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1 Introduction

In 1978 it was discovered that toroidal compactifications of eleven-dimensional supergrav-
ity lead to emerging hidden global exceptional En(n)(R) symmetries in (11−n)-dimensional
maximal supergravity [1, 2]. The existence of the exceptional symmetries in maximal su-
pergravity theories continues to be one of their most remarkable features and remains to
be fully understood at the quantum level. It is only since 2013 that so-called “exceptional
field theories” are known, which are fully and manifestly En(n)(R) covariant and which
encompass eleven-dimensional supergravity [3]. See reference [4] for a recent review of
exceptional field theories. These exceptional field theories achieve (local) En(n)(R) covari-
ance with the use of an extended generalised exceptional geometry and can be reduced
to eleven-dimensional supergravity upon the solution of a consistency condition called the
section condition. We review the Lagrangian formulation of E6(6) exceptional field theory
in section 2

So far the canonical formulation of exceptional field theory has not been investigated.
In [5] the canonical formulation of O(n, n) double field theory has been discussed and very
recently En(n) covariant world-volume theories have been analysed canonically in [6].

The complete understanding of the canonical structure of exceptional field theory may
shed some light on the role and physical meaning of the section condition. It may fur-
thermore be interesting to use the canonical theory to investigate the local initial value
problem for the extended generalised exceptional geometry. In analogy to the canonical
double field theory results of [5] one could try to generalise the notion of asymptotic flatness
and ADM charges for non-compact extended generalised exceptional geometries. From the
canonical perspective on exceptional field theory one might moreover hope to identify a
suitable notion of a generalised Ashtekar connection, as the results of [7] might suggest
(we comment on this topic in section 8). Finally the canonical formulation of exceptional
field theory may be seen as the starting point for the canonical quantisation procedure.
Some loop calculations in exceptional field theory — for special geometries that are of the
form of Minkowski space times a compact torus — have already been carried out in [8, 9]
and the geometric quantisation of exceptional field theory has recently been commented
on in [10].

In this work we construct the canonical formulation of the (bosonic) E6(6) exceptional
field theory [3, 11] and analyse its canonical structure. The general principles of the canon-
ical formalism for constrained Hamiltonian systems has been described in detail in [12, 13].
A central result in this work is the calculation of the canonical Hamiltonian of (bosonic)
E6(6) exceptional field theory (1.1), written here on the primary constraint surface, with
Π(X) indicating the canonical momenta conjugate to some fields X and PmM (A) being
a modified version of the one-form momenta.1 In (1.1) the secondary (Hamilton, exter-
nal diffeomorphism, generalised diffeomorphism and tensor gauge) constraints are already
apparent. Canonically the generalised diffeomorphisms are generated by the secondary

1In equation (1.1) capital indicesK,L,M, . . . indicate the (anti-)fundamental 27 representations of E6(6),
t indicates the curved time index, lower case k, l,m, n, . . . indicate the external curved spatial indices while
lower case a, b, . . . indicate the external flat spatial indices.
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constraints multiplying the Lagrange multipliers AMt .

HExFT = +N ·
[

+ 1
4eΠab(e) Πab(e)−

1
12eΠ(e)2 − e R̂+ e VHP

+ 3
2eΠMN (M) ΠMN (M)− e

24 DmMMN DmMMN

+ e

4 F
mn
M FMmn + 1

2e P
m
M PMm

]
+Nn ·

[
+ 2 Πm

a(e)D[nem]a − enaDmΠm
a(e)

+ 1
2ΠMN (M)DnMMN

+ FMnl P lM + ∂M
(
gmnM

MN PmN
) ]

+AMt ·
[
−DlP lM − 5 dNLS dMNK A

K
m∂SPmL + (Htop)M

+ Πm
a(e) ∂Mema −

1
3∂MΠ(e)

+ 1
2 ΠKL(M) ∂MMKL − 6PRKSM ∂S

(
ΠKL(M)MRL

) ]
+BtlM ·

[
+ 10 dMKL∂K

(
P lL − κ εlmnrHmnrL

) ]
(1.1)

We choose to analyse the E6(6) theory because it is by comparison the simplest of
the true exceptional cases and does not involve a pseudo-action with self-dual forms or
constrained compensator fields which would further complicate the canonical analysis. For
the same reasons this analysis is limited to the bosonic sector of the E6(6) exceptional
field theory. The main challenges that are present in the canonical formulation of the
bosonic E6(6) exceptional field theory are the complicated topological term, the treatment
of the topological two-forms and to some degree the inherent complexity of the underlying
extended generalised exceptional geometry.

This work may be seen as an extension of the comprehensive canonical analysis of the
maximal ungauged E6(6) invariant supergravity theory in [14].

The outline of this work is as follows. In section 2 we summarise some of the main
findings concerning the Lagrangian formulation of the bosonic E6(6) exceptional field the-
ory based on the references [3, 11, 15]. Furthermore we construct the explicit non-integral
(not manifestly gauge invariant) (5 + 27)-dimensional form of the topological term of E6(6)
exceptional field theory — which is needed to explicitly carry out the Legendre transfor-
mation. In section 3 we investigate the canonical formulation of a model theory consisting
only of the topological two-form kinetic term of E6(6) exceptional field theory. We discuss
the canonical constraint algebra of the model and identify some problems regarding the
construction of Dirac brackets in the generalised geometry for constraint algebras of this
particular form. In section 4 we investigate the canonical formulation of the full bosonic
E6(6) exceptional field theory. We calculate the canonical momenta, introduce some redefi-
nitions of the canonical coordinates and carry out the Legendre transformation to arrive at
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the canonical Hamiltonian of E6(6) exceptional field theory. We calculate most of the gauge
transformations generated by the canonical constraints in section 5. In section 6 we calcu-
late parts of the algebra of the canonical constraints and discuss some speculative results
based on references [11, 14, 15]. In section 7 we discuss the USp(8) symmetry and how the
results of the previous sections can be translated into the generalised vielbein formulation
canonically. Finally we summarise the findings of this work in section 8 and comment
on the possible existence of a generalised Ashtekar connection and the quantisation of
exceptional field theory.

2 Lagrangian formulation of E6(6) exceptional field theory

It is possible to rewrite eleven-dimensional supergravity in a manifestly En(n)(R) invariant
form, called exceptional field theory (ExFT). ExFT is a Kaluza-Klein-like rewriting of
eleven-dimensional supergravity, but without actually truncating any degrees of freedom.
ExFT achieves this by making use of an extended generalised exceptional geometry. The
E6(6) ExFT was first published in 2013 [3, 11], its supersymmetric completion was first
published in [16] and the theory was later reviewed in [4, 15]. The E7(7) and E8(8) ExFTs
and their supersymmetric completions have been presented in [17, 18] and [19, 20] respec-
tively. In the extended notion of exceptional groups the E2(2) [21], E3(3) [22], E4(4) [23] and
E5(5) [24] ExFTs have also been constructed. General reviews of exceptional field theories
were published in [4, 25]. The structure of exceptional field theory is in some aspects sim-
ilar to that of gauged supergravity (e.g. tensor hierarchy) [26–31] and to the Kaluza-Klein
rewriting of double field theory (e.g. extended generalised geometry) [32].

In contrast to the representations of the groups O(n, n) in double field theory, the
representations of the exceptional groups En(n) that occur in ExFT, and therefore also the
invariant symbols that they admit, are very different depending on the n chosen. Because
of this diversity it is hard to formulate all aspects of exceptional field theory in a way that
holds true for all En(n) simultaneously. In this work we focus on the E6(6) exceptional field
theory, which is formulated on an extended 5 + 27 dimensional extended geometry [3, 11].
The E6(6) ExFT is, in a sense, the simplest case of the true exceptional groups n = 6, 7, 8,
because there are no self-dual forms in the five external dimensions (unlike in the E7(7)
ExFT where one has to consider a pseudo-action with an additional self-duality relation)
and there are no constrained compensator fields (unlike the E8(8) ExFT). For simplicity
we furthermore focus on the bosonic sector of the E6(6) ExFT as described in [3, 11].

The geometry of En(n) (n ≤ 8) exceptional field theory is constructed from a Kaluza-
Klein-like split (2.1) of the space-time of eleven-dimensional supergravityM11 into a non-
compact external d-dimensional (d := 11 − n) Lorentzian manifold Mext.

d and an internal
n-dimensional Riemannian manifold Mint.

n . We do not assume any specific topology for
the internal manifoldMint.

n and crucially we do not carry out the truncation of any degrees
of freedom.

M11 =Mext.
d ×Mint.

n (2.1)

The coordinates of the external geometryMext.
d are taken to be xµ with µ = 0, . . . , d−1 and

the coordinates of the internal geometryMint.
n are ym with m = 1, . . . , n. With the eleven-
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dimensional manifold written in this local factorisation the next step is then to extend the
internal manifold and turn it into an extended generalised exceptional geometry. To do
so one needs to extend the tangent bundle of the internal geometry while simultaneously
adding auxiliary (or dual) coordinates. To construct an extended exceptional geometry
we need the internal coordinates to sit in a representation of the duality group En(n). We
therefore add as many auxiliary coordinates to the internal coordinates ym as are needed
to turn them into the generalised internal coordinates YM . The coordinate index takes
the values M = 1, . . . , dim(R1(En(n))) with R1(En(n)) being the coordinate representation,
often this is the fundamental representation, as is the case for E6(6) with R1(E6(6)) =
27 [4, 11]. The overall coordinates of the external-internal geometry are then given by
(xµ, YM ). The extended internal coordinates YM come with associated internal partial
derivatives ∂M . Consistency of the extended exceptional geometry requires that the En(n)-
covariant projection of certain combinations of internal partial derivatives vanishes, which
effectively removes the auxiliary coordinates again. This consistency condition is called the
section condition [33–35].

In the section 2.1 we discuss the internal E6(6) extended generalised exceptional geom-
etry in more detail and in section 2.2 we describe the structure of the E6(6)-covariant field
theory constructed on this extended geometry.

2.1 E6(6) extended generalised exceptional geometry

The internal extended 27-dimensional E6(6) generalised exceptional geometry can be
thought of as the coordinate-extended version of the generalised exceptional geometry
associated to the generalised tangent bundle (2.2), where T(Mint.

6 ) is the ordinary tangent
bundle of the unextended internal manifold Mint.

6 [36–39]. The extended internal coordi-
nates YM , with M = 1, . . . , 27, are in the fundamental representation R1(E6(6)) = 27.

E := T(Mint.
6 )⊕ Λ2T∗(Mint.

6 )⊕ Λ5T∗(Mint.
6 ) (2.2)

In order for us to be able to explicitly write the objects of E6(6) generalised exceptional
geometry we first need to discuss the E6(6)-invariant d-symbols. The fully symmetric in-
variant symbols dLMN and dLMN carry three (anti-)fundamental 27 (or 27) indices [11, 40].
They are the unique invariant symbols of the (anti-)fundamental representation of E6(6) (up
to their normalisation) and satisfy the invariance condition (2.3) [11]. We can choose their
normalisation to be defined by the condition for them to be inverse in the sense of (2.4).
The invariant symbols furthermore obey the cubic identities (2.5) and (2.6), which are
required in some calculations [11].

dKLM MKN MLRMMS = dNRS (2.3)
dMKL dKLN = δMN (2.4)

dS(MN dPQ)T d
STR = 2

15 δ
R
(M dNPQ) (2.5)

dSTR d
S(MN dPQ)T = 2

15 δ
(M
R dNPQ) (2.6)
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Taking tζ , with ζ = 1, . . . , 78, to be the generators of the e6 Lie algebra, we can write these
generators in the fundamental E6(6) representation as (tζ)MN . The adjoint indices can
be raised and lowered with (tζ1)NM (tζ2)MN , which is proportional to the Cartan-Killing
form. The projector PMN

K
L onto the adjoint representation of E6(6) can then be defined

by (2.7), with the normalisation PMN
N
M = 78. We can write the projector (2.7) explicitly

in terms of the invariant symbols as in equation (2.8).

PMN
K
L := (tζ)MN (tζ)KL (2.7)

PMN
K
L = 1

18 δ
M
N δKL + 1

6 δ
M
L δKN −

5
3 d

MKR dRNL (2.8)

Some aspects of exceptional geometry, across different exceptional groups, can be phrased
in terms of an object called the Y-tensor [4]. The Y-tensor of E6(6), which follows from the
projector (2.8), is given by (2.9).

YMK
NL = 10 dMKR dRNL (2.9)

In the case of E6(6) exceptional geometry only 6 out of the 27 internal coordinates originate
from the physical coordinates of eleven-dimensional supergravity. This fact is encoded
in the E6(6)-covariant section condition (2.10), which implies that at most 6 of the 27
coordinates really exist. As we will see below we can also think of (2.10) as a consistency
condition that arises naturally when considering generalised diffeomorphism.

dKLM ∂L ⊗ ∂M = 0 (2.10)

Equation (2.10) is the projection of two internal derivatives with the Y-tensor (2.9). We
interpret the section condition (2.10) as the conditions (2.11) where Ψ, Φ are arbitrary
functions (e.g. fields or gauge parameters).

dKLM ∂LΦ ∂MΨ = 0, dKLM ∂L∂MΦ = 0 (2.11)

The generalised exceptional Lie derivative LΛV
M , with generalised vector parameter ΛM ,

of a generalised vector VM can be written in terms of the projector (2.8) as (2.12). The
real constant λ(V ) is the generalised weight of the generalised vector VM . The first term
of (2.12) is the transport (or translation) term, the second term can be interpreted as an
E6(6) rotation and the last term is a weight term. Equivalently (2.12) can be written as
the standard Lie derivative (in terms of internal partial derivatives) with a correction term
given by the Y-tensor (2.9).

LΛV
M := ΛK ∂KVM − 6PMN

K
L ∂KΛL V N + λ(V ) ∂NΛN VM (2.12)

Equivalently the generalised Lie derivative of a generalised covector WM can be written
as (2.13). With the Leibniz rule of the generalised Lie derivative the expressions (2.12)
and (2.13) extend in the standard fashion to any generalised tensor.

LΛWM := ΛK ∂KWM + 6PNMK
L ∂KΛLWN + λ(W ) ∂NΛN WM (2.13)

– 5 –
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Parameters ΛM of the form (2.14) are trivial, in the sense that they lead to a vanishing
generalised Lie derivative on any other field, when the section condition is applied.

ΛM = dMNK ∂NWK (2.14)

It can be verified that the generalised Lie derivative, as defined above, is compatible with
the E6(6) invariant d-symbols and the relation (2.15) holds.

LΛdMNK = 0 (2.15)

In the extended exceptional geometry the usual Lie bracket is modified by an additional
Y-tensor term and the resulting bracket is called the E-bracket. Using the explicit form
of the Y-tensor (2.9) we can write the E6(6) E-bracket of two generalised vectors ΛM1 ,ΛN2
as (2.16).

[Λ1,Λ2]ME := 2 ΛK[1 ∂KΛM2] − 10 dMNP dKLP ΛK[1 ∂NΛL2] (2.16)

It can be shown, in a somewhat lengthy calculation, that the commutator of two generalised
Lie derivatives is again a generalised Lie derivative, with the parameter of the resulting
Lie derivative given by the E-bracket of the original parameters, i.e. the generalised Lie
derivative obeys the algebra (2.17). The equation (2.17) is true only up to terms that van-
ish when the section condition (2.10) is applied. In this sense we may think of the section
condition as a consistency condition that is implied by the closure of the generalised diffeo-
morphism algebra. The cubic identities (2.5) and (2.6) also have to be applied repeatedly
in the calculation of (2.17).

[LΛ1 ,LΛ2 ] = L[Λ1,Λ2]E (2.17)

The E-bracket (2.16) is antisymmetric and satisfies the Leibniz rule and therefore it defines
a Leibniz (or Loday) algebra [41–43]. However the Jacobi identity of the E-bracket only
holds up to a trivial parameter of the form (2.14), equivalently one can say that the
Jacobiator (2.18) is of trivial form, where UM , V N ,WK are generalised vectors.

J(U, V,W ) := [[U, V ]E ,W ]E + [[W,U ]E , V ]E + [[V,W ]E , U ]E (2.18)

One can define the Dorfman-like bracket (2.19), which is helpful in some calculations [11].

(V ◦W )M := LVWM (2.19)

The bracket (2.19) does satisfy the Jacobi identity, but it is not antisymmetric and the
relation (2.20) holds, if λ(W ) = 1/3.

(V ◦W )M = [V,W ]ME + 5 dMKR ∂K(dRPL V P WL) (2.20)

The symmetric part of (2.20) is of trivial form and its antisymmetric part is identical to
the E-bracket.

– 6 –
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2.2 E6(6) exceptional field theory

We can now discuss the E6(6) exceptional field theory built upon the 5 + 27-dimensional
extended exceptional geometry. This section reviews some of the results of references [3,
11, 15].

The bosonic field content of the E6(6) ExFT is given by (2.21). In general all of the
fields (2.21) (and all of the gauge parameters) depend on all of the 5 + 27 external and
internal coordinates (xµ, YM ). {

Eµ
α,MMN , A

M
µ , BµνM

}
(2.21)

The external vielbein Eµα is related to the external metric Gµν by (2.22), where ηαβ is the
external Minkowski metric with signature (−+ + + +). The indices α, β = 0, . . . , 4 are flat
Lorentz indices and the indices µ, ν = t, 1, . . . , 4 are the curved external space-time indices.

Eµ
αEν

β ηαβ = Gµν (2.22)

From the perspective of the external geometry the generalised E6(6) metric components
MMN = M(MN) are scalar fields and parametrise the coset E6(6)/USp(8), which is 42-
dimensional. Therefore only 42 of the scalar fields MMN are truly independent. We refer
to these relations among the 378 components as the coset constraints of the scalar fields.
Among other things the coset constraints imply that det(MMN ) = 1. The inverse scalar
fields are defined by MMKM

KN = δNM . The generalised one- and two-form fields AMµ and
BµνM carry an additional (anti-)fundamental E6(6) index.

We can see how the fields of ExFT relate to those of eleven-dimensional supergravity
by considering a 5 + 6 split of the eleven-dimensional indices. The bosonic field content of
eleven-dimensional supergravity is a metric Gµ̂ν̂ and a three-form Cµ̂ν̂ρ̂ [1]. Decomposing
the eleven-dimensional indices as µ̂ = (µ,m), with µ = t, 1, . . . , 4 and m = 1, . . . , 6, we
can rearrange the resulting components into the fields of ExFT. The purely external
components Gµν of the eleven-dimensional metric become the external metric field of ExFT.
For the other components one has to check whether it is possible to arrive at a differential
form of lower degree by Hodge-dualising the field strength of the component, i.e. the purely
external components of the three-form Cµνρ can be Hodge-dualised via their field-strength
into one scalar field in five dimensions. Proceeding in this way and dualising all forms
to lowest possible degree we find 42 = 21 + 1 + 20 scalar fields coming from Gmn, Cµνρ
and Cmnr that constitute the independent components of MMN . Furthermore there are
27 = 6 + 6 + 15 vector fields coming from Gµn, Cµνr and Cµnr that arrange into the
generalised vector fields AMµ . In five dimensions the 27 one-forms can equivalently described
by 27 two-forms that are arranged into BµνM . Because we keep both the one-forms and the
two-forms dual to them we need to impose a duality relation, as otherwise we would add
degrees of freedom. This (on-shell) duality relation is given by the equations of motion of
the two-forms. The reason for introducing the two-forms lies in the existence of the tensor
hierarchy of differential forms, this will become clear when discussing the field-strengths.

The generalised one-forms AMµ are taken to act as the gauge connection for the gen-
eralised exceptional diffeomorphisms. Because the generalised diffeomorphism parameters

– 7 –
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ΛM (x, Y ) depend also on the external coordinates we need to introduce the covariant (ex-
ternal) derivative (2.23).

Dµ := ∂µ − LAµ (2.23)

We then require that the one-forms transform as the covariant derivative of the gauge
parameter (2.24) under a generalised diffeomorphism with parameter ΛM . The transfor-
mation (2.24) can be thought of as the covariantised version of an abelian U(1)27 gauge
transformation.

δΛA
M
µ := DµΛM (2.24)

Naively one can write the field strength (2.25), which replaces the Lie bracket with the
E-bracket (2.16).

FMµν := 2 ∂[µA
M
ν] − [Aµ, Aν ]ME (2.25)

However just like in the gauged maximal supergravity [28, 44], the field strength (2.25)
fails to transform covariantly, due to the non-vanishing Jacobiator of the E-bracket and
instead transforms as (2.26).

δFMµν = 2D[µ δA
M
ν] + 10 dMKR dNLR ∂K

(
AN[µ δA

L
ν]

)
(2.26)

The solution to this problem — just like in five-dimensional gauged supergravity — is
to introduce the (topological) two-forms BµνM whose transformation can be defined to
absorb the offending term. As we have seen above there are not naturally any two-forms
in the field content coming from eleven-dimensional supergravity. Consequently we need
to Hodge-dualise the one-forms (via their field strength) with regard to the five external
dimensions and require that the resulting two-forms are on-shell dual to the original one-
forms in order to not generate any new degrees of freedom. Continuing with the analogy
to gauged supergravity one then adds a Stückelberg-type coupling term to the one-form
field strength (2.25) to arrive at the covariant field strength (2.27).

FMµν := FMµν + 10 dKLM ∂KBµνL (2.27)
= 2 ∂[µA

M
ν] − [Aµ, Aν ]ME + 10 dKLM ∂KBµνL (2.28)

The improved field strength (2.27) transforms covariantly as (2.29).

δFMµν = 2D[µ δA
M
ν] + 10 dMNK ∂K∆BµνN (2.29)

The modified two-form transformation ∆BµνN is defined as (2.30) in order to cancel the
non-covariant term in (2.26).

∆BµνN := δBµνN + dNKLA
K
[µ δA

L
ν] (2.30)

The one-form field strength is generated by the commutator of the covariant deriva-
tives (2.31). Because the Stückelberg-type coupling term in the covariant field strength
is of trivial form (cf. equation (2.14)) the commutator does not distinguish between the
naive and the covariant field strengths.

[Dµ,Dν ] = −LFµν = −LFµν (2.31)

– 8 –
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The two-forms BµνM come with their own covariant field strengthHρστN which can be writ-
ten as (2.32), where the “. . . ” indicate terms that vanish under the projection dMNK ∂K .

HρστN := 3D[ρBστ ]N − 3dNKLAK[ρ
(
∂σA

L
τ ] −

1
3[Aσ, Aτ ]]LE

)
+ . . . (2.32)

The explicit form (2.32) of the two-form field strength can be found by solving the Bianchi
identity (2.33).

3D[µFMνρ] = 10 dMNK ∂KHµνρN (2.33)

In analogy to the tensor hierarchy of gauged supergravity the existence of a three-form is
required in order for the two-form field strength (2.32) to transform covariantly — just like
the two-forms are required for the one-form field strength (2.27) to transform covariantly.
Fortunately in the E6(6) ExFT the three-form terms are contained in the “. . . ” of (2.32)
and do not appear in the Lagrangian because they are being projected out.

The action of E6(6) exceptional field theory is given by (2.34). The action (2.34) can be
thought of as an elegant way of encoding the classical equations of motion. It is not known
how the integral over the internal geometry can be carried out explicitly in a meaningful
way before the section condition (2.10) is solved. We treat the integral over the internal
coordinates as being symbolic.

SExFT =
∫
d5x

∫
d27Y LExFT (2.34)

The E6(6) ExFT Lagrangian consists of the five distinct terms (2.35).

LExFT = LEH + Lsc + Lpot + LYM + Ltop (2.35)

The first term is the improved Einstein-Hilbert term (2.36). This term consists of
the Einstein-Hilbert term ER, where E is the vielbein determinant and R is the Dµ-
covariantised Ricci scalar associated to Eµα in which all partial derivatives are replaced by
covariant derivatives Dµ. Additionally there is a one-form dependent improvement term.
This improvement term is necessary in order to make the Dµ-covariantised Riemann-tensor
transform tensorially under local Lorentz transformations — which would otherwise not
be the case due to (2.31) [32].

LEH = ER̂ = ER+ E FMαβ Eαρ ∂MEβρ (2.36)

Lsc = E

24 G
µν DµMMN DνMMN (2.37)

Lpot = −E Vpot(Gµν ,MMN ) (2.38)

LYM = −E4 MMNFMµν FµνN (2.39)

The second term in the Lagrangian is the scalar kinetic term (2.37). The scalar kinetic
term can also be seen as an E6(6)/USp(8) non-linear coset sigma model with covariantised
derivatives. Furthermore there is a scalar potential term (2.38) that only depends on the
external metric and the scalar fields. The potential Vpot(Gµν ,MMN ) itself can be written
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explicitly as (2.40), where G is the determinant of the external metric. The name potential
is justified because (2.40) depends only on internal partial derivatives. The generalised
Yang-Mills term is given by (2.39). It is of the standard Yang-Mills form, but written
using the improved covariant field strength (2.27) and with the E6(6) indices contracted by
the internal generalised metric MMN .

Vpot = − 1
24 M

MN ∂MM
KL ∂NMKL + 1

2 M
MN ∂MM

KL ∂LMNK (2.40)

− 1
2 G

−1 ∂MG∂NM
MN − 1

4 M
MN G−1 ∂MGG

−1 ∂NG

− 1
4 M

MN ∂MG
µν ∂NGµν

Finally there is the topological term Ltop. In the Lagrangian formulation the explicit
non-integral form of the topological term in 5 + 27 dimensions, which is not manifestly
gauge-invariant, is not needed. Instead the topological term is written as a 6 + 27 di-
mensional integral over an exact six-form (2.42), where FM := 1

2F
M
µν dx

µ ∧ dxν and
HM := 1

3!HµνρM dxµ∧dxν∧dxρ [11]. We discuss the topological term in more detail in sec-
tion 2.3, where we also present its non-integral form. Note that the two-form field strength
only appears in the topological term and in this sense the two-forms are topological.

Stop =
∫
d27Y

∫
d5xLtop (2.41)

= κ

∫
d27Y

∫
M6

(
dMNK FM ∧ FN ∧ FK − 40 dMNKHM ∧ ∂NHK

)
(2.42)

Having discussed the structure of the action (2.34) we can now discuss the (infinitesimal)
gauge transformations that leave this action invariant.

Every term in the Lagrangian (2.35) is individually invariant under generalised diffeo-
morphisms. With the exception of the p-forms, fields transform under generalised diffeo-
morphisms, with parameter ΛM , as the generalised Lie derivative (2.12) acting on them
δΛ = LΛ — with the appropriate generalised diffeomorphism weights that are listed in
table 1. From the perspective of eleven-dimensional supergravity the ExFT generalised
diffeomorphisms combine the spatial diffeomorphisms of the six original internal dimen-
sions with three-form gauge transformations that have now become geometrised. Due to
the tensor hierarchy the differential forms transform somewhat differently under generalised
diffeomorphisms. As was mentioned earlier the transformation of the one-forms combines
U(1)27 gauge transformations with the generalised Lie derivative to transform as (2.43),
where ΛM is the generalised diffeomorphism parameter. The additional transformation
in (2.43), with parameter ΞµN , is a two-form gauge transformation that is induced in the
one-forms by the Stückelberg coupling in the field strength.

δAMµ = DµΛM − 10 dMNK ∂KΞµN (2.43)
∆BµνM = 2D[µΞν]M + dMKL ΛK FLµν +OµνM (2.44)

The two-forms transform under two-form gauge transformations and generalised diffeomor-
phisms as (2.44) — with ∆BµνM being the modified transformation defined in (2.30). The
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Weight λ Objects
−2/3 Gµν , R̂, Vpot

−1/3 ∂M , Eα
µ

0 ∂µ, LAµ , dMNK , MMN , R̂µν
αβ

1/3 AMµ , FMµν , ΛM , Eµα

2/3 BµνM , ΞµM , HµνρM , Gµν
1 LExFT

5/3 E

Table 1. The exceptional generalised diffeomorphism weights of the most important objects of
E6(6) exceptional field theory.

two-form gauge transformation with parameter ΞνM is of the standard form, but with the
derivative covariantised. The generalised diffeomorphism acts on the two-forms as defined
by (2.29) and (2.30). Additionally there is a shift transformation with parameter OµνM
that vanishes under the projection (2.45) (cf. Stückelberg coupling (2.27)).

dMNK ∂KOµνM = 0 (2.45)

Besides the internal generalised diffeomorphisms all fields transform under external (co-
variantised) standard diffeomorphisms. The external diffeomorphism parameter ξµ(x, Y )
depends on all coordinates (as does every other gauge parameter), but the external diffeo-
morphism symmetry is only manifest for parameters that do not depend on the internal
coordinates, i.e. ∂Mξµ = 0 ∀M . For gauge parameters that do depend on the internal co-
ordinates non-trivially, i.e. ∃M : ∂Mξµ 6= 0, the transformation connects the terms in the
Lagrangian (2.35) and thus fixes the relative coefficients. The resulting action (2.34) is
the unique action that is invariant under both internal and external diffeomorphisms, with
gauge parameters that depend on all of the internal and external coordinates [11].

It is remarkable that all relative coefficients in the bosonic Lagrangian are already
fixed by the bosonic symmetries, because from the supergravity perspective one would
expect that the relative coefficients are fixed by requiring the action to be supersymmetric.
This fact may indicate an unknown relation between supersymmetry and the exceptional
symmetry. Nonetheless the bosonic action (2.34), with all relative coefficients already
determined, admits a supersymmetric completion [16].

In general the fields transform under external diffeomorphisms as the standard Lie
derivative, but with all the external partial derivatives replaced by covariant derivatives
Dµ (2.23). The transformations of the external vielbein (2.46) and the scalar fields (2.47)
are precisely of this form.

δξEµ
α = ξν DνEµα +Dµξν Eνα (2.46)

δξMMN = ξµDµMMN (2.47)

∆ξBµνM = 1
16κ ξ

ρE εµνρστ FστN MMN (2.48)

δξA
M
µ = ξν FMνµ +MMN gµν ∂Nξ

ν (2.49)
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The transformation of the differential forms is somewhat modified. In the transforma-
tion (2.48) of the two-forms the naive transformation, that one would expect of a two-form
∆ξBµνM = ξρHµνρM , has been replaced by the two-form equation of motion (2.50), which
is the on-shell duality relation between the one- and two-forms mentioned earlier. This re-
placement is necessary in order to realise the diffeomorphism symmetry of (2.34) off-shell.

dPML ∂L
(
EMMN FµνN + κ εµνρστ HρστM

)
= 0 (2.50)

The first term in the transformation of the one-forms (2.49) is the covariantisation of the
expected transformation of a one-form under diffeomorphisms.

The second term in (2.49) originates from a compensating Lorentz transformation.
One should note that this term only exists for diffeomorphism parameters that depend on
the internal coordinates. Because this correction term depends also on the vielbein and
the scalar fields it leads to the connection of different terms in the Lagrangian.

Because this term will be relevant later we need to discuss its origin in some more
detail. We need to look at how the ExFT relates to eleven-dimensional supergravity to
understand why this term has to exist — here we follow the calculation presented in [11].

We decompose the eleven-dimensional curved index µ̂ in an 11 = 5 + 6 split as µ̂ =
(µ,m) and the flat Lorentz index as α̂ = (α, a). The eleven-dimensional vielbein Eµ̂α̂ can
be parametrised in a Kaluza-Klein-like decomposition as (2.51), with φ = det(φma) and
γ = −1/3.2 The φma can be thought of as an internal vielbein. In order to achieve the
upper-triangular form in (2.51) part of the eleven-dimensional Lorentz symmetry has to be
gauge-fixed.

Eµ̂
α̂ =

(
φγ Eµ

α Amµ φm
a

0 φm
a

)
(2.51)

The eleven-dimensional vielbein transforms as (2.52) under eleven-dimensional diffeomor-
phisms and Lorentz transformations.

δEµ̂
α̂ = ξν̂ ∂ν̂Eµ̂

α̂ + ∂µ̂ξ
ν̂ Eν̂

α̂ + λα̂β̂ Eµ̂
β̂ (2.52)

The condition of the upper-triangular form of (2.51) implies that the vanishing component
cannot transform non-trivially under gauge transformations, i.e. Emα = 0 ⇒ δEm

α = 0.
This leads to the restriction (2.53) on the Lorentz gauge parameters and thereby partially
fixes the gauge freedom.

λαb = −φγ φbm ∂mξν Eνα (2.53)

The Lorentz algebra then implies (2.54), which restricts further parameters.

λαb = −δab ηαβ λaβ (2.54)

When combined the relations (2.53) and (2.54) for the Lorentz gauge parameters lead to
the correction term in the transformation of Amµ (2.55) when looking at the transformation

2Note that the nomenclature of the flat indices differs from reference [11] in order to match the notation
used in this work.

– 12 –



J
H
E
P
0
7
(
2
0
2
1
)
1
4
5

of the Eµa component of the eleven-dimensional vielbein. In (2.55) we have defined φmn :=
φa

m φan which is the precursor to the generalised metric MMN .

δξA
m
µ = ξν FMνµ + φ2γ φmn gµν ∂nξ

ν (2.55)

The transformation (2.55) in the Kaluza-Klein rewriting of eleven-dimensional supergravity
becomes the transformation (2.49) in the extended exceptional geometry. We should note
in particular that the correction term in (2.55) was a direct consequence of the parametri-
sation (2.51). Furthermore the sign of the correction term is completely fixed. We come
back to this fact in section 5.3 when we discuss the external diffeomorphisms in the canon-
ical formalism.

Finally the external vielbein of ExFT transforms under the five-dimensional external
Lorentz transformations as (2.56).

δλEµ
α = λαβ Eµ

β (2.56)

Overall the action (2.34) is invariant under external Lorentz transformations, external dif-
feomorphisms, internal generalised diffeomorphisms, two-form gauge transformations and
certain shift transformations.

The gauge algebra of the external and internal diffeomorphism transformations is struc-
tured as follows [15]. The commutator of the covariantised external diffeomorphisms can
be written as (2.57), it is an external diffeomorphism plus an additional internal diffeo-
morphism. Furthermore there may appear tensor gauge transformations of higher degree
differential forms, from the tensor hierarchy, which are indicated by the dots in (2.57).

[δξ1 , δξ2 ] = δξ12 + δΛ12 + . . . (2.57)

The effective external diffeomorphism parameter ξ12 is given by (2.58), it is a covariantised
version of the expected commutator of the original parameters. The effective internal dif-
feomorphism parameter ΛM12 is given by (2.59) and its form is essentially the transformation
of the one-forms under external diffeomorphisms (cf. equation (2.49)).

ξµ12 := ξν2 Dνξ
µ
1 − ξ

ν
1 Dνξ

µ
2 (2.58)

ΛM12 := ξµ2 ξ
ν
1 FMµν − 2MMN gµν ξ

µ
[2 ∂Nξ

ν
1] (2.59)

The commutator of an external and an internal diffeomorphism (2.60) is given by an ex-
ternal diffeomorphism and a two-form gauge transformation.

[δΛ, δξ] = δξ′ + δΞ′ (2.60)

The effective gauge parameter ξ′µ, of the external diffeomorphism in (2.60), is the gener-
alised Lie derivative of the original external parameter (2.61). The effective parameter of
the tensor gauge transformation Ξ′ is given by (2.62), it is a projection of the transfor-
mation of the one-forms, under external diffeomorphisms (2.49), which is of the form of a
generalised diffeomorphism acting on the two-forms (2.44).

ξ′µ := −ΛM ∂Mξ
µ (2.61)

Ξ′µM := −dMNK

(
ξν FNνµ +MKL gµν ∂Lξ

ν
)

ΛK (2.62)
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The commutator of two internal generalised diffeomorphisms is given by the commuta-
tor of the generalised Lie derivatives (2.17), we can write the subalgebra of generalised
diffeomorphisms equivalently as (2.63).

[δΛ1 , δΛ2 ] = δΛ12 (2.63)

The effective gauge parameter in (2.63) is then given by the E-bracket (2.64).

ΛM12 := [Λ2,Λ1]ME (2.64)

As was mentioned in section 2.1, the generalised diffeomorphism algebra (2.63) closes only
up to terms that vanish upon application of the section condition (2.10).

In order to go back from the exceptional field theory to eleven-dimensional supergravity
one has to solve the section condition (2.10) for a subset of the internal coordinates. The
idea is to reverse the extension of the internal geometry by taking away coordinates, in a
way that is consistent with the section condition. Solutions of the section condition contain
at most 6 of the 27 coordinates. The solution that leads to eleven-dimensional supergravity
is found by embedding the subgroup GL(6) into E6(6) as in (2.65).

GL(6) = SL(6)×GL(1) ⊂ E6(6) (2.65)

The fundamental 27 representation and the adjoint 78 representation of E6(6) decompose
into representations of GL(6) according to equation (2.66) and (2.67) respectively. The
index indicates the weight under the GL(1).

27→ 6+1 ⊕ 15′0 ⊕ 6−1 (2.66)
78→ 1−2 ⊕ 20−1 ⊕ (1⊕ 35)0 ⊕ 20+1 ⊕ 1+2 (2.67)

The internal coordinates YM decompose as (2.68) according to (2.66), with ymn = y[mn]
antisymmetric and the overline indicating the difference of the GL(1) weight.

YM → (ym, ymn, ym) (2.68)

The section condition (2.10) itself has to be decomposed according to (2.66) too and the
only non-vanishing components of the invariant symbol dMNK are (2.69).

dmn
kl = 1√

5
δm[k δ

n
l] , dmnkl pq = 1

4
√

5
εmnklpq (2.69)

From the decomposed coordinates (2.68) we can choose the 6+1 coordinates ym and drop
the other internal coordinates. Keeping only the coordinates ym and therefore only the
internal derivatives ∂m, solves the section condition (2.10) when inserting the decomposition
of the d-symbol (2.69). The full set of coordinates that survive are then the 11 = 5 + 6
coordinates (xµ, ym), equivalent to the Kaluza-Klein-like split of the coordinates of eleven-
dimensional supergravity. Decomposing all objects according to (2.66) and only keeping the
6+1 components, one can recover the full structure of eleven-dimensional supergravity in
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the Kaluza-Klein-like rewriting — the field strength Hodge dualisations that were described
earlier have to be undone in the process [11].

At no point in this process were any degrees of freedom of eleven-dimensional su-
pergravity truncated. In the construction of the ExFT the degrees of freedom of eleven-
dimensional supergravity are first rearranged in a Kaluza-Klein-like 5+6-dimensional split
of the coordinates and part of the Lorentz symmetry is gauge fixed, but no truncation
is carried out. Then the degrees of freedom are dualised and rearranged on an extended
5 + 27-dimensional generalised exceptional space-time, while the section condition (2.10) is
simultaneously imposed. When the section condition is solved, for example by decompos-
ing everything according to (2.68) and keeping only the 6+1 parts of the Kaluza-Klein-like
split, the eleven-dimensional supergravity is again recovered. One can therefore see excep-
tional field theory as an E6(6) covariant rewriting of eleven-dimensional supergravity on an
extended generalised exceptional geometry.

Other non-trivial solutions to the section condition, besides the one described above,
exist. For example, one can embed GL(5)×SL(2) ⊂ E6(6) and only keep the (5, 1)+4
components of all objects. This is an inequivalent, but consistent, five-dimensional solution
to the section condition that leads to the ten-dimensional type IIB supergravity [11].

The section condition can moreover be trivially solved by requiring ∂M = 0 ∀M . In
the case of the trivial solution only the five external coordinates survive. The resulting
theory is the ungauged manifestly E6(6) invariant maximal five-dimensional supergravity,
which was first described in reference [40]. This theory can also be obtained by a reduction
of eleven-dimensional supergravity on a six-torus, although this does not directly lead to
the manifestly E6(6) invariant form. The canonical formulation and analysis of this theory
has been investigated in [14].

2.3 The explicit non-integral topological term

In order to be able to write down the external 1 + 4 dimensional ADM decomposition of
the ExFT and carry out the Legendre transformation of the Lagrangian — to find the
canonical Hamiltonian — we need to know all terms of the Lagrangian density explicitly
and in a non-integral form. The only term in the Lagrangian (2.35) that is not explicitly
stated in its 5 + 27-dimensional form is the topological term, which is instead given in
its manifestly covariant form as an external six-dimensional boundary integral over an
exact six-form (2.42) [11]. Reference [11] does however state the general variation of the
topological term explicitly as (2.70). The general variation (2.70) may be sufficient to
calculate the canonical momenta but in order to carry out the Legendre transformation of
the Lagrangian (2.35) the explicit topological term is needed.

δLtop = κ εµνρστ
(3

4 dMNK FMµν FNρσ δAKτ + 5 dMNK dKQP∂NHµνρMAPσ δAQτ (2.70)

+ 5 dMNK ∂NHµνρMδBστK
)

The structure of ExFT and gauged supergravity is in general very similar and reference [11]
mentions the similarity between the topological terms explicitly. We can find the explicit
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non-integral form of the topological term by considering a general ansatz, inspired by the
topological term of five-dimensional maximal gauged supergravity (see equation (3.11) of
reference [28]) and then comparing its general variation to (2.70) in order to fix the relative
coefficients of all terms.

In five-dimensional gauged supergravity the generators of the group of the gauging
are called XM [28, 44]. The generators obey an algebra (2.71) with “structure constants”
XMN

P that appear in the topological term of gauged supergravity.

[XM , XN ] = −XMN
P XP (2.71)

The structure constants XMN
P are however not antisymmetric and we can split them into

a symmetric and antisymmetric part as (2.72) (cf. equation (3.15) in [44]).

XMN
P = X(MN)

P +X[MN ]
P (2.72)

The split (2.72) can be compared to the symmetric and antisymmetric parts of the Dorfman
bracket (2.20). Similarly we can compare the improved one-form field strength of gauged
supergravity (see equations (3.2) and (3.4) of reference [28]) to that of ExFT (2.27). We
find that the E-bracket takes the place of the antisymmetric part of the structure constants
X[MN ]

K AMµ ANν ∼ [Aµ, Aν ]KE and the projector ZKL ∼ dKLM ∂M (cf. equation (3.4) of [28])
corresponds roughly to the symmetric part of the structure constants. The precise rela-
tions are not relevant as we should introduce general coefficients in the ansatz. Inserting
these relations in the topological term of gauged supergravity (see equation (3.11) of ref-
erence [28]) we arrive at a suitable ansatz. Comparing the general variation of the ansatz
to the general variation (2.70) we can fix all coefficients.

We find that the topological term of the E6(6) exceptional field theory can take the
form of equation (2.73) and that this expression yields the same general variation δLtop as
given in equation (2.70).

Ltop =− 5κ
2 εµνρστ dMNR ∂RBµνM

[
3DρBστN − 6dNKLAKρ

(
∂σA

L
τ −

1
3[Aσ, Aτ ]LE

)]
+ κ εµνρστdMNP ANµ ∂νA

M
ρ ∂σA

P
τ

− 3κ
4 εµνρστdMNP ANµ [Aν , Aρ]ME ∂σA

P
τ

+ 3κ
20 ε

µνρστdMNP ANµ [Aν , Aρ]ME [Aσ, Aτ ]PE (2.73)

We can write (2.73) in a slightly more covariant form by making use of the definition of
two-form field strength (2.32) to find equation (2.74). In the following we will only need
the more explicit form (2.73).

Ltop =− 5κ
2 εµνρστ dMNR ∂RBµνM

[
HρστN − 3dNKLAKρ

(
∂σA

L
τ −

1
3[Aσ, Aτ ]LE

)]
+ κ εµνρστdMNP ANµ ∂νA

M
ρ ∂σA

P
τ

− 3κ
4 εµνρστdMNP ANµ [Aν , Aρ]ME ∂σA

P
τ

+ 3κ
20 ε

µνρστdMNP ANµ [Aν , Aρ]ME [Aσ, Aτ ]PE (2.74)
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The numerical value of the overall coefficient of the topological term in the Lagrangian, as
used in this work, is κ = +

√
10/6 [11, 15, 16, 25]. The bosonic theory does not fix the sign

of this constant, only its modulus and therefore its sign is conventional [16].3

The coefficient of the topological term of ungauged five-dimensional maximal super-
gravity, as described in [14] — we can call the coefficient κ5 — is related to the that of
ExFT by κ5 = 1

4κ. This is due to the use of the ungauged abelian field strength in the
writing of the topological term.

3 Canonical topological 2-forms in 5 + 27 dimensions

As a preparation to the canonical formulation of the full E6(6) ExFT we investigate the
canonical formulation of only the topological kinetic term of the two-forms BµνM (cf.
equation (2.73)) in this section. For this model theory to be a good analogy to the two-
forms of ExFT we need to consider the theory on the same 5 + 27-dimensional extended
geometry as ExFT itself.

We begin by calculating the canonical momenta of the two-forms and constructing the
canonical Hamiltonian of the two-forms in section 3.1. In section 3.2 we find the complete
set of canonical constraints. We then compute all canonical transformations and the full
constraint algebra in section 3.3. In doing so we can confirm that there are no propagating
degrees of freedom in this theory. Moreover we find that external diffeomorphisms are not
canonically generated because of the topological nature of the two-forms in this model.
Finally, in section 3.4, we identify some obstacles related to the construction of Dirac
brackets in exceptional generalised geometry for constraint algebras of a certain form.

For the model we want to consider an action of the form (3.1) with five external
coordinates xµ and 27 internal coordinates YM . The integral over the internal coordinates
of the generalised exceptional geometry in (3.1) is taken to be symbolic, since we do not
know how to carry out this integral explicitly while observing the section condition (2.10).

SB =
∫
d5x

∫
d27Y LB (3.1)

The Langrangian we want to consider can be written as in equation (3.2), with % being
the overall constant. Compared to the two-form kinetic term in ExFT (2.73) we have
dropped the covariantisation of the external derivative in (3.2) in order to make the model
as simple as possible — the theory is nonetheless interesting enough to be useful. As a
consequence thereof the internal generalised diffeomorphisms are not generated canonically
in this model theory.

LB = −% εµνρστ dMNR ∂RBµνM ∂ρBστN (3.2)
3There is some confusion in the literature about this constant that originates from a hidden renaming

of the constant in reference [11] — the calculations are nonetheless all correct, if we are aware of this
renaming and do not mix up the different values. If we call κ1 =

√
10/6 and κ2 = 3

4κ1 =
√

10/8, then κ1

is used in the equations (3.7), (3.8) and (3.9) of [11]. However starting from equation (3.29) of [11], when
the value of this constant is determined and in particular in the equation (3.31) which states κ2 = 5

32 the
rescaled constant κ2 is used. The additional factor 3

4 comes from taking the variation of the term, as can
be seen in equation (3.8) of [11]. References [16, 25] continue to use κ2 consistently, while reference [15]
uses κ1 consistently.
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Alternatively we can make use of the naive two-form field strength HM := dBM (HρστN :=
3 ∂[ρBστ ]N ) to write the Lagrangian as in (3.3) or (3.4). It is important to note here that this
topological Lagrangian is linear in the field strength and hence in the time derivative. It is
this fact that leads to the peculiar canonical structure that we find in the following analysis.

LB =− %

30 d
MNR ∂RBM ∧HN (3.3)

=− %

3 ε
µνρστ dMNR ∂RBµνM HρστN (3.4)

In analogy to the topological term of ExFT we can furthermore write the action (3.1)
equivalently as a boundary term in a 6 + 27 dimensional geometry (3.5). Because the
two-form field strength is closed dHM = 0 we can write the action also as (3.6).

SB = − %

30

∫
d6x̃ d27Y d

(
dMNR ∂RBM ∧HN

)
(3.5)

= − %

30

∫
d6x̃ d27Y dMNR ∂RHM ∧HN (3.6)

We can decompose the external five-dimensional indices in a 1 + 4-dimensional space-time
split as µ = (t,m), where t indicates the curved time index and m = 1, . . . , 4 the curved
spatial index. The space-time split of the Lagrangian can then be written as (3.8).

LB =− % εµνρστ dMNR ∂RBµνM ∂ρBστN (3.7)
=− % εtnrsl dMNR ∂RBnrM ∂tBslN (3.8)
− 2% εtnrsl dMNR ∂RBtnM ∂rBslN

+ 2% εtnrsl dMNR ∂RBnrM ∂sBtlN

3.1 Canonical momenta and canonical Hamiltonian

From the space-time split of the Lagrangian (3.8) we can read off the canonical momenta
of the time and spatial components of the two-forms, which we call ΠtlN (B), ΠslN (B),
the canonical momenta can be stated as (3.9) and (3.10). Due to the linearity of the
Lagrangian in the time derivative ∂t we find that the canonical momenta do not contain any
time derivatives themselves — therefore implying that they all lead to primary constraints,
which we name HP1 and HP2.

(HP1)lN := ΠtlN (B) = 0 (3.9)
(HP2)slN := ΠslN (B) + 2% εtmnsl dMNR ∂RBmnM = 0 (3.10)

The Legendre transformation of the Lagrangian (3.8) is given by (3.11), the factor of 1/2
needs to be inserted in the second term in order to avoid overcounting. Inserting the space-
time decomposition of the Lagrangian and using the definition of the primary constraints
we can write the canonical Hamiltonian HB as (3.12).

HB = ḂtlN · ΠtlN (B) + 1
2 ḂmnN ·Π

mnN (B)− LB (3.11)

= ḂtlN · (HP1)lN +BtnM · (HS1)nM (3.12)
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We have introduced the objectHS1, as defined by equation (3.13), here — already indicating
that this term will yield a secondary constraint.

(HS1)nM := −4% εtnrsl dMNR ∂R∂rBslN (3.13)

Note that we can rewrite (3.13), using the two-form field strength, as in (3.14).

(HS1)nM = −4%
3 εtnrsl dMNR ∂RHrslN (3.14)

To verify the consistency of the primary constraints (3.9) and (3.10) we need to make use
of the total Hamiltonian HB-Total (3.15) which is defined as the canonical Hamiltonian plus
a linear phase space sum over the primary constraints with general coefficients.

HB-Total := HB + (u1)lN · (HP1)lN + (u2)slN · (HP2)slN (3.15)

3.2 Constraints and consistency

Before we begin with checking the consistency of the primary constraints it is useful to
determine their algebra using the fundamental equal time Poisson brackets given in equa-
tions (3.16) and (3.17). Here we use the notation that X1 := (x1, Y1) denotes both the
spatial external and internal coordinates, X1−X2 = (x1−x2, Y1−Y2) and δ(4+27)(X1−X2)
is the (4 + 27)-dimensional Dirac delta distribution.

{BtlR(X1),ΠtnS(B)(X2)} = δnl δ
S
R δ

(4+27)(X1 −X2) (3.16)

{BklR(X1),ΠmnS(B)(X2)} = (δmk δnl − δml δnk ) δSR δ(4+27)(X1 −X2) (3.17)

What we find is that the primary constraints all Poisson-commute amongst each other.
This implies that their total time evolution, as generated by the total Hamiltonian, is
equivalent to the time evolution generated by the canonical Hamiltonian (3.12).

{(HP1)kK , (HP1)lL} = 0 (3.18)
{(HP1)kK , (HP2)mnM} = 0 (3.19)
{(HP2)klK , (HP2)mnM} = 0 (3.20)

Consistency of the primary constraints is equivalent to the requirement that their total
time evolution is vanishing, thus preserving the constraints in time [13]. Requiring the
time evolution of the primary constraint HP1 to vanish (3.21) confirms that the expression
(HS1) is indeed a secondary constraint.

{(HP1)kK ,HB-Total} = −(HS1)nM = 0 (3.21)

Before we go on to check the consistency of the primary constraint HP2 it is convenient to
define the smeared (or integrated) secondary constraint HS1[Φ] as in equation (3.22). The
smeared constraint allows us to avoid having to write derivatives of Dirac delta distributions
(see e.g. references [14, 45] for the use of smeared constraints). The smearing function
ΦnM (x, Y ) can be thought of as a tensor of test functions which allows us to integrate the
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constraint over the full spatial geometry and makes it possible to move derivatives onto
the smearing function.

HS1[Φ] :=
∫
d4x

∫
d27Y ΦnM · (HS1)nM (3.22)

Calculating the Poisson brackets of the smeared constraint with the primary constraints
we find that HP1 Poisson-commutes with the new secondary constraint, whereas HP2 does
not. It follows that HP2 and HS1 are second class constraints.

{(HP1)mM ,HS1[Φ]} = 0 (3.23)
{(HP2)mnM ,HS1[Φ]} = 8% εtklmn dKLM ∂K∂lΦkL (3.24)

With the explicit expression for the Poisson bracket of equation (3.24) it is straightforward
to compute the total time evolution of the primary constraint HP2. We find that it is given
by the same expression as (3.24) but with the field BtkL taking the place of the smearing
function. Requiring this time evolution to vanish leads to another secondary constraint
HS2 as defined in (3.25).

{(HP2)mnM ,HB-Total} =: (HS2)mnM = 8% εtklmn dKLM ∂K∂lBtkL = 0 (3.25)

The consistency of the secondary constraints has to be verified similarly, but no new con-
straints can be found by requiring their time evolution to vanish — we do however find
that the coefficient functions in the total Hamiltonian should be vanishing u1 ≡ 0, u2 ≡ 0.
The consistency and constraint finding procedure thus terminates and the complete set of
constraints is listed below.

(HP1)lN = ΠtlN (B) (3.26)
(HP2)slN = ΠslN (B) + 2% εtmnsl dMNR ∂RBmnM (3.27)
(HS1)nM = −4% εtnrsl dKLM ∂K∂rBslL (3.28)

(HS2)mnM = +8% εtklmn dKLM ∂K∂lBtkL (3.29)

3.3 Canonical transformations, algebra and degrees of freedom

Using the smeared version of all constraints we can write all non-trivial transformations
generated by the constraints as follows. In the context of the canonical transformations
the smearing functions are interpreted as the (gauge) parameters of the transformations.

{BtnN ,HP1[χ1]} = 2 (χ1)nN (3.30)
{BmnN ,HP2[χ2]} = 2 (χ2)mnN (3.31)

{ΠmnN (B),HP2[χ2]} = +4% εtmnsl dMNR ∂R(χ2)slM (3.32)
{ΠmnM (B),HS1[Φ1]} = +8% εtlkmn dKLM ∂K∂k(Φ1)lL (3.33)
{ΠtnM (B),HS2[Φ2]} = +16% εtnklm dKLM ∂K∂k(Φ2)lmL (3.34)

The shift transformations (3.30) and (3.31) of the two-forms are generic and expected for
fields that appear with only a single time derivative in the Lagrangian. Because the primary
constraints directly relate the fields to their canonical momenta these shift transformations
appear. It should be noted that this in particular includes transformations where the
parameter is a derivative, e.g. (χ2)mnN =: ∂[mλn]N leading to the perhaps more familiar
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# Fields Momenta Primary Secondary
108 BtnN ΠtnN (HP1)nN (HS1)nN

162 BmnN ΠmnN (HP2)mnN (HS2)mnN

Table 2. This table lists the number and names of the independent components of all the fields,
canonical momenta as well as of the primary and secondary constraints.

transformation δHP2[λ]BmnN as in equation (3.35).

δHP2[λ]BmnN = {BmnN ,HP2[λ]} = 2 ∂[mλn]N (3.35)

In chapter 19 of reference [13] it is shown that in the case of free Maxwell theory the shift
transformations can be made into the usual form by way of the parameters of the extended
Hamiltonian. In our case there are however no first class constraints (as is determined
below) and therefore the extended Hamiltonian agrees with the already determined to-
tal Hamiltonian, it is thus unclear how an analogous procedure would work in this case.
Nonetheless it seems probable that a way of fully rearranging the shift transformations in
the usual form should exist and it may be instructive to study the case of three-dimensional
Chern-Simons theory L = A ∧ F , whose canonical constraints are structured in a similar
way as those of our model theory.

Since we can write the action in terms of differential forms as a boundary integral (3.5)
we should expect that (external) diffeomorphisms are a symmetry of this action. Canoni-
cally we do however not find any constraint that leads to diffeomorphism gauge transforma-
tions. Fundamentally this is expected in a topological theory because we would normally
expect the canonical diffeomorphism constraint to arise from the consistency requirement
(i.e. secondary constraint) of the primary constraint that tells us that the canonical mo-
mentum of the shift vector is vanishing Πn(Nn) = 0. But in this model theory there is no
metric field and even if there was one it would not appear in the topological term. It is
therefore impossible to see the (external) diffeomorphism symmetry of purely topological
fields in the canonical formalism and this seems to be a general fact. The existence of
Lagrangian symmetries in the canonical formalism has been discussed in [46].

Having computed all non-vanishing canonical transformations we can now determine
the full algebra formed by the constraints. There are only two non-vanishing Poisson
brackets among the constraints. The first relation (3.36) is equivalent to what we have
already seen in equation (3.24), the other relation is given by equation (3.37).

{HP1[χ1],HS2[Φ2]} = +16% εtklmn dKLM (χ1)kL ∂K∂l(Φ2)mnM (3.36)
{HP2[χ2],HS1[Φ1]} = +8% εtklmn dKLM (χ2)mnM ∂K∂l(Φ1)kL (3.37)

Because all constraints are involved in these two relations we can conclude that all canonical
constraints in this model are second class constraints. The number of physical degrees of
freedom of the theory described by the Lagrangian (3.2) is zero and hence there are no prop-
agating degrees of freedom— as is expected in a purely topological theory. Canonically this
is because the number of independent components of all the second class constraints HP1,
HP2, HS1 and HS2 taken together exactly cancels the independent phase space variables of
the theory — as can be seen in table 2.
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3.4 Dirac brackets in extended exceptional generalised geometry

Because of the existence of second class constraints the next step in the canonical analysis
of the theory should be the construction of a Dirac bracket {., .}DB. We can define symbolic
indices a, b ∈ {P1, P2, S1, S2} to label the canonical constraints and define the matrix Mab

as in equation (3.38).

Mab(x1, x2, Y1, Y2) := {Ha(x1, Y1),Hb(x2, Y2)} (3.38)

The components of the matrix Mab are given by the constraint algebra relations but with
the smearing parameters now replaced by Dirac delta distributions and thus dependent on
all coordinates. The indices that were contracted into parameters are now open, but we
will understand them to be covered by the symbolic indices a, b too.

One may now try to define the Dirac bracket for this theory as in equation (3.39),
however there are several difficulties and potential problems with this definition.

{f, g}DB := {f, g} −
∑
a,b

∫
d4x1

∫
d4x2

∫
d27Y1

∫
d27Y2

·
(
{f,Ha(x1, Y1)}Mab(x1, x2, Y1, Y2) {Hb(x2, Y2), g}

)
(3.39)

The first difficulty is the question of what the inverse matrix Mab actually is. Since its
components depend on Dirac delta distributions and have open indices the inversion should
be defined by a condition such as equation (3.40).∑

b

∫
d4x2

∫
d27Y2Mab(x1, x2, Y1, Y2)M bc(x2, x3, Y2, Y3)

= δa
c δ(4+27)(x1 − x3, Y1 − Y3) (3.40)

However due to the form of the components of Mab, or equivalently due to the form of the
algebra relations (3.36) and (3.37), solving equation (3.40) requires us to find distributions
Ψ, as components of Mab, that satisfy equations of the type (3.41), with mixed derivatives
of Ψ yielding the 4 + 27-dimensional Dirac delta distribution.

(. . . )mM ∂M∂mΨ(x1 − x3, Y1 − Y3) = δ(4+27)(x1 − x3, Y1 − Y3) (3.41)

Solving equations of the form of (3.40) to determine the inverseMab hence turns out to be a
rather difficult problem as we need to identify a primitive function of the 4+27-dimensional
Dirac delta distribution. This is a general problem that arises when the constraint algebra
is of a form that includes (mixed) derivative terms. If we could identify such distributions
then we could solve (3.40) because the d-symbol and the Levi-Civita symbol are invertible.

Furthermore the internal integrals in equations (3.39) and (3.40) have to be carried
out while observing the section condition and it is hence not obvious that these objects are
well defined or how the internal integration should be carried out explicitly.

In reference [6] Dirac brackets have recently been used in the context of exceptional
world volume theories with a definition somewhat similar to (3.39) but in a very different
set up.
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Type of index Dimension (real) Letters used
Fundamental rep. of E6(6) 27 K,L,M,N, . . . ,X, Y, Z

Fundamental rep. of USp(8) 8 A,B,C,D,E, . . . , J

Curved (external) 5 µ, ν, ρ, σ, τ, . . .

Curved (time) 1 t

Curved (external spatial) 4 k, l,m, n, o, p, q, r, s, u, . . .

Flat (external) 5 α, β, γ, δ, . . .

Flat (time) 1 0
Flat (external spatial) 4 a, b, c, d, e, f, g, h, . . .

Table 3. Conventions of the indices used, their dimensions and descriptions of the types of indices.

In principle we should be able to circumvent the introduction of the Dirac bracket
entirely by “unfixing” the (gauge) conditions that make the constraints of this model second
class [13, 47]. However this procedure of introducing a new set of constraints that are
first class, together with additional gauge fixing conditions, is not unique and it is not
immediately clear how one should proceed in this model. It may be worth pointing out
again that the canonical structure of the constraints in this model is similar to the structure
of three-dimensional Chern-Simons theory and it may be possible to identify a solution
there — although there is of course no analogue to the generalised geometry used here.

4 Canonical formulation of E6(6) exceptional field theory

In this section we construct the canonical formulation of the (bosonic) E6(6) ExFT. In
section 4.1 we clarify the notation and list some of the conventions used in the following
sections. We then go on to compute the external ADM decomposition of the full ExFT
Lagrangian in section 4.2. In section 4.3 we compute all canonical momenta and some field
redefinitions are introduced. In section 4.4 we identify all primary constraints. The Leg-
endre transformation of the ExFT Lagrangian is carried out sector by sector in section 4.5
and the resulting canonical Hamiltonian is presented in section 4.6. The fundamental
Poisson brackets are defined in section 4.7. In section 4.8 we go through the consistency
algorithm of the canonical constraints. Some of the secondary constraints, that follow from
the primary constraints associated to the two-form momenta, are found to be of an unusual
form and this discussion is continued in section 5 where we discuss the canonical gauge
transformations.

4.1 Notation and conventions

In the following sections we need to make use of a large number of different indices, which
we list in table 3. The index t is reserved for the curved time coordinate and 0 for the
flat time coordinate. The external curved five-dimensional index decomposes in the ADM
split as µ = (t,m) and the flat five-dimensional index decomposes as α = (0, a). We
may occasionally use the convention εklmn := εtklmn for the spatial components of the
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Weight λ Objects
−2/3 Gµν , gµν , R̂, Vpot.

−1/3 ∂M , Eα
µ, ea

m

0 ∂µ, LAµ , dMNK , MMN , VMAB, R̂µν
αβ , Nn

1/3 AMµ , FMµν , ΛM , N, Na, Eµ
α, em

a, ΠstN (B)

2/3 BµνM , ΞµM , HµνρM , Πm
M (A), Gµν , gmn, Nn, Π(e)ma

1 LExFT, ΠMN (M), ΠM
AB(V)

4/3 e

5/3 E

Table 4. The generalised exceptional diffeomorphism weights of the most important objects of
canonical E6(6) exceptional field theory.

five-dimensional Levi-Civita symbol, which does not contain any vielbein factors. For the
external geometry we use the Minkowski signature (− + + + +). A dot Ẋ on a variable
X indicates a curved time derivative. For the canonical momenta we employ the notation
that Π(X), with appropriate indices, denotes the canonical momenta conjugate to any field
X. The notation used in this work generally agrees with the notation of reference [14].

The scalar fields MMN are E6(6)/USp(8) coset representatives and only have 42 in-
dependent components. We call the relations that connect the 378 components of the
symmetric matrix MMN = M(MN) the coset constraints. In the canonical formalism they
appear as canonical constraints if they are added explicitly to the Lagrangian. Alterna-
tively they can be considered implicitly, in which case one can treat MMN as a generic
symmetric matrix of fields, which greatly simplifies the canonical analysis. In the implicit
case one cannot apply the coset constraints before all Poisson brackets are fully evaluated.
The explicit and the implicit treatment of coset constraints has been discussed in [14] and
both formalisms have been described in detail for the case of SL(n) in appendix D of [14].
In the following we will be working in the implicit formalism in order to simplify the anal-
ysis. For an alternative and more explicit vielbein formalism approach to the canonical
formulation of coset space sigma models see reference [48]

The section condition (2.10) cannot be considered as a canonical constraint because it
is a condition on the internal coordinate derivatives and not on the canonical variables. If
we wanted to add the section condition explicitly to the Lagrangian we would have to add
infinitely many constraints because (2.10) applies to all fields and gauge parameters.

The generalised Lie derivative LΛ is always understood to include a weight term with
the generalised diffeomorphism weight determined according to table 4.

4.2 ADM decomposition of the Lagrangian

We can now compute the ADM decomposition of all terms in the E6(6) ExFT La-
grangian (2.35). We will be able to make use of the results of this section in the com-
putation of the canonical momenta and in carrying out the Legendre transformation of the
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Lagrangian. Explicitly seeing the ADM decomposition of the Lagrangian also gives us some
intuition as to what the various terms are doing. Because we are working on expressions
that are part of the Lagrangian in this section, we sometimes drop true total derivative
terms (that include the Lagrange multipliers), in analogy to the procedure in [14], as they
are not relevant to the results of this work. Useful relations regarding the ADM decom-
position, in the same notation as here, can be found in [14]. General information on the
ADM decomposition can be found in [49–54]

ADM decomposition of the improved Einstein-Hilbert term. The improved
Einstein-Hilbert term is given by (4.1).

LEH = E R̂ = ER+ E FMµν Eαρ ∂MEρβ EαµEβν (4.1)

We start by looking at the covariantised Einstein-Hilbert term ER. The Ricci scalar is
defined with the covariantised coefficients of anholomonomy as defined in (4.2), where Dµ
is the covariant derivative (2.23). It is this dependence on the one-forms AMµ , through
the covariant derivative, in the coefficients of anholomonomy that leads to the vielbein
transforming under generalised diffeomorphisms.

Ωαβγ := 2E[α
µEβ]

ν DµEνγ . (4.2)

We choose to fix part of the Lorentz symmetry and parametrise the external vielbein in
the ADM split as (4.3), where N is the lapse function, Na the shift vector and em

a the
spatial vielbein. We flatten or unflatten spatial indices with the spatial vielbein.

Eµ
α =:

(
N Na

0 em
a

)
(4.3)

In the ADM decomposition the components of the coefficients of anholonomy take the
standard form (4.4), (4.5) and (4.6), but with all the derivatives covariantised.

Ωabc = 2 e[a
meb]

nDmenc (4.4)
Ωab0 = 0 (4.5)
Ω0b0 = −ebnN−1DnN (4.6)

As in general relativity there is only a single component of the coefficients of anholon-
omy (4.7) that contains a time derivative.

Ω0bc = 1
N

(
eb
n (D0 −NmDm) enc − ebm encDmNn

)
(4.7)

We can invert the relation (4.7) to express the time derivative of the spatial vielbein as in
equation (4.8).

∂0ekc = Nek
b Ω0bc + (LA0 +NmDm) ekc + encDkNn (4.8)

Using the ADM decomposition of the coefficients of anholonomy we can write the ADM
decomposition of the Einstein-Hilbert term as the standard formula (4.9), where Rd is the
Ricci scalar in d-dimensions [52, 53].

ER5 = eN (Ω0(ab)Ω0(ab) − Ω0aaΩ0bb +R4) (4.9)
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The ADM decomposition of the Einstein-Hilbert improvement term is given in (4.10).

+E FMµν Eαρ ∂MEρβ EαµEβν = + e

N
FMtn ∂MNn

− e

N
FMmnNm ∂MN

n

+ eN FMmn ear ∂Merb eam ebn (4.10)

The first term in (4.10) will contribute to the canonical momenta of the one-forms. Note
in particular the sign of the second term, this point is further discussed in section 4.5.4.
The last line is the spatial improvement term and will join the spatial Ricci scalar R4 of
equation (4.9).

ADM decomposition of the Yang-Mills term. The ADM decomposition of the gen-
eralised Yang-Mills term takes the form (4.11). There is one term that is quadratic and one
that is linear in the time components of the one-form field strength. The third term is the
spatial Yang-Mills term. The fourth term will drop out in the Legendre transformation.

−E4 MMN FµνM FNµν = + e

2N MMN FMts FNtn gsn

− e

N
MMN FMts FNmn gsnNm

− eN

4 MMN FMrs FNmn grm gsn

+ e

2N MMN FMrs FNmnN rNm gsn (4.11)

ADM decomposition of the scalar kinetic term. The ADM decomposition of the
scalar kinetic term can be written in the form of (4.12). The first term of the last line
is the spatial kinetic term. The structure of the scalar terms will become clearer in the
Legendre transformation.

+ 1
24 E g

µν DµMMN DνMMN (4.12)

= − e

24N

(
− ṀMN ṀRSM

RM MSN − ṀMN LAtMMN

+ LAtMMN ṀRSM
RM MSN + LAtMMN LAtMMN

)
+ e

24N N l
(

+ ṀMN DlMMN − ṀRSM
RM MSN DlMMN

− LAtMMN DlMMN −DlMMN LAtMMN
)

+ 1
24
(
eN gkl − e

N
NkN l

)
DkMMN DlMMN

ADM decomposition of the topological term. We split the topological term (2.73)
into the individual terms, in order to make the expression more manageable and then com-
pute the ADM decompositions. We start with the kinetic term of the B-field (4.13). This
kinetic term (4.13) is the Dµ-covariantised version of the model Lagrangian in section 3.
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The last term in (4.13) is the only term in the ExFT Lagrangian with a time derivative on
the B-field.

−15κ
2 εµνρστ dMNR ∂RBµνM DρBστN =− 15κ εtnrsl dMNR ∂RBtnM DrBslN

+ 15κ εtnrsl dMNR ∂RBnrM DsBtlN

+ 15κ
2 εtnrsl dMNR ∂RBnrM LAtBslN

− 15κ
2 εtnrsl dMNR ∂RBnrM ∂tBslN (4.13)

The ADM decomposition of the two other B-field dependent terms are given in (4.14)
and (4.15).

+ 15κεµνρστ dMNR dNKL ∂RBµνM AKρ ∂σA
L
τ (4.14)

= +30κεtnrsl dMNR dNKL ∂RBtnM AKr ∂sA
L
l

− 15κεtnrsl dMNR dNKL ∂RBnrM AKs Ȧ
l
l

− 15κεtnrsl dMNR dNKL ∂l∂RBnrM AKs A
L
t

+ 30κεtnrsl dMNR dNKL ∂RBnrM AKt ∂sA
L
l

There is a time derivative on the one-form in the third line of (4.14).

− 5κ εµνρστ dMNR dNKL ∂RBµνM AKρ [Aσ, Aτ ]LE (4.15)
= −10κ εtnrsl dMNR dNKL ∂RBtnM AKr [As, Al]LE
− 5κ εtnrsl dMNR dNKL ∂RBnrM AKt [As, Al]LE
+ 10κ εtnrsl dMNR dNKL ∂RBnrM AKs [At, Al]LE

The term (4.16) is the analogue of the topological term in five-dimensional ungauged max-
imal E6(6) invariant supergravity (cf. reference [14]), because this is the only part of the
topological term (2.73) that does not depend on any internal derivative and therefore sur-
vives in the trivial solution of the section condition.

+ κ εµνρστdMNP ANµ ∂νA
M
ρ ∂σA

P
τ (4.16)

= + κ εtnrsl dMNP ANt ∂nA
M
r ∂sA

P
l

− 2κ εtnrsl dMNP ANn ∂tA
M
r ∂sA

P
l

+ 2κ εtnrsl dMNP ANn ∂rA
M
t ∂sA

P
l

In the term (4.17) there is a time derivative on the one-form in the fourth line.

− 3κ
4 εµνρστdMNP ANµ [Aν , Aρ]ME ∂σA

P
τ (4.17)

=− 3κ
4 εtnrsl dMNP

(
+ANt [An, Ar]ME ∂sA

P
l − 2ANn [At, Ar]ME ∂sA

P
l

−ANn [Ar, As]ME ȦPl +ANn [Ar, As]ME ∂lA
P
t

)
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The terms (4.18) and (4.14) are the only parts of the topological term that are purely
internal in derivatives. For this reason they cannot contribute to any of the canonical
momenta.

+ 3κ
20 ε

µνρστdMNP ANµ [Aν , Aρ]ME [Aσ, Aτ ]PE (4.18)

= + 3κ
20 ε

tnrsl dMNP

(
+ANt [An, Ar]ME [As, Al]PE − 4ANn [At, Ar]ME [As, Al]PE

)
ADM decomposition of the scalar potential term. The ADM decomposition of
the scalar potential is given in (4.19). Note that we have already written the potential
with the sign with which it will appear in the Hamiltonian. The first term in (4.19)
depends on several Lagrange multipliers and we cannot interpret this term canonically —
fortunately we find that this term cancels in the Legendre transformation. The remaining
terms of (4.19) form the scalar potential of the Hamiltonian, which will be part of the
Hamilton constraint.

+E Vpot. =− e

2N gmnM
MN∂MN

n ∂NN
m (4.19)

− N e

4 MMN∂Mg
mn ∂Ngmn

− N

e
MMN∂Me ∂Ne

− N e

24 M
MN∂MM

KL ∂NMKL

+ N e

2 MMN∂MM
KL ∂LMNK

+N ∂M∂NM
MN e

+N 2MMN ∂M∂Ne

+N 2 ∂MMMN ∂Ne

4.3 Canonical momenta

Having computed the ADM decomposition of all terms of the ExFT Lagrangian in sec-
tion 4.2 we can now compute the canonical momenta. In this section we also discuss some
important redefinitions of the canonical coordinates that simplify the later calculations and
the form of the canonical Hamiltonian.

The canonical momenta of the one-form fields. Because there are no time deriva-
tives on the time component of the one-forms we find that the momenta (4.20) vanish, as
is expected and they double as primary constraints.

Πt
T (A) = 0 (4.20)

Πl
T (A) = e

N
gln MTN

(
FNtn +NkFNnk

)
− 3κ

4 εlmnrdMNTA
N
m [An, Ar]ME (4.21)

+ 2κ εlmnrdMNT A
M
m ∂nA

N
r

+ 15κ εlmnrdMNRdNKT ∂RBmnM AKr

+ e

N
∂TN

l
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The canonical momenta of the spatial components of the one-forms are given by equa-
tion (4.21). The first line of (4.21) is the covariantised version of the expression expected
in Yang-Mills theory coupled to general relativity. The next three terms originate from the
three time derivatives on the one-forms in the topological term. The e

N ∂TN
l contribution

comes from the Einstein-Hilbert improvement term.
In reference [14] it was found in five-dimensional E6(6) invariant supergravity that

if we define modified canonical momenta, where all topological contributions to the mo-
menta Πl

T (A) are subtracted, this greatly simplifies the canonical Hamiltonian and has nice
transformation properties under the canonical constraints. In direct analogy we define the
modified momenta-like variables (4.22) by subtracting all topological contributions from
the canonical momenta. Explicitly we can thus also write the modified momenta P lT (A) as
in (4.23).

P lT (A) := + Πl
T (A) (4.22)

+ 3κ
4 εlmnrdMNTA

N
m [An, Ar]ME

− 2κ εlmnrdMNT A
M
m ∂nA

N
r

− 15κ εlmnrdMNRdNKT ∂RBmnM AKr

= + e

N
gln MTN

(
FNtn +NkFNnk

)
+ e

N
∂TN

l (4.23)

We find that P lT (A) are indeed the right variables to use, because they lead to the simplest
canonical Hamiltonian and hide a large number of topological contributions that would
otherwise clutter the Hamiltonian. Without this redefinition the Legendre transformation
is itself also very messy due to the large number of terms that are produced. In section 4.5
we find that the momenta P lT (A) allow us to make the Legendre transformation of the
one-forms comparatively simple.

Just as in reference [14] this redefinition of the momenta leads to complications when
evaluating Poisson brackets, because the redefinition (4.22) is not a canonical transforma-
tion and the new variables do not Poisson-commute with themselves {PnN (A),PmM (A)} 6= 0.
This fact combined with the complicated topological term (2.73) presents some of the great-
est difficulties in the canonical analysis of E6(6) exceptional field theory. Not using the re-
defined momenta P lT (A) does not circumvent these issues, as in this case the complications
are just displaced and already apparent at the level of the Hamiltonian.

By definition we find that Πn
N (A) = PnN (A) if we set the coefficient of the topological

term to zero κ = 0. This fact allows us to work in orders of the topological coefficient κ to
break up the calculations in more manageable parts. For some very difficult calculations
we only present the calculation at κ = 0, but often we can already see the main structure
of the full result at this level. A notable exception to this are all calculations that concern
the B-fields as their dynamics are entirely topological. We should stress the fact that the
case κ = 0 is only considered as a computational tool — because it removes one of the main
difficulties — and this case does very likely not correspond to any physically meaningful
theory upon solution of the section condition.
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The canonical momenta of the two-form fields. The canonical momenta of the two-
forms are given by equations (4.24) and (4.25). Because the only time derivative on the
B-fields comes from the topological kinetic term of equation (4.13) the resulting canonical
momenta are identical to the canonical momenta of the model theory that we studied in
section 3.1.

Πtl N (B) = 0 (4.24)
Πsl N (B) =− 15κ εmnsldMNR ∂RBmnM (4.25)

We can see that both (4.24) and (4.25) are primary canonical constraints, because there
are no time derivatives on the variables.

The canonical momenta of the scalar fields. There is a slight subtlety in the calcu-
lation of the canonical momenta of the scalar fields concerning the scaling of the diagonal
components of MMN . This issue is purely formal but we want to briefly explain the is-
sue here since it plays a role in the Legendre transformation that we will carry out in
section 4.5.

Because we want both ∂Ṁ11
∂Ṁ11

= 1 and ∂Ṁ12
∂Ṁ12

= 1 to be true we have to subtract a
Kronecker delta term in the general derivative (4.26) in order to get the correct result for
the diagonal components.

∂ṀQP

∂ṀMN

= δMQ δ
N
P + δMP δ

N
Q − (δKronecker

MN )δMQ δNP (4.26)

The canonical momenta of the scalar fields are then found to be given by (4.27) (there is
no sum on R, S in this expression).

ΠRS(M) = e

12N (2− δKronecker
RS )

[
+ ṀQP M

QRMPS +Nn DnMRS + LAtMRS
]

(4.27)

Because the Kronecker delta term in (4.27) is somewhat unappealing, we can choose to
remove it by rescaling the diagonal component of the canonical momenta as in (4.28).

Π̃RS(M) :=

2 ·ΠRS(M), if R = S

ΠRS(M), if R 6= S
(4.28)

The rescaled canonical momenta of the scalars are then given by equation (4.29).

Π̃RS(M) = e

6N

[
+ ṀQP M

QRMPS +Nn DnMRS + LAtMRS
]

(4.29)

During the Legendre transformation in section 4.5 we have to pay attention to this rescaling
to get the prefactor of the scalar terms right. After the Legendre transformation we will
simply write ΠRS(M) = Π̃RS(M) as this distinction is no longer necessary.

– 30 –



J
H
E
P
0
7
(
2
0
2
1
)
1
4
5

The canonical momenta of the external metric components. Only the Ω0bc com-
ponents of the coefficients of anholonomy (4.7) contain a time derivative and that is on
the spatial vielbein. Therefore the Einstein-Hilbert term (4.9) leads to the vanishing of
the canonical momenta of the lapse function (4.30) and the shift vector (4.31), which
become primary constraints. Only the canonical momenta of the spatial vielbein are non-
vanishing and given by equation (4.32). While the momenta (4.32) look exactly like in
general relativity the coefficients of anholonomy are nonetheless written in terms of the
covariant derivatives.

Π(N) = 0 (4.30)
Πa(Na) = 0 (4.31)
Πm
a (e) = 2 e emb (Ω0(ab) − δab Ω0cc) (4.32)

We furthermore define the contractions (4.33) and (4.34) of the vielbein momenta.

Πab(e) := + em(a Πm
b)(e) (4.33)

Π(e) := + em
a Πm

a(e) (4.34)

4.4 Primary constraints

Having computed all canonical momenta in section 4.3 we can identify the following com-
plete set of primary constraints. The primary constraints (4.35), (4.36), (4.37) and (4.38)
are of shift type, meaning that they will only generate shifts in their conjugate canonical
variables and nothing else. We will see that the consistency requirement of each of them
generates a corresponding secondary constraint.

Π(N) = 0 (4.35)
Πa(Na) = 0 (4.36)

ΠM (AMt ) = 0 (4.37)

We furthermore introduce the names HP1 and HP2 for the primary constraints (4.38)
and (4.39) coming from the B-fields. These two-form constraints are in direct analogy to
the primary constraints of the model theory in section 3.

(HP1)mM := ΠtmM (B) = 0 (4.38)

(HP2)slN :=
(

Πsl N (B) + 15κ εtmnsldMNR ∂RBmnM

)
= 0 (4.39)

Finally there are the primary Lorentz constraints (4.40), which behave exactly like in five-
dimensional supergravity and whose canonical properties have been discussed in that case
in detail in [14].

Lab := em[aΠ(e)mb] = 0 (4.40)

Overall we count a total of 1 + 4 + 27 + 108 + 162 + 6 = 308 primary constraints.
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4.5 Legendre transformation

In this section we go through the Legendre transformation of the (bosonic) Lagrangian
of E6(6) exceptional field theory. We begin by clarifying how we want to split up the
computation, in order to manage the large number of terms and then proceed to compute
the partial results using the ADM decompositions presented in section 4.2.

The Legendre transformation of the ExFT Lagrangian (2.35) is formally given by
equation (4.41).

HExFT = +Ṅ ·Π(N) +
∑

a=1,...,4
Ṅa ·Πa(Na) +

∑
a=1,...,4
m=1,...,4

ėma ·Πma(ema) (4.41)

+
∑

N=1,...,27
ȦNt ·ΠN (ANt ) +

∑
N=1,...,27
n=1,...,4

ȦNn ·Πn
N (ANn )

+
∑

N=1,...,27
n=1,...,4

ḂtnN ·ΠnN (BtnN ) + 1
2

∑
N=1,...,27
m,n=1,...,4

ḂmnN ·ΠmnN (BmnN )

+
∑

R,S=1,...,27
R≤S

ṀRS ·ΠRS(MRS)− LExFT

We explicitly write out the summation here in order to avoid overcounting. In order to
only sum over the independent field components we introduce a factor 1/2 in the B-Field
transformation term and restrict the sum on the scalar fields. We cannot sum over all
components of the scalar fields by inserting a factor because that would give the wrong
prefactor for the diagonal components. Following the calculation starting from (4.42) we
find that we can indeed write it as the unrestricted sum (4.46) if we use the rescaled scalar
momenta instead. We can treat the scalar fields as a generic symmetric matrix here because
we use the implicit formalism of the coset constraints as explained above. This treatment
is identical to the treatment of the scalar fields in [14].

HExFT =
∑
R≤S

ΠRS(M)ṀRS + . . . (4.42)

=
∑
R<S

ΠRS(M)ṀRS + ΠRS(M)ṀRS

∣∣∣∣
R=S

+ . . . (4.43)

=
∑
R<S

Π̃RS(M)ṀRS + 1
2Π̃RS(M)ṀRS

∣∣∣∣
R=S

+ . . . (4.44)

= 1
2
∑
R 6=S

Π̃RS(M)ṀRS + 1
2Π̃RS(M)ṀRS

∣∣∣∣
R=S

+ . . . (4.45)

= 1
2
∑
R,S

Π̃RS(M)ṀRS + . . . (4.46)

Expanding the Lagrangian we arrive at (4.47), which is written in a way that already
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suggests how we can split up the computation according to the various sectors.

HExFT = +
∑

a=1,...,4
m=1,...,4

ėma ·Πma(ema)− ER5 (4.47)

+
∑

N=1,...,27
n=1,...,4

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ

+ 1
2

∑
N=1,...,27
m,n=1,...,4

ḂmnN ·ΠmnN (BmnN )− Ltop.

+ 1
2

∑
R,S=1,...,27

ṀRS · Π̃RS(MRS)− Lsc − Lpot.

+ Ṅ ·Π(N) +
∑

a=1,...,4
Ṅa ·Πa(Na)

+
∑

N=1,...,27
ȦNt ·ΠN (ANt ) +

∑
N=1,...,27
n=1,...,4

ḂtnN ·ΠnN (BtnN )

In the following sections we will look at the computation for each sector of the theory
individually. The main difficulty lies in the transformation of the terms concerning primar-
ily the one-forms, which appear in the generalised Yang-Mills term, the Einstein-Hilbert
improvement term and in the topological term.

4.5.1 Legendre transformation of the Einstein-Hilbert term

For the Legendre transformation of the pure Einstein-Hilbert term (without the improve-
ment) regarding the spatial vielbein time derivative we find that the contributions to the
Hamiltonian are given by (4.48).

Πm
a (e) ėma − ER5 = +N ·

( 1
4e Πab(e) Πab(e)−

1
12eΠ2(e)− eR4

)
(4.48)

+Nn ·
(

2 Πm
a(e)D[nem]a − enaDmΠm

a(e)
)

+AKt ·
(

Πm
a(e) ∂Kema −

1
3∂KΠ(e)

)
The first two lines of (4.48) are the covariantised version of what we expect in pure general
relativity [14, 52, 55]. Because of the gauging of the derivatives with the one-forms we find
the additional AKt contribution and it is these terms that canonically generate generalised
diffeomorphisms on the vielbein and on its momenta.

4.5.2 Legendre transformation of the scalar kinetic term

For the Legendre transformation of the scalar kinetic term we find (4.49). The contri-
butions to the Hamilton and (external) diffeomorphism constraints are the covariantised
version of the terms that are found in the Hamiltonian of five-dimensional E6(6) invariant
supergravity [14]. The additional AKt contributions will turn out to be the correct terms
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to generate generalised diffeomorphisms on the scalar fields and their canonical momenta.
The explicit projector PRLSK in this expression might appear strange, however it only
appears here because we need to factor out the Lagrange multiplier AKt from the gener-
alised Lie derivatives LAt in the ADM decomposition (4.12). Projectors will appear in this
context in general for fields that are not scalars under E6(6) — e.g. there are no projectors
in (4.48) for the external vielbein because it does not carry any E6(6) index.

1
2

∑
R,S=1,...,27

ṀRS · Π̃RS(MRS)− Lsc (4.49)

= +N ·
( 3

2 e Π̃MN (M) Π̃RS(M) MMR MNS −
e

24 gkl DkMMN DlMMN
)

+Nn ·
(1

2 Π̃MN (M)DnMMN

)
+AKt ·

(1
2 Π̃MN (M) ∂KMMN − 6PRLSK ∂S

(
Π̃LN (M)MRN

))
4.5.3 Legendre transformation of the two-form kinetic term

We want to treat the Legendre transformations regarding the one-forms and the two-forms
separately and therefore we need to single out the covariantised B-field kinetic term LBK,
as defined in (4.50), from the topological term. The remaining part of the topological
term Ltop. − LBK is considered in the transformation of the remaining one-form terms in
section 4.5.4.

LBK := −15κ
2 εµνρστdMNR ∂RBµνM DρBστN (4.50)

With the ADM split (4.13) we find that the Legendre transformation of LBK is given
by (4.51).

1
2 ḂmnN ·Π

mnN (BmnN )− LBK (4.51)

= −15κ
2 εnrsl dMNR ∂RBnrM LAtBslN − 30κ εnrsl dMNRBtnM Dr∂RBslN

Because LBK is the covariantised version of the Lagrangian of the model theory of section 3
we find the covariantised version of the HS1 constraint from section 3 plus an extra At
dependent term. In section 3 we could rewrite the BtnM term in terms of the naive two-
form field strength as (3.14). In (4.51) we can commute the covariant derivative with the
internal derivative because of the contraction into the d-symbol dMNR∂RBslN by both the
derivative and the B-field (cf. identity (2.36) of [11]). However in (4.51) we are missing the
remaining one-form dependent terms that appear in the covariantised field strength HlmnL
— we will see that these terms appear in the Legendre transformation of the one-forms.

Taking a closer look at the At dependent term in (4.51) we can see that we can make use
of the definition of the primary constraint (4.39) to write this term as (4.52). The first term
in (4.52) already appears to be the correct term to generate generalised diffeomorphisms on
the B-fields, however we are not allowed to set HP2 = 0 and go to the primary constraint
surface at this point. We will come back to this point when discussing the canonical gauge
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transformations. Because we need to factor out the Lagrange multipliers we arrive at the
constraint contribution (4.53) and similarly to (4.49) the projector PRKSM is explicitly
visible in the constraint due to the integration by parts.

− 15κ
2 εnrsl dMNR ∂RBnrM LAtBslN

= + 1
2
(
ΠslN (B)− (HP2)slN

)
LAtBslN (4.52)

=AMt ·
(

+ 1
2 ΠlnN (B) ∂MBlnN − 3PRKSM ∂S

(
ΠlnK(B)BlnR

)
− 1

2 (HP2)lnN ∂MBlnN + 3PRKSM ∂S
(
(HP2)lnK BlnR

)
− 1

3 ∂M
(
BmnNΠmnN (B)

)
+ 1

3 ∂M
(
BmnN (HP2)mnN

))
(4.53)

Alternatively we can factor out the Lagrange multiplier AMt without using the primary
constraint to arrive at the simpler form of the contribution (4.54). In the calculation
of (4.54) one has to make use of the section condition (2.10). This is notable insofar as
it is the only instance where this becomes necessary in the calculation of the canonical
Hamiltonian. The use of the section condition can however be avoided by the use of the
form (4.53).

− 15κ
2 εnrsl dMNR ∂RBnrM LAtBslN

= AMt ·
(
− 75κ εnrsl dQNR dLST dNMT ∂RBnrQ ∂SBslL

)
(4.54)

While (4.54) is of simpler form than (4.53) it makes it harder to see that it may lead to
generalised diffeomorphisms. In the following we will need to make use of both forms of
this term depending on the situation.

4.5.4 Legendre transformation of the Yang-Mills, Einstein-Hilbert improve-
ment and topological terms

In this section we finally calculate the Legendre transformation of the terms that contribute
to the dynamics of the one-forms (4.55) — namely the generalised Yang-Mills term, the
Einstein-Hilbert improvement term and the remaining part (Ltop. − LBK) of the topologi-
cal term.

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ − (Ltop. − LBK) (4.55)

The one-form sector is by far the most complicated part of the Legendre transformation
of ExFT. To simplify the calculation we transiently introduce the expression ΥM

s as de-
fined by (4.56) but we only make use of it in this calculation. The use of ΥM

s , but more
importantly the use of the modified momenta P lT (A) is what allows us to carry out this
calculation in a relatively simple form.

ΥM
s := FMts − ȦMs (4.56)

= −∂sAMt − [At, As]ME + 10 dMNK ∂NBtsK (4.57)
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We begin with the computation of the terms that involve a time derivative, i.e. either
terms with a ȦNn or FMtl . In the following equations the dots ‘. . . ’ always indicate the same
collection of terms that do not have a time derivative in the ADM decomposition — we
will write these terms explicitly once we have dealt with the time derivatives. We start
from the Legendre transformation (4.58) and then write out the time derivative terms. We
can then insert (4.56) and arrive at (4.59) after some rearrangements of the terms.

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ − (LTop. − LBK) (4.58)

= ȦNn ·Πn
N (ANn )− e

2N MMN FMts FNtn gsn + e

N
MMN FMts FNmn gsnNm

− e

N
FMtn ∂MNn + 15κ εtnrsl dMNR dNKL ∂RBnrM AKs Ȧ

l
l

+ 2κ εtnrsl dMNP ANn ∂tA
M
r ∂sA

P
l −

3κ
4 εtnrsl dMNPA

N
n [Ar, As]ME ȦPl + . . .

= ȦNn ·Πn
N (ANn ) (4.59)

− e

N
MMN FMts ȦNn gsn + e

2N MMN (ȦMs + ΥM
s ) (ȦNn −ΥN

n ) gsn

+ e

N
MMN (ȦMs + ΥM

s )FNmn gsnNm

− e

N
(ȦMn + ΥM

n ) ∂MNn + 15κ εtnrsl dMNR dNKL ∂RBnrM AKs Ȧ
l
l

+ 2κ εtnrsl dMNP ANn ∂tA
M
r ∂sA

P
l −

3κ
4 εtnrsl dMNPA

N
n [Ar, As]ME ȦPl + . . .

Comparing (4.59) to the explicit form of the canonical momenta (4.21) we can identify all
terms that are needed to cancel the ȦNn · Πn

N (ANn ) term of the Legendre transformation.
There is then only one quadratic term with time derivatives left over and we arrive at (4.60).

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ − (LTop. − LBK) (4.60)

= + e

2N MMN (ȦMs + ΥM
s ) (ȦNn −ΥN

n ) gsn

+ e

N
MMN ΥM

s FNmn gsnNm − e

N
ΥM
n ∂MN

n + . . .

To replace the remaining time derivatives of the one-forms in (4.60) we need to write the
modified canonical momenta P lT (A) as in (4.61) using (4.56). We can now invert (4.61) to
arrive at the expression (4.62) for ȦNn .

P lT (A) = e

N
gln MTN

(
ȦNn + ΥN

n +NkFNnk
)

+ e

N
∂TN

l (4.61)

⇒ ȦNn = N

e
glnM

TN
(
P lT (A)− e

N
∂TN

l
)
−ΥN

n −NkFNnk (4.62)

Inserting the time derivative (4.62) into (4.60) we arrive at the expression (4.63) which
does not contain any time derivatives.

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ − (LTop. − LBK)

= + N

2 e glmM
KL P lL(A)PmK (A) + e

2N glmM
KL∂LN

l ∂KN
m

− glmMKLP lL(A) ∂KNm − PnN (A) ΥN
n + e

N
NnFMmn ∂MNm

+NnFMnl P lM (A) + e

2N gmnMMN N
kN l FMmk FNnl + . . . (4.63)
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We can now take a closer look at the terms we have found. The origin of the term
+ e

2N glmM
KL∂LN

l ∂KN
m is the interplay of the improvement term of the Einstein-Hilbert

term and the generalised Yang-Mills term. The improvement term leads to the e
N ∂NN

n

contribution in PnN (A) and the Yang-Mills term creates the Ȧ2 from which the term in
question originates via (4.62). This is the only term that cancels against a scalar potential
contribution. Note that the sign of the improvement term of the Einstein-Hilbert term is
irrelevant for this cancellation.

The term −glmMKLP lL(A) ∂KNm exists due to the same interplay of terms and we
discuss it in more detail in section 5.3 when discussing the external diffeomorphism trans-
formations.

Taking a closer look at the −PnN (A) ΥN
n term and opening up the ΥN

n leads us to the
relation (4.64).

− PnN (A) ΥN
n = ∂nA

M
t PnM (A) + PnM (A) [At, An]ME − 10 dMKL ∂KBtnL PnM (A) (4.64)

Furthermore we find that we can rewrite the first two terms of (4.64) as (4.65). We can
think of equation (4.65) as the covariantised version of the Gauß constraint from [14], which
generates U(1)27 gauge transformations, plus an extra momentum term.

∂nA
M
t PnM (A) + PnM (A) [At, An]ME

=AMt ·
(
−DnPnM (A)− 5 dKLR dMRS A

S
n ∂LPnK(A)

)
(4.65)

This extra momentum term AMt

(
−5 dKLR dMRS A

S
n ∂LPnK(A)

)
is a direct consequence of

the E-bracket in the covariantised field strength of the one-forms FMmn. However without
the E-bracket term in FMmn we would also not be able to write down the covariantised
−DnPnM (A) term. When we compute the canonical gauge transformations we will see that
this additional momentum term can be thought of as being related to the tensor gauge
symmetry of the B-field.

We can now write out the ‘. . . ’ in (4.63), which is a rather large number of terms. We
find that there are some cancellations with the explicit terms of (4.63) and we arrive at
equation (4.66).

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ − (LTop. − LBK)

= + N

2 e glmM
KL P lL(A)PmK (A) + e

2N glmM
KL∂LN

l ∂KN
m (4.66)

− glmMKLP lL(A) ∂KNm − 10 dMKL ∂KBtnL PnM (A) +NnFMnl P lM (A)
−AMt DnPnM (A)− 5AMt dKLR dMRS A

S
n ∂LPnK(A)

− eN FMmn ear ∂Merb eam ebn + eN

4 MMN FMrs FNmn grm gsn

− 30κεtnrsl dMNR dNKL ∂RBtnM AKr ∂sA
L
l

+ 15κεtnrsl dMNR dNKL ∂l∂RBnrM AKs A
L
t

− 30κεtnrsl dMNR dNKL ∂RBnrM AKt ∂sA
L
l

+ 10κ εtnrsl dMNR dNKL ∂RBtnM AKr [As, Al]LE
+ 5κ εtnrsl dMNR dNKL ∂RBnrM AKt [As, Al]LE
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− 10κ εtnrsl dMNR dNKL ∂RBnrM AKs [At, Al]LE
− 3κ εtnrsl dMNP ANt ∂nA

M
r ∂sA

P
l

+ 3κ
4 εtnrsl dMNP A

N
t [An, Ar]ME ∂sA

P
l

− 3κ
2 εtnrsl dMNP A

N
n [At, Ar]ME ∂sA

P
l

+ 3κ
4 εtnrsl dMNP A

N
n [Ar, As]ME ∂lA

P
t

− 3κ
20 ε

tnrsl dMNP A
N
t [An, Ar]ME [As, Al]PE

+ 3κ
5 εtnrsl dMNP A

N
n [At, Ar]ME [As, Al]PE

In order to rewrite (4.66) in a more useful form we can factor out the Lagrange multipliers
in the non-topological terms and organise the terms accordingly to arrive at (4.67).

ȦNn ·Πn
N (ANn )− LYM − E FMαβEαρ∂MEβρ − (LTop. − LBK)

= + e

2N glmM
KL∂LN

l ∂KN
m (4.67)

+N ·
(

+ N

2 e glmM
KL P lL(A)PmK (A) + e

4 MMN FMrs FNmn grm gsn

− eFMmn ear ∂Merb eam ebn
)

+Nn ·
(

+ FMnl P lM (A) + ∂K
(
gmnM

KLPmL (A)
))

+AMt ·
(
−DnPnM (A)− 5 dKLR dMRS A

S
n ∂LPnK(A)

)
+ 15κεtnrsl dMNR dNKL ∂l∂RBnrM AKs A

L
t

− 30κεtnrsl dMNR dNKL ∂RBnrM AKt ∂sA
L
l

+ 5κ εtnrsl dMNR dNKL ∂RBnrM AKt [As, Al]LE
− 10κ εtnrsl dMNR dNKL ∂RBnrM AKs [At, Al]LE
− 3κ εtnrsl dMNP ANt ∂nA

M
r ∂sA

P
l

+ 3κ
4 εtnrsl dMNP A

N
t [An, Ar]ME ∂sA

P
l

− 3κ
2 εtnrsl dMNP A

N
n [At, Ar]ME ∂sA

P
l

+ 3κ
4 εtnrsl dMNP A

N
n [Ar, As]ME ∂lA

P
t

− 3κ
20 ε

tnrsl dMNP A
N
t [An, Ar]ME [As, Al]PE

+ 3κ
5 εtnrsl dMNP A

N
n [At, Ar]ME [As, Al]PE

+ 10 dMKLBtnL ∂KPnM (A)
+ 30κεtnrsl dMNR dNKLBtnM ∂R(AKr ∂sALl )
− 10κ εtnrsl dMNR dNKLBtnM ∂R(AKr [As, Al]LE)
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In (4.67) we find the expected quadratic one-form field strength F2 and momenta terms
P2 of the Hamilton constraint. We can furthermore see the spatial Einstein-Hilbert im-
provement term. We also find the expected one-form diffeomorphism constraint term FP
plus the additional term +∂K

(
gmnM

KLPmL (A)
)
that was already mentioned earlier.

Combining the last three terms of (4.67) with the BtnM term from section 4.5.3 we can
construct the expression (4.68). Here we define HS1 in analogy to the secondary constraint
from section 3 that carries the same name. We will find that it is indeed a secondary
canonical constraint and it generates part of the tensor gauge transformations.

+BtlM ·
[
10 dMKL∂K

(
P lL − κ εlmnrHmnrL

) ]
=: +BtlM · (HS1)lM (4.68)

Lastly we should factor out the Lagrange multipliers of the remaining topological terms.
We only state them in this form in the final result (4.73) as this expression is not interesting
and makes the Hamiltonian much more complicated. This is in particular due to the terms
with a time index in the E-bracket [At, Ar]ME .

4.6 Canonical Hamiltonian

Combining the partial results for the computation of the Legendre transformation (4.47)
from section 4.5 we finally arrive at the complete canonical bosonic E6(6) exceptional field
theory Hamiltonian HExFT (4.69). In order to make the secondary constraints apparent
we have written (4.69) in the form where the Lagrange multipliers have been factored out.

HExFT = +N ·
[

+ 1
4eΠab(e) Πab(e)−

1
12eΠ(e)2 − e R̂+ e VHP

+ 3
2eΠMN (M) ΠRS(M) MMR MNS −

e

24g
kl DkMMN DlMMN

+ e

4MMN grm gsn FMrs FNmn + 1
2eglm MKL P lL PmK

]
+Nn ·

[
+ 2 Πm

a(e) D[nem]a − ena DmΠm
a(e)

+ 1
2ΠMN (M) DnMMN

+ FMnl P lM + ∂M
(
gmnM

MN PmN
) ]

+AMt ·
[
−DlP lM − 5 dNLS dMNK A

K
m∂SPmL + (Htop)M

+ Πm
a(e) ∂Mema −

1
3∂MΠ(e)

+ 1
2 ΠKL(M) ∂MMKL − 6PRKSM ∂S

(
ΠKL(M)MRL

) ]
+BtlM ·

[
+ 10 dMKL∂K

(
P lL − κ εlmnrHmnrL

) ]
+ Ṅ ·Π(N) + Ṅa ·Πa(Na) + ȦMt ·ΠM (At) + ḂtnN ·ΠnN (BtnN ) (4.69)

In the Hamiltonian (4.69) R̂ is the improved spatial Ricci scalar (4.70) (cf. equation (2.36)).

− e R̂ = −eR4 − eFMmn eamebn (era∂Merb) (4.70)
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The scalar potential of the Hamiltonian VHP is closely related to the scalar potential of the
Lagrangian Vpot. by (4.71). We add to the Lagrangian potential the contribution from the
Einstein-Hilbert improvement term, which we found in section 4.5.4, thus cancelling this
term overall.

N eVHP = N eVpot. + e

2N gmnM
MN∂MN

n ∂NN
m (4.71)

The Hamiltonian scalar potential takes the explicit form of equation (4.72).

+e VHP :=− e

4M
MN∂Mg

mn ∂Ngmn −
1
e
MMN∂Me ∂Ne (4.72)

− e

24M
MN∂MM

KL ∂NMKL + e

2M
MN∂MM

KL ∂LMNK

+ ∂M∂NM
MN e+ 2MMN ∂M∂Ne+ 2 ∂MMMN ∂Ne

The Hamiltonian topological term Htop collects all terms that originate from Ltop (2.73),
with the exception of the terms that go into the modified momenta PnN or into the two-form
field strength HklmN . Htop is explicitly given by (4.73). Htop is the ExFT analogue of the
Hamiltonian topological F 2 θ-term in the Gauß constraint of five-dimensional ungauged
maximal E6(6) invariant supergravity, cf. reference [14]. We can also see this term in the
third line of (4.73), it is the only part of the topological term that does not depend on any
internal derivatives. The great complexity of Htop is a consequence of the complexity of the
topological term in the Lagrangian Ltop and is made slightly worse by the need to factor
out the Lagrange multiplier AMt . Note that Htop is by definition linear in the coefficient
of the Lagrangian topological term κ. This factor is hidden for the two-form kinetic term
in (4.73) because it is written in terms of the primary constraint HP2 (cf. discussion in
section 4.5.3).

(Htop)M = (4.73)

+ 1
2 ΠlnN (B) ∂MBlnN − 3PRKSM ∂S

(
ΠlnK(B)BlnR

)
− 1

3 ∂M
(
BmnNΠmnN (B)

)
− 1

2 (HP2)lnN ∂MBlnN + 3PRKSM ∂S
(
(HP2)lnK BlnR

)
+ 1

3 ∂M
(
BmnN (HP2)mnN

)
− 3κ εtlmnr dMNP ∂lA

N
m ∂nA

P
r

− 15κ εtlmnr dSRN dMNK ∂l∂SBmnRA
K
r − 30κ εtlmnr dSRN dMNK ∂SBmnR ∂lA

K
r

+ 5κ εtlmnr dSRN dMNK [Al, Am]KE ∂SBnrR − 20κ εtlmnr dSRN dQNK AKl ∂MAQm ∂SBnrR
+ 100κ εtlmnr dNKT dQRS dMNL dTPQA

P
l ∂KA

L
m ∂SBnrR

+ 3
2κ ε

tlmnr dMNK ∂lA
N
m [An, Ar]KE − 3κ εtlmnr dQNK AQl ∂mA

N
n ∂MA

K
r

+ 15κ εtlmnr dNRS dMNK dRLP A
L
l ∂SA

K
m ∂nA

P
r

− 3
2κ ε

tlmnr dMNP ANl ∂mA
S
n ∂SA

P
r −

3
2κ ε

tlmnr dMNP ANl A
S
n ∂m∂SA

P
r

+ 15
2 κ ε

tlmnr dPXS dMNP dXY Z A
N
l ∂mA

Y
n ∂SA

Z
r

+ 15
2 κ ε

tlmnr dPXS dMNP dXY Z A
N
l AYn ∂m∂SA

Z
r

− 3
20κ ε

tlmnr dMNK [Al, Am]NE [An, Ar]KE + 6
5κ ε

tlmnr dQNK A
Q
l ∂MA

N
m [An, Ar]KE

− 6κ εtlmnr dNRS dMNK dRLQA
L
l ∂SA

K
m [An, Ar]QE

– 40 –



J
H
E
P
0
7
(
2
0
2
1
)
1
4
5

We can further compare the E6(6) ExFT Hamiltonian (4.69) to the Hamiltonian H5D of
five-dimensional ungauged maximal E6(6) invariant supergravity [14]. As is expected we
find that upon applying the trivial solution of the section condition (∂M = 0 ∀M) to the
ExFT Hamiltonian (4.69) it reduces to the five-dimensional supergravity Hamiltonian H5D.
The ExFT Hamiltonian contains all terms that are in form identical to those of H5D, but
with the derivatives, one-form field strength and Ricci scalar replaced by the covariantised
expressions Dµ, FMµν and R̂. In addition to the terms found in H5D there are internal
derivative terms in ExFT that vanish completely in the trivial solution of the section
condition. This includes the scalar potential VHP, the term +Nn ∂M

(
gmnM

MN PmN
)
—

which is further discussed in section 5.3, as well as all of the BtlM dependent and most
of the AMt dependent terms. In H5D the AMt dependent terms form the Gauß constraint
which generates U(1)27 gauge transformations. In ExFT the analogue expression is much
more complicated because the one-forms act as a connection in the covariant derivative
Dµ and because the Lagrangian topological term of ExFT is much larger than that of five-
dimensional supergravity. In section 5.2 we will see that the AMt dependent terms form the
constraint that generates generalised exceptional diffeomorphisms. The BtlM dependent
terms do not have any analogue in H5D because there is no two-form in the five-dimensional
theory. In section 5.5 we will see that these terms form the constraint that generates a
part of the tensor gauge transformations.

If we insert the definition (4.22) of the modified momenta PmN into the Hamilto-
nian (4.69) we can see how much more cluttered the Hamiltonian is when expressed in
terms of the canonical momenta Πm

N (A). Therefore PmN seem to be the best variables
to use.

4.7 Fundamental Poisson brackets

Before we can construct the complete set of canonical constraints we first need to define the
fundamental Poisson brackets. In this section we use the notation X1 = (x1, Y1) to denote
the tupel of spatial external and internal coordinates and define X1−X2 = (x1−x2, Y1−Y2).
The non-vanishing fundamental equal-time Poisson brackets are listed below.

{N(X1),Π(N)(X2)} = δ(4+27)(X1 −X2) (4.74)

{Nn(X1),Πm(Nk)(X2)} = δnmδ
(4+27)(X1 −X2) (4.75)

{ena(X1),Πm
b(e)(X2)} = δmn δ

a
b δ

(4+27)(X1 −X2) (4.76)

{AMt (X1),ΠN (AKt )(X2)} = δMN δ
(4+27)(X1 −X2) (4.77)

{AMm (X1),Πn
N (AKk )(X2)} = {AMm (X1),PnN (X2)} (4.78)

= δMN δ
n
mδ

(4+27)(X1 −X2) (4.79)

{BtlR(X1),ΠtnS(BtqQ)(X2)} = δnl δ
S
R δ

(4+27)(X1 −X2) (4.80)

{BklR(X1),ΠmnS(BpqQ)(X2)} = (δmk δnl − δml δnk ) δSR δ(4+27)(X1 −X2) (4.81)

{MMN (X1),ΠPQ(M)(X2)} =
(
δPM δQN + δPN δ

Q
M

)
δ(4+27)(X1 −X2) (4.82)

The modified momenta PnN (A) do not affect the Poisson bracket (4.78) with the one-forms.
We need to be careful with the modified momenta however because the definition (4.22) is
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not a canonical transformation and the momenta do not Poisson-commute among them-
selves {P lL(A),PkK(A)} 6= 0. Because of the B-field dependent term in (4.22) we furthermore
have to pay attention to the fact that {P lL(A),ΠmnS(B)} 6= 0.

As explained earlier we use the implicit formalism for the E6(6)/USp(8) coset con-
straints (cf. reference [14]). Because of the implicit formalism the relation (4.82) is the
fundamental Poisson bracket of a generic scalar matrix and there is no coset projector term.

4.8 Canonical constraints

In this section we derive the secondary canonical constraints that arise as the consistency
conditions of the primary constraints listed in section 4.4.

4.8.1 Total Hamiltonian

To verify the consistency of the primary constrains we need to make use of the total
Hamiltonian [13]. The total Hamiltonian is given by (4.83) and consists of the canonical
Hamiltonian plus a generic phase space linear combination of the primary constraints.

HExFT-Total :=HExFT + u0 ·Π(N) + (u1)a ·Πa(Na) + (u2)ab · Lab (4.83)
+ (u3)M ·Πt

M (A) + (u4)lN · (HP1)lN + (u5)slN · (HP2)slN

With the fundamental Poisson brackets from section 4.7 we can verify that all primary con-
straints Poisson-commute — that is with the exception of the Lorentz constraints among
themselves, which form the Lorentz subalgebra — this fact simplifies the consistency pro-
cedure. In particular this means that the primary constraints associated to the two-forms
Poisson-commute, which is a result that we already know from the analogous model theory
in section 3.2.

{(HP1)kK , (HP1)lL} = 0 (4.84)
{(HP1)kK , (HP2)mnM} = 0 (4.85)
{(HP2)klK , (HP2)mnM} = 0 (4.86)

4.8.2 Secondary constraints

For the formalism to be consistent the primary constraints have to be conserved in time
under the time evolution generated by the total Hamiltonian [13]. The consistency of
the shift-type primary constraints Π(N), Πn(Nn), ΠM (AMt ) and (HP1)lM (B) = ΠtlM (B)
immediately leads to the Hamilton constraint (4.87), the (external) diffeomorphism con-
straint (4.88), the (internal) generalised diffeomorphism constraint (4.89) and the secondary
B-field constraint (4.90) respectively.

HHam = + 1
4eΠab(e) Πab(e)−

1
12eΠ(e)2 − e R̂+ e VHP (4.87)

+ 3
2eΠMN (M) ΠRS(M) MMR MNS −

e

24g
kl DkMMN DlMMN

+ e

4MMN grm gsn FMrs FNmn + 1
2eglm MKL P lL PmK
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(HDiff)n = + 2 Πm
a(e) D[nem]a − ena DmΠm

a(e) (4.88)

+ 1
2ΠMN (M) DnMMN

+ FMnl P lM + ∂M
(
gmnM

MN PmN
)

(HGD)M =−DlP lM − 5 dNLS dMNK A
K
m∂SPmL + (Htop)M (4.89)

+ Πm
a(e) ∂Mema −

1
3∂MΠ(e)

+ 1
2 ΠKL(M) ∂MMKL − 6PRKSM ∂S

(
ΠKL(M)MRL

)
(HS1)lM = + 10 dMKL∂K

(
P lL − κ εlmnrHmnrL

)
(4.90)

The Lorentz constraints do not lead to any secondary constraints.
The secondary constraints HS1 (4.90) are the ExFT version of the constraints (3.14) in

the topological model theory, which themselves follow from the consistency condition (3.21).
We should furthermore note the similarity of (4.90) to the Lagrangian duality equations
of motion of the two-forms (2.50).

The only primary constraints whose consistency we have not yet considered are the two-
form constraints HP2 (4.39) which are not of shift type. In the model theory of section 3
we have seen that the consistency of the analogous HP2 constraints leads to secondary
constraints HS2 (3.25), because of the non-vanishing bracket {HP2,HS1} 6= 0. Because
the constraint HP2 Poisson-commutes with all other primary constraints its time evolution
with respect to the total and the canonical Hamiltonian are identical and therefore the
consistency conditions are too (4.91).

0 != {(HP2)mnM ,HExFT-Total} = {(HP2)mnM ,HExFT} (4.91)

In contrast to the simple model of section 3 the consistency condition (4.91) is more com-
plicated in ExFT because every secondary constraint in the Hamiltonian HExFT depends
on the two-forms and these secondary constraints do not commute with HP2. At this point
we are not allowed to apply primary constraints and thus there are actually no ΠklL(B)
terms in the canonical Hamiltonian — as is expected of a field that appears with a single
time derivative in the Lagrangian. Fortunately this means that we only need to care about
the ΠmnM (B) term of the constraint HP2 for the calculation of (4.91). This means we can
express (4.91) in terms of the transformation (4.92).

{(HP2)mnM ,HExFT} = {ΠmnM (B),HExFT}
!= 0 (4.92)

The consistency condition (4.92) is in direct analogy to the model theory where it leads to
the secondary constraints (3.25). Due to of the Stückelberg coupling of the two-forms to
the field strength of the one-forms we get contributions to (4.92) from every secondary con-
straint in ExFT. Because of the independence of the Lagrange multipliers of the secondary
constraints in the Hamiltonian we can split up (4.92) into the independent consistency
conditions (4.93), (4.94), (4.95) and (4.96). Each of these consistency conditions is re-
ally just a different transformation of ΠmnM (B) with the parameter given by the relevant
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Lagrange multiplier.

{(HP2)mnM ,HHam[N ]} = {ΠmnM (B),HHam[N ]} != 0 (4.93)

{(HP2)mnM ,HDiff[N l]} = {ΠmnM (B),HDiff[N l]} != 0 (4.94)

{(HP2)mnM ,HGD[ALt ]} = {ΠmnM (B),HGD[ALt ]} != 0 (4.95)

{(HP2)mnM ,HS1[BtlL]} = {ΠmnM (B),HS1[BtlL]} != 0 (4.96)

These constraints should exist due to the direct analogy with the HS2 constraints in the
model from section 3. Furthermore we should expect the same structure of second class
constraints as described in section 3.3. In particular the second class system of constraints
will again require the introduction of a Dirac bracket which then leads to the difficulties that
we already addressed in section 3.4. We will come back to the two-form constraints in sec-
tion 5.5 where we calculate the canonical transformations equivalent to (4.93), (4.94), (4.95)
and (4.96).

We do not find any other secondary constraints and the consistency of the secondary
constraints that we have found so far does not yield any further canonical constraints.

5 Canonical (gauge) transformations in E6(6) ExFT

In this section we investigate the gauge transformations that the canonical constraints gen-
erate via the Poisson brackets on the canonical coordinates. Schematically we can think
of the canonical (gauge) transformations generated by a (first class) constraint H[λ] on
a canonical coordinate X as δH[λ]X = {X,H[λ]}. We do not know which canonical con-
straints are first class functions without knowing the full constraint algebra. In the following
we will intuitively use the term “gauge transformation” for the canonical transformations
that we can identify with gauge transformation of the Lagrangian formulation.

In section 5.1 we briefly discuss how it can be computationally advantageous to consider
the (gauge) transformations in the “non-topological” limit κ = 0. Thereafter we analyse
the canonical (gauge) transformations on a constraint by constraint basis. Throughout the
following sections we make use of the smeared (or integrated) constraints in order to avoid
writing derivatives of Dirac delta distributions.

5.1 Gauge transformations at κ = 0

One of the main challenges in the canonical analysis of the E6(6) exceptional field theory is
the complicated topological term Htop which inherits its complexity from the topological
term in the Lagrangian (2.73). As a consequence of the existence of the topological term
we have modified the canonical momenta of the one-forms, see section 4.3, in order to sim-
plify the Hamiltonian. The modified momenta however do not Poisson-commute amongst
themselves {PnN (A),PmM (A)} 6= 0. This situation is analogous to the case of the canoni-
cal formulation of five-dimensional E6(6) invariant supergravity [14], but unfortunately the
topological term in the E6(6) ExFT is much more complicated. To deal with this issue
computationally we can nonetheless proceed in the same way. First we compute each ex-
pression at κ = 0 and this result already contains much of the relevant information about
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the overall result because only the topological contribution is missing. We then want to
proceed to compute the terms linear in the topological coefficient κ to piece together the
full result. The terms that are quadratic in κ vanish because this only involves Poisson
brackets of the one-forms and two-forms but no canonical momenta.

In some computations there is no difference between the result for κ = 0 and the
full result and in many cases the only difference is that the one-form momenta Πn

N (A)
are replaced by the modified momenta PnN . Some transformations are computationally
very difficult to calculate in the case of κ 6= 0. This is in particular the case for the
transformations of PnN itself and for some of these transformations we only give the result
at κ = 0 because the computation of the remaining terms becomes too difficult.

What is completely missing at κ = 0 is the topological dynamics of the B-field. We
thus consider the case κ = 0 only as a computational tool, because it removes one of the
main difficulties of the canonical analysis and allows us to formulate partial results for some
of the more difficult calculations. The limit κ = 0 very likely does not correspond to any
physically meaningful theory upon solution of the section condition.

If we do set κ = 0 then by definition the modified one-form momenta reduce to the
canonical momenta PnN = Πn

N (A), the topological term vanishes Htop = 0 and so too does
the ∂KHklmN term in HS1. The constraint HS1 does not completely vanish because the
remaining BtlM term originates from the Stückelberg coupling terms in the one-form field
strength FMµν in the Yang-Mills term. In the case κ = 0 the canonical Hamiltonian becomes
the much simpler expression H κ=0

ExFT (5.1).

H κ=0
ExFT = +N ·

[
+ 1

4eΠab(e) Πab(e)−
1

12eΠ(e)2 − e R̂+ e VHP (5.1)

+ 3
2eΠMN (M) ΠRS(M) MMR MNS −

e

24g
kl DkMMN DlMMN

+ e

4MMN grm gsn FMrs FNmn + 1
2eglm MKL Πl

L(A) Πm
K(A)

]
+Nn ·

[
+ 2 Πm

a(e) D[nem]a − ena DmΠm
a(e)

+ 1
2ΠMN (M) DnMMN

+ FMnl Πl
M (A) + ∂M

(
gmnM

MN Πm
N (A)

) ]
+AMt ·

[
−DlΠl

M (A)− 5 dNLS dMNK A
K
m∂SΠm

L (A)

+ Πm
a(e) ∂Mema −

1
3∂MΠ(e)

+ 1
2 ΠKL(M) ∂MMKL − 6PRKSM ∂S

(
ΠKL(M)MRL

) ]
+BtlM ·

[
+ 10 dMKL ∂KΠl

L(A)
]

+ Ṅ ·Π(N) + Ṅa ·Πa(Na) + ȦMt ·ΠM (At)
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5.2 Generalised exceptional diffeomorphisms

When acting with the generalised diffeomorphism constraints HGD (4.89) on the canonical
coordinates via the Poisson bracket we find that they (mainly) generate generalised excep-
tional diffeomorphisms in the form of the generalised Lie derivative, including the correct
generalised weight terms. For the spatial vielbein, the scalar fields and their conjugate
canonical momenta the generalised Lie derivative is the full result, which agrees with the
Lagrangian formulation. This structure is already apparent in the constraints (4.89).

{ena,HGD[ζ]} = Lζena (5.2)
{Πn

a(e),HGD[ζ]} = LζΠn
a(e) (5.3)

{MMN ,HGD[ζ]} = LζMMN (5.4)
{ΠMN (M),HGD[ζ]} = LζΠMN (M) (5.5)

The transformation of the differential forms is more complicated. For the one-forms the
relevant part of the constraints are the momentum terms (4.65). Equation (5.6) shows that
HGD canonically generates a generalised diffeomorphism, as represented by the generalised
Lie derivative acting on the one-forms, but there are additional terms being generated.

{ANn ,HGD[ζ]} = LζANn + ∂nζ
N − 5 dNLR ∂L(dRMK ζ

MAKn ) (5.6)
= DnζN + 5 dNLR ∂L(dRMK ζ

MAKn ) (5.7)
= DnζN + δHS1[− 1

2 d·MK ζMAK· ](A
N
n ) (5.8)

The second term in (5.6) is an abelian U(1)27 gauge transformation which is the only
part of the transformation that survives in the trivial solution of the section condition (cf.
reference [14]). The last term in (5.6) originates from the extra momentum term in (4.65)
which was found during the Legendre transformation. We can use the symmetrisation of
the ExFT Dorfman bracket (see equation (2.19) of [11]) to arrive at (5.9).

LζANn = −LAnζN + 10 dNLR dRMK ∂L(ζMAKn ) (5.9)

Using the identity (5.9) and the definition of the covariant derivative we can rewrite (5.6)
as (5.7). The extra term of (5.6) does not cancel the term in (5.9) but instead the sign
is switched. We will see that this extra term should be thought of as a tensor gauge
transformation of the one-forms (5.8) coming from the HS1 constraints. Comparing (5.8)
to the Lagrangian transformation (2.24) we find that the expressions agree up to the tensor
gauge transformation.

The transformation of the original canonical one-form momenta Πn
N (A) at κ = 0 is

given by equation (5.10). We find the generalised Lie derivative term, but there is an extra
term, which again originates from the additional term in (4.65). Comparing the second
term in (5.10) to the constraints at κ = 0, see equation (5.1), we can identify it as the
κ = 0 version of the secondary constraint HS1 and we arrive at (5.11).

{Πn
N (A),Hκ=0

GD [ζ]} = LζΠn
N (A)− 5 dPKLdNMP ζ

M ∂KΠn
L(A) (5.10)

= LζΠn
N (A)− 1

2 dNMP ζ
M (Hκ=0

S1 )nP (5.11)
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The full calculation of the transformation of PnN is computationally exceedingly compli-
cated because of the PnN terms in (4.89) and because of the complexity of the topological
term. The full transformation should certainly contain the expression (5.12) where some
of the topological contributions arrange into PnN (A) and into the full HS1 constraint, in-
cluding the two-form field strength covariantisation terms. One may hope that the full
transformation is indeed just given by equation (5.12) and that the remaining contribu-
tions cancel, however it is possible that this is too optimistic and that there are further
more complicated transformations that need to be added to this transformation. Due to
the complexity of the calculation the precise form of the transformation (5.12) remains to
be determined.

{PnN (A),HGD[ζ]} ?= LζPnN (A)− 1
2 dNMP ζ

M (HS1)nP + . . . (5.12)

It may be interesting to observe the analogy between the role of the U(1)27 one-form gauge
transformations in the case of (external) diffeomorphisms in canonical ungauged maximal
five-dimensional E6(6) invariant supergravity and the two-form gauge transformations, that
we have seen above in the canonical (internal) generalised exceptional diffeomorphisms of
ExFT. We can see this analogy by comparing the canonical transformations generated
by the diffeomorphism constraint of five-dimensional supergravity on the one-forms and
their momenta in [14] to the action of the generalised diffeomorphism constraint on the
one-forms (5.8) and their momenta (5.11). What we find is that where a U(1)27 gauge
transformation and the Gauß constraint (i.e. the constraint that generates the U(1)27 trans-
formation) appear for standard diffeomorphisms a tensor gauge transformation and the HS1
constraints appear respectively for the generalised diffeomorphisms of ExFT.

The Lagrangian kinetic term of the two-forms (4.50) only has a single time derivative
which causes this term to cancel in the Legendre transformation of section 4.5.3. Therefore
the Hamiltonian cannot depend on the canonical momenta ΠklM (B). The model Hamil-
tonian from section 3 also illustrates this. In fact this absence of the canonical momenta
in the Hamiltonian is a general feature of fields that are first order in the time derivative
in the Lagrangian. As a direct consequence the two-forms do not transform under any of
the secondary constraints which are all part of the Hamiltonian. The two-forms do how-
ever transform under the primary constraints HP2 (4.39). The constraints HP2 contain
the two-form momenta by definition and relate the canonical momenta directly to the in-
ternal derivative of the two-forms themselves. From equation (4.52) we can see that we
can use the primary constraints HP2 to insert the canonical momenta ΠklM (B) into the
B-field kinetic term that is part of HGD. We then find that (4.52) does indeed generate
the generalised Lie derivative (5.13) if we apply the primary constraint HP2 = 0.

{BmkZ ,HGD[ζ]} = LζBmkZ if (HP2) = 0 is used, else 0 (5.13)

The problem with (5.13) is that we are not allowed to make use of canonical constraints
inside the Poisson bracket [13]. Furthermore we know from section 3 that the two-form
constraints are second class constraints and thus we should construct a Dirac bracket,
which would then also allow us to apply the canonical constraints before evaluating the
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bracket. Nonetheless it seems likely that the result (5.13) would carry over to the Dirac
bracket, possibly with further gauge transformation terms being generated.

The transformation of the two-form momenta ΠmkZ(B) is relatively complicated and
not easy to interpret. Because there are many two-form terms in the topological term of
HGD its Poisson bracket with the two-form momenta (5.14) has many topological contribu-
tions that do not have any obvious simplification. We know however from (4.95) that (5.14)
with the parameter replaced by ζM = AMt should itself be a canonical constraint. This
constraint is also analogous to the HS2 constraint from section 3, but without the proper
Dirac bracket this constraint is difficult to interpret.

{ΠmkZ(B),HGD[ζ]} = −300κ εtmknr dRNQ dZST dMNT ∂S
(
ζM ∂RBnrQ

)
(5.14)

− 15κ εtmkls dZNR dNKM ∂l∂R
(
ζM AKs

)
+ 30κ εtmklr dZNR dNKT ∂R

(
∂Lζ

T AKr A
L
l

)
− 10κ εtmklr dZNR dNKT ∂R

(
ζLAKr ∂LA

T
l

)
− 150κ εtmklr dZNR dNKT dLTS dPLQ ∂R

(
∂Sζ

P AKr A
Q
l

)
+ 50κ εtmklr dZNR dNQL dLKX dMYX ∂R

(
ζM AQr ∂KA

Y
l

)
+ 5κ εtmklr dZNR dNML ∂R

(
ζM [Al, Ar]LE

)
We do however find that the terms of equation (4.52) also generate the generalised Lie
derivative of the two-form momenta LζΠmkZ(B) if we were allowed to make use of the
primary constraints HP2. Nonetheless we would see additional terms due to the topological
(non-kinetic) two-form terms in the modified one-form momenta and Htop.

5.3 External diffeomorphisms

Acting with the canonical external diffeomorphism constraints HDiff (4.88) on the canonical
coordinates we find that they (mainly) generate covariantised external diffeomorphisms.

When acting with HDiff on the spatial vielbein (5.15) and the scalar fields (5.17) we
find that the resulting gauge transformations are the covariantised versions of standard
diffeomorphisms, where all derivatives are replaced by covariant derivatives. These trans-
formations are identical to the spatial part of the transformations of the Lagrangian gauge
transformations (2.46) and (2.47). The transformations of the canonical momenta of the
vielbein (5.16) and the scalars (5.18) are also given by the D-covariantised standard diffeo-
morphisms (with appropriate external diffeomorphism weight cf. reference [14]), however
there are additional ∂Nξn terms.

{ena,HDiff[ξ]} = + ξlDlena +Dnξl ela (5.15)
{Πn

a(e),HDiff[ξ]} = + ξlDlΠn
a(e)−Dlξn Πl

a(e) +Dlξl Πn
a(e) (5.16)

+ 2 elaMMN ∂Mξ
(l Pn)

N (A)
{MMN ,HDiff[ξ]} = + ξnDnMMN (5.17)
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{ΠMN (M),HDiff[ξ]} = + ξnDnΠMN (M) +DnξnΠMN (M) (5.18)

− 2 ∂Kξm gmn PnL(A)MK(MMN)L

These additional terms originate from the −glmMKLP lL(A) ∂KNm term in the Hamilto-
nian, which we identified in section 4.5.4 as coming from the interplay of the Einstein-
Hilbert improvement and the Yang-Mills terms. This term depends on the spatial compo-
nents of every field and thus leads to contributions in the transformations of all canonical
momenta. Due to the dependence on the modified momenta it also contributes to the
transformation of the one-forms. We find that the one-forms transform as (5.19).{

ANn ,HDiff[ξ]
}

= +ξm FNmn − gmnMMN ∂Mξ
m (5.19)

The first term in the transformation (5.19) is the covariantised version of the standard
diffeomorphism that one finds in five-dimensional supergravity [14]. This term is also the
spatial version of the first term in the Lagrangian transformation (2.49). The second term
in (5.19) is identical to the spatial component of the ∂Mξm term found in (2.49), but
surprisingly it appears here with the opposite sign. We will come back to this fact at
the end of this section where we discuss the origin of the −glmMKLP lL(A) ∂KNm term
in detail.

If we restrict the coordinate dependence of the gauge parameter of the external diffeo-
morphisms to only the external coordinates ξn

(
xµ, YM

)
= ξn(xµ), equivalently ∂Nξn = 0,

then the transformations generated by the canonical constraints HDiff[ξ], that we have seen
so far, are given exactly by the D-covariantised version of standard diffeomorphisms. The
individual terms of the E6(6) ExFT Lagrangian (2.35) are manifestly invariant under the
action of external diffeomorphisms with parameter ξn(xµ). The diffeomorphisms with pa-
rameter ξn

(
xµ, YM

)
are not a manifest symmetry of (2.35) and instead connect different

terms in the Lagrangian, thereby leading to the unique E6(6) ExFT action (up to the overall
scaling) [3, 11]. It seems that the ∂Mξm terms in (5.16), (5.18) and (5.19) serve a similar
function. Because these terms depend on many different variables the transformations mix
various fields and momenta. We may speculate that the canonical constraint algebra re-
lations concerning the external diffeomorphism constraints depend on many cancellations
of such mixing terms and that these cancellations depend on the precise coefficients of all
terms in the Hamiltonian.

Due to the one-form dependent covariant derivatives in the diffeomorphism con-
straints (4.88) the transformation of the conjugated original one-form momenta Πn

N (A)
is more complicated than the above transformations. For the transformation of Πn

N (A)
under the κ = 0 version of the diffeomorphism constraints we find that the transformation
is given by (5.20). The first line of (5.20) is the covariantised standard Lie derivative of
Πn
N (A). We can compare (5.20) to the analogous transformation in five-dimensional super-

gravity [14] and find that the HGD constraint term in (5.20) is an extension of the U(1)27

Gauß constraint term in the transformation of [14]. The constraints HS1 consist only of
the Πn

N (A) term in (5.1) for the κ = 0 case. This term and also the Πn
N (A) terms in HGD

originate from the transformation of the covariantised one-form field strength FMmn in the
diffeomorphism constraint HDiff. The remaining terms in (5.20) are all of the ∂Nξn form.
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In contrast to the transformations of the fields above the ∂Nξn terms in (5.20) exist due to
the covariant derivatives in HDiff and in the case κ = 0 the −glmMKLΠl

L(A) ∂KNm term
is irrelevant to the transformation of Πn

N (A).

{Πn
N (A),Hκ=0

Diff [ξ]} = + ξk DkΠn
N (A)−Dkξn Πk

N (A) +Dkξk Πn
N (A) (5.20)

+ ξn
(
Hκ=0

GD

)
N

+ 1
2 dNKL ξ

k AKk (Hκ=0
S1 )nL

+ ∂Nξ
k Πn

a(e) eka −
1
3 ∂Nξ

n Πk
a(e) eka

− 1
3 ∂Nξ

n ΠKL(M)MKL − ∂Kξn ΠKL(M)MLN

+ 10 dRSM dKNR ∂Sξ
n ΠKL(M)MLM

+ 10 dRSM dKNR ∂Sξ
[m Πn]

M (A)AKm

For the calculation of the transformation of the modified momenta PnN (A) we need to
remember the Poisson non-commutativity of this variable with itself which generates a
large number of additional terms. We find that the transformation of PnN (A) can be
expressed as (5.21). Most of the additional topological contributions coming from the two
PnN (A) terms in HDiff go into the complicated topological term (4.73) that is inside HGD
and into HS1. To arrive at (5.21) the Schouten identity (cf. appendix C of [14]) has to be
applied many times in order to move the correct index to the gauge parameter. In order for
the purely two-form dependent terms in the transformation (5.21) to match the two-form
kinetic term of HGD we have to make use of the rewriting (4.54) which implies that the
section condition has to be used in this calculation. This seems to be the only occurrence
of the section condition before considering the canonical constraint algebra. This is further
discussed in section 8. Furthermore there are many topological ∂Nξn terms in (5.21) for
which there does not seem to be a simpler form. Finally we are left with a rather large
number of topological contributions that we have written in (5.21) as κΓ(A,B)N ξn. Most
of the terms hidden inside Γ(A,B) only depend on the one-forms, but some also depend
on the two-forms. There are no pure two-form terms in Γ(A,B). Note that these terms
are not of the ∂Nξn form and therefore there has to be another interpretation for them or
else they may arrange to cancel in some non-trivial way to yield Γ(A,B) = 0.

{PnN (A),HDiff[ξ]} = + ξk DkPnN (A)−Dkξn PkN (A) +Dkξk PnN (A) (5.21)

+ ξn (HGD)N + 1
2 dNKL ξ

k AKk (HS1)nL

+ ∂Nξ
k Πn

a(e) eka −
1
3 ∂Nξ

n Πk
a(e) eka

− 1
3 ∂Nξ

n ΠKL(M)MKL − ∂Kξn ΠKL(M)MLN

+ 10 dRSM dKNR ∂Sξ
n ΠKL(M)MLM

+ 10 dRSM dKNR ∂Sξ
[m Pn]

M (A)AKm

− 9
2 κ ε

lmqn dNQT ∂KA
Q
mA

K
q ∂W ξ

k glkM
TW
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− 3
2 κ ε

lmqn dNQT ∂KA
K
q A

Q
m ∂W ξ

k glkM
TW

+ 3κ εlmnr dMQT ∂NA
M
r AQm ∂W ξ

k glkM
TW

+ 30
4 κ εlmqn dMQT d

MRK dRSN ∂KA
Q
mA

S
q ∂W ξ

k glkM
TW

+ 45
2 κ εlmqn dMQT d

MRK dRSN ∂KA
S
q A

Q
m ∂W ξ

k glkM
TW

− 15κ εlnqr dMNT d
MRK dRSL ∂KA

L
r A

S
q ∂W ξ

k glkM
TW

+ 6κ εlmqn dMNT ∂qA
M
m ∂W ξ

k glkM
TW

− 30κ εlmqn dMQR dQNT ∂RBmqM ∂W ξ
k glkM

TW

+ κΓ(A,B)N ξn

In section 5.2 we argued that because the B-field kinetic term of the Lagrangian only has
one time derivative the secondary constraints do not contain any two-form momenta and
therefore the two-forms do not transform under any of the secondary constraints. In the
case of the generalised diffeomorphism constraint we found that we could make use of the
primary constraints HP2 to rewrite the B-field kinetic term in a way that would make
the B-fields transform properly by inserting the canonical momenta ΠklM (B). The same
procedure does not work for the diffeomorphism constraint HDiff however because here the
two-forms only appear inside FMmn and PnN (A). In the canonical formalism it is therefore not
possible to make the topological two-forms transform under external diffeomorphisms —
even if we use the primary constraints. Furthermore this is consistent with what we found
in the model theory of the topological two-forms in section 3. In the canonical formalism
this behaviour should be expected for any field whose kinetic terms are located inside a
topological term — such as (2.73) — which by definition does not depend on the metric
Gµν and as a consequence thereof not on the shift vector Nn. The two-forms therefore do
not “see” the external diffeomorphisms and canonically they transform trivially as (5.22).

{BklM ,HDiff[ξ]} = 0 (5.22)

By the same argument we do not find any Lie derivative terms in the transformation of the
conjugated two-form momenta ΠpvS(B). Due to the two-form dependent FMmn and PnN (A)
terms in HDiff we do nonetheless get a non-vanish transformation (5.23) for the momenta
ΠpvS(B). The vanishing of the transformation (5.23) with the replacement ξn = Nn is then
equivalent to the consistency condition (4.94). We will come back to this when discussing
the tensor gauge transformations in section 5.5.

{ΠpvS(B),HDiff[ξ]} = + 20 dTKS ∂K
(
ξ[p Pv]

T (A)
)

(5.23)

+ 30κ εlpvrdSNRdNKT ∂R
(
∂Lξ

k gklM
LT AKr

)
− 30κ εlpvrdSNRdNKT∂R

(
ξk FTklAKr

)
The origin and sign of the −glmMKLP lL(A) ∂KNm term in the Hamiltonian.
The transformation of the one-forms (5.19) is the only diffeomorphism transformation with
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a ∂Nξn term that we can compare to an analogous Lagrangian gauge transformation (2.49).
What we have found is that the sign of the ∂Nξn term is different when compared to the
Lagrangian transformation. The minus sign in (5.19) is a direct consequence of the sign
of the term −glmMKLP lL(A) ∂KNm in the Hamiltonian. In this paragraph we want to
explain the origin of this term in the Hamiltonian.

In the ADM decomposition of the Einstein-Hilbert improvement term (4.10) we find
the term + e

N F
M
tn ∂MN

n. This term comes from taking the µ = t, ν = n, α = 0, β =
b, ρ = {t, r} parts of the five-dimensional indices and using the identity ∂M (ebn erb) = 0 to
unify the ρ = {t, r} contributions. When computing the canonical momenta Πl

T (A) (4.21)
the term + e

N F
M
tn ∂MN

n in the Lagrangian leads to the contribution + e
N ∂TN

l to Πl
T (A)

and consequently to P lT (A). Because the term + e
N F

M
tn ∂MN

n is linear in time derivatives
it cancels in the Legendre transformation in the step from (4.59) to (4.60) against the
Legendre transformation term of the one-forms ȦNn · Πn

N (ANn ). And in equation (4.60)
the only term with time derivatives in the Legendre transformation is the quadratic
Yang-Mills term which contains in particular the term + e

2N gsnMMN Ȧ
M
s ȦNn . From this

+ e
2N gsnMMN Ȧ

M
s ȦNn term in (4.60) we get many other terms by inserting the expres-

sion (4.62) for ȦNn . The terms where one Ȧ ∼ P(A) and the other Ȧ ∼ − e
N ∂TN

l then
lead to the term −glmMKLP lL(A) ∂KNm in the Hamiltonian. The minus sign of this term
originates in the inversion of the momenta for Ȧ(P) (4.62).

When we then act with the term −glmMKLP lL(A) ∂KNm on the one-forms, as we do
in (5.19), we immediately arrive at the transformation (5.24).

{ANn ,−glmMML P lL(A) ∂MNm} = −gmnMMN ∂MN
m (5.24)

In section 2.2 we have explained the origin of the analogous term in the Lagrangian gauge
transformation (2.49) as coming from a compensating Lorentz transformation (cf. refer-
ences [4, 11]) when considering the Kaluza-Klein-like rewriting of eleven-dimensional super-
gravity. In the derivation of this sign from the gauge transformations of eleven-dimensional
supergravity there does not seem to be any choice for changing this sign.

Another possible origin of this difference in sign could be a diverging convention,
however the conventions chosen in this work, in particular the signature of the Minkowski
metric, seem to agree with the conventions used in [3, 11].

When viewed purely from the canonical perspective the sign in (5.19) is not immedi-
ately problematic, however it remains to be checked if the sign might affect the closure of
the canonical constraint algebra.

Considering the above factors we do not have an explanation for the difference in sign
of the ∂Nξn term in (5.19) when compared to the Lagrangian formulation.

5.4 Time evolution

The Hamilton constraint HHam (4.87) acting on the canonical coordinates generates time
evolution. The time evolution of the spatial vielbein (5.25), the scalar fields (5.26) and the
one-forms (5.27) generated by the Hamilton constraint are in form identical to the analogous
transformations in five-dimensional E6(6) invariant supergravity [14]. These results are
expected because the canonical momenta terms in the Hamilton constraint are of the
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same form as in the five-dimensional E6(6) invariant supergravity Hamiltonian. We should
note that the time evolution of the one-forms (5.27) is most concisely written in terms of
the modified momenta PnN (A) which may be seen as another argument in favour of the
modified momenta.

{ena,HHam[φ]} = + φ

2e gmn Πm
a(e)−

φ

6e Π(e) ena (5.25)

{MMN ,HHam[φ]} = + 6
e
φ ΠQP (x) MMQ MNP (5.26)

{ANn ,HHam[φ]} = + φ

e
gnl M

NL P lL(A) (5.27)

While the time evolution of the fields in E6(6) ExFT agrees in form with that of five-
dimensional E6(6) invariant supergravity [14] the time evolution of the canonical momenta
is significantly more complicated in ExFT. Part of the complexity is expected because the
analogous transformations are already relatively complicated in five-dimensional super-
gravity but the scalar potential and covariant derivatives lead to many additional terms.

The canonical time evolution of the vielbein momenta Πn
a(e) is in five-dimensional

E6(6) invariant supergravity [14] given by the spatial Einstein equation in vielbein form
and contributions from all other terms of the Hamilton constraint because all fields couple
to the metric. In ExFT we find the analogous covariantised time evolution (5.28) which
contains a number of additional terms, in particular due to the scalar potential (4.72) which
does not exist in five-dimensional E6(6) invariant supergravity. The covariant derivative ∇n
contains only the Levi-Civita connection.

{Πn
a(e),HHam[φ]} = + φ

4e Πbc(e) Πbc(e) ean −
φ

2eΠk
b(e) Πn

b(e) eka (5.28)

− φ

12e Π2(e) ean + φ

6e Π(e) Πn
a(e)

− 2φe
(
R̂nk eka −

1
2R̂ ea

n
)

+ 2e
(
∇a∇nφ−∇k∇kφ ean

)
+ 3φ

2eΠMN (M) ΠRS(M) MMR MNS ea
n

+ φe

24∂kMMN ∂lM
MN gkl ea

n − φe

12∂kMMN ∂lM
MN gln ea

k

− φe

4 MMN FMrs FNkm grk gsm ea
n + φe MMN FMrs FNkm grk gmn ea

s

+ φ

2eM
KL P lL(A) PkK(A) glk ean −

φ

e
MKL PnK(A) P lL(A) ela

+ eφ

4 M
MN ∂Mg

kl ∂Ngkl ea
n + ∂M

(
eφ

2 M
MN ∂Ngkl

)
gkn ea

l

− ∂N
(
eφ

2 M
MN∂Mg

mn
)
ema

− φ

e
MMN ∂Me ∂Ne ea

n − 2 ∂N
(
φ

e
MMN ∂Me

)
e ea

n

+ e φ

24M
MN∂MM

KL∂NMKL ea
n − e φ

2 M
MN∂MM

KL∂LMNK ea
n

− e φ ∂M∂NMMN ea
n − 2e ∂M∂NφMMN ea

n − 2e ∂Nφ∂MMMN ea
n

− 2 e φFMmk gmn ∂Meka − ∂M
(
e φFMmk gmn eka

)
− e φFMmk ∂Mebr

(
enb e

k
a g

mr + ekb e
m
a g

rn + ekb e
r
a g

mn
)
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The canonical time evolution of the scalar momenta ΠKL(M) in five-dimensional E6(6)
invariant supergravity [14] is relatively simple. It consists of contributions from the scalar
kinetic terms and is only slightly complicated by the fact that the scalar fields MMN are
used as a “generalised metric” to contract the E6(6) indices in the one-form kinetic terms.
In ExFT we find the corresponding expressions, but due to the covariant derivatives in
the scalar kinetic term and in particular due to the scalar potential (4.72) the full ExFT
result (5.29) is much more complicated. There may exist a slightly simpler and more
covariant form to write the additional internal derivative terms in (5.29) coming from the
scalar kinetic term. For the scalar potential contributions to (5.29) there seems to be little
hope of significant simplification.

{ΠKL(M),HHam[φ]}=−6φ
e

ΠPK(M) ΠLR(M)MPR (5.29)

−∂l
(
φe

6 gkl ∂kM
KL
)
−φe6 gkl ∂kMMN ∂lM

KM MLN

−φe2 grm gsn FKrs FLmn+φ

e
glm P lM (A) PmN (A)MKM MLN

−∂n
(
eφ

12 g
mnLAmMMN

)
MKMMLN+∂n

(
eφ

12 g
mnLAmMKL

)
+∂R

(
eφ

12 g
mnDnMKLARm

)
− eφ18 g

mnDnMKL∂RA
R
m

− eφ6 gmnDnMM(K∂MA
L)
m + 5eφ

3 gmnDnMM(K dL)TX dUXM ∂TA
U
m

−∂R
(
eφ

12 g
mnDnMMN A

R
m

)
MKMMLN− eφ18 g

mnDnMMN ∂RA
R
mM

KMMLN

− eφ6 gmnDnMMN ∂RA
M
m MN(KML)R+ 5eφ

3 gmnDnMMN d
XTM dRUX ∂TA

U
mM

N(KML)R

− eφ2 ∂Mg
mn∂NgmnM

M(KML)N− 2φ
e
∂Me∂NeM

KMMLN

+4φ∂M∂NeMKMMLN+2∂N∂M (eφ)MKMMLN−4∂M (φ∂Ne)MM(KML)N

− eφ12 ∂MM
RS ∂NMRSM

M(KML)N+∂M
(
eφ

12M
MN ∂NMRS

)
MKRMLS

−∂N
(
eφ

12 ∂MM
KLMMN

)
+∂S

(
eφMM(K ∂MM

L)S
)

+eφ∂MMRS ∂SMNRM
M(KML)N−∂M

(
eφMMN ∂SMNR

)
MR(KML)S

The canonical time evolution of the modified one-form momenta P kK(A) in ungauged five-
dimensional E6(6) invariant supergravity [14] is quite simple and consists of only two-terms.
One contribution from the abelian Maxwell-like term and one topological contribution from
the Poisson non-commutativity of the modified momenta P kK(A) — which are much simpler
in [14] due to the simpler topological term. Because the one-forms are used in ExFT
to gauge the generalised diffeomorphism symmetry the canonical time evolution of their
conjugate modified momenta PkK(A) is very complicated. There are many contributions
coming from the covariant non-abelian field strength terms, the covariant derivatives of
other fields and in particular there is a very large number of topological contributions
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from the Poisson non-commutativity of the modified momenta with the P2 term. We do
not give an expression for the full result of the transformation of PkK(A), but without the
topological contributions, at κ = 0, we find that the canonical time evolution of Πk

K(A)
is given by (5.30). The first line of (5.30) is the covariantised version of the analogous
result in [14], but without the topological contribution due to κ = 0. The remaining terms
in (5.30) come from the covariantised field strengths in the generalised Yang-Mills and
Einstein-Hilbert terms, as well as from the covariant derivatives in the scalar kinetic term.

{Πk
K(A),HHam[φ]} = + ∂m

(
e φ MMK grm gks FMrs

)
(5.30)

− ∂R
(
e φ MMK grm gks FMrs ARm

)
+ e φ MMN grk gsn FMrs ∂KANn
− 5 dNRS dRKL e φ MMN grk gsn FMrs ∂SALn
+ 5 dNRS dRKL ∂S

(
e φ MMN grm gks FMrs ALm

)
− eφ

12 g
knDnMMN ∂KMMN

+ PRML
K ∂L

(
e φ gknDnMMN MRN

)
− 2 ∂m

(
e φ ea

[m eb
k](ear∂Kerb)

)
+ 2 ∂R

(
e φARm ea

[m eb
k](ear∂Kerb)

)
− 2 e φ ∂KAMn ea

[k eb
n](ear∂Merb)

+ 10 dMRS dRLK e φ ∂SA
L
n ea

[k eb
n](ear∂Merb)

− 10 dMRS dRLK ∂S
(
e φALm ea

[m eb
k](ear∂Kerb)

)
As was discussed for the external and internal diffeomorphism constraints the two-forms
cannot transform under secondary constraints because their Lagrangian kinetic term is
topological and linear in the time derivative. Similarly we find that their time evolution
generated by the Hamilton constraint is vanishing (5.31). What this means is that the
overall canonical time evolution of the two-forms is given purely in terms of the gauge
transformations that do lead to transformations of the two-forms. In the topological model
theory in section 3 we find that there are no propagating degrees of freedom for the topo-
logical two-forms of the model. Similarly we should not expect the two-forms in ExFT to
have a canonical time evolution given in terms of their canonical momenta ΠklM (B), as
would be the case for propagating fields (cf. (5.25), (5.26) and (5.27)). Moreover it is not
possible to make use of the primary constraints to construct a (Π(B))2 term because the
Stückelberg coupling term in the one-form field strength is not of the same form as the
primary constraints HP2.

{BklM ,HHam[φ]} = 0 (5.31)

In contrast the canonical two-form momenta ΠpvW (B) do transform under the secondary
constraints, including the Hamilton constraint, because of the Stückelberg coupling in FMmn
and due to the two-form term inside the modified one-form momenta PmM . The transfor-
mation of ΠpvW (B) generated by the Hamilton constraint is given by (5.32). In analogy
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to the above argument and to the model from section 3 we should not interpret (5.32)
as a normal time evolution. Furthermore replacing the parameter with the lapse function
φ = N in (5.32) we find the explicit form of the consistency condition (4.93).

{ΠpvW (B),HHam[φ]} = − ∂N
(
20 dWMNφ e ea

[p eb
v] (era ∂Merb)

)
(5.32)

+ ∂R
(
100φ e dMKL dNRW MMN g

rp gsv ∂KBrsL
)

− ∂K
(30κφ

e
gmnM

MN PnN ASq εtmpvq dRKW dMRS

)
5.5 BµνM tensor gauge transformations

In this section we discuss the transformations generated by the constraints HP1 (4.38),
HP2 (4.39) and HS1 (4.90) and identify some of the transformations with the tensor
gauge transformations of the two-forms. We also comment on the consistency condi-
tions (4.93), (4.94), (4.95) and (4.96) analogous to the HS2 constraints of the model theory
from section 3.

The primary constraintsHP1 andHP2 are in form identical to those of the model theory
in section 3 and therefore they lead to the same transformations. The shift type primary
constraints HP1 (4.38) generate shift transformations (5.33) on the time components of the
two-forms BtmN .

{BtmN ,HP1[λ]} = 2λmN (5.33)

The primary constraints HP2 similarly generate shifts (5.34) of the spatial B-fields BmnS .
The general shift transformations (5.33) and (5.34) include the restricted OµνM shift trans-
formations (2.44), as well as the more specific tensor gauge transformations ΞµM (2.44),
which is illustrated by equation (3.35). As was discussed in section 3 in principle there
should be a way of explicitly bringing the canonical shift transformations into the La-
grangian form but it is not clear how this can be done for the tensor gauge transformations.

The momenta ΠmnS(B) transform under HP2 as (5.35), which is identical to the trans-
formation (3.32).

Due to the two-form term inside the modified momenta PmM (A) they transform
as (5.36). This is not actually a new transformation but a transformation induced by (5.34)
in the composite modified momenta PmM (A) which are not fundamental canonical coordi-
nates.

{BmnS ,HP2[ρ]} = 2 ρmnS (5.34)
{ΠmnS(B),HP2[ρ]} = 30κ εtmnkl dSRN ∂RρklN (5.35)
{PmM (A),HP2[ρ]} = −30κ εtklmn dKST dTNM ANn ∂SρklK (5.36)

The one-forms ANn transform under the secondary constraints HS1 as (5.37). Comparing
the canonical HS1 transformation (5.37) to the Lagrangian ΞµM transformation in (2.43)
we can identify (5.37) precisely as the tensor gauge transformations of ANn induced by the
Stückelberg coupling. The transformation (5.37) of ANn therefore exists even at κ = 0
because the one-form momentum term in (5.1) comes from the Stückelberg coupling and
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is not dependent on the topological term.

{ANn ,HS1[Ξ]} = −10 dLMN ∂LΞnM (5.37)

At κ = 0 the canonical momenta Πn
N (A) do not transform (5.38) under HS1. The modified

momenta PnN do transform under HS1 in a very complicated way because a large number
of terms are generated by the Poisson non-commutativity of the PnN and due to the covari-
antisation terms in HklmN . The explicit transformation of PnN remains to be calculated.

{Πn
N (A),Hκ=0

S1 [Ξ]} = 0 (5.38)

The transformation of the two-forms (5.39) under the secondary constraints HS1 vanishes,
which agrees with what was found in the model in section 3. The two-form momenta
ΠqsR(B) transform as (5.40), which can be expand as (5.41). We can see the covariantised
version of (3.33) plus an additional one-form dependent term in (5.40). From (5.41) we
can see that it is not possible to simplify this expression in a meaningful way because of
the different structures of the terms.

{BqsR,HS1[Ξ]} = 0 (5.39)

{ΠqsR(B),HS1[Ξ]} = + 300κ εlqsr dMKL dSNR dQSL ∂N
(
∂KΞlM AQr

)
(5.40)

+ 60κ εlmqs dMKRDm∂KΞlM
= + 300κ εlqsr dMKL dSNR dQSL ∂N

(
∂KΞlM AQr

)
(5.41)

+ 60κ εlmqs dMKR ∂m∂KΞlM
− 60κ εlqsr dMKRANr ∂N∂KΞlM
+ 60κ εlmqs dMKN ∂KΞlM ∂NA

R
m

− 600κ εlmqs dMKL dRPS dLTP ∂sA
T
m ∂KΞlM

When replacing ΞnM = BtnM in (5.41) we find the explicit form of the consistency con-
dition (4.96). This is in direct analogy to the constraints HS2 defined by equation (3.25)
of the simpler model in section 3. In the model the constraints HS2 consisted only of the
second term in (5.41).

Now that we have calculated the explicit form of (4.96) we have found all of the
consistency conditions (4.93), (4.94), (4.95) and (4.96) that follow from (4.92). All of these
consistency conditions are non-vanishing and since they are independent we should think
of all of them as canonical constraints, in analogy with the constraints HS2 of section 3. It
is the form of the topological term (2.73) combined with the Stückelberg coupling in (2.27)
that leads to these constraints.

What is unusual about these constraints is that they depend on the Lagrange multi-
pliers N , Nn, AMt and BtnN . This is already the case for the HS2 constraints in section 3
which depend on BtnN . In the model this leads to the constraint algebra relation (3.36)
which makes HS2 and the primary constraints HP1 into second class constraints. The HS2
constraints in the model are themselves of the same form as the term in the (3.37) algebra
relation that makes the other constraints into second class constraints, which suggests some

– 57 –



J
H
E
P
0
7
(
2
0
2
1
)
1
4
5

relation between these unusual constraints and the need for Dirac brackets. It is possible
that a similar relation exists in ExFT for the constraints (4.93), (4.94), (4.95) and (4.96),
which turn the primary constraints that are the canonical momenta conjugate to the La-
grange multipliers into second class constraints. To make sense of these constraints a better
understanding of the model in section 3 and in particular of the HS2 constraints is needed.

5.6 Shifts and Lorentz transformations

Finally we can briefly describe the transformations generated by the remaining primary
constraints from section 4.4 which are of the usual form and appear identically in five-
dimensional E6(6) invariant supergravity [14].

The primary constraints of shift type generate shift transformations on the conjugate
canonical variables.

{N,Π(N)[λ1]} = λ1 (5.42)
{Na,Π(Nb)[λ2]} = (λ2)a (5.43)
{ANt ,Π(AMt )[λ3]} = (λ3)N (5.44)

The Lorentz constraints (4.40) generate spatial Lorentz transformations on the spatial
vielbein and their conjugate momenta. The equivalent Lorentz transformations in the
five-dimensional E6(6) invariant supergravity have been discussed in detail in [14].

{ena, L[γ]} = + enb γ
ba (5.45)

{Πn
a(e), L[γ]} = + Πn

c(e) γcb δba (5.46)

6 Canonical constraint algebra

In this section we discuss part of the algebra that the canonical constraints form under the
Poisson bracket. Some of the relations of the canonical constraint algebra are very difficult
to compute and because not all of the transformations of the modified one-form momenta
PmM have been fully computed we can only give speculative results for some relations of
the algebra.

The primary constraints all Poisson-commute — with the exception of the Lorentz
constraints which form the Lorentz subalgebra (6.1). For the primary two-form constraints
HP1 and HP2 their Poisson-commutativity was already verified in section 3.

We can also look at the algebra relations between the Lorentz constraints and the
secondary constraints. In the canonical formulation of five-dimensional E6(6) invariant
supergravity [14] one finds that the Lorentz constraints Poisson-commute with the Hamil-
ton constraint. We find the same result for ExFT (6.2) because the scalar potential can
be written entirely in terms of the metric and is therefore Lorentz invariant. For the
bracket of the external diffeomorphism constraints with the Lorentz constraints we find
the relation (6.3), where the Lorentz parameters are transformed by an external diffeo-
morphism. The relation (6.3) is the covariantisation of the equivalent expression in five-
dimensional E6(6) invariant supergravity [14]. Irrespective of its sign the contribution from
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the −glmMKLP lL(A) ∂KNm term in HDiff to the bracket (6.3) vanishes due to antisym-
metry of the Lorentz constraints. The Poisson bracket of the Lorentz constraints with the
generalised diffeomorphism constraints is given by (6.4), where the Lorentz parameters are
transformed by a generalised diffeomorphism. The analogous relation in five-dimensional
E6(6) invariant supergravity [14] vanishes, which is consistent because the trivial solution
to the section condition leads to the vanishing of the generalised derivative in the gauge
parameter. The bracket (6.5) vanishes trivially due to the form of the constraints.

{L[γ], L[κ]} = L[−2γc[a κb]c] (6.1)
{HHam[φ], L[γ]} = 0 (6.2)
{HDiff[λ], L[γ]} = L[λmDmγab] (6.3)
{HGD[Λ], L[γ]} = L[LΛγ

ab] (6.4)
{HS1[Ξ], L[γ]} = 0 (6.5)

So far we have not needed to make use of the section condition (2.10). The section condition
is however needed many times in the computation of the algebra relation (6.6) concern-
ing the generalised diffeomorphism constraints. The computation of the relation (6.6) is
more complicated than in the Lagrangian formalism because the constraints HGD do not
just generate generalised diffeomorphisms but also contain some information about the
tensor gauge transformations, cf. equations (5.8) and (5.11). Because of the Poisson non-
commutativity of PmM and because of the topological term in HGD a very large number
of terms is being generated in the computation. The relation (6.6) was verified at κ = 0.
There are additional terms that may rearrange into further constraints, possibly related
to the tensor gauge transformations, however this remains to be computed. The cubic d-
symbol relations (2.5) and (2.6) need to be applied repeatedly in the computation of (6.6)
to move E6(6) indices between objects.

{HGDC[Λ],HGDC[ζ]} = HGDC [[Λ, ζ]E ] + . . . (6.6)

The seeming difference in sign between (2.64) and (6.6) is due to the fact that the con-
straints act in the Poisson brackets from the right onto the fields. This can be verified ex-
plicitly by using the relation δHGDC[Λ] = { · ,HGDC[Λ]} to translate (2.63) into the canonical
formalism and using the Jacobi identity and antisymmetry of the Poisson bracket.

The algebra of the canonical constraints of E6(6) ExFT has to be consistent with that
of five-dimensional E6(6) invariant supergravity [14]. The ExFT algebra relations need
to reduce to those of [14] for the trivial solution of the section condition. Combining
this fact with the information about the Lagrangian gauge algebra described in [15] and
summarised in section 2 we can make some conjectures about the form of the remaining
canonical constraint algebra relations. In all of the following algebra relations it is possible
that additional canonical constraints, in particular those related to the two-forms may
appear. In general the form of the gauge algebra in the Lagrangian formalism does not
have to be identical to that of the constraint algebra in the Hamiltonian formalism because
one can always choose a different basis for the algebra.
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From the relations (2.57) and (2.58) one might conjecture the algebra relations (6.7)
and (6.8), but these relations have not been computationally verified. Regarding the consis-
tency of (6.7) and (6.8) with five-dimensional E6(6) invariant supergravity the field-strength
term in the parameter of (6.7) seems to be problematic as it does not seem to lead to a
vanishing term in the trivial solution of the section condition — therefore it seems that
this term should not appear canonically, possibly due to the different parametrisations of
the algebra. Furthermore the sign of the second term in the transformation (5.19) appears
in two of the gauge parameters, which adds further uncertainty about these relations. In
contrast the HDiff terms on the right hand sides seem more likely to be correct. It seems
probable that the section condition may play a role in the computation of these relations
because the generalised diffeomorphism constraints are involved.

{HDiff[λ],HDiff[ξ]} ?= HDiff [λµDmξn − ξmDmλn]
+HGD[������

λm ξnFMmn +MMN gmn (λm∂Mξn − ξm∂Mλn)] + . . . (6.7)

{HGD[Λ],HDiff[ξ]} ?= HDiff[LΛξ
n]

+HS1[dMNK ΛK
(
ξmFNmn −MKL gmn ∂Lξ

n
)
] + . . . (6.8)

The relation {HHam[θ],HGD[ξ]} is particularly difficult to compute but since this relation
vanishes in five-dimensional E6(6) invariant supergravity we cannot extrapolate the result
to ExFT. Finally we may conjecture (6.9) and (6.10) as relations of this form seem to
be required by comparison to the algebra of canonical five-dimensional E6(6) invariant
supergravity (the appearance of the spin connection ωnab in (6.9) has been discussed in [14]).
There may be additional constraints appearing on the right hand sides of (6.9) and (6.10).

{HHam[θ],HHam[τ ]} ?= HDiff[(θ∇mτ − τ ∇mθ) gmn]
− L [(θ∇mτ − τ ∇mθ) gmn ωnab] + . . . (6.9)

{HDiff[λ],HHam[θ]} ?= HHam[λmDmθ] +HGD

[
θ

e
λp gpk PkL MLM

]
+ . . . (6.10)

From five-dimensional E6(6) invariant supergravity we cannot get any information about
the algebra relations concerning the two-form constraints as there are no two-forms in
the theory. From the results of the model theory in section 3 we should expect that the
two-forms do indeed not contribute any propagating degrees of freedom to the theory.
Moreover we do not yet have a good understanding of the relations that follow from the
HP2 consistency condition (4.92).

To confirm that the number of physical degrees of freedom in field space is indeed 128
the full canonical constraint algebra needs to be known as otherwise we cannot know which
canonical constraints are first class and which ones are second class.

From the canonical analysis of the five-dimensional ungauged maximal E6(6) invariant
supergravity [14] we should expect that the (bosonic) E6(6) ExFT, without the two-forms,
does have 128 physical degrees of freedom. To these 128 physical degrees of freedom the
external metric Gµν contributes 5, while 42 come from the scalar fields MMN and 81 come
from the generalised one-forms AMµ . And indeed the canonical analysis of the topological
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two-form model in section 3 suggests that the two-forms BµνM should not contribute any
propagating physical degrees of freedom. This may lead us to naively suspect that (with
the implicit treatment of the scalar coset constraints) only the canonical constraints coming
from the two-forms are second class, in which case the counting of the physical degrees of
freedom would work out to be 128, but this remains to be verified by the computation of
the full constraint algebra.

7 The generalised vielbein and USp(8)

The canonical formulation of E6(6) exceptional field theory, written in terms of the gen-
eralised metric MMN , was constructed in section 4. The description in terms of the gen-
eralised metric is sufficient for the bosonic sector of ExFT, however it can be useful for
some applications (e.g. coupling to fermions or manifesting the USp(8) symmetry) to con-
sider the formulation in terms of the generalised USp(8) vielbein VABM . In this section we
discuss how the canonical formulation of E6(6) ExFT can be reformulated in terms of the
generalised vielbein.

The generalised USp(8) vielbein is essential in the supersymmetric formulation of E6(6)
ExFT and we use the same conventions for the USp(8) invariant form as [15, 16]. The uni-
tary symplectic Lie group USp(8) is 36 dimensional and has an 8 dimensional fundamental
representation. The indices A,B, . . . , F = 1, . . . , 8 are used here to denote the fundamental
representation of USp(8).

The internal generalised metric MMN of E6(6) ExFT is an E6(6)/USp(8) coset repre-
sentative. There is a direct analogy of MMN as a coset element to the external metric
Gµν of general relativity, which is a GL(d)/SO(1, d − 1) coset element. In analogy to the
vielbein (or frame field) Eµα of the external metric (2.22) we can introduce a generalised
internal vielbein VABM = V [AB]

M as in (7.1) by making use of the local USp(8) invariance.
In the definition (7.1) the USp(8) symplectic form ΩAB takes the place of the Minkowski
metric in (2.22).

MMN =: VABM VCDN ΩAC ΩBD = VABM VNAB (7.1)

In (7.1) the VNAB is defined by VNAB := VCDN ΩACΩBD. We define the inverse symplectic
form by ΩAB ΩCB := δCA , which is equivalent to ΩAB ΩBC = −δCA . The generalised vielbein
furthermore satisfies the identity (7.2). With the condition (7.2) the index pair [AB] has
27 components, which agrees with the dimension of the fundamental E6(6) representation.

VABM ΩAB = 0 (7.2)

The inverse generalised vielbein is defined by (7.3) and (7.4) [16].

VABM VNAB := δNM (7.3)

VABM VMCD := 1
2(δACδBD − δADδBC )− 1

8ΩAB ΩCD (7.4)
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The canonical momenta of the generalised vielbein that follow from the kinetic term of the
scalar fields (4.12) are given by (7.5).

ΠM
AB(V) = e

3N

[
V̇CDN VMCDVNAB + V̇EFK VKCDVNEFVMCDVNAB (7.5)

+ LAtVMAB + LAtVNCDVNABVMCD

+NnDnVMAB +NnDnVNCDVNABVMCD
]

We can relate the canonical momenta (7.5) to the rescaled canonical momenta of the
generalised metric by (7.6). The inverse relation (7.7) is directly analogous to the relation
(2.9) in reference [14] about the canonical momenta of the metric and the standard vielbein
in general relativity.

ΠM
AB(V) = 2 ΠMN (M)VNAB (7.6)

ΠMN (M) = 1
2Π(M

AB(V)VN)AB (7.7)

In analogy to the Lorentz constraints in general relativity (4.40) there are the primary
canonical USp(8)-constraints HUSp(8) (7.8).

(HUSp(8))AD := VABM ΩBC ΠMCD + VDBM ΩBC ΠMCA = 0 (7.8)

In contrast to the Lorentz constraints the contraction of the canonical momenta with the
generalised vielbein in (7.8) is symmetrised. The constraints (HUSp(8))AD thus have 36
components, which is equal to the dimension of USp(8).

The fundamental Poisson bracket of the generalised vielbein can be defined by (7.9).

{VABM ,ΠM
CD(V)} := 1

2(δACδBD − δADδBC )− 1
8ΩAB ΩCD (7.9)

In order to rewrite the ExFT Hamiltonian (4.69) in terms of the generalised vielbein VABM
we first need to verify that the Legendre transformation is invariant under this change
of canonical coordinates. An additional symplectic term coming from the identity (7.4)
vanishes due to the projection (7.2) and we find that the Legendre transformation is indeed
invariant (7.10).

1
2

∑
R,S=1,...,27

ṀRS · Π̃RS(M) = 1
2

∑
M=1,...,27
A,B=1,...,8

V̇ABM ·ΠM
AB(V) (7.10)

Due to the identity (7.10) we can now insert the definitions of the generalised vielbein (7.1)
and their canonical momenta (7.7) into the canonical Hamiltonian (4.69) thus replacing the
generalised metric and its momenta. We find that the part of the Hamiltonian coming from
the scalar kinetic term (4.49) can be written in terms of the generalised vielbein as (7.11).
In (7.11) there are always two differently contracted versions of each term of (4.49), this
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is a general feature for the generalised USp(8) vielbein.
1
2

∑
M=1,...,27
A,B=1,...,8

V̇ABM ·ΠM
AB(V)− Lsc (7.11)

= N ·
[ 3

16eΠM
ABΠS

CDVCDM VABS + 3
16eΠM

ABΠR
CDVSCDVABS VEFM VREF

− e

12g
klDkVABM DlVMAB −

e

12g
klDkVABM DlVNCDVNABVMCD

]
+N l·

[1
4ΠM

ABDlVABM + 1
4ΠM

ABDlVNCDVNABVCDM
]

+AKt ·
[1

4ΠM
AB(∂KVABM − 6PP L

M K∂LVABP )

+ 1
4ΠM

AB(∂KVCDN − 6PP L
N K∂LVCDP )VNABVMCD

]

8 Conclusions and outlook

In this work we have constructed the canonical Hamiltonian of (bosonic) E6(6) exceptional
field theory, computed most of the canonical gauge transformations and discussed some
relations of the canonical constraint algebra.

In order to carry out the Legendre transformation of the E6(6) ExFT Lagrangian (2.35)
we had to construct the explicit non-integral (non-manifestly gauge invariant) topological
term of E6(6) ExFT (2.73). The topological term (2.73) was found by making an ansatz
inspired by the topological term of the five-dimensional maximal gauged supergravity [28]
and then comparing its general variation to the variation (2.70) to fix all coefficients of
the ansatz.

The resulting topological term (2.73) is very intricate and consists of many terms.
This complexity is one of the major computational challenges in the canonical formula-
tion of E6(6) ExFT because many calculations involve a very large number of terms. As a
consequence some of the canonical transformations concerning the modified momenta PmM ,
but in particular many of the relations of the canonical constraint algebra have not been
calculated. As this is a purely computational issue it should be feasible to fully perform
these calculations with the assistance of a suitable computer algebra program that is able
to handle the multitude of mathematical structures involved in canonical ExFT simulta-
neously. Alternatively one might instead want to consider the E8(8) ExFT [19], which has
a somewhat simpler topological term, although there are other complications that arise in
the E8(8) theory, such as e.g. constrained compensator fields.

The dynamics of the two-forms BµνM in the E6(6) ExFT is purely topological and
governed by (2.73). In analogy to gauged supergravity the two-forms are needed to absorb
the non-covariance in the transformation (2.26) of the one-forms. In section 3 we have
investigated the canonical formulation of the model consisting of the two-form kinetic term
in isolation and confirmed canonically that there are no propagating degrees of freedom.
We have furthermore found that due to its topological nature the two-forms do not see the
external diffeomorphisms canonically. Because the two-forms in ExFT only couple to the
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external metric through the Stückelberg coupling terms this is also true for the full ExFT.
From the model theory we have furthermore learned that the tensor gauge transformations
appear canonically in a very different form. This can be compared to the gauge transfor-
mations of Maxwell theory which canonically also appear in a different form (cf. [14]) but
which can be brought into the usual Lagrangian form δλAµ = ∂µλ by means of the extended
Hamiltonian formalism, see chapter 19 of [13]. For our topological model this method does
not work because all constraints are second class and the extended Hamiltonian is identi-
cal to the total Hamiltonian. Because the canonical structure of the topological two-form
model of section 3 is similar to the canonical structure of three-dimensional Chern-Simons
theory it may be possible to find an analogy between these theories that allows us to find
a way of canonically bringing the tensor gauge transformations into the standard form.

To deal with the second class constraints of the two-form model in section 3 we wrote
down a possible definition (3.39) for the Dirac bracket in the ExFT geometry. Because
the non-constraint terms in the constraint algebra of the model theory are not constant
but instead contain both internal and external derivatives we found that we would need
to solve equations of the form (3.41) for a primitive function of the 5 + 27-dimensional
Dirac delta distribution in order to find an explicit expression for the Dirac bracket of the
two-form model. It is not clear which functions solve the equation (3.41). If one could
solve (3.41) we should be able to find the explicit form of (3.39) in the case of the model
— which may also shed some light on the structure of the tensor gauge transformations.

In section 4 we have calculated the ADM decomposition of the E6(6) ExFT Lagrangian,
the canonical momenta of all fields and carried out the Legendre transformation to arrive
at the canonical Hamiltonian of E6(6) ExFT (4.69). In analogy to [14] we found that
the most concise description of the canonical theory is given in terms of the modified
one-form momenta-like variables PmM (A) (4.22) where all topological contributions have
been subtracted from the original canonical momenta Πm

M (A). While these modified mo-
menta give the simplest Hamiltonian and have nice gauge transformation properties the
redefinition (4.22) is not a canonical transformation and the new variables do not Poisson
commute {PmM (A),PnN (A)} 6= 0. This Poisson non-commutativity, which in turn again
stems from the complexity of the topological term (2.73), further complicates the canoni-
cal calculations.

With the exception of the purely internal terms we found that the canonical Hamilto-
nian (4.69) is given by the covariantisation of the canonical Hamiltonian of five-dimensional
ungauged maximal E6(6) invariant supergravity [14]. The ExFT Hamiltonian (4.69)
(mainly) consists of the secondary Hamilton constraint HHam, the (external) diffeomor-
phism constraints HDiff, the generalised diffeomorphism constraints HGD and the two-form
tensor gauge constraints HS1. In the Legendre transformation we found that the ExFT
scalar potential remains largely unchanged and only a single potential term cancels (4.71).
The scalar potential is the main addition to the Hamilton constraint when compared to
five-dimensional supergravity [14]. The generalised diffeomorphism constraint, which is
associated to the Lagrange multiplier AMt , is an extension of the abelian U(1)27 constraint
of the five-dimensional supergravity because the vector fields are used to gauge the gener-
alised diffeomorphism symmetry. The generalised diffeomorphism constraint furthermore
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contains the extensive Hamiltonian topological term (4.73). The secondary two-form ten-
sor gauge constraints HS1 are in form very similar to the Lagrangian on-shell duality
relation (2.50). It may be suspected that the on-shell duality of the one- and two-forms is
canonically implied by the transformations generated by the two-form constraints, though
the details of this duality are not yet fully understood canonically.

Verifying the consistency of the primary constraints of shift type (i.e. vanishing canon-
ical momenta) we confirmed that the above secondary constraints are required. The two-
form primary constraints HP2 are special because they are not of shift type, instead they
relate the spatial two-form canonical momenta directly to the spatial two-form components
— these constraints are a direct consequence of the fact that the two-forms appear with
only a single time derivative in the Lagrangian. The consistency condition (4.92) that is re-
quired by HP2 implies the existence of secondary constraints that depend on the Lagrange
multipliers. In the two-form model of section 3 these are the HS2 constraints that depend
on the Lagrange multiplier BtnM . In ExFT the consistency condition (4.92) seems to yield
several independent constraints as they depend on all of the independent Lagrange multi-
pliers N, Nn, AMt and BtnM . These constraints are of the form of the transformations of
ΠklM (B) but with the parameters given by the Lagrange multipliers. The transformations
generated by these constraints in the Poisson bracket are not very illuminating, but in anal-
ogy with the model in section 3 we should expect that these transformations are indeed
related to the tensor gauge transformations of BµνM . Ultimately these constraints exist
because of the linearity in the time derivative of the two-forms in the Lagrangian and be-
cause the two-forms couple to the other secondary constraints via the Stückelberg coupling
terms and the topological term couplings. To better understand the constraints analogous
to HS2 and the transformations generated by them we first need a better understanding of
the model two-form theory of section 3, including the construction of the Dirac bracket.

In section 5 we have calculated most of the transformations generated by the canonical
constraints. In particular the full transformations of the modified momenta PmM are very
complicated due to the number of topological contributions. For some of the transforma-
tions of PmM we have thus only given the result at κ = 0, thereby dropping all topological
contributions, which we considered as a purely computational tool.

We found that all fields transform under the generalised diffeomorphism constraint
as the generalised Lie derivative. For the one-forms and their momenta there are addi-
tional tensor gauge transformation terms that appear. The tensor gauge constraints HS1
and transformations that appear canonically in the transformations generated by HGD are
in analogy to the one-form gauge transformations that appear in the canonical transfor-
mations of the HDiff constraints in five-dimensional supergravity [14] — or analogously
in ExFT to the HGD terms that appear in the transformations of the HDiff constraints,
because in ExFT the HGD constraints also take the role of the one-form gauge transforma-
tions. For the two-forms and their momenta one only finds that their transformations under
HGD are given by the generalised Lie derivative when applying the HP2 constraints and for
the momenta there are additional terms that are likely related to the tensor gauge trans-
formations. In general the two-forms do not transform under any secondary constraints
because the Lagrangian is linear in their time derivative.
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For the external diffeomorphism constraints we found that the external vielbein and
the scalar fields transform as the covariantised external Lie derivative, which agrees with
the covariantised external diffeomorphisms described in the Lagrangian formulation [11].
The transformation of the one-forms (5.19) agrees in form with the transformation given
in [11], however the ∂Mξn term, that is responsible for fixing the relative coefficients in
the Lagrangian, has the opposite sign in the canonical transformation. As was shown in
section 5.3 the sign in the canonical formulation follows directly from the ADM decom-
position of the Einstein-Hilbert improvement term in (2.36). In section 2 we showed that
the term in the Lagrangian formulation followed directly from a compensating Lorentz
transformation, see also [4, 11]. In both formulations there does not seem to be any choice
involved in creating this term, in particular with respect to Lorentz transformations. The
conventions in both formulations also seem to agree and therefore we do not have any
explanation for this difference in sign. The canonical momenta of the vielbein, the scalars
and the one-forms also transform as the covariantised external Lie derivative, however in
these transformations there also appear ∂Mξn terms, which we should expect to play a
similar role in determining the relative coefficients in the Lagrangian or canonically lead-
ing to precise cancellations in the constraint algebra. For the one-form momenta there
furthermore appeared additional HGD and HS1 constraint terms.

For the canonical time evolution generated by the Hamilton constraint HHam we found
that the transformation of the vielbein, scalar fields and one-forms is identical in form
to that found in five-dimensional E6(6) invariant supergravity [14]. The two-forms do not
transform under this constraint because it is a secondary constraint — the time evolution of
the two-forms comes purely from the other constraints, similarly to the model in section 3.
The time evolution of the canonical momenta that we found in ExFT is more complicated
than in five-dimensional E6(6) invariant supergravity, mainly due to the scalar potential,
the covariant derivatives and to some extend also to the topological term. The expressions
we found for the time evolution reduce to those found in [14] when applying the trivial
solution of the section condition, but the expressions given here are likely not the simplest
and most covariant form of the equations of motion.

The HS1 constraints generate the transformations also found in the model theory, but
we also identified the transformation generated by them on the one-forms with the tensor
gauge transformation of the one-forms given in [11].

In section 6 we computed the canonical algebra relations of the Lorentz constraints
with the secondary constraints. The second class algebra relations of the two-form con-
straints were computed in section 3 for the two-form model. For the Poisson bracket of the
generalised diffeomorphism constraints with themselves we found that at least at κ = 0
the correct terms appear, but we cannot rule out that further constraints appear in this
relation canonically. For the remaining algebra relations we could for now only give spec-
ulative results based on [11, 14, 15] because not all transformations of PmM are fully known
and because of the above-described computational difficulties.

Concerning the section condition (2.10) we found that we do not need to use the
section condition to arrive at the canonical Hamiltonian. In the calculation of the canonical
gauge transformations done in this work the section condition was only needed once in
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the transformation of PmM under the external diffeomorphism constraint (5.21) in order to
match the two-form terms of the HGD constraints that appear. It may be that there is some
ambiguity in the definition of the topological term and one might be able to add a term that
vanishes under the section condition without affecting the variation of the overall term, in
which case one may not need to use the section condition before computing the constraint
algebra — but such a modification of the topological term remains to be determined and
as it is the section condition has to be used in the computation of (5.21). In the canonical
constraint algebra computations that were done in this work we could only confirm that the
section condition is needed many times in the computation of the closure of the generalised
diffeomorphisms. We have not been able to find any natural interpretation of the section
condition in the canonical formalism and the section condition has to be applied ad hoc.
It is not possible to view the section condition as a canonical constraint because we cannot
add the condition to the Lagrangian with Lagrange multipliers as it is not a condition on
the canonical variables but instead on the derivatives and coordinates themselves.

What remains to be done to complete the canonical analysis of E6(6) ExFT is to
compute the full transformations of PmM , to better understand the role of the constraints
HS2, to compute the full algebra of canonical constraints, to understand the difference in
sign in (5.19) compared to the Lagrangian formulation and finally to explicitly construct
appropriate Dirac brackets.

As an outlook it may be interesting to look for a generalisation of the Ashtekar
canonical variables of general relativity. First described in 1986 the Ashtekar variables
(or Ashtekar connection) Ama are alternative phase space coordinates in four-dimensional
(or three-dimensional) general relativity that lead to canonical constraints that are of poly-
nomial form [56, 57]. In general relativity the Asthekar variables can be written as (8.1),
where ωmab is the spin connection, Πm

a(e) are the canonical momenta of the spatial dreibein
and γ is a constant [58]. The coordinates that are canonically conjugate to the Asthekar
variables are the inverse densitised dreibein Ẽam := e ea

m [58].

Ama := −1
2 εabc ωmbc + γ

e

(
Πma(e)−

1
2ema Π(e)

)
(8.1)

In reference [7] it was found that the internal vielbein (which combines metric and three-
form degrees of freedom) of eleven-dimensional supergravity written in an external-internal
SO(16) invariant form, behaves in a similar way as the Ẽam variables and in particular
renders the supersymmetry constraints and transformation in polynomial form. It was
thus argued in [7, 59, 60] that there might exist such generalised Ashtekar variables in the
context of eleven-dimensional supergravity. Because one should be able to see the internal
vielbein of [7] as part of the internal vielbein of E8(8) ExFT one might hope to see a similar
structure in canonical ExFT.

In section 7 we have investigated the rewriting of the canonical E6(6) ExFT in terms of
the generalised USp(8) vielbein VABM . While the contractions of the canonical generalised
vielbein momenta terms in the Hamilton constraint (7.11), combined with the “internal
Ricci scalar” of the scalar potential, look somewhat like the ADM general relativity Hamil-
ton constraint we have not found that the generalised vielbein in this formulation has the
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desired properties of the Ashtekar connection — in particular they do not seem to render
the canonical constraints in polynomial form as is. Nonetheless it may be interesting to
further look into the possible existence of a generalised Ashtekar connection. As such a
construction may depend on the dimensions involved it may be advantageous to look at
the E8(8) ExFT, as is suggested by the SO(16) covariant results of [7].

If such a generalised Ashtekar connection existed for the extended exceptional geometry
one could attempt non-perturbative and background independent quantisation approaches
to ExFT along the lines of loop quantum gravity [58, 61]. Similarly it was attempted
in [62–64] to quantise eleven-dimensional supergravity in a background independent way
by borrowing methods from loop quantum gravity. It may also be possible to find that the
quantised ExFT is no longer equivalent to supergravity — in particular when quantised
in terms of generalised Ashtekar variables. Alternatively one could attempt the canonical
quantisation of ExFT in the present coordinates. Some loop calculations in ExFT have
already been carried out in [8, 9] for special geometries. Double field theory has recently
been discussed in the context of geometric quantisation in [10] and the extension of the
results to ExFT has also been commented on.
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