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Abstract

The LISA mission will likely be a signal dominated detector, such that one challenge is the
separation of the different astrophysical sources, and to distinguish between them and the instru-
mental noise. One of the goals of LISA is to probe the early Universe by detecting stochastic
GW backgrounds. As correlation with other detectors is not possible for LISA, discrimination of
such a GW background from the instrumental noise requires a good estimate of the latter. To
this purpose we have revisited Time Delay Interferometry (TDI) to look for new TDI signal com-
binations that fulfill the laser frequency noise suppression requirements. We illustrate that it is
possible to do a linear combination of these TDI channels to find special null-combinations that
suppress gravitational waves and mainly carry information about instrumental noise. We find that
there exist many null-combinations that show different sensitivities to gravitational waves, some of
which seem more suitable than the traditional T combination for estimating test-mass acceleration
noise. In an idealised LISA configuration, they are all sensitive to a particular linear combination
of the six test-masses acceleration, similar to a rigid rotation of the LISA triangle.
In the following article, we illustrate what are the noise properties that can be extracted by mon-
itoring these interferometry signals and discuss the implication of these findings for the detection

of stochastic GW backgrounds.
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1. INTRODUCTION

We have recently revisited the time-delay-interferometry (TDI) combinations that sup-
press laser noise in LISA [1], but we also found 24 new combinations of 14-links that fullfill
the frequency noise suppression requirements that had been skipped previously [2, B]. The
total TDI combinations include 174 combinations of 16-links, 24 combinations of 14-links
and 12 of 12 links for a total of 210 [4]. The LISA detector is expected to be signal dom-
inated, thus to measure the instrumental noise we look for TDI combinations that have
suppressed sensitivity to gravitational wave (GW) signals but still carry some information
on the instrumental noise.

We find that a good proxy for such a property is for the combinations to be perfectly in-
sensitive to GW when the arm lengths are equal and constant and the wave is propagating
normally to such a perfect idealised LISA configuration. In this ideal condition, the signal
out of any TDI combination becomes a linear combination of a finite set of single link
signals with delays also chosen from a finite set. This allows to explore the space of all
linear combinations of all possible TDI combinations, and to identify its null space, i.e. the
set of all combinations that gives zero response to GW.

We find that the rank of such null space is just 7 and that the 7 fundamental combinations
all give a, differently delayed, measurement of the same combination of TM accelerations.
This combinations has a symmetry that resembles the rigid rotation of the constellation,
and is different from that which enters in GW sensitive TDI combinations as, for instance,

the second generation Michelson X.

The article is divided in five main sections. In the first section we use linear algebra to
determine which are the TDI combinations that are insensitive to GW signals in case of a
perfect orthogonal source considering a static LISA with equal arm-length. In the second
section we use the method of single value decomposition to retrieve the instrumental noise
of these combinations. In the third section, we give an estimate of the behaviour of these
null-channels in case the LISA constellation undergoes small amplitude static distortions.
Moreover, we compute the sensitivity both for a perfect LISA triangle and a non perfectly
equilateral triangle, and we also validate our model of the test-mass (TM) acceleration noise

with the outcome of numerical simulations performed using the python tools LISANode [5]
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and PyTDI. Here, we show that some combinations deviate significantly from the simplified
case when taking unequalities in the arms into account. For example, the traditional T null
channel appears to have the same GW sensitivity as X in this more realistic scenario. The
last section reports our conclusion and future perspective regarding the leverage of these
null channels to calibrate the instrument during operations and we discuss the implication

of these findings for the detection of stochastic GW backgrounds.

2. TDI COMBINATIONS WITH REDUCED SENSITIVITY TO GRAVITA-
TIONAL WAVES

The full list of TDI combinations up to a length of 16 links has been revisited with respect
to [I]. The lists of all 28 core combinations of 16 links, plus the 3 combinations of 12 links
and the 3 of 14 links are shown in Tables [[] [T and [[II}

The combinations within this minimum set fall in a few simple categories, marked by: the
number of emission/measurements event pairs, which ranges from 1 to 6, the number of
arms involved, 2 or 3 and finally the number of inter-satellite links, 4 or 6, out of the six
possible ones (1 -2, 2 -1, 1 — 3, 3 > 1, 2 — 3, and 3 — 2) that are involved in the
sequence. As an example, the standard TDI X, that in our notation is C}, shows up on the
first line of Table [l] It only involves 2 arms, 4 inter-SC links and 1 measurement event.

Note that these core combinations can be used to generate all 210 TDI channels by applying
the appropriate symmetries and index permutations. The TDIs C3%, C34, €38, Ca2 have
the properties of being fully symmetric in the idealistic scenario of equal and constant
arm-length. In fact, they represent second generation versions of the first generation fully
symmetric Sagnac combination known from the literature [6]. Note, however, that they are

different from the second generation versions reported there.

We will mostly focus on the fully symmetric combination with the minimum number of

links that is the C3? to which we simply refer by ¢ in the following.
See Supplemental Material at [URL] for the full set of TDI combinations.
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Number of Combination Number of |Number of| Number of || Number of Combination Number of | Number of| Number of
combination measurements| arms | inter-SC-links || combination measurements| arms | inter-SC-links

ci¢ 1529153193121 3¢ 12 12131 1 2 4 cig 1215324126312 1432614231 3 3 6

ci® 1213231214342 16241263+ 1 1 3 6 cig 1215321623526 14263152131 3 3 6

c3f 1523515251532 143626 126 12431 1 3 6 cif 1925153526 13626 1535152 36 125341 3 3 6

ci¢ 152912163 1626133133121 3«1 2 2 4 cig 1251536212325 13¢ 1422314231 3 3 6

cié 122131213+ 121312143+ 1 2 2 4 ci§ 123232143+ 26-13¢26-3— 14231 3 3 6

gt 1525153215263+ 126 15326 12431 2 3 4 ci8 1252323321434 23142 133+ 2¢-3 1 3 3 6

clé 1523213253 1632- 1335123362131 2 3 4 ci 125152334126 1532315326 142231 4 3 4

cié 12351331223+ 1¢-3¢2¢-1-3¢ 2131 2 3 4 cis 12153626123+ 126 13212531 4 3 4

Cé“ 122312221432+ 14-223- 15324 14+23¢1 2 3 6 C%g 12219214332+ 14-263= 1232 14+233¢1 4 3 6

cis 1525131523 16-34-2 16253326 14231 2 3 6 ci$ 1293516 2¢-15362¢-1233-325 1315231 4 3 6

ci$ 14253512322 14-3¢2¢ 13214231 2 3 6 cié 12352 14-3¢26-312-32 133231 4 3 6

cis 1523132143 12631534213+ 1 2 3 6 X 152152143526 15326 1231231 5 3 6

cis 1525152514326 153526 12351243 1 3 3 6 c3f 1925153524 153625136 142351231 5 3 6

cis 1321231521632 16263261231 3 3 6 cié 1-4216362-1¢3-2¢-1-3- 142314231 6 3 6

TABLE I. 16-links TDI combinations that suppress laser noise. C}6 is the sequence number. Each combina-
tions is represented with numbers and arrows: numbers within each sequence indicate the satellite on which
each event takes place. First and last event coincide. Arrows indicate the direction of the link connecting
adjoining events. Events at the start of two arrows represent simultaneous emission of two beams. Events at
the end of two arrows represent measurements. Events between arrows going in the same direction indicate
that the SC transponders/relays the beam to the next that follows. The first is always an emission event.
The last three columns indicates the number of measurements events, the number of arms and number of

inter-SC links involved in the sequence, respectively.

Number of Combination Number of |Number of| Number of || Number of Combination Number of |Number of| Number of
combination measurements| arms  |inter-SC-links || combination measurements| arms  [inter-SC-links
ci 1525153521432 1423 14-2¢-3«1 2 3 6 et 15213¢-21¢-3-2¢ 142314231 5 3 6
eyt 1521321432 1+-2¢-3—1-2—3¢1 3 3 6

TABLE II. 14-link TDI combinations that suppress laser noise. Definitions are the same as those for

TABLE

Number of Combination Number of |Number of| Number of || Number of Combination Number of |Number of| Number of
combination measurements| arms |inter-SC-links ||combination measurements| arms  |inter-SC-links
ci? 1525313325143 2¢14-2¢-3¢1 1 3 6 cl? 12214-32¢13¢2¢3—12-3¢1 5 3 6
ci? 152321432 131231 2 3 6

TABLE III. 12-link TDI combinations that suppress laser noise. Definitions are the same as those for

TABLEL

In order to look for TDI combinations that are insensitive to GW signals, we calculate
their sensitivity to GW coming orthogonal to LISA, in the idealised equilateral, constant
arm-length configuration (see Fig. [I)). Indeed, to do a quick search one can focus on

frequencies for which the maximum delay among the various link signals, 87, has negligible
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SAT3 SAT 2

SAT 1

FIG. 1. Schematics of the idealised LISA geometry. Three satellites (indicated as SAT), shown as
circles, include two test-masses, shown as black squares, each. The satellites are at the vertexes
of an equilateral triangle in the x-y plane, with orientation relative to the axes as shown in the
picture. The figure also shows the numbering convention for the satellites, and the orientation
chosen as positive, for the displacement x;; of the TM in satellite j at the end of the link from
satellite <.

impact, that is, for which 27 f x 87 < 1. For ¢ = L = 2.5 Gm this suggests frequencies
below 20 mHz.

A TDI combinations that gives zero signal in this simplified case is expected to suppress the
signal in realistic situation. An example of these TDI combinations that we are looking for
is the combination known as T, given for example in [7].

Regarding the instrumental noises, we consider only the effect of acceleration noise, as this

is to be the dominant noise source of the LISA instrument below a few mHz [§].

We can summarize the LISA measurements principle by considering how the GW signal
enters into a single interspacecraft link. One of the satellites, called the emitter, sends a
beam to a second one, the receiver, which measures the frequency or phase of the received

beam. GWs are detected as a modulation of the frequency or phase of the received beam.



In units of frequency, the response of a link to the GW signal is given as [9]:

Avy, = 70 1 (te - M) —h,; (tr - kGW—’") wind, (1)

Cc Cc

where kgy, is the versor that describes the direction of propagation of the gravitational
wave from the source to the detector, 14 is the nominal laser frequency, n stands for the
LISA link versor, t. and t, are the emission and reception time of the beam, respectively,
and 7, and 7, are the satellites position vectors. All these quantities are expressed in the
Solar System reference frame [10].

Let us introduce some nomenclature that will be useful in the next paragraph. The symbol
xj;, as illustrated in Fig. represents the time-series of the relative displacement of the
TM located inside satellite j and at the end of the link starting from satellite . The relative
displacement of the TM is considered along the direction of the link and it is relative to the
local inertial frame. Within the assumptions given before and accordingly to the center of
mass (COM) reference frame z — g in Fig. , we can compute the interferometric signals in
the six LISA links that can be described in frequency as illustrated in TABLE [[V]

To do the calculation, we consider the approximation that all delays are constant and equal
to 7. As we will see in section [4, this assumption holds well for some combinations, like the
classic Michelson X, while others deviate significantly in the more realistic case of unequal
armlengths. Still, it is a good working assumption to descibe the single link signals, espe-

cially in the low-frequency regime.

These assumptions will allow us to use linear algebra to find all combinations of the 210
TDI combinations, reported in the supplement material, which are null to GW and can be

used to measure the instrumental noise.

Considering the low frequencies regime, in the approximation of constant and equal de-
lays, the expression for the GW signal for a general T'D I, combination can be computed as

[11]:

8
RTDI)(t) =Y (afhe(t = j7) + af jho(t — 7)) = > aphy(t). (2)
J=0 j=
Here, a,tj and a,? ; are the coefficients of h, and h, computed using TABLE [[V| for all the
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Link Av

2 = 1120 (i 5() + G (t — 7)) = O (R (t) = ho(t = 7)) + 2OV (hy (£) — hy(t — 7))
1= 220 (G (¢ — 1)+ doa (1) = 2D (hy () = hi(t — 7)) + OB (R (1) — hoe(t — 7))
3 — 1|2 (g g(£) + g (t — 7)) — 2By (8) — ho(t — 7)) — 2O (h (8) — b (t — 7))
1 — 3100 (i o(t —7) + #51(1) — 2 (hy () — hy(t— 7)) — 2O (1) — h (t — 7))
352 W0 (g o (t —7) + da5(t)) + 2D (hy (t) — hy(t — 7))

23 W0 (G o (t) + da5(t — 7)) + LD (hy (t) — hy(t — 7))

TABLE IV. Table of the six single LISA links expressed in units of frequency for a GW wave propagating
normal to the LISA plane. The symbol x; ; is the small signal displacement of the TM located inside satellite
j, and at the end of the link starting from satellite i, and &; ; is its derivative. h4 and hy are the plus and
cross polarization of the GW signal and their respective coefficients follow from the projection of the GW
along the LISA link.

210 combinations. Since we have 9 coefficients for each of the + and x polarizations, we

count a total of 18 ay ; coefficients for each combination.

We also calculate the signal due to acceleration of the TMs which has the form:

glT DI;](t Z Z bkznjgzn - Z Z Bk]gjn (3)

7=0 i#n=1 j=1i#n=1

where by;; are the coefficients of the six TMs acceleration terms g¢;, = ;, computed for
each time t—j7. The equation has been computed considering that each TM has two indices:
the first one stands for satellite ¢ the TM is located in, while the second one, n, stands for
which satellites the TM faces. Both indices ¢ and n can go from 1 to 3, with the restriction
that 7 # n. Note that g;, # ¢n,, as these terms describe different test masses. Similar to
Eq. , there are nine measuring time, such that we have a total of 54 coefficients fy; for

the six test masses.

We can now look for linear combinations of the combinations that form Eq. , which

we call ¢;(t), that are insensitive to GWs:

where N is the total number of laser noise suppressing TDI combinations. There are multiple
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solutions for ¢;(t), which are distinguished by the label [.

We can insert Eq. into Eq. and consider each h; to be independent to conclude
that /;(t) is zero under the condition that

N

chkak,j =0. (5)

k=1

Thus, any row [ of the null space of the matrix ag ; contains the coefficients ¢, of one possible

linear combination of the 210 TDIs null to GW.
We find that the null space matrix has 200 rows, i.e. there are 200 possible combinations
that cancel the GW signal. This means that there are 200 ways of combining our 210 laser

noise cancelling TDI combinations to find new combinations that give no GW signal.

Once the null space ¢ has been found, we can calculate the TM acceleration signals

g[n](t) for each combinations [ null to GW as following:

gl (t) =Y e Z Brjg;(t). (6)

It turns out that for some value of [ these combinations are also null to acceleration noise,
that is, chvzl Clk Z?il Br;j = 0. We find a total of 24 out of the 200 combination that in the
equal arms configuration, give no output. This means that at least in the approximation
of equal arms, these combinations do not measure anything, and we discard them for the
further analysis. We will investigate the underlying reason for this effect in a follow up work
[12].

We will continue our analysis using only the remaining 176 combinations, see Supplemental
Material at [URL] for the listed combinations in TABLE IV, and to which we will refer in
the following as the null-channels [13]. We remark that combination number 176 of that list
is the T combination that is given as the sum of the three Michelson combinations. Notice
also that, out of these 176 null channels, there are 21 which are single TDI combinations

that already suppress the GW signal on their own.



Furthermore, it is found out that the rank of the matrix of coefficient ¢;;,
N
0ij = Z Cik Brj (7)

is 7. Thus, most of the null-channels which have a non zero acceleration signal contain
redundant information. In the next section we follow the method of the single value de-
composition to decompose the matrix and see if we are able to retrieve the single TM

acceleration noises.

3. SINGLE VALUE DECOMPOSITION TO RETRIEVE THE ACCELERATION
NOISE SIGNALS

As we found out that the rank of the null space is 7, we will continue our search consid-
ering a reduced set of combinations which will include just the two cyclic SC permutation
symmetries (we neglect the other symmetries). This new set allows to have an isotropic

representation of the TDI space [14] while improving the machine computation time.

This reduced set contains a total of 102 combinations, and yields 92 null channels free of
GW signals. As we saw in the previous section, there are six test masses and nine measuring
times, such that the acceleration signals enter with 54 distinct coefficients. To retrieve which
of the combinations are independent, we can do the singular value decomposition of the
92 x 54 matrix as expained in Appendix [A] The results is a combination of the acceleration
coefficients fj; which we call g[¢),,](t). These combinations of combinations are represented

by:

Nyl Nrpr 54
genl®) = S UL S e Bsgs(t), (®)
i=1 k=1 j=1

where Ny = 92 is the number of null channels, Nrp; = 102 the total number of TDI
combinations we considered and ¢, are the coefficients that belong to the null-space of the

matrix, while Uy, is a 92 x 92 matrix. We empirically found that the 54 g;(¢) elements, after
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this operation, appear only in the following form:

8
9[m)(t) = Z €mnGn(t). 9)
n=0
The index m goes from 1 to 7 as we have 7 independent signals. The 9 combinations G, (t)

that appear are combinations of the following quantities for any value of the coefficient n:

Gp(t) =g12(t = n7) — go1(t —n7) + g31(t — n7) (10)

— q13(t = nT) + gos(t —n7) — g3 2(t — 7).
It is then useful to compare these signals G, (t) with that entering the X combination:

Gx,(t) = qi12(t —=n7) + gaa(t —n7) — g13(t — n71) — g31(t — n7). (11)

The symmetry of the Eq. it’s worth investigating. If we simplify the problem and
reduce the six LISA test-masses to three test-masses, that coincide with the vertex of a
triangle, one can decompose the acceleration g;;(t) into linear combinations of the modes of
an equilateral spring-mass triangle, and readily calculate that only rotation has a non zero
projection onto G, (t) as visible in Fig. . Conversely, the Michelson combination X shows
to be sensitive to a different mode of the triangle that is displayed in Fig. . Notice that
this is the a-mode and it is orthonormal to the rotation mode. In other words, considering
a perfect drag-free attitude control system and that each spacecraft is rigidity connected
to the test-masses, if we rotate the constellation around the LISA COM, the type of signal
we see, in first approximation, can be considered as representing the rigid rotation of the
constellation. This is the only thing we can measure in this set up, which implies that if we

loose the laser link in one arm we would also loose our ability to construct a null channel.

The corresponding coefficients’” matrix €., (7 x 9) for each time value (n goes from 0 to

9) of G, (t) is reported in Table

However, it is possible to further simplify the problem by taking the difference of Gy,
G, Go, Gs, Gy, Gs, Gg, G7 and Gy i.e. the differences of the acceleration signals. We are
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N\ /
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FIG. 2. Acceleration signal for the null combinations projected along the LISA arms. All null combinations

in the case of a simplified constant equal arm-lengths configurations behave as an ideal Sagnac interferometer.

—-9[3, 1] g[2, 1]

1

FIG. 3. Acceleration signal for the TDI X projected along the LISA arms. The TDI X in the case of a

simplified constant equal arm-lengths configurations is sensitive to the a-mode of a triangle.

then able to further reduce the matrix €,,, from a 7 x 9 matrix to a 7 x 7 matrix, using the
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Go | Gy | Gy |G31Gy| Gy |G| G7 | Gy
by | 1T | _d64]_142/314| 10| 285 317 | 53 | 110

12 25 231 19 | 33 32 | 222 508 | 833
ol —A08| 967 | 31157 356\ 155" | B9 | 119| 75
37

37 | 25 17 43 | 100 149| 144
w Moy _49) 4 T g L) 37 8) 9N
3| 75 12| 3 9 3 10 5 | 203
89| 32 | 298 | 75 134| 69 | 79 109

_ 89| 32 | 298 | 75| 124] 134} 69 | 79 |_
Yal =39 | 153 | 7T 6110|3344 | 8 305
| — 19955 | 94 \127| 49 | 4 41| 59 AT

771 19| 149 | 124
¢6 55 | 21 3 |125] 135 73 | 116 223| 109

107| 86_| 31 |368|212 | 328|567 | 103| 79
| =T | 37| 16 |31 59 | 837 287 7| 227

1241 3701 2791299 | 156 | 217 | 383 27 | 295

TABLE V. Table of the €,,, coefficients for the 7 independent combinations in case of LISA with
constant and equal arm-length.

AGHAG1AGH|AG3|AGLAG5| AGs | AG7|AGy
g 0|0 | & | Wm0 sl 20 1
1 3 3 3 7 21 | 53
8 O W B 1 S
’ : ; 275 147 3 6 1139 11944
vo) 010 _%3 121 PARENENE
Yo Lo | 2R 0 | F T B |CH
i e M e R
e 01 O |-l =30 5 = 5 |—§| o
O O N S R ' G S g i
7 51 4 2 | 3 51 12 13

TABLE VI. Table of the ¢,,, coefficients for the 7 independent combinations in case of LISA with
constant and equal arm-length via the new difference variable AG,,. Note that the relation can be
inverted to give the AGy, for k > 2

backward finite differences of G, (t) [15] i.e.,

AG, = (—1)F i (Z) Gr.

k=0

Thus, we can reduce the set of 9 signals from Gg to Gg by using these new difference
variables and obtain an invertible matrix made out of the AG,,. Notice that switching to
AG, causes the term AGy and AG; to disappear. So, in this way, if we use the analogy with

a backward finite differences of G, (t) the minimum quantity we can measure is a second
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derivative of the AG and the relation can be inverted to give the AG), for k > 2.

However, since the rank of the previously obtained null space is 7, we do not really need
to start our analysis using such a large set of TDI combinations, and we can try to reduce
the set of 102 combinations we are using even further. Therefore, instead of building the
null-channels by linearly combining the three copies of the original core obtained by the two
cyclic permutations of spacecraft indices, we applied the same criterion that is currently
used to build the combination T for all core TDI combinations. That is: we produce a new
set of combinations C, by averaging the signals over the combinations obtained by applying
the two cyclic permutations of the satellites to the 34 core combinations. Note that an
advantage of this approach is that we directly obtain a new set of combinations which are
null to GWs in the case of a perfect equilateral LISA, so we do not have to look for the null
space [16].

Furthermore, we consider here only 31 combinations out of the 34 since we exclude three
core combinations that we found to not bring any informations when considering equal arms
that are C}6, C3% and C3¢. Indeed as we will show in detail in a follow up work [12], these
combinations in case of constant and equal arm-length give no output, while they strongly

suppress both noise and GW signals in the realistic case of unequal, time-varying arms.

It turns out that there are many possible independent combinations we can form by
applying the two cyclic permutations of the satellites out of the combinations listed in
Tables [ [T and [[II, From empirical studies we found that the ones that have the min-
imum number of links involved yield simpler expressions for estimating the acceleration

noise, while containing the same information as any other set. These TDIs channels are

CI6,CI6, CI*, C*, C12, C1?, CI2. In Table|VIIlwe compute the acceleration signals for this set.

The matrix of coefficients from Table [VII] can be inverted to give the AGy, for k > 2:
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AGo[AG1[AG;[AG;[AG,[AGs[AGe | AG: [AGs
16 8 16 14 1
dsl oo | 2| e |4 8|3 |0
2 3 3 3 3
Ctl o 0| =23 -2 3000
citfojo | -2/ 1000 ]O0]oO0
C2l 0| 0 [=3]6 |52 /|-+]0]0
Cl o0 | -1 1 |=2l0|0]0]oO0
¢ 0] 0 |-1]0]0]0]0]0]|0

TABLE VII. Matrix of coefficients of the acceleration signal for the set 5116, (26, (?114,53{4,(?112,5212,53{2.
The matrix can be inverted to give the AGy for k > 2

AGy = —C3? (12a)
AGs = Ci* — 2012 (12b)
AGy = -3 (Cl2+ 02 - C)Y) (12¢)
AGs = 3 (c}l‘* _ 5012 (12 ¢ 2é§4> (12d)
AGg = —3 (c}? —6CM 415012 — 30}}4) (12¢)
AGy = -3 (76112 — 24CM 4 G161 39012 — C16 _ 4C12 — 3é§4> (12f)
AGy = —3 (286112 — 76CM 4 7C16 4 96612 — 6C16 — 16@2) . (12¢)

Note that AGy is directly given as —Ci2, which turns out to be directly proportional to Ci2
(i.e. (), at least within our approximation. See [2] for more information. Moreover, AG3
up to AGg can be estimated using just 12-link and 14-link combinations.

Therefore, since all AG; are finite difference of the same signal, we show that every
combination of TDI combinations you can use, up to 16 links long, give at most the same
info as (. We can measure just the second discrete difference of a TM constellation rotation

and other TDI combinations just measure higher order derivatives of the same signal.

In the next paragraph to validate the beforehand conclusion we translate this to a more

14



W W y_tran5|ation
v v o

FIG. 4. Normal modes of an equilateral spring-mass triangle. Figure adapted form ref. [17].

realistic LISA model and assess the sensitivity for the null-channels ¢ and T.

4. COMPUTATION OF THE EFFECTIVE H NOISE FOR A PERFECT LISA
TRIANGLE AND A NON PERFECTLY EQUILATERAL TRIANGLE

Let us now relax the hypothesis of a perfectly equilateral LISA and compute the TM
acceleration noise considering constant but not equal arm-lengths.
Since LISA is a constellation of satellites that form ideally an equilateral triangle, we de-
cided to approach the problem of the inequality of the arm-lengths by assuming that LISA
undergoes small amplitude static distortions along any of the triangle normal modes that
are illustrated in Fig. [

We can then study the impact of the distortion modes following [I7], and calculate which
one causes an effective distortion with respect to the nominal LISA. To linear terms in the
distortion, only the a-mode, b-mode and d-mode (Dilation) cause a change in the length of
the arms. The dilatation mode shows to distort LISA equally in all the directions, such that
it does not modify the assumption of equal arms. The a-mode and b-mode, however, cause
a differential change between the arms, while leaving the overall perimeter of the triangle at

its nominal value.
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We therefore just consider the a-mode (0,) and b-mode (J,) and assume that all other
modes have zero amplitude. Then, we can express the three LISA arms, to linear terms in

the distortion, as:

Lis = cr (1 + % (V36 - 5b)>
Loz = c7 (14 6;) (13)
Ly =cr (1 - % (V36 +5b)> .

We define the root-mean square (RMS) deviation d, of the arm-length as:

2 2
b= 2T (14)

We then consider the leading order terms in the distortion for LISA with unequal but
constant arm-length, to calculate in the frequency domain the response to a GW coming
orthogonal with respect to LISA plane. We can do the same with the acceleration noise
and expand both the acceleration signal and the GW signal as a function of frequency and
take only the leading term at low frequency. In this process, we assume that all g; ;(w)
have the same PSD S,(w), and calculate the effective h noise using the transfer function
for hypms = \/hiTh?X , as we will explain in the following. We refer to effective h noise as
the level of the TM acceleration noise we would be able to detect in the presence of a GW

background [I8].

We can compute the effective h noise by considering that the output of a TDI;, given a

stochastic GW background, is a stochastic process with a power spectral density of the type
Sin = | Hj(w)*Su(w), (15)

where Sp,(w) is the PSD of the GW background.

We can do the same consideration for the acceleration noise and write:

Sjy = 1G(w)[*Sy(w). (16)
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TABLE VIII. Effective h noise for equal-constant LISA armlength in case of averaging the square
of the response for 1000 GW sources over the celestial sphere for the null combinations ¢ and T
vs. Michelson X.

We can then compute the effective h noise as

S,
S, = (17)
i = H W)
i.e., by dividing the PSD of the acceleration noise by the transfer function of the stochastic

GW background for different TDI combinations.

We analyse here two cases. In the first we consider a perfect LISA triangle and 1000 GW
sources coming from multiple directions, in the second a non perfectly equilateral triangle
and the GW sources coming orthogonal with respect to the LISA detector.

Thus, for the first case the transfer function reads

Z|Hz )2, (W), (18)

with Ny as the number of sources. Here, each Sy, (w) is the PSD of the RMS of the h, and
h polarizations of the GW. In practice, we consider both h, and h, to be white noise
processes with an ASD of \/LH—Z to compute the transfer functions |H}(w)[*. In TABLE
we report this effective h noise alongside the ASD of the acceleration noise and the RMS

response to a wave for an ideal LISA where we averaged over the celestial sphere for T, (

and TDI X.

In the second case, we consider only a single stochastic source orthogonal to the LISA
plane, and take the inequality of the armlengths into account. We again compute the re-

sponse to the single stochastic source, the acceleration noise as well as the effective h noise,
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TABLE IX. Effective h noise for non equal-constant LISA arm-length in the case of a GW coming
orthogonal to the LISA plane, for the null-combinations ¢ and T vs. the Michelson X. Notice that
the acceleration noise terms for ¢ and X are not affected by the inequality of the arms and are
equal to those given in Table

for T, ¢ and TDI X. The result is summarized in TABLE

Considering a realistic value of §, ~ 0.009 [19], the effective h noise of T is much smaller
than that of (. Thus, at least at low frequencies, ( is a better noise monitor for the case
of an orthogonal GW signal and unequal arm-length LISA, since it suppresses GW signals

more effectively than T.

We plot the in Fig. [f| the effective h noise for T, ¢ and TDI X, as given in TABLE [VII]|
and TABLE [X]

We see that in case of a very simplistic GW background and ideal LISA, ( and T show
to have the same sensitivity while X is much more sensitive to GW. Thus, we can state that
under these assumptions in the case of equal arms both T and ( see the same signals and are
better noise monitor than X. Conversely, considering the case of LISA with unequal arm-
length and with a GW source orthogonal to the plane, for frequencies lower than around
1072 Hz, ¢ is less sensitive to GW than T, which means that we will be able to observe
our instrumental noise in the presence of larger signals. Indeed, at least at low frequencies,
T shows to have the same sensitivity as TDI X, which is well known to be sensitive to
GW signals. This is different for higher frequencies where T flattens whereas ¢ shows to
decrease following a constant slope, thus T might be a better noise monitor than ¢ in this
frequency region. However, note that it is more difficult to estimate the exact combination
of the acceleration noise of the six test-masses measured by T compared to the very simple
rotational signal measured by (, especially in the case of unequal arms.

For completeness, since with this paper we want to suggest which are the TDI channels

to use for estimating the instrumental noise, in Fig. [6] we report a comparison between sim-
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Effective h noise slant-LISA vs. ideal-LISA for T and { vs. X
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FIG. 5. The effective h noise for ¢ and T for both slant and ideal LISA. The graph is made considering a
stochastic GW-type signal with RMS of v/2 and acceleration noise with the six test masses having the same

1/2 —-15 0.4%10-3 )
ASD equal to S3/2 = 2.4 x 1015, /1 + (f) .

ulations using realistic LISA orbits, and the analytical models with ideal perfect equilateral
LISA constellation, for the residual TM acceleration noise for T, ( and X. The instrument
simulation is performed using LISANode [5], while the TDI combinations are computed us-
ing the python tool pyTDI [20]. The power spectral density has been estimated using the
Welch method, using the Nutall{ window function.

We notice that for T, the approximated analytical model that considers equal constant arm-
lengths does not accurately describe the TM acceleration noise at low frequencies. This is
expected, and our model accounting for inequalities in the arms given in TABLE [X] explains
the observed noise level well. L.e., T no longer measures the simple signal proportional to

AG, (at low frequency) when considering more realistic orbits.
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Amplitude spectral density (ASD) of test mass acceleration noise
for real LISA orbits vs. the analytical moldels
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FIG. 6. Amplitude spectral density of the test-mass acceleration noise for the null-channel T and the
Fully-Symmetric-Sagnac vs. TDI X compared with the respective analytical model. The simulations are

performed considering ESA orbits
5. DISCUSSION AND CONCLUSION

If we go up to 16-link combinations, and if we do not value the additional information
that came from doing a time derivative, or a time finite difference, all information regarding
the acceleration noise measurable using null combinations is already contained in the fully
symmetric Sagnac combination (. Thus we only need one combination to measure the
properties of this noise and to characterise the instrument.

With the combination { we measure a second derivative of a particular linear combination
of the test masses that resembles the rigid rotation of the constellation. Other TDI combi-
nations insensitive to a GW signal measure combinations of higher order derivatives of the
same signal.

Indeed, T in the idealised condition of a perfect triangle measures the fourth derivative.
We show that in the case of a stationary, isotropic and very simplified GW stochastic
background, and LISA with equal and constant arms, { suppresses GW equally well as the

combination T.
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Regardless T behaves differently from (, at least from the theoretical calculation presented
here, in the case of a constellation with un-equal but constant arms, and a simplified GW
stochastic signal coming orthogonal to the LISA plane. Indeed there are other terms of the
TM noise that contribute and overcome the rotational signal. In addition, we showed that
¢ is significantly less sensitive to GW then T at low frequency when considering unequal

arm-length, making it a better candidate to measure instrumental noise.

Ideally, we would like to monitor the instrumental noise independently from the GW
background. Unfortunately, the fact that all null combinations only measure one type of
acceleration signal which is, to zeroth order, orthogonal to the one that affects TDI X ( which
is the combination advertised in data analysis for detecting GW signal) severely limits the
possible noise correlation analyses between the X channel and the null channels.

In conclusion, we found that these null-channels are useful as LISA noise monitors. They
show to be sensitive to a signal which resembles the rigid rotation of the constellation. Note
that all of these null channels need all 3 LISA arms to be constructed, such that in case
we loose one arm of the constellation we also loose our ability to construct null channels.
We are then left with just combinations such as the Michelson interferometer, which are
strongly sensitive to GW signals. We plan to translate the results presented here into a

more realistic LISA noise scenario and suggest the proper noise measurement approach for

the LISA mission.
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Appendix A: Single value decomposition to retrieve the acceleration noise signals

Considering the single value decomposition, in our specific case we have U;;, as a 92 x 92
matrix, Wy, which is a 92 x 54 matrix, which has only the 7 uppermost diagonal elements
different from zero, and V;; which is a 54 x 54 matrix. Therefore the singular value decom-

position of the acceleration matrix of coefficients ¢;; is

N 54
0 =) UsWuVy], (A1)
k=1 =1

with NV = 92 the number of null combinations. If we then multiply Eq. (Al by the inverse

of U;, we get a 92 x 54 matrix that has only the first 7 lines different from zero:

N 54
> Unisy =Y WV (A2)
i=1 =1
This allows us to redefine -
Z > UL eatbi(t) (A3)
=1 k=1

for which only the first 7 entries are non-zero. ¥ (t) are the 102 TDIs that are a subset
of the 210 channels, see Supplemental Material at [URL] for the full list, and ¢, are the
coefficients of one possible linear combination of the 210 TDIs null to GW (see Eq. ().

This reduced set of null-channels give us a better understanding of the reason why the
rank R is 7. Indeed, in Eq. (A3]) are different from zero only the signals for m < R, as
for any value of m the GW part of the signal is zero. Besides for m > R also the TM

acceleration signal is zero.
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