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Multiphoton excitation of a solid by a few-cycle, intense laser pulse forms a very nonequilibrium
distribution of charge carriers, where occupation probabilities do not necessarily decrease with energy.
Within a fraction of the pulse, significant population inversion can emerge between pairs of valence-band
states with a dipole-allowed transition between them. This population inversion leads to stimulated
emission in a laser-excited solid at frequencies where the unperturbed solid is transparent. We establish the
optimal conditions for observing this kind of strong-field-induced optical gain.
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Ultrafast photoinjection of charge carriers is one of the
basic approaches for the control of optical properties of
solids on ultrashort timescales. The relevant effects include
the well-studied Drude-like polarization response of photo-
injected carriers [1], renormalization of band energies [2–
4], disappearance of excitonic resonances [5,6], changes in
the nonlinear polarization response of a solid [7], and also
the formation of transient population inversion, the origin
of which is different from that described in basic textbooks
on laser physics. For example, population inversion and the
associated optical gain appear in optically pumped gra-
phene due to a relaxation bottleneck [8]. Population
inversion was also observed in atomically thin WS2, where
the main physical mechanism was found to be the band gap
renormalization in the presence of excitons [9]: once the
band edge is reduced below the energy of the exciton
resonance, the decay of an exciton may release energy in
the form of optical gain. Excitons were reported to be
responsible for transient gain in photoexcited quantum
wells [10]. Two-photon stimulated emission that follows
multiphoton excitation was observed in sapphire [11] and,
more recently, in fused silica [12]. In fused silica, also
decay of excitons was found to cause stimulated emission
at ≳350 fs delays after photoexcitation.
We investigate yet another type of transient population

inversion, which is characteristic to transparent solids
nonlinearly photoexcited by a few-cycle laser pulse, the
central frequency of which is much smaller than the band
gap. When an electron is excited from a valence state to a

conduction state by multiphoton absorption or interband
tunneling, the transition probability is known to be very
sensitive to the energy difference between the states: the
larger the energy gap, the smaller the excitation probability.
Nevertheless, these are not always states in the uppermost
valence band that are depleted most. When the laser pulse
depletes one of the deeper valence states more efficiently
than a state above it, population inversion emerges. It can
also emerge if transitions from valence bands to the lowest
conduction band are not as efficient as those to one of the
higher conduction bands. A similar effect is well known for
molecules: strong-field ionization does not always favor the
highest occupied molecular orbital [13–15]. If this kind of
population inversion occurs in bulk solids, it may be
possible to observe it as optical gain in the spectral region
where the unperturbed crystal is transparent [16,17];
however, fast relaxation processes make this gain short-
lived. Once photoinjected charge carriers thermalize, which
usually takes a few tens of femtoseconds [18,19], no
population inversion between valence-band states is pos-
sible. Therefore, it is important to clarify the optimal
conditions for the observation of such anomalies in the
depletion of valence-band states. This is the main purpose
of this Letter.
Let us consider two electrons that share the same crystal

momentum k and initially reside in fully occupied valence
bands v1 and v2. A laser pulse depletes the valence-band
states by promoting the electrons to conduction bands. Can
a laser pulse deplete the energetically lower v1 state more
efficiently than the upper v2 state, thus forming population
inversion? Usually, this does not happen because the
probability of multiphoton or tunneling excitation rapidly
decreases with the transition energy. However, this prob-
ability also depends on the dipole transition matrix element
between the initial valence-band states and final conduc-
tion-band states. Let us consider this dependence in the
case of a homogeneous electric field interacting with an

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Open access publication funded by the Max Planck
Society.

PHYSICAL REVIEW LETTERS 127, 087401 (2021)

0031-9007=21=127(8)=087401(6) 087401-1 Published by the American Physical Society

https://orcid.org/0000-0001-6544-1104
https://orcid.org/0000-0002-0648-9375
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.127.087401&domain=pdf&date_stamp=2021-08-17
https://doi.org/10.1103/PhysRevLett.127.087401
https://doi.org/10.1103/PhysRevLett.127.087401
https://doi.org/10.1103/PhysRevLett.127.087401
https://doi.org/10.1103/PhysRevLett.127.087401
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


electron in a periodic lattice potential. In the basis of
accelerated Bloch states [20], the mathematical expression
that is responsible for exciting an electron from a valence
band v to the lowest conduction band c at a time t contains
the scalar product of the laser field and the dipole transition
matrix element: FLðtÞ · dcv(kþ eℏ−1ALðtÞ). Here, e > 0
is the elementary charge and FLðtÞ ¼ −A0

LðtÞ is the
external electric field. It is important to note that the
magnitude of dcv does not need to be small to suppress
excitations from the upper valence state—if the vectors
FLðtÞ and dcv(kþ eℏ−1ALðtÞ) were orthogonal to each
other at all times, the laser pulse would not cause direct
transitions from band v to band c at crystal momentum k.
This suggests the following recipe for achieving population
inversion between two valence-band states: among all the
directions orthogonal to dcv2ðkÞ, choose the one that is
most aligned with dcv1ðkÞ and use FL polarized along this
direction. There are, however, many reasons why this
simple recipe may not work. The above analysis neglects
transitions from v2 to upper conduction bands; it also
neglects transitions among conduction bands and among
partially depleted valence-band states. Also, for the full
suppression of direct transitions from v2 to c, the condition
FL · dcv2 ¼ 0 must be satisfied not just for a particular
crystal momentum k, but along the line kþ eℏ−1ALðtÞ.
Finally, the Cartesian components of dcv are, in general,
complex numbers, so that there may be no vector FL with
real-valued Cartesian components that satisfies
FL · dcv2 ¼ 0. In the rest of this Letter, we numerically
demonstrate that, in spite of all these complications, the
orientation of the dcv vectors plays a crucial role in forming
a population inversion and the associated optical gain.
The presence of a population inversion between two

valence-band states is not sufficient for observing optical
gain, even if the transition between the states is dipole
allowed. This is because the electronic structure of a solid
supports, in general, multiple single-photon transitions at a
given frequency. Stimulated emission due to one of these
transitions can be compensated by absorption due to
another one that lacks population inversion. To establish
the optimal conditions for observing optical gain, we must
consider crystal symmetry. By applying all the point-group
symmetry operations R to a crystal momentum k, we
obtain a star of k [21]: a set of crystal momenta with a
shared set of band energies ϵnðkÞ ¼ ϵnðRkÞ and dipole
matrix elements that are related to each other by
dnmðRkÞ ¼ RdnmðkÞ. Our goal is to suppress transitions
from band v2 in a particular star of k knowing that FL ·
dcv2ðkÞ ¼ 0 for one of its elements. This requirement
translates into

0 ¼ FL · dcv2ðRkÞ ¼ FL · Rdcv2ðkÞ for all R: ð1Þ

The point-group symmetry operations consist of rotations
and, possibly, inversion. To satisfy the above condition, all

the rotations must be around the same axis. If dcv2ðkÞ is
parallel to the rotation axis, then all the dcv2ðRkÞ vectors
are parallel to each other, and Eq. (1) is satisfied whenever
FL is orthogonal to the rotation axis. This is the case
illustrated in the right inset of Fig. 1. Alternatively, Eq. (1)
can be satisfied if FL is parallel to the rotation axis, while all
the dcv2ðRkÞ vectors are orthogonal to it. Even though
Eq. (1) does not guarantee the formation of population
inversion in the entire star of k, we find it to be an excellent
indicator for observing optical gain in a nonlinearly
excited solid.
For this purpose, crystals that possess only one axis of

rotation are particularly well suited. Searching for con-
ditions that favor the appearance of stimulated emission, we
choose FL to be perpendicular to the crystal axis and look
for pairs of valence-band states where dcv2ðkÞ is parallel to
the crystal axis, while dcv1ðkÞ is perpendicular to it, as
shown in Fig. 1.
In the following, we illustrate the above ideas using

gallium nitride (GaN) as a representative uniaxial crystal.
We model its interaction with light by solving the velocity-
gauge time-dependent Schrödinger equation

iℏ
d
dt

jψnkðtÞi ¼
�
Ĥð0Þ

k þ e
m0

ALðtÞ · p̂
�
jψnkðtÞi ð2Þ

for a set of initial valence-band states. Here, m0 is the free-
electron mass, and p̂ is the momentum operator. We expand
the wave functions in the basis of stationary three-dimen-
sional Bloch states:

jψnkðtÞi ¼
X
m

αmnðk; tÞe−ði=ℏÞϵmðkÞtjmki: ð3Þ

FIG. 1. This schematic illustrates the ideal setting for the
formation of population inversion between valence bands v1
and v2 at crystal momenta that form a star of k. The left and right
insets show the dcv1ðkÞ and dcv2ðkÞ vectors, respectively. These
matrix elements control the probabilities of photoexcitation to the
lowest conduction band. If the electric field of the photoexciting
laser pulse is perpendicular to the vertical axis, then
FL · dcv2ðkÞ≡ 0, so that all the fv2;kg → fc;kg transitions
are strongly suppressed. At the same time, the laser pulse will
efficiently drive some of the fv1;kg → fc;kg transitions.
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The energies ϵmðkÞ and the eigenstates of the unperturbed

Hamiltonian are defined by Ĥð0Þ
k jmki ¼ ϵmðkÞjmki. An

expansion coefficient αmnðk; tÞ is equal to the probability
amplitude of observing an electron in state jmki, provided
that the electron was originally in state jnki. Consequently,
the initial condition for solving Eq. (3) is αmnðk; t0Þ ¼ δmn,
with band n being a valence band.
In this formalism, the electronic structure of the solid

is fully described by its band energies ϵmðkÞ and the
matrix elements of the momentum operator: pmnðkÞ ¼
hmkjp̂jnki. We obtained these functions from density
functional theory with the Tran-Blaha exchange-correlation
potential [22], using the ELK code [23]. We obtained a band
gap of 3.18 eV, which is close to the experimental value of
3.4 eV. The matrix elements of the momentum operator are
related to the dipole transition matrix elements by
dmn ¼ −ieℏpmn=½m0ðϵm − ϵnÞ�. We discretized reciprocal
space by the 20 × 20 × 20Monkhorst-Pack grid and used a
basis of 100 energy bands, 18 of which were valence bands.
We parametrize the laser pulse with

ALðtÞ ¼ −eL
FL

ωL
θðTL − jtjÞ cos4

�
πt
2TL

�
sinðωLtÞ; ð4Þ

where eL is a unit vector along the laser polarization, ωL is
the central frequency, θðtÞ is the Heaviside function, and TL
is related to the full width at half maximum (FWHM) of the
pulse by TL ¼ πFWHM=½4 arccosð2−0.125Þ�. We used
ℏωL ¼ 1.56 eV (800 nm), FWHM ¼ 4 fs, and eL pointing
along the ½11̄0� direction, which is parallel to the mirror
plane of the GaN crystal.
From the numerical solution of Eq. (2), we evaluate the

occupation probabilities

fmðkÞ ¼
X

m0∈VB

jαmm0 ðk; TLÞj2; ð5Þ

where we add the contributions from all the valence
bands (VB). Population inversion emerges when-
ever fmðkÞ > fnðkÞ for ϵmðkÞ > ϵnðkÞ. Figure 2
displays the maximal and minimal values of
fmðkÞ − fnðkÞ. More precisely, Fig. 2(a) displays
maxjϵmðkÞ−ϵnðkÞ−ϵj≲Δϵffmðk; FLÞ − fnðk; FLÞg; we observe
significant (∼0.3) population inversion for FL ≳ 0.3 VÅ−1.
However, minjϵmðkÞ−ϵnðkÞ−ϵj≲Δϵffmðk; FLÞ − fnðk; FLÞg,
shown in Fig. 2(b), tells us that there are also transitions
that contribute to absorption in the same spectral regions
where we find transitions that would amplify probe light. For
both figures, we used an energy bin of Δϵ ¼ 0.025 eV.
According to Fig. 2(a), population inversion mainly

forms at ℏω ¼ 0.6 eV and ℏω ¼ 1.1 eV, and these
frequencies are practically independent of the peak field
strength of the laser pulse. Analyzing the occupation
probabilities, we see that, for both these frequencies, the
relevant lower and upper Bloch states reside in the split-off

(SO) and light-hole (LH) bands. The insets of Fig. 2(a)
display the stars of k associated with these transitions.
Both these stars lie in the kz ¼ 0 plane. The crystal
momenta that are responsible for transitions at 0.6 eV
have jkj ¼ 0.23 Å−1, while the 1.1-eV transitions are due
to crystal momenta with jkj ¼ 0.35 Å−1. The arrows in the
insets represent dcvðkÞ in the following sense: the direction
of each arrow is that of a unit vector e that maximizes
je · dcvðkÞj, while the length of each arrow represents
jdcvðkÞj. The laser field in these simulations was
perpendicular to kzk½001�, so excitations from the LH
band were strongly suppressed at both stars of k (the red
arrows are approximately orthogonal to eL). In contrast,
some of the states in the energetically lower SO band have
their dcv1ðkÞ aligned with the laser field. These states are
depleted significantly, which leads to population inversion.
Note that this happens in both multiphoton and tunneling
regimes—the Keldysh parameter changes from 3 to 0.7 as
FL grows from 0.1 VÅ−1 to 0.6 VÅ−1.
As long as there are amplifying and absorbing transitions

at the same frequencies, the above analysis does not tell us
whether a photoexcited solid will amplify or attenuate a
weak probe pulse. To find this out, we calculated the tensor
of linear susceptibility [24]:

FIG. 2. (a) The maximal population inversion in dependence of
transition energy ℏω and peak laser field within the solid FL.
(b) Peak population differences responsible for absorption (see
the text for details). The insets in (a) show the magnitudes and
orientations of dcvðkÞ for the two stars of k where population
differences are particularly prominent; LH, SO, and CB denote
the light-hole, split-off, and conduction bands.
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χαβðωÞ ¼ e2
Z
BZ

d3k
ð2πÞ3

X
n

fnðkÞ
�
−
m̂−1ðn;kÞ

ω2
þ 1

ℏm2
0

×
X
m≠n

�
1

ω2
mnðkÞ

�
2i

ωþ iγ
Im½pα

nmðkÞpβ
mnðkÞ�

þ pα
nmðkÞpβ

mnðkÞ
ωmnðkÞ − ω − iγ

þ pα
mnðkÞpβ

nmðkÞ
ωmnðkÞ þ ωþ iγ

���
:

ð6Þ

Here, m̂−1 is the inverse-mass tensor, while γ is a phe-
nomenological dephasing rate. Our main motivation for
introducing the dephasing parameter was not to account for
physical processes that destroy interband coherence, but to
counteract numerical artifacts—without dephasing, the
absorption spectrum would consist of a set of sharp
resonances that correspond to transitions at the nodes of
the k grid. For this purpose, we chose γ ¼ 5 ×
1013 s−1 (γ−1 ¼ 20 fs).
With the aid of χαβðωÞ, we investigate the linear

propagation of light in the direction that is perpendicular
to both the polarization direction of the excitation pulse and
the crystal axis. Let u be a unit vector pointing in this
direction, the Miller indices of which are [110]. The two
waves that propagate in this direction without changing
their polarization state are found by solving the following
eigenproblem:

ϵ̂−1ðωÞð1 − u ⊗ uTÞeiðωÞ ¼ n−2i ðωÞeiðωÞ; ð7Þ

where ϵ̂ðωÞ ¼ 1þ 4πχ̂ðωÞ is the permittivity tensor. Doing
so, we discard the solution with zero eigenvalue, where
eiku. The other two eigenvectors, e1 and e2, are the
polarization vectors of the two propagating modes. Since
we chose eL to be in the mirror plane of the crystal,
photoexcitation by the laser pulse preserves the mirror
symmetry. Because of this, one of the two eigenvectors
turns out to be parallel to eL, while the other one is collinear
with the crystal axis. In the following, we set e1keL and
e2k½001�. Note that, in this setting, the pump pulse
preserves its polarization state as it propagates through
the crystal. The n−2i eigenvalues in Eq. (7) are inverse
squares of the effective refractive indices for both modes.
A mode experiences optical gain if the imaginary part of its
refractive index is negative. For the first mode (e1keL), we
plot Im½n� in Fig. 3(a). This mode mainly experiences
absorption. The second mode, which is polarized along the
crystal axis, is strongly amplified, as we see in Fig. 3(b).
Comparing Figs. 2 and 3, we see that the e1 mode is

particularly efficient at driving transitions that absorb light,
while the other mode benefits most from population
inversion. This difference can be understood by analyzing
the matrix elements that are responsible for transitions that
dominate Fig. 2. For the star of k that is responsible for
optical gain at 0.6 eV, maxk je2 · dSO−LHðkÞj exceeds

maxk je1 · dSO−LHðkÞj by a factor of 15; for the 1.1 eV
star of k, this is a factor of 6. Consequently, the e2 mode
more efficiently drives the transitions that are responsible
for stimulated emission. In other words, the dSO−LHðkÞ
matrix elements for these transitions are approximately
aligned with the crystal axis, so that they do not amplify the
e1 mode, which experiences absorption by driving tran-
sitions between other pairs of valence- and conduction-
band states, where no population inversion is present.
Photoexcited charge carriers undergo fast relaxation

dynamics by interacting among themselves, as well as
with phonons. While the charge-carrier recombination is a
relatively slow process, it takes merely a few tens of
femtoseconds for the energy distributions of electrons
and holes to approach those prescribed by the Fermi-
Dirac statistics [18,19]. In this thermalized state, occupa-
tions monotonously decrease with increasing state energy,
so population inversion is quickly destroyed by relaxation.
While the theoretical description of femtosecond-scale
relaxation is challenging, it is easy to obtain state occu-
pations in a thermalized state assuming that the total energy
and the concentration of charge carriers are preserved
during thermalization [25]. In Supplemental Material
[26], we show Im½n� after thermalization.
In summary, we have described conditions that are

particularly favorable for inducing population inversion

FIG. 3. The imaginary part of the effective refractive index for
the two modes propagating along the [110] direction of the
photoexcited GaN crystal. The insets display the polarization
directions (e1 and e2) relative to the crystal orientation. The blue
and red circles represent the positions of nitrogen and gallium
atoms, respectively.
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and optical gain by ultrafast, strong-field photoinjection in
a transparent uniaxial crystal. We have also provided
numerical evidence that, for carefully chosen directions
of the crystal axis, pump, and probe fields, this is expected
to be a significant effect (propagation over a distance as
short as a single wavelength doubles light intensity for
Im½n� ¼ −0.055). In reality, the amplification must be
weaker because, even with few-cycle pump and probe
pulses, relaxation will reduce population inversion during
the light-matter interaction—Fig. 3(b) presents an upper
limit for small-signal gain. Nevertheless, as long as
population inversion formed between valence bands per-
sists for ≳10 fs, this should be a measurable effect.
In contrast to other known kinds of optical gain induced

by laser photoexcitation, the process considered here is
ultrafast—population inversion forms immediately after
nonlinear photoexcitation, while only the central part of
a pump pulse has a sufficient intensity to drive multiphoton
transitions. While a few-cycle pump pulse is not essential
for the formation of population inversion, the possibility to
form optical gain within a single optical cycle opens up new
opportunities for ultrafast spectroscopy, ultrafast metrol-
ogy, and petahertz-scale photonics. In particular, it may
assist purely optical investigations of the fastest stages of
relaxation that electrons and holes undergo after ultrafast
photoinjection. Currently, little is known about the relax-
ation of such very nonequilibrium electronic excitations,
especially if the concentration of photoinjected charge
carriers is so high that the Coulomb interaction between
them plays a significant role. Observing an ultrafast
formation of optical gain, as well as its fast decay would
be an application for recently developed techniques that
allow for petahertz-scale sampling of optical fields—it is
nowadays possible to measure how transmission through a
thin sample changes the time-dependent electric field of a
light wave [30–32]. In this case, the temporal resolution of
a pump-probe measurement is not limited by the duration
of the probe pulse, which gives access to the processes
unfolding within a fraction of an optical cycle. Transient
optical gain is well suited for such investigations because it
unambiguously indicates the presence of population
inversion.
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