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The Belinski-Khalatnikov-Lifshitz (BKL) conjecture predicts a chaotic alternation of Kasner
epochs in the evolution of generic classical spacetimes towards a spacelike singularity. As a first
step towards understanding the full quantum BKL scenario, we analyze a vacuum Bianchi II model
with local rotational symmetry, which presents just one Kasner transition. During the Kasner
epochs, the quantum state is coherent and it is thus characterized by constant values of the differ-
ent quantum fluctuations, correlations and higher-order moments. By computing the constants of
motion of the system we provide, for any peaked semiclassical state, the explicit analytical tran-
sition rules that relate the parametrization of the asymptotic coherent state before and after the
transition. In particular, we obtain the modification of the transition rules for the classical vari-
ables due to quantum back-reaction effects. This analysis is performed by considering a high-order
truncation in moments (the full computations are performed up to fifth-order, which corresponds
to neglecting terms of an order ~3), providing a solid estimate about the quantum modifications to
the classical model. Finally, in order to understand the dynamics of the state during the transition,
we perform some numerical simulations for an initial Gaussian state, that show that the initial and
final equilibrium values of the quantum variables are connected by strong and rapid oscillations.

I. INTRODUCTION

It has been conjectured that, close to a spacelike sin-
gularity, the classical dynamics of any universe follows
a chaotic behavior given by the Belinski-Khalatnikov-
Lifshitz (BKL) scenario [1]. According to this, different
points decouple and the dynamics of each point can be
described by a Bianchi IX universe, which is character-
ized by an alternation of different Kasner epochs (cor-
responding to a Bianchi I vacuum or Kasner solution)
connected by quick transitions (as compared with the
duration of the epochs). The alternation among epochs
implies that different (anisotropic) spatial directions are
squeezed and stretched during the evolution towards the
singularity, resulting in the mentioned chaotic behavior.
One relevant characteristic of this conjecture is that this
behavior is dominated by the vacuum solution, and the
introduction of matter (besides particular cases) does not
change the qualitative behavior.

The analysis of Bianchi IX models can be very com-
plicated and it is often convenient to describe the sys-
tem in terms of the Misner variables [2, 3], in the con-
text of the so-called Mixmaster Universe; that is, in-
stead of using the scale factors, the system is character-
ized in terms of the spatial volume and two anisotropic
shape-parameters. The dynamics of these models is
then described as a free particle with a potential that
drives the transitions between Kasner regimes via ex-
ponential walls [2, 4, 5], in the so-called “cosmological
billiard” [6, 7]. A simpler scenario corresponds to a
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Bianchi II universe. This model presents only one tran-
sition between two different Kasner epochs on its evolu-
tion towards the singularity. Nonetheless, any Bianchi IX
spacetime can be understood as a succession of Bianchi
II models providing transitions among different Kasner
epochs [8].

This picture of the classical dynamics remains being
a conjecture, although it is widely accepted and numer-
ous numerical studies confirm the described behavior [9–
11]. But let us remark that the BKL scenario takes place
very close to the singularity. Therefore, at this stage, one
would expect quantum effects to become relevant in the
analysis. However, it is still unclear how this scenario
can be modified when quantum effects are taken into ac-
count. In the literature, there are several approaches to
quantum models of Bianchi IX, focused on different fea-
tures and questions (as the avoidance of the singularity
or the survival of the chaotic behavior) [12–23], as well
as simpler approaches to Bianchi II quantum models [24–
27].

In particular, one question concerns the survival of the
structure of Kasner epochs connected by quick transi-
tions, and whether they follow the same transition rules
as in the classical picture. In this paper, we analyze this
question within the context of a simple locally rotation-
ally symmetric (LRS) Bianchi II model. We first analyze
the canonical structure and exact solutions of the classi-
cal model, identifying the transition rules of the canonical
variables of the system. Then we develop an exact quan-
tization of the model and focus on analyzing the survival
of the Kasner transition and the quantum modification
of the transition rules. For such a purpose, we will per-
form a decomposition of the wavefunction into its infinite
set of moments following the framework first presented in
[28]. This formalism is very useful to understand the dy-
namics of peaked semiclassical states and it has already
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been applied to the analysis of a variety of cosmological
models; see, e.g., [29]–[38].

The rest of the paper is organized as follows. In Sec. II
the canonical structure of the classical model is described
in terms of Misner variables and the classical transition
rules are obtained. The full quantum analysis is then per-
formed in Sec. III, which is divided into four subsections.
In Subsec. III A the quantum moments and their equa-
tions of motion are derived, whereas in Subsec. III B the
constants of motion of the system are constructed. Mak-
ing use of these constants of motion, in Subsec. III C
the quantum transition rules for any semiclassical peaked
state are obtained. Subsec. III D completes the study
with a numerical simulation that describes in detail the
dynamics during the transition. The discussion of the
results and possible future developments are finally pre-
sented in Sec. IV.

II. CANONICAL ANALYSIS OF THE
CLASSICAL SYSTEM

The metric of a general homogeneous but anisotropic
universe can be expressed as follows

ds2 = −N2dt2 +

3∑
i,j,k=1

a2kl
k
i l
k
j dxidxj , (1)

where N is the lapse function, ak is the scale factor in

the ~lk = (lk1 , l
k
2 , l

k
3) spatial direction, and the lki vectors

(or Kasner axes) form an orthonormal triad that deter-
mines the spatial direction of the anisotropic expansion
or contraction of the universe. For the Bianchi II model,
these vectors verify the following conditions,

3∑
i,j=1

(lki,j − lkj,i)linljm = δk,3εknm,

with εknm being the complete antisymmetric Levi-Civita
symbol.

A very convenient way to describe this spacetime is
given by the variables introduced by Misner [2, 3]. The
three different scale factors are written as

ak = eα+βk , (2)

where α encodes the spatial volume, eα = (a1a2a3)1/3,
and the variables βk satisfy the constraint β1 +β2 +β3 =
0. Therefore, the following two independent shape-
parameters can be defined

β+ := −1

2
β3 = −1

2
ln

[
a3

(a1a2a3)1/3

]
,

β− :=
1

2
√

3
(β1 − β2) =

1

2
√

3
ln

(
a1
a2

)
. (3)

As one can directly check, the range of α and β± corre-
sponds to the whole real line.

In this paper we will focus on the analysis of the vac-
uum case. For this Bianchi II vacuum model, the Hamil-
tonian constraint reads

C =
1

2
e−3α

(
−p2α + p2− + p2+

)
+ eαU(β+, β−) = 0, (4)

where pα = − e
3α

N
dα
dt and p± = e3α

N
dβ±
dt are the conju-

gate momenta of α and β±, respectively, and the po-
tential term takes the value U(β+, β−) = e−8β+ . Other
Bianchi models are described by this very same Hamilto-
nian, but with a different form of the potential. In par-
ticular, the vacuum Bianchi I –or Kasner– model, which
will be relevant in the subsequent discussion, is given by
U(β+, β−) = 0.

Since it is a monotonic function, in these models it
is usual to choose α as the internal time. The above
constraint is then deparametrized to define the physical
Hamiltonian

H :=−pα =
[
p2+ + p2− + 2e4αU(β+, β−)

]1/2
=
(
p2+ + p2− + 2e4α−8β+

)1/2
. (5)

In order to understand and study this system analyti-
cally in detail, we will introduce a further simplifying as-
sumption, and focus on models with a preferred spatial
direction, which are known as locally rotationally sym-
metric (LRS) spacetimes1. In this case, by choosing the
third direction as the preferred one, this corresponds to
assuming a1 = a2 and thus the shape-parameter β−,
as well as its conjugate momentum p−, are vanishing:
β− = 0 = p−. Therefore, defining for compactness
β := β+ and p := p+, in this LRS model the Hamil-
tonian (5) is reduced to

H =
(
p2 + 2e4αU

)1/2
=
(
p2 + 2e4α−8β

)1/2
. (6)

This is a system with just one degree of freedom (β, p),
and the equations of motion for the canonical pair can
readily be obtained,

β̇ =
p

H
, (7)

ṗ =
8

H
e4αU =

8

H
e4α−8β , (8)

where the dot represents the derivative with respect to
the internal time α.

The regions where the potential term e4αU has a neg-
ligible contribution to the Hamiltonian H, that is, where
the dimensionless ratio r = 2e4αU/p2 is very small r � 1,
are the so-called Kasner regimes or epochs. (Note that,
as commented above, in the Kasner model the potential is

1 These spacetimes have been largely studied in cosmology; check,
e.g., [39–48].
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exactly vanishing U = 0 and thus also the corresponding
dimensionless ratio r.) In these regimes, the equations of
motion can easily be solved. On the one hand, p is a con-
stant of motion and, in this sense, the system follows a
free dynamics. On the other hand, the shape-parameter
β is a linear function of α

β = sign(p)α+ c, (9)

with the integration constant c. Note that β either
grows or decreases according to the sign of the variable
p. Therefore, each Kasner epoch is completely charac-
terized by the values of the constants of motion p and
c.

In fact, the dynamics of the Bianchi II model can be
understood as two (asymptotic) Kasner epochs and a
transition between them. Let us describe this in more de-
tail. We are interested in a model corresponding to an ex-
panding universe with a singularity in the past α→ −∞.
Our analysis will begin on a macroscopic universe far
away from the singularity, that is, with a large initial
value of α. If the initial values of β and p are chosen in
such a way that the ratio r is small, the system will be on
a Kasner epoch. Depending on the sign of p, β will be an
increasing or decreasing function (9). For definiteness,
and without loss of generality, let us choose the initial p
as positive.2 In this case, towards larger values of α, the
shape parameter β will be growing, making the ratio r
more and more negligible. Therefore, in this direction,
the Kasner condition holds and the dynamics is given by
(9) up to α→∞. On the contrary, towards lower values
of α, the shape-parameter β will be decreasing and thus
the ratio r increasing. Therefore, it will reach a point
where r will be no longer negligible and the Kasner ap-
proximation will break down. From this point on, p is no
longer constant and the dynamics of the shape-parameter
can not be approximated by (9) anymore.

Nonetheless, this period is very short. A very quick
transition happens, which changes the sign of p and pro-
duces a bounce in β, and then the system enters into
another Kasner regime with corresponding parameters c̃
and p̃ < 0. This new Kasner epoch evolves towards lower
values of α until reaching the singularity at α → −∞.
During this evolution, the shape parameter β increases
linearly, following (9), and tending to infinity at the sin-
gularity. For the sake of clarity, the evolution of β and p
is illustrated in Figs. 1 and 2 respectively.

From now on, we will focus on the study of this tran-
sition, specifically on the rules that relate the parame-
ters that characterize the first Kasner epoch (c, p), which
will be denoted with a bar, with those that describe the
second one (c̃, p̃), and will be denoted with a tilde. The
seminal idea to perform this analysis [2] is to find the con-
stants of motion of the system. Since they are conserved

2 If the initial p is chosen as negative, the system will follow the
same qualitative behavior as described, but with the direction of
time inverted.

1st Kasner
regime

2nd Kasner
regime

TransitionTowards the
singularity

FIG. 1. Classical evolution of the variable β with respect to
α, where we have chosen p > 0 for large values of α and β.

1st Kasner
regime

2nd Kasner
regime

Towards the
singularity

Transition

FIG. 2. Classical evolution of the variable p with respect to
α, where we have chosen p > 0 for large values of α and β.

all along the evolution, these quantities shall be the same
for both Kasner epochs. Therefore, one can write them
in terms of the corresponding parameters in each Kasner
epoch, before (α→ +∞) and after (α→ −∞) the transi-
tion, and obtain the relations c̃ = c̃(c, p) and p̃ = p̃(c, p).
These relations will be known as the transition rules.

The first nontrivial task is thus to find the constants
of motion. Any conserved quantity R = R(α, β, p) must
obey the following equation

0 =
dR

dα
=
∂R

∂α
+
∂R

∂β

dβ

dα
+
∂R

∂p

dp

dα

=
∂R

∂α
+
∂R

∂β

∂H

∂p
− ∂R

∂p

∂H

∂β
, (10)

where we have made use of definitions (7)-(8). In order to
find the solution, it is convenient to perform the following
transformation α → H, so that R = R(H,β, p), and the
above equation reads

0 =
∂R

∂H

∂H

∂α
+
∂R

∂β

∂H

∂p
− ∂R

∂p

∂H

∂β
. (11)

Replacing in this expression the form of the Hamiltonian
(6) one obtains,

0 = 2(H2 − p2)
∂R

∂H
+
∂R

∂β
p+ 4(H2 − p2)

∂R

∂p
. (12)
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The general solution to this equation yields

R = F
[
2H − p, e2(α+β)(H − p)

]
, (13)

for any generic function F . Consequently, we will con-
sider the following two independent conserved quantities
to analyze the transition

R1 := 2H − p, (14)

R2 := e2(α+β)(H − p). (15)

In the Kasner regimes, where the ratio is very small
r � 1, the conserved quantities are approximately given
by

R1 ≈ 2|p| − p, (16)

R2 ≈ e2(α+β)
[
|p|
(

1 +
e4α−8β

p2

)
− p

]
. (17)

By considering the functional form for β (9) in both
asymptotic regions, and taking into account that the ini-
tial value of p is chosen as positive, p > 0, the require-
ment of conservation of the above quantities provides the
following two equations,

p = [2sign(p̃)− 1]p̃, (18)

e−6c

p
= p̃e2[1+sign(p̃)]α+2c̃ (19)

×

[
sign(p̃)

(
1 +

e4[1−2sign(p̃)]α−8c̃

p̃2

)
− 1

]
,

which relate the parameters of the first Kasner epoch
(c, p) with those of the second Kasner regime (c̃, p̃). It is
then straightforward to solve this system and obtain the
classical transition rules

p̃ = −1

3
p, (20)

c̃ = −3c− 1

2
ln

(
2

3
p3
)
. (21)

III. QUANTUM ANALYSIS

Once we have provided a canonical description of the
classical system and the classical results are under con-
trol, we are ready to develop the quantum analysis. The
present section is divided into four subsections. In Sub-
sec. III A we will define the quantum moments, which
will be the basic variables to describe the quantum states.
Their equations of motion are obtained and solved in the
asymptotic Kasner regimes. In particular, it is shown
that, for semiclassical states, the qualitative dynamical
picture of the system is kept as in the classical case:
namely, there will be two different Kasner epochs with a
transition connecting them. Following the classical anal-
ysis, in Subsec. III B, the conserved quantities for the

quantum system will be derived. These constants of mo-
tion will be then used to obtain analytically the quantum
transition rules between the two Kasner epochs in Sub-
sec. III C. This will provide the asymptotic behavior of
all the quantum moments for any initial state. Nonethe-
less, in order to understand better the dynamics during
the transition, in Subsec. III D a numerical implemen-
tation of the system of equations is performed for the
particular case of a Gaussian initial state.

A. Set up

The quantum dynamics of this model is governed by
a Hamiltonian Ĥ, which is obtained by promoting the
classical Hamiltonian (6) to an operator. We will analyze
the dynamics by using a formalism based on a moment
decomposition of the wave function [28]. More precisely,
we define the quantum moments as

∆(βipj) :=
〈

(β̂ − 〈β̂〉)i(p̂− 〈p̂〉)j
〉
Weyl

, (22)

where i, j ∈ N, 〈 〉 indicates the expectation value and
the Weyl subscript refers to a totally symmetric ordering
of the operators. This infinite set of moments, together

with 〈β̂〉 and 〈p̂〉, fully characterizes the quantum state.
The sum of the indices i+ j will be referred as the order
of the corresponding moment. This order will be later
used to introduce a cut-off on this infinite system.

The dynamics of the moments (22) is driven by a quan-
tum effective Hamiltonian, that is defined as the expec-
tation value of the operator Ĥ. By performing a Taylor

expansion around the expectation values of β̂ and p̂, this
effective Hamiltonian can be written as follows,

HQ =
〈
Ĥ(p̂, β̂)

〉
(23)

= H +

∞∑
i+j=2

1

i!j!

∂i+jH(β, p)

∂βi∂pj
∆(βipj),

where β := 〈β̂〉 and p := 〈p̂〉 have been defined, and
H(β, p) is the classical Hamiltonian (6). As it can be
seen, the Hamiltonian operator has been chosen as Weyl-
ordered.

The equations of motion for the variables of the system
(β, p and ∆(βipj)) can then be obtained by computing
their Poisson brackets with the effective HamiltonianHQ:

dβ

dα
= {β,HQ} =

∂HQ

∂p
, (24)

dp

dα
= {p,HQ} = −∂HQ

∂β
, (25)

d∆(βipj)

dα
= {∆(βipj), HQ} (26)

=

+∞∑
m,n=0

1

m!n!

∂m+nH(β, p)

∂βm∂pn
{∆(βipj),∆(βmpn)},
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where { , } are the Poisson brackets between expectation

values defined as {〈f̂〉, 〈ĝ〉} = 1
i~ 〈[f̂ , ĝ]〉, f̂ and ĝ being

arbitrary operators. Moreover, the general expression for

the brackets between any two moments is known [28, 38]
to be

{∆(βkpl),∆(βmpn)} = ml∆(βkpl−1)∆(βm−1pn)− kn∆(βk−1pl)∆(βmpn−1) +

S∑
r=1
odd

(
i~
2

)r−1
Kr
klmn∆(βk+m−rpl+n−r),

where S := min(k + l,m+ n, k +m, l + n) and the coef-
ficients Kr

klmn are defined as

Kr
klmn =

r∑
s=0

(−1)ss!(r − s)!
(

k

r − s

)(
l

s

)(
m

s

)(
n

r − s

)
.

Note that, in general, (24)–(26) form an infinite sys-
tem of coupled equations. Therefore, in order to ana-
lyze the system, one usually introduces a truncation by
considering negligible all the moments ∆(βnpm) with an
order n+m higher than a certain cut-off N . A moment
∆(βnpm) has the dimensions of ~(n+m)/2 and, in this
sense, this kind of truncation is valid during semiclassi-
cal regimes, that is, as long as the state remains peaked
on a classical trajectory.

Nonetheless, if the Hamiltonian is at most quadratic
on the basic variables, the different orders decouple and
one usually is able to solve the complete infinite set of
equations. In fact, this is the case in the Kasner epochs
analyzed above (when the ratio r = 2e4α−8β/p2 is neg-
ligible), as then the classical Hamiltonian is linear in p.
In this approximation, the equations of motion take the
form,

dβ

dα
≈ sign(p),

dp

dα
≈ 0,

d∆(βipj)

dα
≈ 0,

which are immediate to solve

β ≈ sign(p)α+ c, (27)

p ≈ const., (28)

∆(βipj) ≈ const., (29)

with the integration constant c. As can be seen, the dy-
namics during the Kasner regime is that of a coherent
state. There is no quantum back-reaction, as the mo-
ments are constants of motion and evolve decoupled from
the expectation values, and the behavior of the expecta-
tion values remains as in the classical case. In summary,
the parameters that characterize each quantum Kasner
epoch will be, as in the classical case, the constants c
and p, along with the infinite constant set of moments
∆(βipj).

Therefore, our goal is to obtain the quantum transi-
tion rules, that relate the set of parameters that describe

the initial Kasner epoch (c, p,∆(βipj)), which will be de-
noted with a bar, with the parametrization of the second

Kasner regime (c̃, p̃,∆(βmpn)
:

), denoted with a tilde. In
this way, we will be able to see how the classical transi-
tion rules, described by equations (20)-(21), are modified
by quantum effects. For such a purpose, let us obtain the
constants of motion for the quantum system.

B. Conserved quantities

In order to obtain the constants of motion, we first
note that, since we are dealing with an infinite system
of equations, we will need an infinite amount of them.
Nonetheless, if two independent conserved operators R̂1

and R̂2 are known, their expectation values 〈R̂1〉 and

〈R̂2〉 would be trivially conserved. In fact, one would
be able to generate an infinite set of conserved quanti-
ties, just by taking the expectation values of any product
between them, that is,

〈R̂ni R̂mj 〉 = const., for m,n ∈ N and i, j ∈ {1, 2}. (30)

Obtaining the operators R̂1 and R̂2 might be a very
complicate task, so we will proceed order by order. Up
to third-order in moments, one can construct these con-
served operators just by directly promoting the conserved
classical quantities (14) to operators:

R̂1 = 2Ĥ − p̂, (31)

R̂2 = e2(α+β̂)(Ĥ − p̂). (32)

Up to the mentioned order, the expectation values of
these operators can then be written in terms of moments
by performing an expansion around the expectation val-
ues of the basic variables

〈R̂1〉 = R1 +

3∑
i+j=2

∂i+jR1

∂βi∂pj
∆(βipj), (33)

〈R̂2〉 = R2 +

3∑
i+j=2

∂i+jR2

∂βi∂pj
∆(βipj). (34)

Note that these expressions are valid for any ordering of
the basic operators in the definitions (31)–(32). Any re-
ordering of the operators would give a factor proportional
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to ~2 in the above expansions, which is of fourth-order
and thus negligible at this level of approximation. There-
fore, up to third order, one can iteratively construct all
the necessary constants of motion.

For instance, at second-order, the system is described
by the two expectation values (β, p) and the three mo-
ments ∆(βipj) with i + j ≤ 2, namely the correlation
∆(βp) and the two fluctuations ∆(β2) and ∆(p2). There-
fore, in order to completely solve the system, one needs
to construct five constants of motion. The expectation
values (33)–(34) are two of them, and another three can
be defined as,

〈(R̂1 −R1)2〉, (35)

〈(R̂1 −R1)(R̂2 −R2) + (R̂2 −R2)(R̂1 −R1)〉, (36)

〈(R̂2 −R2)2〉. (37)

Writing these expressions in terms of moments, as per-
formed in (33)–(34), and truncating the series at second-
order, one ends up with five constants of motion for five
variables and the system is thus completely determined.
Note that, for convenience, we have defined the conserved
quantities as expectation values of powers of differences,
like (R̂i − Ri)2, instead of expectation values of powers,

like R̂2
i , and with a symmetric ordering of R1 and R2. In

this way one automatically gets pure second-order real
expressions (there is no zeroth order contributions when
expanding these expectation values).

The rationale within a third-order truncation scheme is
exactly equivalent to the one applied at second order, but
with some more variables. In this case the number of vari-
ables is nine: two expectation values (β, p), three second-

order moments, and four third-order moments (the two
pure fluctuations ∆(β3) and ∆(p3), in combination with
the two high-order correlations ∆(βp2), ∆(β2p)). In ad-
dition to the conserved quantities (33)–(37), one can con-
struct another four by computing the following expecta-
tion values

〈(R̂1 −R1)3〉, (38)

〈(R̂1 −R1)2(R̂2 −R2) + (R̂2 −R2)(R̂1 −R1)2〉, (39)

〈(R̂1 −R1)(R̂2 −R2)2 + (R̂2 −R2)2(R̂1 −R1)〉, (40)

〈(R̂2 −R2)3〉. (41)

From fourth order on, the situation gets more involved,
as the ordering of the basic operators in the definitions
(31)–(32) comes into play. We find out that the expec-

tation value of the operator R̂1, with a completely sym-
metric ordering of basic operators,

R̂1 = 2Ĥ − p̂
∣∣
Weyl

(42)

is conserved up to seventh-order in moments. Nonethe-
less, this is not the case for R̂2: by considering a Weyl-
ordered form for R̂2, its time derivative turns out not
to be vanishing, due to some terms proportional to ~2.
Still, we have been able to explicitly integrate these non-
vanishing terms and, by subtracting the result from the
expectation value of the Weyl-ordered operator version
of R2, construct the corresponding conserved quantity.
This leads to the following form for the second conserved
operator,

R̂2 = e2(α+β̂)(Ĥ − p̂) + ~2e2(α+β̂)(Ĥ − p̂)2 15p̂Ĥ2 + 11Ĥ3 + 3Ĥp̂2 − 4p̂3

2Ĥ4R̂2
1

∣∣∣∣
Weyl

. (43)

In summary, up to seventh-order in moments, the two
operators (42)–(43) are conserved. Therefore, one can
use these expressions to generate, at each order, all the
necessary constants of motion by computing expectation
values of their products, as explained above for second-
and third-order truncations.

C. Quantum Kasner transition

At this point, in order to obtain the quantum transition
rules, one can proceed systematically. One just needs to
compute the expectation values of products of the con-
served operators (42)–(43), and write them in terms of
moments by performing an expansion around the expec-
tation values β and p. These constants of motion are then
evaluated on each asymptotic Kasner regions, by consid-

ering the behavior of different variables (27)–(29). The
requirement of conservation of these quantities leads to
a system of equations that relates the parameters of the
first Kasner epoch (c, p,∆(βipj)) with those of the second

Kasner regime (c̃, p̃,∆(βipj)
:

). This system of equations
must then be solved to obtain the quantum transition
rules.

For definiteness, we will complete this procedure with
a fifth-order truncation, by assuming that all moments
∆(βipj) with i + j > 5 =: N are negligible. Up to this
order, there are 20 variables and one needs to construct
the same amount of constants of motion.

Regarding the classical variables we find out that, on
the one hand, making use of the conserved quantity 〈R̂1〉,
which takes the simple form 〈R̂1〉 = 2|p|−p at every order
in the Kasner regimes, one can immediately obtain the
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transition rule for the momentum p,

p̃ = −1

3
p. (44)

This expression keeps the same form as its classical coun-
terpart (20) and it is not affected by the moments. On
the other hand, the quantum back-reaction does affect
the transition rule for the parameter c, which encodes
the asymptotic behavior of the shape-parameter β, and

it takes the form

c̃ = −3c− 1

2
ln

(
2p2

3

)
+

N∑
n=2

(−1)n

npn
∆(pn). (45)

However, note that only the initial relative pure fluctua-
tions of the momentum ∆(pn)/pn appear in this relation.

Concerning the moments, their transition rules are
more involved, and they are explicitly displayed in App.
A. Nevertheless, the general transition rule can be writ-
ten as follows,3

∆(βnpm)
:

= (−3)n−m∆(βnpm) +

rmax∑
r=0

n−1∑
k=0

lmax∑
l=lmin

anmklr

pn+l+r−k
∆(pr) ∆(βkpn+m+l−k), (46)

with certain numerical coefficients anmklr. In fact, all
explicit factors p that appear in this expression can be

absorbed by considering relative moments with respect
to p (that is, ∆(βnpm)/pm), and by taking into account
the transition rule (44),

∆(βnpm)
:

p:m
= (−3)n

∆(βnpm)

pm
+

rmax∑
r=0

n−1∑
k=0

lmax∑
l=lmin

bnmklr
∆(pr)

pr
∆(βkpn+m+l−k)

pn+m+l−k , (47)

with bnmklr = (−3)manmklr. In this way, the transition
rule for the relative moments does not explicitly depend
on the values of the asymptotic classical parameters p or
c.

In the above expressions, the lower limit for l is defined
as lmin = max{−r, k − (n + m)}. This ensures that the
right-hand sides of (46) and (47) are exclusively given by
contributions of order higher or equal to n+m. Moreover,
the upper limits of two of the sums, rmax and lmax, are
an artifact of the truncation we are considering, and they
just impose that the product of two moments inside the
sum to be, at most, of order N , that is, n+m+l+r ≤ N .
However, the upper limit in the sum in k is independent
of the truncation, and thus physically meaningful. More
precisely, the largest possible value for k is n − 1, that
is, lower that the index in β of the final moment under
consideration. Therefore, this means that the asymptotic

form of a moment ∆(βnpm)
:

after the Kasner transition,
depends on the initial value of the very same moment

3 There is just one exception to this general rule. As can be seen
in App. A, apart from the terms given in (46), the transition rule
(A6) for the moment ∆(β3) contains an extra term proportional
to ~2.

∆(βnpm) and all moments ∆(βkpq), with any q ≥ 0 but
with 0 ≤ k ≤ n − 1. This translates into the fact that
for a given moment, the larger the index of the shape
parameter n, the more complicate is the corresponding
transition rule, as more initial moments enter into play.

In particular, the relative pure fluctuations of the mo-
mentum p, that is moments with n = 0, have a very sim-
ple transition rule. In fact, they have the same asymp-
totic value after and before the transition

∆(pm)
:

p:m
=

∆(pm)

pm
. (48)

This is due to the fact that, at any order, the conserved
quantity 〈(R̂1 − 〈R̂1〉)m〉 takes the simple form 〈(R̂1 −
〈R̂1〉)m〉 = (2sign(p)− 1)m∆(pm) in the Kasner regime.

For n = 1 the transition rule complicates a bit,

∆(βpm)
:

p:m
= −3

∆(βpm)

pm
+

N∑
k=m+1

(−1)k−m

k −m
∆(pk)

pk

+

N−m∑
k=2

(−1)k−1

k

∆(pm)

pm
∆(pk)

pk
, (49)

but, as can be seen, only moments ∆(βpm) and ∆(pn)
appear on the right-hand side. In order to check the
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transition rules for higher values of n, we refer the reader
to App. A.

Another important property of the transition rule (47)
is that it is composed by linear (r = 0) as well as
quadratic (r 6= 0) terms on initial moments. Nonethe-
less, concerning these quadratic combinations, note that
one of the components is always given by pure fluctua-
tions of the momentum ∆(pr)/pr, which are conserved
through the Kasner transition (48).

In expressions (46)–(47), we have chosen to explicitly
write the contribution of the initial moment ∆(βnpm) on
the right-hand side, instead of including it in the sum.
In this way, one can see that the transition produces two
distinct effects on the moments.

On the one hand, the moment ∆(βnpm) is modified by
a multiplicative factor (−3)n−m. Therefore, for moments
with more weight on β than on p, that is with n > m,
the absolute value of the moment is increased by this
factor. On the contrary, for moments with a dominant
contribution of p (n < m), this effect produces a decrease
in their absolute value. Finally, moments with n = m are
not affected by this global factor. All in all, this effect
produces a squeezing of the state on the phase space by
compressing it in the p direction, and stretching it in the
β direction. The compression in the p direction, given by
the factor (−3)m, is clearly inherited from the transition
rule for the momentum (44). This is why the relative
moments ∆(βnpm)/pm do not suffer such compression
in p. The effect in the β direction is also related to the
factor −3 that appears in the transition rule (45) for the
parameter c that defines the asymptotic behavior of β.
But since, in this case, there are other moments involved,
it is not straightforward to absorb the factor (−3)n in the
definition of certain relative moments.

On the other hand, the moment ∆(βnpm) is modified
by the presence of other moments ∆(βkpq), with 0 ≤ k ≤
n−1. This effect, which couples the final value of a given
moment with the initial value of other moments, has not
a definite sign, since the numerical factors anmklr can be
either positive or negative. Therefore, the interpretation
of this effect is not so clear as the previous one, and one
has to check individual moments (and particular states)
to see how each moment is affected.

For instance, if we consider an initial Gaussian state in
the momentum p, these effects can easily been observed.
Its corresponding moments, i.e., the asymptotic moments
before the transition, are given as follows

∆(β2np2m) = 2−2(n+m)~2nσ2(m−n) (2n)!(2m)!

n!m!
, (50)

for ∀n,m ∈ N, and vanishing otherwise. These moments
will evolve and after the transition, they will transform
according to (46). For the sake of clarity, let us focus on

how the second-order moments are modified

∆(βp)
:

=
∆(p2)

3p
+

∆(p4)

9p3
, (51)

∆(p2)
:

=
1

9
∆(p2), (52)

∆(β2)
:

= 9∆(β2) +
∆(p2)

p2

(
1− ∆(p2)

4p2

)
+

11

12

∆(p4)

p4
,

(53)

p being the value of p in the initial Kasner regime. First of

all, from (51) we observe that ∆(βp)
:

> 0, which means
that the transition generates a positive correlation be-
tween β and p. Thus, since this correlation is vanishing
for any Gaussian state, it is clear that the final state
does not belong to this class. Moreover, from relation
(52) one can see that the initial state is compressed in
the p direction. However, from the transition rule (53) it
is not straightforward to deduce whether the initial state
is stretched or compressed in the β direction. Neverthe-
less, by considering the explicit form (50) for the initial
moments, it can be shown that,

∆(β2)
:

∆(β2)
=

5σ6

4p4
+ σ4

p2

~2
+ 9, (54)

which is clearly larger than one. Therefore, an initial
Gaussian state is certainly stretched in the β direction.

Finally, it is also interesting to evaluate the Heisenberg
uncertainty principle which, for the final state takes the
form,

∆(p2)
:

∆(β2)
:

−
(
∆(βp)
:)2 − ~2

4
=
σ6
(
p2 − σ2

)
144p6

≥ 0.

In order to be satisfied, the relative initial fluctuation
of the momentum should be small, σ/p ≤ 1, which is
consistent with our assumption of peaked semiclassical
states.

D. Analysis of the transition dynamics for a
Gaussian initial state

In this section we are interested in examining in detail
the evolution of the state and, more specifically, the tran-
sition dynamics. In order to develop this study, we will
need to perform a numerical analysis. For this purpose,
let us consider an initial unsquezeed Gaussian state in the
initial Kasner epoch, characterized by a Gaussian width
σ =

√
~. The moments for such a state take the form

given in equation (50). In addition, for the rest of the
variables, we choose as initial conditions p = 1, β = 100
and α = 100. In this way we ensure that the potential of
the Hamiltonian is negligible and thus the system begins
in a Kasner regime.
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-0.10 -0.05 0.00 0.10 0.15

α

-0.2

-0.1

0.1

0.2

p

FIG. 3. Comparison of classical and quantum evolution of
the momentum p during the transition. The orange line rep-
resents the classical evolution and the blue one the quantum
evolution.

-0.2 -0.1 0.0 0.1 0.2 0.3

α

0.30

0.35

0.40

β

FIG. 4. Comparison of classical and quantum evolution of the
shape-parameter β during the transition. The orange line rep-
resents the classical evolution and the blue one the quantum
evolution.

As expected, the numerical study shows that, evolv-
ing the system towards lower values of α, the system fol-
lows the Kasner dynamics until it undergoes a transition,
which happens near α = 0. This transition takes place in
a very small period of time and then the system reaches
its final equilibrium value –the final Kasner regime– very
quickly.

On the one hand, concerning the evolution of the ex-
pectation values p and β, we conclude that they remain
almost identical as in the classical case, that is, as de-
picted in Figs. 1 and 2. In fact, only in a very close
zoom into the transition (near α = 0) we can appreciate
a slight modification in their evolution, which is shown
in Figs. 3 and 4. In particular, from these figures one
can see that quantum effects slightly increase the value
of p and β around the transition.

On the other hand, in Figs. 5–8 the evolution of the
moments has been plotted. As it can be seen, during the
initial Kasner regime they hold a constant value, at cer-
tain point they begin to perform strong oscillations but
then they quickly relax to another constant value, which
characterizes the coherent state during the final Kasner
regime. It is particularly interesting to observe that the
moments that were vanishing in the initial Kasner epoch
–due to the choice of the Gaussian state– are not vanish-
ing in the final one. This is indeed an expected outcome

-1.0 -0.5 0.5 1.0
α

-0.002

0.002

0.004

0.006

0.008

0.010

FIG. 5. Evolution of the second-order moments. ∆(βp) is
depicted in blue, ∆(p2) in purple and ∆(β2) in orange. Dur-
ing the transition a small positive correlation is generated,
the fluctuation of the shape-parameter is amplified, and the
fluctuation of the moment is diminished.

according to the transition laws that we have discussed
in the previous section. In particular, this means that
even when we choose an initial state where there are no
correlations between β and p, the transition generates
correlations for the final state.

In fact, all the initial vanishing moments are activated
in a similar way: as they approach the transition they
experience an excitation and start to grow exponentially,
until they begin to oscillate. This behavior is shown in
Fig. 9, where one can notice that all of them grow with
the same slope in a logarithmic plot. This slope is re-
lated to the potential of the Hamiltonian and is found
to be equal to −4. That is, between the exact Kasner
regime and the transition, the moments begin to feel the
presence of a nonvanishing potential and their evolution
is driven by ∆(βnpm) ∝ e−4α. Furthermore, we see that
the lower the order of a given moment, the sooner it is ac-
tivated, which is in agreement with the semiclassical hier-
archy of moments we are assuming. The same applies to
the beginning of the oscillation period: lower-order mo-
ments begin their oscillation regime before higher-order
ones.

The precise dynamics of the moments is quite compli-
cate but, if we look into the transition in more detail,
there are some general features that one can see. For
instance, we observe that lower-order moments tend to
oscillate with bigger amplitudes as higher-order ones, as
can be seen in Figs. 5–8. Moreover, at each given order,
the pure fluctuations of p have the biggest amplitudes.
And the higher the index of p the earlier the moments
reach their final equilibrium value.

Furthermore, in general, it can be seen that moments
with at least one odd index, i.e., the initially vanishing
ones, present more oscillations. In fact, as shown in Fig.
10, pure fluctuations of the shape-parameter ∆(βn) with
an even index n do not oscillate per se; they just have
a local minimum in the transition and then grow up to
their final value.
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-1.0 -0.5 0.5 1.0
α

-0.0001
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-1.×10-6

1.×10-6

2.×10-6

3.×10-6

4.×10-6

FIG. 6. Evolution of the third-order moments, with the whole
range of the amplitude in the first plot and with a zoom in the
second. ∆(p2β) is depicted in blue, ∆(β2p) in purple, ∆(p3)
in orange and ∆(β3) in green.

-1.0 -0.5 0.5 1.0
α

-0.00005

0.00005

0.00010

0.00015

0.00020

0.00025

0.00030

-1.5 -1.0 -0.5 0.5 1.0 1.5
α

-0.000010

-5.×10-6

5.×10-6

0.000010

0.000015

FIG. 7. Evolution of the fourth-order moments, with the
whole range of the amplitude in the first plot and with a zoom
in the second. ∆(β3p) is depicted in blue, ∆(βp3) in purple,
∆(β4) in orange, ∆(p4) in green and ∆(β2p2) in black.

IV. DISCUSSION

In this paper, we have considered a quantum locally
rotationally symmetric Bianchi II model in order to ana-
lyze the transition between Kasner epochs. The behavior
of the classical variables through this transition is well-
known, but there is an open discussion about how this
behavior might be modified when considering quantum

-1.0 -0.5 0.5 1.0
α

-4.×10-6

-2.×10-6

2.×10-6

4.×10-6

-1.5 -1.0 -0.5 0.5 1.0 1.5
α

-1.5×10-7

-1.×10-7

-5.×10-8

5.×10-8

1.×10-7

FIG. 8. Evolution of the fifth-order moments, with the whole
range of the amplitude in the first plot and with a zoom in the
second. ∆(β5) is depicted in blue, ∆(p5) in purple, ∆(β3p2)
in orange, ∆(β2p3) in green, ∆(β4p) in black and ∆(βp4) in
red.

-4 -2 2 4 6 8 10
α

-40

-30

-20

-10

FIG. 9. Logarithmic evolution of the initial vanishing mo-
ments with respect to α as they approach the transition.
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0.005

-1.0 -0.5 0.5 1.0
α

0.00002

0.00004

0.00006

FIG. 10. Evolution of ∆(β2) and ∆(β4) during the transition,
in the first and second plot respectively.



11

effects that are expected to be relevant close to the sin-
gularity.

In order to describe the dynamics of this system, we
have considered Misner variables, which are given by the
(logarithm of the) spatial volume and two anisotropic
shape-parameters. In the locally rotationally symmetric
case under consideration, one of the shape-parameters is
vanishing. In addition, the Hamiltonian constraint is de-
parametrized by choosing the (logarithm of the) spatial
volume as the internal time, which leaves the system with
one physical degree of freedom (β, p), β being the nonva-
nishing shape-parameter and p its conjugate momentum.

Once performed the quantization of the system, the
whole information of the quantum state is encoded in
the infinite set of moments (22). Our analysis then shows
that, for peaked semiclassical states, the classical qualita-
tive picture is maintained in the quantum regime: there
are two asymptotic Kasner regions, connected by a quick
transition. In particular, during the Kasner epochs, the

state evolves coherently, as 〈β̂〉 and 〈p̂〉 follow a classi-
cal trajectory on the phase space, whereas all the fluc-
tuations and higher-order moments are kept constant
throughout evolution.

By considering a fifth-order truncation in the moments,
which corresponds to neglecting terms of an order ~3 and
higher, we have been able to obtain the explicit ana-
lytic transition rules, that relate the parametrization of
the state before and after the transition. These rules,
schematically given by equations (44)–(46) and explicitly
displayed in App. A, comprise the most relevant result
of the present paper.

The transition rule for the momentum p (44) re-
mains unchanged with respect to its classical counter-
part. Nonetheless the transition rule for the parameter
c (45), which characterizes the asymptotic behavior of
the shape-parameter β, is slightly modified by quantum
back-reaction effects. Interestingly, this back-reaction is
completely encoded in the relative pure fluctuations of
the momentum ∆(pn)/pn.

Concerning the moments, their transition rule (46) is
much more involved, but one can notice certain general
properties. In particular, the asymptotic form of a given
moment ∆(βnpm) after the transition is given by certain
combination of the initial value of all moments ∆(βkpq)
with k ≤ n and any q. Therefore, the complexity of
the transition rule is largely governed by the index of
the shape-parameter n. Furthermore, one can see that
the transition introduces two distinct deformations on
the state. On the one hand, the initial value of the mo-
ment is multiplied by certain coefficient, which produces

a squeezing of the state on the phase space by compress-
ing it in the p direction and stretching it in the β di-
rection. On the other hand, the back-reaction of other
moments enters as an additive deformation in the tran-
sition rule. The physical interpretation of this second
effect is though not so clear.

Finally, in order to understand more precisely the dy-
namics during the transition, in the last section, we
have performed some numerical simulations for an ini-
tial Gaussian state. The state is deformed throughout
the transition, as expected from the transition rules, and
the initial vanishing moments are excited. In particu-
lar the transition generates a positive correlation of the
system. In addition, we observe that the constant asymp-
totic values of the moments are connected through quick
and strong oscillations.

Let us remark that this analysis has been carried out
for a particular Kasner transition. We have developed
then a first approach to understand the prevalence and
changes of Kasner transitions, which play a key role in the
chaotic oscillatory BKL behavior, under quantum effects.
A further study to a general case should be analyzed in
the future to have a full understanding of the quantum
survival of the BKL transitions.
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Appendix A: Quantum transition rules

In this appendix we display the complete explicit tran-
sition rules for the 20 parameters that describe the Kas-
ner regime of the system up to fifth-order in moments,
that is, p, c, and all moments ∆(βnpm) with n+m ≤ 5.
In order to remove all explicit dependence on p from the
expressions, we provide the transition rules for the rel-
ative moments Qnm := ∆(βnpm)/pm. As in the main
text, the objects before the transition are denoted with
a bar (p, c,Q

nm
), whereas after the transition they are

denoted with a tilde (p̃, c̃, Q̃nm):

p̃ = −1

3
p, (A1)

c̃ = −3c− 1

2
ln

(
2p2

3

)
+

1

2
Q

02 − 1

3
Q

03
+

1

4
Q

04 − 1

5
Q

05
, (A2)
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Q̃11 = −3Q
11 −Q02

+
1

2
Q

03 − 1

3
Q

04
+

1

4
Q

05
, (A3)

Q̃20 = Q
02

+ 6Q
11

+ 9Q
20 −Q03 − 3Q

12
+ 2Q

13 − 1

4

(
Q

02)2
+

11

12
Q

04
+

1

3
Q

02
Q

03

− 5

6
Q

05 − 3

2
Q

14
, (A4)

Q̃02 = Q
02
, (A5)

Q̃30 = − 9

4p2
~2 − 27Q

30 − 27Q
21 − 9Q

12 −Q03 − 3

2

(
Q

02)2
+

3

2
Q

04
+ 9Q

13

+
27

2
Q

22 − 9Q
02
Q

11 − 27

2
Q

02
Q

20 − 7

4
Q

05 − 33

4
Q

14 − 9Q
23

+ 6Q
03
Q

11
+ 9Q

03
Q

20
+

5

2
Q

02
Q

03
+

9

2
Q

02
Q

12
, (A6)

Q̃03 = Q
03
, (A7)

Q̃21 = 9Q
21

+ 6Q
12

+Q
03 −Q04 − 3Q

13
+
(
Q

02)2
+ 3Q

02
Q

11

+ 2Q
14

+
11

12
Q

05 − 2Q
03
Q

11 − 7

6
Q

02
Q

03
, (A8)

Q̃12 = −3Q
12 −Q03

+
1

2
Q

04 − 1

2

(
Q

02)2 − 1

3
Q

05
+

1

3
Q

02
Q

03
, (A9)

Q̃40 = 81Q
40

+Q
04

+ 12Q
13

+ 54Q
22

+ 108Q
31 − 2Q

05 − 18Q
14 − 54Q

23

− 54Q
32

+ 2Q
02
Q

03
+ 18Q

02
Q

12
+ 54Q

02
Q

21
+ 54Q

02
Q

30
, (A10)

Q̃04 = Q
04
, (A11)

Q̃13 = −3Q
13 −Q04

+
1

2
Q

05 − 1

2
Q

02
Q

03
, (A12)

Q̃31 = −27Q
31 − 9Q

13 − 27Q
22 −Q04

+
3

2
Q

05
+ 9Q

14
+

27

2
Q

23 − 3

2
Q

02
Q

03

− 9Q
02
Q

12 − 27

2
Q

02
Q

21
, (A13)

Q̃22 = 9Q
22

+Q
04

+ 6Q
13 − 3Q

14 −Q05
+Q

02
Q

03
+ 3Q

02
Q

12
, (A14)

Q̃50 = −243Q
50 −Q05 − 15Q

14 − 90Q
23 − 270Q

32 − 405Q
41
, (A15)

Q̃05 = Q
05
, (A16)

Q̃14 = −3Q
14 −Q05

, (A17)

Q̃41 = 81Q
41

+Q
05

+ 12Q
14

+ 54Q
23

+ 108Q
32
, (A18)

Q̃23 = 9Q
23

+ 6Q
14

+Q
05
, (A19)

Q̃32 = −27Q
32 −Q05 − 9Q

14 − 27Q
23
. (A20)
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