −1/λ0, with λ0 being the lowest
eigenvalue of χ̂0. The magnetic ordering is proportional
to the corresponding eigenvector ~v0. For numerical eval-
uation of the Matsubara sum in Eq. (8), we use the ex-
act same frequency grid presented in Ref. 8 and thus are
able to take into account the effect of low-temperature
instabilities. We sample the moiré Brillouin zone with
Nk = 24 points for the RPA simulations.

Fluctuation-Exchange approximation. — To account
for pairing instabilities mediated by charge- and spin-
fluctuation exchange, we derive a microscopic pairing in-
teraction Γ̂2 in the fluctuation-exchange approximation
(FLEX) that incorporates effects of transverse and lon-
gitudinal spin-fluctuations. In terms of the full atomistic
RPA susceptibility χ̂0, the scattering between Cooper
pairs in the singlet channel is described by the pairing
vertex [87]

Γ̂2(q) = U1− U2χ̂0(q)

1+ Uχ̂0(q)
+

U3χ̂2
0(q)

1− U2χ̂2
0(q)

. (10)

For diagrammatic details on the derivation of the FLEX
pairing vertex, the reader may refer to the Supplemen-
tary Material VII. In the static, long-wavelength limit
q = (q, q0) → 0, the spatial profile of the long-ranged
interaction vertex strongly depends on the magnetic fluc-
tuations predicted by the RPA analysis, see Supplemen-
tary Material VII. The latter limit proves to contain the
relevant physics when starting with local repulsive inter-
actions. The RPA susceptibility χ̂0 predicts spin correla-
tions at length scales intermediate to the carbon-carbon
bond scale and moiré length scale, thus being described
by orderings at q = 0. The system hence shows the same
ordering tendencies in all moiré unit cells with variable
correlations present on the carbon-carbon bond scale.

Superconducting state. — To analyze the supercon-
ducting properties of the system, we decouple the effec-
tive pairing vertex Γ̂2 in mean-field approximation, allow-
ing only for symmetric spin-singlet bond order parame-
ters ∆ij = ∆ji due to the proximity to AFM tendencies
in between the integer fillings

∆̂(k) = ∆nm(k) = − 1

2N

∑

k′σ

Γ2,nm(k − k′, q0 → 0)

× σ〈cnσ(k′)cmσ̄(−k′)〉MF.

(11)

The resulting mean-field Hamiltonian can be rewritten

in the Nambu spinor basis ψ†k = (~ck↑ ~c
†
−k↓)

T. The full

2N -dimensional Hamiltonian for the spin-dependent pz
orbitals of the carbon atoms is of Bogoliubov-de Gennes
(BdG) form

HMF =
∑

k

ψ†k

(
Ĥ(k) ∆̂(k)

∆̂†(k) −Ĥ(−k)

)
ψ†k + const. (12)

The BdG bilinear form is diagonalized by a block-
structured unitary transform Ûk

HMF =
∑

k

ψ†k

(
Ĥ(k) ∆̂(k)

∆̂†(k) −Ĥ(−k)

)
ψ†k

=
∑

k

(
Ûkψk

)†(Êk 0

0 −Êk

)(
Ûkψk

)

Ûk =

(
ûk −v̂k
v̂∗k ûk

)
and Û†kÛk = 1.

(13)

The matrices ûk (v̂k) are N×N matrices, which describe
the particle (hole) amplitudes of the fermionic Bogoli-
ubov quasiparticles γk with energies ±Ek. The latter
are defined as

(
γk,↑
γ†−k,↓

)
=

(
ûk↑ v̂k↑
−v̂∗k↓ ûk↓

)(
ck,↑
c†−k,↓

)
. (14)

Together with Eq. (11), this yields a set of non-linear
equations that needs to be solved self-consistently

〈ci↑(k)cj↓(−k)− ci↓(k)cj↑(−k)〉MF

=
∑

n

(
uni,k↑v

∗
nj,k↓ + vnj,k↑u

∗
ni,k↓

)
tanh

(
En,k
2T

)

(15)

To this end, we start with an initial guess ∆init
ij and it-

erate until convergence is achieved using a linear mixing
∆̂n+1 = (1 − α)∆̂n − α∆̂n−1 scheme to avoid bipartite
solutions in the fixed point iteration. In all of our cal-
culations, we set the relative error for convergence of ∆̂
to ε = 10−6 and set the mixing parameter to α = 0.2.
Here, we only account for the gap parameter ∆̂ at the Γ-
point of the Brillouin zone. This approximation may not
change the underlying physics significantly as our micro-
scopic interaction Γ̂2 in the static, long-wavelength limit
(q → 0) carries no momentum dependence and the size
of the Brillouin zone of MATTG is drastically reduced
due to the large real-space unit cell. Still, we checked
that our results do not change qualitatively when taking
a dense mesh with up to 24 k-points in the BZ into ac-
count. Furthermore, we track the free energy F of the
system for different initial guesses and during each self-
consistency run to ensure proper convergence of the BdG
algorithm, see Supplementary Material VIII.

To determine the local amplitude of the supercon-
ducting state from the bond-related order field ∆̂ =

∆ij , we introduce a three-dimensional vector ~∆(ri) =
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(∆i,i+δ1 ,∆i,i+δ2 ,∆i,i+δ3)T that contains the supercon-
ducting bonds to all (three) neighboring sites of the car-
bon atom located at ri. The norm of this order param-
eter field yields the lattice-resolved amplitude |∆(ri)|,
whereas the overall amplitude |∆̄| = 〈|∆(ri)|〉 follows
from averaging this quantity over all sites in the moiré
unit cell. Here, we only take the l = 1, 2, 3 nearest neigh-
bor carbon-carbon bonds δl into account. This is equiva-
lent to considering all superconducting bonds |∆̄| ≈ ||∆̂||
as nearest-neighbor sites are strongly favoured in terms of
attractive interaction generated by the spin-fluctuations
exchange mechanism, see Supplementary Material VII.

Symmetry classification of the gap parameter and
LDOS. — To characterize the superconducting order
parameter with respect to different pairing channels on
the atomic carbon-carbon bond scale, we project the or-
der parameter onto the complete basis set formed by the
irreducible representations of the D6h point group

∆η(n) =
∑

l

fη(δl)(cn↑cn+δl↓ − cn↓cn+δl↑), (16)

where η denotes different spin-singlet pairing channels:
the extended s-wave s+ and two d-wave components
dxy and dx2−y2 . The coefficients fη(δl) are form fac-
tors that correspond to the pairing channel and are ob-
tained by symmetrizing the bond functions δl with the
irreducible representations of the point group D6h of
graphene. The form factors are: s+ = (1, 1, 1)/

√
3,

dx2−y2 = (2,−1,−1)/
√

6 and dxy = (0, 1,−1)/
√

2. Here,
we only take the l = 1, 2, 3 nearest neighbor carbon-
carbon bonds δl into account, as they are dominant in
terms of attractive interaction strength, see Supplemen-
tary Material VII. The local density of states (LDOS) in
the superconducting phase is given by

ρi(ω) =
∑

k,n

|uni,k|2δ (ω − En,k) + |vni,k|2δ (ω + En,k) .

(17)
To this end, we assume that the gap does not change
significantly when calculated at different points in the
(mini)-Brillouin zone (BZ) such that ∆̂(k) ≈ ∆̂(k = 0).
Applying this Γ-point approximation, we diagonalize the

Nambu Hamiltonian Eq. (12) for up to 100× 100 points
in the BZ of MATTG. To speed up the convergence, we
use an adaptive momentum mesh that allows for finer
sampling around the K and K ′ points. The δ-function
in Eq. (17) is approximated by a Lorentzian kernel with
broadening η = 0.03 meV. The density of states (DOS) is
obtained from the LDOS by adding up the contribution
of all sites.
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I. STRUCTURAL RELAXATIONS

In Fig. 1 we display the out-of-plane corrugation that occurs upon relaxing TTG at 1.61°. At this angle, which is
close to the first magic angle of TTG, the z-displacements exhibit the largest effects as the unit cells are not large
enough for significant in-plane relaxations to occur [1]. We find that the inner, twisted layer essentially does not
undergo any out-of-plane relaxations. The outer layers undergo significant relaxations to minimise the energy of the
structure. In the AAA regions of the moiré unit cell, an interlayer spacing of almost 3.6 Å is reached; whereas in the
ABA (or ACA) regions of the moíre unit cell, the interlayer spacing is closer to 3.35 Å. These interlayer spacings
reflect the equilibrium bilayer stacking of AA and AB bilayer graphene, respectively.

(a) - Outer

3.35

3.40

3.45

3.50

3.55

z
(Å
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FIG. 1. Out-of-plane corrugation effects of TTG at 1.61°. (a) Outer layer above the middle, twisted layer. The lower
layer essentially has an identical relaxation pattern. (b) Inner, twisted layer. The inner layer is taken as the origin of the
z-axis.

II. DENSITY FUNCTIONAL THEORY

In Fig. 2, we show the band structures of TTG at 3.15° and 2.45° from DFT. The low-energy electronic structure
consists of a set of flat bands which intersect a Dirac cone with a large Fermi velocity. Overall, we find good agreement
between the DFT electronic structure and the atomistic tight binding model, which shall be described in the next
section. The main discrepancy is where the flat bands intersect the Dirac cone. In the DFT calculations, the flat
bands intersect the Dirac cone at lower energies than the Dirac point, but in the tight binding calculations they
intersect at higher energies than the Dirac point. To improve the model’s accordance with both our DFT simulations
and the ones from Ref. 2, we include an additional onsite potential energy that only acts on the middle layer of the
system −35 meV.
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FIG. 2. DFT band structure along the high symmetry path of the moiré Brillouin zone.

III. ATOMISTIC HARTREE THEORY

The method outlined here follows that of Ref. 3. Also see Ref. 4 for a similar method, or Refs. 5, 6 for continuum
model approach, or Ref. 7 for a orbital approach.

The long-ranged electron interaction contribution to the Hamiltonian can be included through

HH
ii =

∫
dr φ2

z(r − τ i)VH(r), (1)

where φz(r) is the pz orbitals of the carbon atoms and VH(r) is the Hartree potential of these orbitals. The Hartree
potential is calculated from the convolution of the electron density n(r) and the screened interaction W (r), given by

VH(r) =

∫
dr′W (r − r′)[n(r′)− n0(r′)], (2)

where n0(r) is a reference electron density of the uniform system. The electron density is determined through

n(r) =
∑

nk

fnk|ψnk(r)|2 (3)

where ψnk(r) is the Bloch eigenstate of the tight binding model, with subscripts n and k denoting the band index
and crystal momentum, respectively; Nk is the number of k-points in the summation of the electron density, and
fnk = 2Θ(εF − εnk) is the spin-degenerate occupancy of state nk (where εF is the Fermi energy and εnk is the
eigenvalue of that state). Inserting the Bloch states in Eq. (3) gives

n(r) =
∑

j

njχj(r), (4)

where χj(r) =
∑

R φ
2
z(r − τ j −R) (with R denoting the moiré lattice vectors) and the total number of electrons on

the j-th pz-orbital in the unit cell being determined by nj =
∑
nk fnk|cnkj |2/Nk, with cnkj denoting the coefficients

of the eigenvectors of the tight binding model.
The reference density is taken to be that of a uniform system, n0(r) = n̄

∑
j χj(r), where n̄ is the average of nj

over all atoms in the unit cell, which is related to the filling per moiré unit cell ν through n̄ = 1 + ν/N , where N is
the total number of atoms in a moiré unit cell [4]. This reference density is taken to prevent overcounting the intrinsic
graphene Hartree contribution which should be included in the hopping parameters.

In our atomistic model, we neglect contributions to the electron density from overlapping pz-orbitals that do not
belong to the same carbon atom, which is equivalent to treating φ2

z(r) as a delta-function. Therefore, we calculate
the Hartree on-site energies using

HH
ii =

∑

jR

(nj − n̄)WRij , (5)

where WRij = V0/|(R+ τ j − τ i)|, where V0 is the Coulomb potential energy scale with a dielectric constant of 1. If
R = 0 and i = j, we set W0,ii = 17 eV [8].
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To obtain a self-consistent solution of the equations, we use a 8× 8 k-point grid to sample the first Brillouin zone
to converge the electron density, and we sum over a 11× 11 supercell of moiré unit cells to converge the onsite energy.
Linear mixing of the electron density is performed with a mixing parameter of 0.1 or less. Typically, the Hartree
potential converges to an accuracy of better than 0.1 meV per atom within 100 iterations.

As mentioned in the main text, we find strong similarities between the effect of Hartree interactions in TTG and
TBG [3–7]. This is perhaps not surprising as TTG can be mapped onto a system that is TBG (at a different twist
angle) and a graphene layer [9], such that we might expect similar behaviour from the constitutive parts. We find the
flat bands are quite sensitive to the Hartree interactions, while the Dirac cone with large Fermi velocity is completely
insensitive to these interactions. Upon electron doping (as seen in the main text and later on), the flat band electronic
structure strongly distorts, with the states at the edge of the Brillouin zone increasing in energy relative to the states
at the centre. The converse is true for hole doping. While the Dirac cone with large Fermi velocity does not change
in energy at all upon doping inside the flat band energy range.

These strong band deformations arise because of the strongly peaked local density of states (LDOS) in the AAA
regions, with the strongest weights in the inner, twisted layer. Upon removing (adding) electrons, they are practically
only taken from (added to) the AAA regions. This localisation of the flat band LDOS gives rise to a strongly varying
Hartree potential, as was also found in TBG [3–7]. In Fig. 3 (c,d) we show that the Hartree potential is strongly
peaked in the AAA regions when 3 electrons are removed from 1.61° TTG. This Hartree potential substantially varies
with doping level but does not change significantly with twist angle, as summarised in Fig. 3 (a,b).

In Fig. 3 (a) we plot how the layer-dependent constant contribution to the Hartree potential (∆l) changes with
doping level for several twist angles. Interestingly, we find that the outer layers (1/3) have a zero constant contribution
(∆1/3 = 0) for all doping levels and twist angles. However, the central layer (2) has a constant contribution which
changes significantly with doping level, but hardly changes with twist angle. When doping within the flat bands, we
find that the constant contribution increases when electrons are added, but it becomes more negative when electrons
are removed. This occurs because of electrons mainly being added/removed from the central layer. The change in this
constant contribution is approximately linear (∆2 ≈ ∆′2ν) when doping inside of the flat bands. Doping the system
outside of the flat bands causes the magnitude of the constant contribution to decrease, which reflects the fact that
electrons are now being removed/added from the outer layers where the Dirac cone with large Fermi velocity resides.

In Fig. 3 (b) we plot the scale of the cosine contribution to the Hartree potential, as calculated by

Vl(ν) =

∑
i VH(ν, τ il) · vc(τ il)∑
j vc(τ jl) · vc(τ jl)

, (6)

where

vc(τ il) =
∑

j

cos(bj · τ il). (7)

Here bj is the three shortest reciprocal moiré lattice vectors [3] and note the summations only run over the atoms in
layer l. The scale of the cosine contribution to the Hartree potential is largest in the inner layer (2), as this is where
electrons are mainly being added/removed from. Doping the TTG inside of the flat bands causes an approximately
linear change on the cosine contribution to the Hartree potential (Vl ≈ V ′l ν), which is similar to TBG [3–7]. Upon
doping outside of the flat bands, the cosine contribution stops changing significantly as electrons are no longer being
added/removed from the peaked LDOS AAA regions.

The above Hartree potential can be well parameterised by the following equation

HH
iil ≈ ∆′lν + V ′l ν

∑

j

cos(bj · τ il), (8)

where ∆′l is the constant contribution on layer l, V ′l is the scale of the Hartree potential on layer l, ν is the doping
level, bj are the three shortest reciprocal lattice vectors, and τ il are the atomic positions of carbon atom i in layer
l. A similar form was used to parameterise the Hartree potential of TBG [3]. Note that the AAA regions have to
reside at the corners of the moiré unit cell for this equation to work - otherwise one must rigidly shift the potential
such that the peaks of the potential occur in the AAA region. This allows one to efficiently investigate other doping
levels and twist angles that are not calculated self-consistently, as the Hartree potential varies smoothly in ν-space
and does not change significantly in θ-space close to the magic angle. Note that these Hartree theory calculations
were not performed with the intrinsic symmetric polarisation potential.

In the RPA calculations described later, we take ∆′2 = 5 meV, V ′1/3 = 4 meV and V ′2 = 6 meV. This is slightly

smaller magnitude than the self-consistent calculations. Several factors can lead to smaller Hartree potentials. For
example, one should remove the onsite interaction for the RPA calculations, as Hubbard interactions are accounted
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FIG. 3. Hartree potential dependence on twist angle and doping level for the inner and outer layers. (a) Constant
contribution to the Hartree potential on each layer as a function of doping level for a number of twist angles. Legend shows the
layer (1/3 or 2) and the twist angle convention used for the symbols. (b) Cosine contribution to the Hartree potential on each
layer as a function of doping level for a number of twist angles. (c) Hartree potential on the outer layers for 1.61° at ν = −3.
(d) Hartree potential on the inner layer for 1.61° at ν = −3.

for in those calculations. Moreover, screening from the dielectric substrate will reduce the magnitude slightly [3]. In
Ref. 10 a similar approach was taken for TBG and excellent agreement was found with experiments, which suggests
that it should work for TTG too.

IV. ELECTRIC FIELD

We include an electric field through

HE
iil = ±∆D, (9)

where ∆D is the additional potential that electrons feel on the outer layers of TTG, the sign of which depends on the
layer and direction of the field.

We performed self-consistent Hartree calculations with ∆D = 10 meV to investigate the effect of screening from
TTG has on the perpendicular electric field. We found that at this electric field strength, the intrinsic Hartree potential
is not significantly effected other than an additional layer-dependent onsite potential which screens the perpendicular
electric field. Therefore, we can use the Hartree potential in the absence of a field, and screen the field by a constant.

To extract an effective dielectric constant which screens a perpendicular field, we calculate the following εr =
2∆D/(∆1 − ∆3 + 2∆D), where ∆1/3 are the layer-dependent onsite Hartree potentials. For a twist angle of 2° and
doping level of ν = 3 we find a dielectric constant of εr = 3.35, and at charge neutrality we find εr = 1.87. Overall,
we find TTG has a dielectric constant of approximately 2-3 for screening perpendicular electric fields. This value of
the perpendicular effective dielectric constant is not far from the value of 3-4 for a trilayer graphene system obtain
from DFT calculations of Ref. 11.

With a dielectric constant of 3 and an onsite potential energy of ∆D = ±30 meV, the corresponding displacement
field is approximately 0.25 Vnm−1. In the experiments of Ref. 12, the optimal electric field corresponds to a 0.5
Vnm−1 displacement field. This is within a factor of 2 of our calculations, which is reasonable agreement.
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V. FULL ATOMISTIC HAMILTONIAN

As discussed in the Methods section of the main text, the full tight binding Hamiltonian consists of the following
contributions:

Ĥ = Ĥ0 + ĤH + Ĥ∆ + ĤE , H =
∑

ijσ

Hijc
†
iσcjσ, (10)

In Fig. 4 we display some additional band structure figures to that shown in the main text for different twist angles.
Specifically, we show a calculation with a self-consistent Hartree potential and an intrinsic-symmetric polarisation
potential, but without an electric field. We can clearly see that the Hartree potential causes significant band distortions
for all twist angles, with the relative distortions at smaller twist angles being more pronounced.
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FIG. 4. Band structure along high symmetry path for several twist angles and doping levels, but without an
applied electric field.

VI. MAGNETIC RPA

To study magnetism, we add a Hubbard interaction acting on the graphene pz orbitals in the Hamiltonian H:

HU = H + HI, HI =
∑

iσ

U ni,σni,σ̄. (11)

We employ the well established method of static, long-wavelength magnetic random phase approximation to treat the
four-fermion term HI as presented in Ref. 13. To analyze magnetic ordering tendencies, we calculate the magnetic
susceptibility χ̂0:

χ̂0 = χ̂0(q = q0 = 0) =
T

Nk

∑

k,k0

Ĝ(k, k0) ◦ Ĝ(k, k0)T. (12)

The Green’s function Ĝ(k, k0) = Gij(k, k0) as a function of Matsubara frequency k0, moiré momentum k is given by

Ĝ(k, k0) = (ik01− Ĥ(k) + µ1)−1, (13)

with H(k) the “non-interacting” tight-binding Hamiltonian including the Hartree corrections and µ the chemical
potential corresponding to the filling factor used in the Hartree potential.

From the extended Stoner criterion [14], we find that the critical Hubbard-U needed for the onset of magnetic
ordering is given by Uc = −1/λ0, with λ0 the lowest eigenvalue of χ̂0. The magnetic ordering is proportional to the
corresponding eigenvector ~v0. For numerical evaluation of the Matsubara sum in Eq. (12), we use the exact same
frequency grid presented in Ref. 10 and thus are able to take into account the effect of low-temperature instabilities
consistently by using the temperature-dependent number of frequencies presented in Table I. We sample the moiré
Brillouin zone with Nk = 24 points for the RPA simulations.
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FIG. 5. Magnetic orderings found for MATTG. Linecuts of the leading magnetic order parameter along the diagonal of
the rhombus shaped unit cell. Only two layers are shown as the bottom layer contribution of the order parameter is equivalent
to the top layer contribution for all ordering shown. Panel (a) shows the first type of antiferromagnetic (AFM) order that is
a carbon-scale AFM order modulated in each layer and on the moiré scale. Panel (b) shows AFM order on the carbon scale
stronger modulation on the moiré scale such that it exhibits a node in the top layer ABA/BAB regions. Panel (c) shows
ferromagnetic (FM) order with some reminiscent ferrimagnetism in the ABA/BAB regions. In every case, the middle layer
(panel titled “tA”) has a much larger amplitude than the outer layers (“A”).
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FIG. 6. Magnetic instabilities of MATTG between filling factors ν = −2,−3. The left panel (a) emphasizes the regions
where superconducting order by a spin fluctuation mechanism is possible by graying out the regions where Uc ≥ U = 5.11 eV.
On the right hand side (b), we plot the magnetic order parameter ζ that smoothly interpolates between AFM (ζ = 0) and FM
(ζ = 1) order.

TABLE I. Inverse temperatures, temperatures and number of Matsubara frequencies in the RPA summations used for the
simulation of the superconducting dome. The spacing of β (and T ) is chosen to be logarithmic. The parameters T = 1.32 K
and Nω = 500 were used for Figs. 1 (c) and (d) of the main text.

β (eV−1) 50000 32374 20961 13572 8788 5690 3684 2385 1544 1000

T (K) 0.23 0.36 0.55 0.86 1.32 2.04 3.15 4.87 7.52 11.6

Nω 1200 966 780 620 500 500 500 500 500 500

The three types of magnetic ordering are shown in Fig. 5. In Figure 1 (d,e,f) of the main text, we do not differentiate
between the two types of antiferromagnetic ordering [Fig. 5 (a,b)] as the consequences for superconductivity are very
similar. For nonzero electric displacement field, i.e. ∆D = ±30 meV, the types of ordering do not differ qualitatively,
despite the breaking of C2z symmetry. Fig. 5 shows that the weight of the magnetic instabilities is mainly in the middle
layer in the AAA regions, which is a manifestation of the weight of the electronic wavefunctions mostly being centered
around these points (see Fig. 1 (c) of the main text). For the ν − T region where we determine the superconducting
gap (Fig. 1 (d) of the main text), Fig. 6 shows Uc (a) and the type of magnetic order (b) using the order parameter

ζ =
1√
N

∣∣∣∣∣
∑

i

vi0

∣∣∣∣∣ , (14)

where N is the number of carbon atoms per unit cell.
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FIG. 7. Real-space profile of the effective pairing vertex Γ̂2 in the middle (upper panels) and outer layers (lower
panels) of MATTG. (a,b) Close to an antiferromagnetic (AFM) instability, the pairing vertex is staggered in real-space:
Strong on-site repulsion inherited from the repulsive Hubbard-U is followed by nearest-neighbor attraction. Real-space profiles
are shown starting from an atom located in the AAA, ABA or DW region of MATTG, respectively. The inset shows the
interlayer component, which happens to be an order of magnitude smaller than comparable intralayer terms. The overall
amplitude of the interaction is enhanced in the vicinity of the magnetic phase: As U → Uc the amplitude of the pairing
interaction increases notably in the AAA regions of the middle layer as depicted in sub panels (a) and (b). The amplitude
in the outer layer is merely affected. (c) Close to a ferromagnetic (FM) magnetic instability at, the spin-fluctuation mediated
pairing vertex is purely repulsive throughout the moiré unit cell.

VII. PAIRING VERTEX IN FLUCTUATION-EXCHANGE APPROXIMATION (FLEX)

To account for pairing instabilities mediated by charge- and spin-fluctuation exchange, we derive a microscopic
pairing interaction Γ̂2 in the fluctuation-exchange approximation (FLEX) that incorporates effects of transverse and
longitudinal spin-fluctuations, see Fig. 8. In terms of the full atomistic RPA susceptibility χ0, the scattering between
spin-singlet Cooper pairs is described by the pairing vertex [15]

Γ̂2(q) = U1− U2χ̂0(q)

1+ Uχ̂0(q)
+

U3χ̂2
0(q)

1− U2χ̂2
0(q)

. (15)

In the static, long-wavelength limit (q → 0), we hence fall back to the computation of the atomistic susceptibility

matrix, see section VI. The real-space dependence of the interaction vertex Γ̂2 = Γ2,ij is shown in Fig. 7. Fixing one
of the two real-space indices to either the AAA, ABA or DW regions, the interaction profile throughout the unit cell
strongly depends on the spin-fluctuation spectrum predicted by the RPA analysis. For filling ranges dominated by
AFM fluctuations, the interaction vertex is staggered throughout the moiré unit cell of MATTG: While strong on-site
repulsion is inherited from the initial Hubbard-U term, AFM spin-fluctuation exchange generates attractive terms
living on the nearst-neighbor bonds in the single graphene sheets. In contrast, the effective spin-singlet interaction is
mostly repulsive in the vicinity of FM ordering tendencies.

We stress that the interlayer component of the interaction is an order of magnitude smaller than comparable
interlayer terms. This leads to the conclusion, that on the atomistic scale, in-plane Cooper pairs are strongly favoured
by spin-fluctuation exchange. These observations are not surprising as the interlayer coupling between the single
graphene sheets in the non-interacting Hamiltonian is supressed by the same amount as expected for van der Waals
heterostructures as MATTG.

The overall amplitude of the effective pairing vertex Γ̂2 increases in the vicinity of the magnetic instability, i.e. if
U → Uc. As the system shows an increased susceptibility for magnetic fluctuations in the middle layer of MATTG
(especially in the AAA regions), the divergence of the interaction is first observed there. To calculate a meaningful
ν−T phase diagram at fixed Hubbard interaction U as shown in the manuscript, we hence circumvent the divergence
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U +
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r1, k1, ↑ r1, k2, ↑
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rr1

k′+ql↑

k′↑
r2r

+ ...

FIG. 8. Diagrams contributing to the transverse/longitudinal spin-fluctuation mediated pairing interaction

Γ̂2(q) in the spin-singlet channel. Upper Row: Transverse Spin-fluctuations Γ̂t
2(qt). The momentum transfer occurring

in the polarization function in RPA is given by qt = k1 + k2 due to momentum conservation. Lower Row: Longitudinal
Spin-Fluctutaions Γ̂l

2(ql). The momentum transfer occurring in the polarization function in RPA is given by ql = k1−k2. Only
an even number of particle-hole bubbles is allowed in the diagrammatic expansion in order to preserve the spin in the upper
and lower leg of the pairing interaction. The diagrams that are resummed in the longitudinal channel are connected to the
particle-hole susceptibility describing screening effects of the bare Coulomb interaction.

for values U <∼ Uc at certain fillings by applying a Lorentzian broadening to the interaction vertex

Γ̂η2(q) = Re

[
U1− U2χ̂0(q)

1+ Uχ̂0(q) + iη1
+

U3χ̂2
0(q)

1− U2χ̂2
0(q) + iη1

]
(16)

In all calculations leading to the phase diagram in Fig. 1 (d) in the manuscript, we set the broadening parameter
to η = 80 meV. This effectively avoids a divergence of the interactions in the AAA regions in the middle layer. We
checked that different choices of the broadening parameter η do not change our results qualitatively.

VIII. BOGOLIUBOV DE-GENNES EQUATIONS

To analyze the superconducting properties of the system, we decouple the effective pairing vertex Γ̂2 in mean-field
approximation, allowing only for symmetric spin-singlet bond order parameters ∆ij = ∆ji due to the proximity to
AFM tendencies in between the integer fillings

∆̂(k) = ∆nm(k) = − 1

2N

∑

k′σ

Γ2,nm(q = k − k′, q0 = 0)× σ〈cnσ(k′)cmσ̄(−k′)〉MF, (17)

The resulting mean-field Hamiltonian can be rewritten in the 2N -dimensional Nambu spinor basis ψ†k = (~ck↑ ~c
†
−k↓)

T

HMF =
∑

k

ψ†k

(
Ĥ(k) ∆̂(k)

∆̂†(k) −Ĥ(−k)

)
ψ†k + const. (18)

This Bogoliubov de-Gennes (BdG) bilinear form is diagonalized by a block-structured unitary transform Ûk

HMF =
∑

k

ψ†k

(
Ĥ(k) ∆̂(k)

∆̂†(k) −Ĥ(−k)

)
ψ†k =

∑

k

(
Ûkψk

)†
(
Êk 0

0 −Êk

)(
Ûkψk

)

Ûk =

(
ûk −v̂k
v̂∗k ûk

)
and Û†kÛk = 1

(19)
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The matrices ûk (v̂k) are N×N matrices which describe the particle (hole) amplitudes of the Bogoliubov quasiparticles

γk with energies ±Ek. To this end, Êk denotes the corresponding diagonal matrix containing the particle-hole
symmetric energy eigenvalues. The Bogoliubov quasiparticles are defined as

(
γk,↑
γ†−k,↓

)
=

(
ûk v̂k
−v̂∗k ûk

)(
ck,↑
c†−k,↓

)
. (20)

Together with Eq. (17), this yields a set of equations that needs to be solved self-consistently

HMF =
∑

k

ψ†k

(
Ĥ(k) ∆̂(k)

∆̂†(k) −Ĥ(−k)

)
ψ†k + const.

〈ci↑(k)cj↓(−k)− ci↓(k)cj↑(−k)〉MF =
∑

n

(
uni,kv

∗
nj,k + vnj,ku

∗
ni,k

)
tanh

(
En,k
2T

) (21)

Here,
∑
n denotes a sum over the positive quasiparticle energies En,k > 0. To solve these non-linear equations

self-consistently, we start with an initial guess respecting the symmetry of the gap parameter ∆̂init
ij and iterate until

convergence is achieved using a linear mixing ∆̂n+1 = (1 − α)∆̂n − α∆̂n−1 scheme to avoid bipartite solutions in
the fixed point iteration. In all of our calculations, we set the relative error for convergence to ε = 10−6 and set the
mixing parameter to α = 0.2.

In the manuscript, we only account for the gap parameter ∆̂ at the Γ-point of the Brillouin zone. This approximation
may not change the underlying physics drastically as our microscopic interaction Γ̂2 in the static, long-wavelength
limit (q → 0) carries no momentum dependence and the size of the Brilluoin zone of MATTG is drastically reduced
due to the large real-space unit cell. Hence, the k-sum in Eq. (21) does not couple order parameters at different
momentum points, but rather corresponds to a momentum average. Still, we checked that our results do not change
qualitatively when taking a dense mesh with up to 24 k-points in the BZ into account.

The full non-linear gap equation Eq. (21) is equivalent to minimizing the free energy of the system with respect to
the pairing order parameter ∂F/∂∆ij = 0. To make sure that the superconducting state globally minimizes the free
energy (and does not converge into possible local minima) we track the free energy for different initial guesses ∆init

ij .
The full expression of the free energy reads

F = E − TS =
∑

n,k

En,knF (En,k)−
∑

n,k

{
En,k − εn,k

}
−
∑

k,ij

∆ij(k)

Γ2,ij
− TS, (22)

where εn,k are the energies of the normal state Hamiltonian H0 and the sum over n runs over all positive quasiparticle
energy states En,k > 0. The entropy term of the free energy can be calculated using

S = −2
∑

k,n

{
nF [En,k] log

(
nF [En,k]

)
+
(
1− nF [En,k]

)
log
(
1− nF [En,k]

)}
. (23)
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FIG. 9. Atomistic nematic gap parameter ∆̂ in MATTG. (a) Amplitude and phase distribution of the superconducting

order parameter ∆̂ in the outer layer of MATTG projected onto the two local d-wave components for ν = −2.5, T = 0.2 K.
The order parameter is real-valued such that the phase consists of domains separated by π (blue and yellow color coding).
The amplitude is strongly enhanced in the AAA regions and the order parameter breaks the original C3 symmetry of the
normal-state Hamiltonian. (b) The amplitude in the middle layer is enhanced by a factor of ∼ 10. Compared to the upper
(lower) layer the phase is shifted by π as a result of the original interlayer repulsion in the tight-binding Hamiltonian.


