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Abstract

In this text, we study factorizations of polynomials over the tropical hyperfield and the sign hyperfield,
which we call tropical polynomials and sign polynomials, respectively. We classify all irreducible
polynomials in either case. We show that tropical polynomials factor uniquely into irreducible factors,
but that unique factorization fails for sign polynomials. We describe division algorithms for tropical and
sign polynomials by linear terms that correspond to roots of the polynomials.
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0. Introduction

Hyperfields were introduced by Marc Krasner in 1956 in his paper [5] as a generalization of
fields by allowing the addition to be multi-valued. Since then a considerable amount of literature
on hyperfields has built up, but, still, the notion of a hyperfield stayed largely in the shadow
of mainstream mathematics until around a decade ago when the works [7] of Viro and [3] of
Connes and Consani showed the potential of hyperfields for tropical and arithmetic geometry.
More recently, Baker and Bowler have demonstrated in [1] the relevance of hyperfields for
matroid theory.

The joint paper [2] of Baker and the second author of this text provides additional evidence
for the usefulness of this concept: a study of roots of polynomials, and their multiplicities,
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over hyperfields leads to a simultaneous proof of Newton’s polygon rule and Descartes’ rule
of signs. The hyperfields that underlie these rules are the tropical hyperfield T and the sign
hyperfield S, respectively.

In this paper, we complement the theory from [2] by some results on the factorization
of polynomials over T and S, which we call tropical polynomials and sign polynomials,
respectively. Before we turn to a description of our findings, we introduce the two main actors
of our text.

The tropical and the sign hyperfield

Hyperfields generalize fields in the sense that the hypersum of elements is a subset rather
than an element. The tropical hyperfield T is the set R of non-negative real numbers together
with the usual multiplication and with the hyperaddition given as follows: for ay, ..., a, € Ry
and i such that a; = max{ay, ..., a,}, we have

{max{a;}} ifa; <a; foralli # j;
a B ---Ha, = . . .
[0, a;] if ap < a; =a; for some i # j and all k.

The sign hyperfield S is the set {0, 1, —1} together with the obvious multiplication and with
the following hyperaddition: for ay, ..., a, € S, we have

{0} ifa,=...=a, =0;

{1} if 1 € {ay,...,a,} C{0,1};
{—=1} if =1 €{ay,...,a,} C{0,—1};
S if {1, -1} C{ay,...,an}.

a B ---Ha =

Factorization of polynomials

Let F be a hyperfield—the reader might want to think of F as one of T or S. A polynomial
(of degree n) over F is an expression p = ¢, 7" + ...+ 1T 4+ ¢y with ¢; € F and ¢, # 0
unless n = 0. Given two polynomials p = > ¢;T" and ¢ = Y d;T" over F, we define their
hyperproduct as the set

plg = {XeT |eie H ad}

k=i
of polynomials over F. We define recursively the hyperproduct of n polynomials g1, ..., g,
over I’ as
n
o= U rBa

peldily

A polynomial p is irreducible if its degree is positive and if for all polynomials ¢g; and ¢, such
that p € q; [1¢q, either q; or g, is of degree 0. A quotient of p by q is a polynomial g’ such

that p € g [l q’.
A polynomial p has a unique factorization into irreducibles if there are irreducible
polynomials ¢y, ..., g, that are unique up to a permutation and up to multiplication by a

constant polynomial such that p € ¢ [1[+] 1 _,qiforceF.
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Unique factorization for tropical polynomials and its failure for sign polynomials

Our first result is a classification of all irreducible tropical polynomials and the unique
factorization over T. The following is Theorem 3.2.

Theorem A. The irreducible tropical polynomials are precisely the linear tropical polynomi-
als, and every tropical polynomial has a unique factorization into irreducibles.

The list of irreducible sign polynomials is as follows, which is Theorem 4.1.

Theorem B. Up to multiplication by —1, the irreducible sign polynomials are T, T —1, T +1
and T? + 1.

In contrast to tropical polynomials, sign polynomials fail to have unique factorizations in
general. For example the sign polynomial 7° + 72 4+ T + 1 is contained in both products

(T+ DT +DE(T+ 1) and (T + DLEN(T*+1);

cf. Section 4.2 for more details.
Division algorithms

A fundamental fact that enters the definition of the multiplicity of a root is that if a
polynomial p over a hyperfield F has a root a € F, then p is divisible by T — a (cf.
[2, Lemma A]). In the case of usual fields, this follows directly from the division algorithm for
polynomials. There is a generalization to hyperfields (cf. [4, Thm. 3.4]), but this generalization
does not provide an algorithm to compute a quotient of p by T — a due to the ambiguity of
the multi-valued addition of the hyperfield. In particular, it happens that there are several such
quotients.

In this text, we describe algorithms for the division of tropical and sign polynomials by
linear polynomials. These algorithms might be useful for explicit calculations of multiplicities
of tropical and sign polynomials, which is of interest for their link to Newton polygons and
Descartes’ rule of signs.

The division algorithms for tropical polynomials is as follows. Let p = > ¢; T’ be a tropical
polynomial of degree n. By Theorem A, p factors into a unique product ¢, [[(T +a;) of linear
polynomials T + a; where we assume that a; < --- < a,. It follows from the fundamental
theorem for the tropical hyperfield (cf. [2, Theorem 4.1]) that {a,, ..., a,} are the roots of p,
and that the multiplicity m of a root a of p coincides with the number of g;’s that are equal
to a, i.e.

a = aqg = ... = di4m—1

forsome k € {1...,n —m+ 1} and a;—; < ar if k —1 > 1 as well as ap1pm—1 < Agpm if
k + m < n. Since the case a = 0 is trivial, let us assume that a is not zero. The following is
Theorem 3.4.

Theorem C. Define the tropical numbers dy, ..., d,_1 by the following algorithm.
) Ifk<n—m,thenletd, | =c,. Fori =n—2,...,k+m—1, we define (in decreasing
order)
d; = max{c;y1, adiy1}.
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2) If k =2 2, then let dy = alco. Fori=1,...,k—2 we define (in increasing order)
di = max{a 'e;, a”'di_y).
B)Fori=k—1,....,k+m—2, we define
di = aj1p---aycy.
Then the polynomial ¢ =Y . d;T" is a divisor of p by T + a.
The division algorithm for sign polynomials can be described more compactly as follows,

which is Theorem 4.2.

Theorem D. Let p = Y ¢;T' be a sign polynomial of degree n where cy, ...,c, € S. Let
a € {£1} be a root of p. Define

| = min{ieN|ci 760} and k = min{i EN’CH_] =—ai+1*lcl}.
Define recursively fori =n —1,...,0 (in decreasing order)

(D d; = cipa ifciy1 #0and i > k;

2)d; = adiy ifciy1 =0andi > k;

B)d; = —a't ¢ ifl <i<k;

@d =0 ifo<g<i <l

Then g =Y d;T" is a quotient of p by T — a.

1. Hyperfields

A hyperfield is a set F together with a multiplication, i.e. amap - : F x F — F, and with
a hyperaddition, which is a map B: F x F — P(F) where P(F) is the power set of F, that
satisfies the following axioms:

(HF1) There are unique elements 0 and 1 of F such that (F, -, 1) is a commutative monoid
and such that F* = F — {0} is a group with respect to -.

(HF2) For all a,b,c € F,wehave a-b B a-c={a-d|d € b B c}. (distributive)

(HF3) (F B, 0) is a commutative hypergroup, i.e. we have for all a, b, ¢ € F that

(HG1) a @ b is not empty; (non-empty sums)

(HG2) a B b =b B a; (commutative)

(HG3) a B 0 = {a}; (neutral element)

(HG4) there is a unique d € F such that 0 € a B d; (additive inverse)
HG5) | {famdldebmc=U{d B cld €a B b)}. (associative)

In the following, we write ab for a-b and —a for the additive inverse of a, i.e. 0 € ¢ B (—a).
Forn >3 and ay, ..., a, € F, we define recursively the subset

a; = U b H Ay,
-1
bEEH?=|a,‘

of F, which does not depend on the order of the a; thanks to associativity and commutativity.
The axioms of a hyperfield imply that 0 -a = 0 for all a € F and that

(HG6) a € b if and only if —b € (—a) HH ¢ (reversibility)
for all a,b,c € F.

m-

i=1
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1.1. Examples

A primary example of hyperfields are fields. Namely, given a field K, we can define a
hyperaddition B on K by the rule a B b = {a + b}, which turns K into a hyperfield.

To give some examples of hyperfields that do not come from fields, let us introduce the two
main characters of our story: the tropical hyperfield T and the sign hyperfield S.

The tropical hyperfield T is the set R, of nonnegative real numbers together with their
usual multiplication and the hyperaddition defined by the rule

{max{a, b}} if a # b;

a@Bb =
[0, a] ifa=>b.

In other words, we have ¢ € a B b if and only if the maximum among a, b and ¢ appears
twice. Note that —a = a for every a € T.

The sign hyperfield S is the set {0, 1, —1} together with the obvious multiplication and with
the hyperaddition given by the table

(s o[ 1t [ -1 |
0 {0} {1} {-1}

1 {1} {1} {0,1, -1}
“lL =110 (=1

1.2. Morphisms of hyperfields

A morphism between hyperfields F\ and F, is a map f : F| — F, such that f(0) = 0,
f() =1, f(ab) = f(a)f(b) and f(a B b) C f(a) B f(b) for all a, b € F,. Note that the
latter property is equivalent with requiring that whenever b € Ha; in Fi, then f(b) € HH f(a:)
in Fz.

Let us describe the two examples of morphisms of hyperfields that are of interest for our
purpose. The first example is that of the sign map sign : R — S that associates with a nonzero
real number a € R its sign sign(a) = a/|a| and that maps O to 0.

The second example is based on a general fact observed by Viro in [7]. Namely, by
identifying a field K with its associated hyperfield and the nonnegative real numbers Ry with
the tropical hyperfield T as sets, a nonarchimedean absolute value v : K — R is the same
as a morphism of hyperfields v : K — T.

2. Polynomials over hyperfields

A polynomial over a hyperfield F is an expression of the form p = ¢, 7" +---+¢1T + ¢
with cg,...,c, € F, or, more formally, a sequence (c;);ey Of elements ¢; € F for which
{i € N|¢; # 0} is finite. We denote the set of all polynomials over F by Poly(F).

Note that for a field K, Poly(K) is equal to the usual polynomial algebra K[T]. For reasons
explained in [2, Appendix A], we refrain from the notation F[T] for the set Poly(F) of
polynomials over a hyperfield F.

We will identify elements a of F with the constant polynomial p = a over F. In particular,
we write 0 for the zero polynomial p = 0 and 1 for the constant polynomial p = 1.
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2.1. Hyperproducts

The multiplication and hyperaddition of a hyperfield F endows the set Poly(F) of poly-
nomials over F with an additive and a multiplicative structure. The additive structure is the
hyperaddition on Poly(F) that results from the hyperaddition of coefficients, which might not
come as a surprise. Since the hyperaddition of polynomials is not of interest for our present
purpose, we omit a discussion, but refer the reader to [2, Appendix A] for details.

The multiplicative structure of Poly(F) is the hypermultiplication

(] @ Poly(F) x Poly(F) —  P(Poly(F))
that maps a pair of polynomials p = ¢;T" and ¢ = Y d;T' to the subset
plg = {XeT' |eie H ad}
k+i=i
of Poly(F). Note that in the case of a hyperfield coming from a field F, p[:1q = {pq} is the
singleton containing the usual product of p and g.

It is easily verified that this hypermultiplication satisfies the following properties in analogy
to that of a hyperaddition (cf. (HG1)—(HG3) in Section 1): for all p, g € Poly(F), we have

(HM1) p[lgq is not empty; (non-empty sums)
(HM2) p[q = g [ p; (commutative)
(HM3) p 1 = {p}. (neutral element)

Similar as for the hyperaddition of a hyperfield, we extend [-] recursively to n-fold products
by the rule

[a = U »rBa.

pel] =l

Note that the definition of the n-fold product depends on the order of the factors in general
since, in contrast to the situation over a field, [-] fails to be associative for some hyperfields.
This is, in particular, the case for Poly(T) and Poly(S), as shown in [6].

2.2. The degree

The degree of a polynomial p = ¢, T" + - -- + ¢o over a hyperfield F is the largest k € N
such that ¢; # 0, which we denote by deg p.

For n polynomials ¢y, ..., g,, we have deg p = Y deggq; for every p € [-]g;. In so far,
1 € p[-]q implies that deg p = degqg = 0 and thus p = a and ¢ = a~' for some a € F*.
For every p =Y ¢, T", we have p[JaT* = {}" ac;T"**} and, in particular, p 10 = {0}. We
write —p for the unique element Y (—c,)T" in (—1)[] p.

2.3. Factorizations

We say that p and g are associated, and write p ~ q, if p € a[-]1q for some a € F*. Note
that ~ is an equivalence relation. A polynomial p is monic if cgeg, = 1. We conclude that for
every nonzero polynomial p there is a unique monic polynomial g with p ~ q.

Let p,qi1, ..., g, € Poly(F) be polynomials over F. We say that p factors into the product
of qi,....qn if p e [-]q.
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We can extend a morphism f : F| — F, to a map f : Poly(F;) — Poly(F,) between
polynomials: given a polynomial p = > ¢;T" over Fy, we define f(p) =Y. f(c)T'.

Lemma 2.1. Let f : Fy — F, be a morphism of hyperfields, n > 2 and p,q1,...,q, €
Poly(Fy) such that p € []1q;. Then f(p) € [-] f(g).

Proof. Let p =) ¢;T/ and ¢; = Y d; ;T/. We prove the claim by induction on n > 2.
If n =2, then p € q; [:1g, means that ¢; € FH;/=idi rd>; in Fy. Since f is a morphism

of hyperfields, we have f(c¢;) € FH k=i f(dix)f(d2)) in Fp, and thus f(p) € f(q1) ] f(q2)
as claimed.

If n > 2, thenr € D?;llqi and the inductive hypothesis imply that f(r) € Df’__ll f(qi).
This and the case n = 2 show that p € -] g; implies that

fomef(U rBa)= U Ba) c U ro0f@.
rel[7)g reldn-ly, Feldr=! ran

which establishes the claim of the lemma. [J
2.4. Irreducible polynomials

We say that a polynomial p = Y ¢;T? over a hyperfield F is irreducible if degp > 1 and
if for every factorization p € g, [1¢,, we have p ~ g; or p ~ g». Note that if p ~ g, then p
is irreducible if and only if ¢ is irreducible.

Since p € qi[lg, implies degp = degq; + degq,, we have p ~ g if and only if
deg p = deggq, or if, equivalently, ¢» = ¢y € F* is a constant nonzero polynomial. It follows
that every linear polynomial p = ¢;T + ¢o (with ¢; # 0) is irreducible. In Lemma 2.6, we give
an irreducibility criterion for quadratic and cubic polynomials.

The following fact was pointed out to us by Trevor Gunn.

Lemma 2.2. Let p € Poly(F) be irreducible, n > 2 and p € E,’qui a factorization. Then
there is an i € {1, ..., n} such that p ~ q;.

Proof. We prove the claim by induction on n. The case n = 2 follows by the definition of
irreducibility.

Assume that n > 2. By the definition of E;’:lqi, there is an r in E;’:—llqi such that
p € rllg,. Since p is irreducible, we have p ~ r or p ~ g,. If p ~ q,, then there is
nothing to prove. If p ~ r, then r is also irreducible. By the inductive hypothesis, applied to r,
we have p ~r ~ g; for some i € {1, ...,n— 1}, which completes the proof of the lemma. [J

We say that Poly(F) has the unique factorization property if for any two factorizations
peqild---[g, and p € ¢; [ --- [g], into irreducible factors q1, ..., g, g}, ..., q),, We
have n = m and ¢; ~ q"y(i) for some permutation o of {1, ..., n}.

We conclude with the following implication of unique factorization on a weakened form of
associativity. By definition, we have p [1g [r = (p[1g)[r. In contrast, p [1(g [7) must
be read as |J{p [ds|s € g LIr).

Lemma 2.3. [fPoly(F) has the unique factorization property, then (p [1q)[dr = p (g [1r)
Sor all irreducible p, q,r € Poly(F).
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Proof. Let p, g, r € Poly(F) irreducible polynomials. Since Poly(F) has the unique factoriza-
tion property, we have s € (p [[1g) [ r if and only if s € (¢ [Jr)[] p. Using the commutativity
of [], we find the desired equality (p [1g)[r = (gL p =plgLr). O

2.5. Roots

Leta € F and p = > ¢;T" be a polynomial over a hyperfield F. We say that a is a root
of p, and write 0 € p(a), if 0 € FH c;at. Alternatively, we can characterize roots in terms of
the following fact, which is Lemma A in [2].

Lemma 24. Leta € F and p € Poly(F). Then 0 € p(a) if and only if there exists a
q € Poly(F) such that p € (T —a)[gq.

Note that if p =Y ¢;T" and ¢ = }_d; T, then the relation p € (T — a)[:lq is equivalent
with n = deg p = 1 + degg and the relations

co=—ady, ci€(—ad;) B di—.y fori=1,...,.n—1, and c¢, =d,_;.

Example 2.5. In the case of a field K, we have 0 € p(a) in the hyperfield sense if and only
if 0 = p(a) in the usual sense, and we have p € (T — a)[-lg in the hyperfield sense if and
only if p = (T — a)q in the usual sense.

As an immediate consequence of Lemma 2.4, we see that an irreducible polynomial of
degree at least 2 cannot have any roots. For quadratic and cubic polynomials, this implication
can be reversed.

Lemma 2.6. Let p be a polynomial over F of degree 2 or 3. Then p is irreducible if and
only if p does not have a root in F.

Proof. As noted before, if p is irreducible, it cannot have any roots. If p is not irreducible, then
p € g [ g, for a linear polynomial ¢; and polynomial ¢, of degree 1 or 2. After multiplying
q» with the leading coefficient d; of g1, and q; by its inverse d; 1, we can assume that g; is of
the form T — a. Thus we have p € (T —a)[¢s, ie. a is a root of p by Lemma 2.4, 0O

2.6. A non-deterministic division algorithm

As explained in [4, Thm. 3.4], polynomials over hyperfields admit an Euclidean algorithm
that is based on non-deterministic choices in each step. In this section, we include an
independent treatment of this algorithm in the case of the division of a polynomial p by a linear
term. We will improve on this in the cases of the tropical hyperfield and the sign hyperfield in
Sections 3 and 4, respectively, which allow for deterministic choices.

Let F be a hyperfield, a € F and p = Y ¢;T" a polynomial of degree n. Define D, = {0}

and for decreasing i =n — 1,..., —1, the subsets D; = ¢;+1 B aDjy;.
Lemma 2.7. For everyi € {—1,...,n}, we have
n k .
D; = H a7
k=i+1
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Proof. We prove this by induction on i = n, ..., —1. The result follows for i = n by the
definition of the empty hypersum as {0}. If i < n, then we have

D; = c¢;41 B aDiyy

n
k—(@+1)—1
= ¢y Ba H oa Y
k=i+2

n n
. it1—i—1 L k—i—1 k—i—1
= ciy1a B H caa = HH «a ,
k=i+2 k=i+1
as claimed. O

Corollary 2.8. The element a is a root of p if and only if 0 € D_;.

Proof. By Lemma 2.7, we have D_; = Bﬂzzockak_(_”_l = p(a), and thus 0 € D_; = p(a)
if and only if @ is a root of p. O

Proposition 2.9. Leta € F be a root of p = Y. c¢;T' and let D_y, ..., D, be as before.

Then for every i = —1,...,n — 2 and every d; € D;, there is a di11 € Djy1 such that

ci+1 € d;i B (—adit+1). Moreover, if d_y = 0, then dy = —a ¢y and p € (T — a)q for
n—1 i

q=2idT"

Proof. By the definition of D; as ¢;+; B aD;y, there is for every d; € D; adiy € Djy
such that d; € ¢;+1 B ad;+, or, equivalently, ¢;+; € d; B (—ad;+), which proves the first
assertion.

If d_y =0, then ¢cg € 0 A (—adp) if and only if dy = —a~'c. By definition, we have
D,y = ¢, B aD, = {c,} and thus d,_; = c¢,. Summing up, these relations show that
g =>.d;T" divides p,ie. pe (T —a)q. O

3. Factorizations of tropical polynomials

A tropical polynomial is a polynomial over the tropical hyperfield T. In this section, we
use the fundamental theorem for the tropical hyperfield to establish the unique factorization of
tropical polynomials into linear polynomials, and we describe a division algorithm.

3.1. Unique factorization for tropical polynomials

The fact that every polynomial function on the tropical line is piecewise linear can be
expressed by saying that every polynomial function over the tropical numbers factors uniquely
into linear functions. This is sometimes called the fundamental theorem of tropical algebra.

This result is reflected by the following variant for the tropical hyperfield, which we call
the fundamental theorem for the tropical hyperfield.

Let p = Y ¢;T' be a monic polynomial of degree n over T and let ay, ..., a, € T. Then
we have

p el+] (T +a;) ifand only if ¢; € H Gepy v e, Tforalli=0,....,n—1.
i=1 ej11<-<ep
If ay < --- < a,, then this is equivalent to the conditions that ¢; < a;41---a, for all
i =0,...,n—1, with equality holding if a; < a;+;. The following is Theorem 4.1 in [2].
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Theorem 3.1 (Fundamental Theorem for the Tropical Hyperfield). Let p = Y ,c;T' be a
monic polynomial of degree n over T. Then there is a unique sequence a, ...,a, € T with
ay < -+ < aysuchthat p € [-](T+a;), and a € T is a root of p if and only ifa € {ay, . .., a,}.

In addition, [2, Thm. 4.1] provides an effective way to compute the tropical numbers
ai, ..., ay: they correspond to the slopes of the linear segments of the Newton polygon of
p; cf. Section 3.3 for an example. This allows us to formulate a division algorithm for tropical
polynomials in Section 3.2.

A direct consequence of Theorem 3.1 is the unique factorization of tropical polynomials.

Theorem 3.2. The irreducible tropical polynomials are precisely the linear tropical polyno-
mials, and Poly(T) has the unique factorization property.

Remark 3.3. Using the methods of this text, we find the following short argument to prove the
fact that every irreducible tropical polynomial is linear. Namely, consider a surjective morphism
v : K — T from an algebraically closed field K to T. For example, we could take the
(exponential) valuation v, : C{T} — T of the field of Puiseux series K = C{T} over C
with real exponents.

For an irreducible tropical polynomial p = Y ¢;T’, we choose elements ¢; € K with
v(¢;) = ¢;. By Lemma 2.1, the polynomial p = > ¢T' is irreducible over K. Since K is
algebraically closed, p is linear, and so is p = v(p).

3.2. A division algorithm for tropical polynomials

While it is a direct calculation to verify whether 0 € p(a) for an element a of T and a
tropical polynomial p, it is not so clear how to find a ¢ € Poly(F) that satisfies p € (T —a)[-lq,
which exists by Lemma 2.4. In the case of a field K, this can be done using the usual division
algorithm for polynomials over K. For the tropical hyperfield, there is a similar, but slightly
more involved, algorithm, which we describe in the following.

Let p = Y ¢;T' be a polynomial of degree n over T. By Theorem 3.1, there is a unique
sequence a; < -+ < a, of tropical numbers such that ¢, 1 p € -] (T + a;). Since the roots of

¢, 1 p are the same as the roots of p, we conclude that the roots of p are a4, ..., a,, counted
with multiplicities. Fix a root a € {ay, ..., a,} of multiplicity m, i.e.

a = ay = ... = Ak+m—1
forsome k € {1...,n—m+1}and a;_; < a; if k > 2 as well as ayi,y—1 < dpom ifk <n—m.

Ifa=0,thency=0and g = Y '~y ;1 T" is the unique polynomial such that p € (T —0)[gq.
Thus let us assume from here on that a is not zero. We can determine a polynomial
g =Y d;T" of degree n — 1 with p € (T + a)[1¢ by the following recursive definition.

(1) If k <n—m,thenletd,_| =c,. Fori =n—2,..., k+m—1, we define (in decreasing
order)
d; = max{c;y1, adiy1}.
(2) Ifk>2,thenlet dy = a~'¢y. Fori =1, ...,k — 2, we define (in increasing order)
di = max{a 'e;, a”'di_y).

B3)Fori=k—1,...,k+m—2, we define
di = 4i42 - ApCy.
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Theorem 3.4. If a # 0 is a root of p, then the polynomial ¢ = Y d;T" as defined above
satisfies p € (T +a)ldq, ie.

ey = dy_1, co = ady and ci € (ad;) B di— for i=1,...,n—1.

Remark 3.5. The recursion in step (1) stays in a direct analogy to the division algorithm for
polynomials over a field, which is given by the formulas d,_; = ¢, and d; = ¢;+1+ad;+; where
i decreases from n — 2 to 0. In the tropical setting, step (1) of the algorithm fails in general
to provide the required result if used to define all coefficients of g, cf. Section 3.3. To achieve
p € (T +a)[1q, one needs to define the coefficients d; for smaller i in terms of step (2).

In contrast, the coefficients d; occurring in step (3) could also be defined by the recursions
(1) or (2)—all three definitions yield the same result in this case. We opted for the definition
as it is because it is explicit and therefore useful for calculation, and it is this form that we
use in the proof of Theorem 3.4.

Another facility in calculating the coefficients of ¢ is that whenever a; < a;4;, then
Ci =iy a,,cn In the course of the proof of Theorem 3.4, we show that ad; < a;11 - - a,c,
fork+m—1<i<n—landd; < aj4y---ayc, for0 < i < k—2. Thus we have d; = ¢; 4 if k+
m—1<i<n— 2anda,+1 < ajy2, andwehavedi =al¢ifl<i<k—2anda < a;y1- This
means that the recursive definitions in steps (1) and (2) are only needed if multiple zeros other
than a occur. In particular, g can be defined explicitly and is unique if all zeros of p are simple.

If multiple zeros occur, then ¢ = Y d;T' is in general not the unique divisor of p by T +a,
but it is maximal among all such divisors in the following sense: if p € (T +a)[]¢’ for another
polynomial ¢’ = Y d/T', then d] < d;. This additional statement is easily derived from the
proof of Theorem 3.4, but we will forgo to spell out the details.

3.3. An example

As an illustration of the division algorithm and of some observations from Remark 3.5, we
consider the tropical polynomial p = T3 +rT?+ T +r and a = r where r > 1. The roots of
p can be determined from the Newton polygon of p, which is the maximal convex function
p:[0,3] = R with p(i) < —logc; fori =0, ..., 3. Its graph looks as follows:

(i)
P (1, —logcy) (3, —logcs)
0 L 2 o |
1 2 3
—logr o
(0, —log co) 2, —logca)

The roots of p can be calculated from p by the formula a; = exp(p(i) — p(i — 1)); cf
[2, Thm. 4.1] for details. This yields the roots a; = a, = 1 and a3 = r of p. We encourage
the reader to convince herself or himself that indeed p € (T + 1)1 (T + D) (T +r).

Thus we see that a = r = a3 is a root of p of multiplicity 1. We are prepared to execute
the algorithm to determine ¢ = Y d;T". In our example, we have k = 3 and m = 1. Thus only
steps (2) (for i =0, 1) and (3) (for i = 2) of the algorithm apply to determine the coefficients
d; of q. We calculate for increasing i =0, ..., 2:

-1 1

dy=a'co=1, d =max{a'¢ci, a’ldo} =r', d=c;=1.
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Thus we find that ¢ = T? 4+ r~'T + 1 is a divisor of p by T + r. Once again, we encourage
the reader to verify that indeed p € (T +r)[lgq.

In order to exhibit some of the earlier mentioned effects that occur in the tropical setting and
differ from the situation of polynomials over a field, we analyse this example in more detail.
To begin with, we determine all polynomials ¢’ = Y d/T" that satisfy p € (T +a)[1q/, ie.

¢ =dy, ¢ € adyBd, ¢ € adi Bd), ¢ = ad,.

The first and last condition imply that d} = c3 = 1 and djj = a~'cy = 1, respectively. Using
reversibility (HG6), the two middle conditions can be rewritten as

dy € (ady) M e, = [0,r] and d € (a'd)) B (a'er) = [0,r71],

which are simultaneous satisfied if and only if d| € [0, r~!']. Thus the divisors of p by T +a
are precisely the polynomials of the form g, = T2 +sT + 1 with s € [0, r7'].

This shows that there are several divisors g, of p by T +r. Note that ¢ = ¢,-1 is maximal
among all divisors. It also shows that the naive attempt to find a divisor g = d;T' in terms
of elementary symmetric polynomials d; = o0,_;(a;, az), i.e.

q = T2+max{a1,a2}T+a1a2 = T2—|-T—|—1

fails to provide a divisor of p by T + r, in contrast to the situation over a field.
This example also shows that we cannot replace step (2) of the division algorithm neither
by (1) nor by (3). To wit, step (1) produces the coefficients

d=c3;=1, d =max{c,adr}=r, dy=max{cy,ad}=r
and step (3) produces the coefficients
d2 =3 = 1, d1 =da3C3 =r, d() = ardzC3y =1r,

which both fail to provide a divisor ¢ = > d;T" of p by T + ar.

An example where step (2) fails to provide a divisor of p by T + a is the polynomial
p=T3>+rT?>+ T +r withr € (0, 1) and the root a = r. To wit, the roots of p are a; = r
and @y = a3 = 1. We have p € (T +r)[lq if and only if g = T? + 5T + 1 with s € [0, r].
But the steps in (2) produce the polynomial » =272 4+ r~'T + 1, which is not a divisor of p by
T+r.

3.4. The proof of Theorem 3.4

Let a,ay,...,a, € T and the polynomials p = Y ¢T' and ¢ = Y d;T' be as in
Theorem 3.4, ie. ¢, 'p € |:|(T + a;) is the unique factorization into linear terms with
a; < --- < a,, the nonzero element a is a root of p and the d; are defined by the algorithmic
steps (1)—(3). In this section, we prove Theorem 3.4, i.e.

¢ = dy_1, co = ady and ci € (ady) B di—y for i=1,...,n—1.

If Kk < n—m, then ¢, = d,_; follows immediately from the definition in step (1). If
k=n—m+1, then d;_;

The relation ¢, = d,_; follows immediately from the definition in step (1) if k < n —m
and the definition in step (1) if k = n — m + 1. The relation ¢y = ad, follows immediately
from the definition in step (2) if k > 2. If k = 1, then a = a; and according to the definition
in step (3),

adO = dadap---apCy, = dip---dayC, = Co,
as desired.
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Since ¢; € (ad;) B d;_ if and only if the minimum among c¢;, ad; and d;_; occurs twice,
the relation ¢; € (ad;) B d;_; is satisfied fori =k +m,...,n—1landi=1,...,k—2 by
the very definition of d;_; in (1) and d; in (2), respectively.

Since a = a;,q fori =k —1,...,k+m — 2, we have that

ad; = aadiyr---ay, = di-

fori =k,...,k+m—2,and thus ad; B d;—; = [0, d;—]. The relation p € -] (T +a;) means
that

Ci K Qip1ape, = diy,

and thus ¢; € ad; B d;_y fori =k, ..., k+m — 2, as desired.

We are left withi =k — 1 and i = k + m — 1, which are the critical cases that exhibit the
compatibility between the different steps in the division algorithm.

We begin with the case i = k — 1. Since ay—; < ai, we have ¢, = ay - --a,c,. By the
definition in step (3) and since a = a;, we have

ady_y = aragy1---ApCn = Cp_1.

If we can show that dy_» < a; - - - a,c,, then we obtain c,_; € ady_; B di_, as desired.

We claim that d; < aj4»---a,c, for j =0,...,k — 2, which we will prove by induction
on j. The case j = k — 2 is the missing inequality to conclude the proof of the case i =k — 1.
For j = 0, we have indeed that dy = a'cg < ay---ayc, since a; < a. For j=1,...k—2,
we have a; | < a; = a and thus a‘lajH CeeyCy K Ajgn Ay SINCE ¢j K Ajyy -+ - ArCy bY
our assumptions and d;_; < ajy - - - ayc, by the inductive hypothesis, we get

di = max{a_lcj, a_ldj,l} < a_lajﬂ coCr K Ajgo v AnCp,

which verifies our claim and concludes the proof of the case i = k.
We turn to the case i = k + m — 1. By the definition in step (3), dk+m—2 = Qptm * * * AnCa-

Since agim—1 < Qkim, W€ have Crim—1 = Qkam - @uCn = drim—>. If we can show that
adiym—1 < Qkam -+ - @yCy, then we obtain the desired relation ciym_1 € adiym—1 FH diym—2.
We claim that ad; < ajy1...a,c, for j = n—1,...,k+m — 1, which we will prove

by induction on j (in decreasing order). The case j = k 4+ m — 1 is the missing inequality
to conclude the proof of the case i = k +m — 1. For j = n — 1, we have d,_; = ¢, and
a < a,. Thus ad,_; < aycy, as claimed. For [ =n —2,...,k+m — 1, we have a < aj4,.
Since cj11 < aj42---ayc, by our assumptions and adj; < aji2...a,c, by the inductive
hypothesis, we get

ad; = a-max{c;jy1, adj1} < ajy1aj42---auCp,

as claimed. This concludes the proof of Theorem 3.4. [J

4. Factorizations of sign polynomials

A sign polynomial is a polynomial over the sign hyperfield S. In this section, we classify
all irreducible sign polynomials and show that the sign hyperfield fails to have the unique
factorization property. Still it admits a division algorithm for the division of sign polynomials
by linear terms, in analogy to the division algorithm for tropical polynomials.
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4.1. Classification of the irreducible polynomials

Since a sign polynomial p is irreducible if and only if ap is irreducible for any a € S*, we
can restrict our attention to monic irreducible sign polynomials.

Theorem 4.1. The monic irreducible sign polynomials are T, T — 1, T + 1 and T* + 1.

Proof. It is clear that every linear polynomial is irreducible, cf. Section 2.3. Thus 7', T — 1
and T + 1 are precisely the monic irreducible polynomials of degree 1.

Given a monic irreducible sign polynomial p = > ¢;T’, let & € R be real numbers with
sign(¢;) = ¢;. By Lemma 2.1, the monic real polynomial p = Y &T' is irreducible as well.
We know that the monic irreducible real polynomials are either linear or quadratic with positive
constant term ¢y > 0. Thus if p is not linear then it must be of the form T2 +aT + 1 for some
ae€s.

By Lemma 2.6, a quadratic polynomial is irreducible if and only if it does not have a root.
We can verify this for all polynomials of the form 72 + aT + 1: while T2 + T + 1 has —1
as aroot and T?> — T + 1 has 1 as a root, T? 4 1 is the only quadratic polynomial of this
shape that does not have a root. This completes our classification of the monic irreducible sign
polynomials. [

4.2. The failure of unique factorization

It is easy to see that the unique factorization property holds for sign polynomials of degree
< 2. The following example shows that this property fails from degree 3 on.

Consider the sign polynomial p = T*+T?+T +1. Then —1 is a root of p, i.e. 0 € p(—1).
Thus there is a polynomial ¢ = d>T?+d, T +dy such that p € (T +1)[:1 g, which is equivalent
to

d=1, dy=1 and 1€l Hd,.

The equation 1 € 1 @ d, is true for all d; € S, which means that p is an element of all the
three hyperproducts

(T+DHET*+1), T+DHDEAT*+T+1) and (T +DHET> =T +1).

The factors T2 + T + 1 factorize into 7> + T +1 e T+ DT + D and T2 =T +1 €
(T —1) (T —1), respectively. The factor T?+1 is irreducible. Thus we find the three different
factorizations

(T+DEN(T*+1), (T+DHET+DE(T+1) and (T+1)D<(T—1)E(T—l)>

of T3+ T2+ T+1.

In fact, this example shows that sign polynomials cannot have the unique factorization
property with respect to any concept of factorization that is preserved under morphisms, in
the sense of Lemma 2.1. Indeed, the sign map sign : R — S maps both real polynomials
T34+T?>+T+1=T+1D)(T*+1Dand T} +3T>+3T +1=(T + 1) to p.
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4.3. A division algorithm

In spite of the failure of unique factorization, there is still an algorithmic way to determine a
divisor of a sign polynomial by a linear term. Such a division algorithm was already exhibited
in the proof of Theorem 3.1 in [2] for a restricted class of sign polynomials. In the following,
we describe an extension of this division algorithm that applies to all sign polynomials.

As a preliminary consideration, we observe that if ¢ = 0 is a root of a sign polynomial
p = Y. T, then cg = 0 and ¢ = Y c¢; T is the unique sign polynomial such that
p € T [1q. Thus it suffices to describe the division algorithm for nonzero roots a € S* = {41}
only.

Theorem 4.2. Let p =Y c;T" be a sign polynomial of degree n with root a € {£1}. Define

! = min{i eN|¢; #0} and k = min{i e N|ciy =—a""""¢}.

Define recursively fori =n —1,...,0 (in decreasing order)
di = ci if ciyi #0and i > k; ey
di = adi+1 l.fCi_H =0andi > k,’ (2)
d = —a* g ifl<i<k; 3)
d =0 ifo<i<l. )

Then p € (T —a)dq for g =Y d;T".

Proof. Once we have proven the theorem for the roota = 1 of p = ) ¢; T!, we can derive the
division algorithm for the root —1 by applying the division algorithm for a = 1 to p(—T) =
> (—=1)¢;T' and using that p € (T — (—1)) g if and only if p(—=T) € —(T — D) q(=T).
Thus the case a = —1 follows by a straight forward calculation from the case a = 1.

We proceed with the proof for @ = 1. Recall that p € (T — 1)[:1q if and only if

cn = dp_1, co = —dy and ci €(—di) B di— for i=1,...,n—1.

We begin with ¢, =d,—. If k <n—1,thend,_; =c, by (1) since ¢, #0. lf k =n — 1,
then ¢, = —c¢; by the definition of k and thus d,_; = —¢; = ¢, by (3). Thus ¢, = d,_1, as
desired.

We proceed with ¢g = —dy. If I = 0, then dy = —co by (3). If I > 0, then ¢p = 0 and
do = 0 = c¢g by (4). Thus ¢p = —dy, as desired.

We proceed with ¢; € (—d;) B d;i_y for 1 <i <n—1.1f1 <i <, then ¢; = 0 and
d;_1 =d; =0 by (4). Thus ¢; € (—d;) B d;_1, as desired.

Ifi =1, then ¢; # 0, d; = —c; by (3) and d;_; = 0 by (4). Thus ¢; € (—d;) B di_i, as
desired.

Ifl < i < k,thendi_; = d = —¢ # 0 by (3) and the definition of /. Thus
¢i € (—d;) B d;_1, as desired.

If i =k -+ 1, then ¢y = —¢; # 0 by the definitions of k and /. Thus dy = —¢; # 0 by (3),
and ¢; € (—d;) B d;_1, as desired.

Ifk+1<i<n—landc¢ #0,thend;_; =¢; #0by (). If k+1 <i <n—1and¢ =0,
then d;_; = d; by (2). Thus in both cases ¢; € (—d;) B d;_1, as desired. This concludes the
proof of the theorem. [
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