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Experimental demonstrations of tunable cor-
relation effects in magic-angle twisted bilayer
graphene [1H7] have put two-dimensional moiré
quantum materials at the forefront of condensed-
matter research [8]. Other twisted few-layer
graphitic structures [9H16], boron-nitride [17],
and homo- or hetero-stacks of transition metal
dichalcogenides (TMDs) [18-24] have further en-
riched the opportunities for analysis and utiliza-
tion of correlations in these systems. Recently,
within the latter material class, strong spin-orbit
coupling [23] [24] or excitonic physics [25H27] were
experimentally explored. The observation of a
Mott insulating state [28), [29] and other fasci-
nating collective phenomena such as generalized
Wigner crystals [29], stripe phases [30] and quan-
tum anomalous Hall insulators [31] confirmed the
relevance of many-body interactions, and demon-
strated the importance of their extended range.
Since the interaction, its range, and the filling can
be tuned experimentally by twist angle, substrate
engineering and gating, we here explore Fermi
surface instabilities and resulting phases of mat-
ter of hetero-bilayer TMDs. Using an unbiased
renormalization group approach, we establish in
particular that hetero-bilayer TMDs are unique
platforms to realize topological superconductiv-
ity with winding number |[N| = 4. We show that
this state reflects in pronounced experimental sig-
natures, such as distinct quantum Hall features.

The pairing of electrons in a superconductor is among
the most intriguing effects in the study of collective
phenomena. In the quest to achieve ever higher criti-
cal temperatures unconventional superconducting states
have received an increasing amount of attention [32] B3]
as they allow superconducting temperatures beyond the
bounds of standard BCS theory [34]. At the same time,
combining superconductivity with non-trivial topology is
a promising route for quantum information sciences as
such topological superconductors may harbor robust edge
states at domain boundaries with topological properties
advantageous to computing applications [35].

However, realizing and controlling topological super-
conductors proves difficult to this date, with only a few
candidate materials currently being suggested, e.g., [30-
40]. A new direction in the study of superconductivity

opened up recently in twisted moiré quantum materi-
als, i.e. two-dimensional van der Waals materials be-
ing stacked at a relative twist angle [IHI7, 41l [42]. In
these systems kinetic energy scales can be tuned by the
twist angle allowing to promote the relative relevance of
potential, spin-orbit coupling or other energy scales [§].
Indeed, topological properties as well as superconductiv-
ity were already demonstrated in these highly versatile
systems and as a consequence they could provide an ex-
cellent opportunity to engineer novel topological super-
conductors.

Here, we explore this idea for moiré transition metal
dichalcogenides (see Fig. [Th) [8, 18-24, 28] by analyzing
the Fermi surface instabilities of twisted hetero-bilayers
of WXs/MoX, (X=S,Se) away from half filling of the
moiré band. We unveil an exotic superconducting state
near Van Hove filling described by form factors with eight
zero crossings, arising from the extended range of inter-
actions in these materials. We show that the supercon-
ducting ground state is formed by a chiral configuration,
which is characterized by a full gap on the Fermi surface
and non-trivial topology with winding number |[N| = 4.
We argue that this type of topological superconductiv-
ity leads to distinct experimental signatures in quantum
Hall transport measurements and elevates twisted hetero-
bilayers of TMDs to prime candidates for experimental
scrutiny of topological superconductivity.

In a range of small twist angles, isolated and nar-
row moiré bands emerge in TMD hetero-bilayers of
WXz2/MoXy (X=S,Se) [I8-24]. These flat bands are
formed by the highest, spin-polarized valence band of
WX, and can be described by an extended triangular-
lattice Hubbard model H = Hg + Hj, which features an
effective SU(2) valley symmetry [18]
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FIG. 1. Correlated phase diagram of hetero-bilayer TMDs. a Sketch of a twisted WSez/MoS, bilayer with small twist
angle 6. The resulting effective moiré potential [I8] [24] is indicated by the contour shading at the top. The four red lines
represent the chiral edge modes of the topological superconducting state with A" = 4. b Dispersion of the energy band e
along high-symmetry lines and density of states (DOS). We explore filling levels indicated by the red band between half filling
(u ~ 0) and Van Hove filling (x = —5.5meV, ~ 1/4 filling). ¢ Nearly nested Fermi surface close to the Van Hove energy.
Numbered open circles show the momentum resolution of the Fermi surface employed in the FRG approach. d Extended
interaction parameters as function of distance r,/a, a is the moiré lattice spacing [I8] [24]. The gray area marks the explored
range of interactions, which are tunable by the environment. Inset: sketch of the interactions on the triangular moiré lattice.
e Phase diagram as function of nearest-neighbor repulsion V; and filling controlled by the chemical potential ;1 extracted from
the Fermi-liquid instabilities in the FRG flow for U = 4¢1, V2/Vi = 0.357 and V3/V1 = 0.260 (see Fig. ) The background
color encodes our estimate for the critical temperature (see methods). We find an instability towards a valley density wave
(VDW) near Van Hove filling p ~ —5.5meV. It is flanked by an i-wave superconducting instability (¢SC) for small V4 /U and
by a g-wave superconducting instability for larger V4 /U. In the ground state, the g-wave superconducting instability forms
a chiral g + ig state (g + ig SC) characterized by winding number N' = 4. The regime colored in black, does not show any
instability within our numerical accuracy. f Filling-dependent critical temperature near Van Hove filling. Below the gray band,
we cannot resolve any instability within our numerical accuracy. g Dependence of the critical temperature on the extended
interactions tuned via V1 /U at fixed V2/Vi, V3 /V; slightly away from Van Hove filling.

and V3/Vi ~ 0.260 [I8, 24] (Fig. [Id). In a second step
we also investigate the impact of an additional nearest-
neighbor exchange interaction H; = JZ@'J') S;S; to

ingly small twist angle t; =~ 2.5meV,t; ~ —0.5meV, t3 =~
—0.25meV [I8]. The resulting moiré band e; features
a Van Hove peak in the density of states near 1/4 fill-
ing (—5.5meV), where the Fermi surface is approximately
nested (Fig. ,c). In experiment, the filling can be ad-
justed, and Van Hove filling can be reached, by tuning
the gate voltage, which we model here by varying the
chemical potential p between 1/4 and 1/2 filling. The
interaction parameters U, V,, also depend on the twist
angle, and on the dielectric environment so that the

model strong-coupling effects.

We study the correlated phases of hetero-bilayer TMDs
that emerge out of a metallic state within an itiner-
ant scenario using the fermionic functional renormaliza-
tion group (FRG) [44]. The FRG resolves the compe-
tition between different ordering tendencies in an unbi-

strength and range of interactions can be controlled [43].
First-principles calculations show that the extended in-
teractions V,, are sizable in effective models for hetero-
bilayer TMDs [18]. For our analysis, we use an inter-
mediate interaction strength for the onsite interaction
U = 4t; and explore the effect of further-ranged inter-
actions by varying V1 /U € [0,0.5] with V5/V; ~ 0.357

ased way and is employed to calculate the dressed, irre-
ducible two-particle correlation function V(El, ko, Eg, E4)
for electrons with momenta Ei, i = 1...4, on the
Fermi surface (Fig. [Ik). Upon lowering the tempera-
ture, V(El, ko, k3, E4) develops sharp, localized peaks for
characteristic momentum combinations, indicating long-
ranged correlations in real space. This allows us to ex-
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FIG. 2. Topological superconductivity in hetero-bilayer TMDs. a The phase winding of the superconductlng gap in the
g + ig state can be visualized by a skyrmion configuration constructed from the vector m = (ReAk, ImAg, Ek)/(.f +]Az2)M2
m points up (down) at the highest (lowest) energies £z = ez — v and rotates A times in the plane in the vicinity of the Fermi
level &z = 0. The skyrmion configuration is used to calculate the winding number A/, which for a broad range of fillings around
Van Hove filling is |N| = 4, indicating an enhanced response in thermal and spin quantum Hall measurements. b Functional
RG data of the irreducible two-particle correlation function V(El, Eg, Eg, E4) near the instability temperature for incoming wave
vectors l;h k2. Wave vectors are labeled by the patch pomts along the Fermi surface indicated in Fig. |lc. The outgoing wave
vector kg is fixed at patch no. 1 and k4 = kl + kz — k3 is given by momentum conservation. The sharp diagonal features
oceur at ki = —k27 ks = —k47 indicating the formation of long-ranged superconducting correlations. ¢ Superconducting form
factors g+ (k) extracted from V(El, E27 E37 E4) in b. They exhibit a large overlap with a linear combination of the second-nearest-
neighbor lattice harmonics g1 (l;), gg(E) (solid gray lines) defined in the text, which belong to the two-dimensional irreducible
representation Fo of the lattice symmetry group Cs,. We classify them as g-wave form factors due to their eight nodes.
d Absolute value and phase of the gap function on the Fermi surface. The chiral superposition Az = |A|(g1(k k) + iga(k)) fully
gaps the Fermi surface, thereby minimizing the energy. Such a g+ ig superconducting state breaks tlme-reversal symmetry and
is topological with a four-fold phase winding along the Fermi surface |[N'| = 4. e Stability of the g-wave superconduting state
towards inclusion of J/U for V1 /U = 0.2 at u = 5.3075 meV. For growing values of the exchange interaction J, the nearest-
neighbor harmonics di and dz of F> (defined in the text) start to contribute as indicated by the colored transition. They are
pure d-wave form factors with only four nodes. For J/U < 0.1, the contribution from d; and ds is negligible. f Example of the
extracted form factors for J/U = 0.5 where di,d2 and g1, g2 roughly contribute by equal amounts, showing the change in the
number of nodes due to the admixture.

This state is

tract the temperature where a strongly-correlated state ie.

forms, as well as the symmetry and type of the strongest
correlations (see methods).

In our model for hetero-bilayer TMD moiré systems,
instabilities near 1/4 filling occur due to the high den-
sity of states and approximate nesting, which leads to
symmetry-broken ground states. We start with vary-
ing p and V,, and calculate the phase diagram based on
the two-particle correlation functions (Fig. ) Closest
to Van Hove filling y ~ —5.5meV, we find that corre-
lations corresponding to a valley density wave (VDW)
are strongest, which manifest themselves by peaks at
the nesting momenta Qn, o = 1,2,3 in V(El, Ko, ks, /34)7

at k3—k‘1 = Qa or k‘3—]€2 :Qa~
the analogue of a spin density wave [45] 46] considering
that, here, the SU(2) symmetry belongs to a pseudo-spin
formed by the valleys. The VDW instability is insensitive
towards the inclusion of V,, in the explored range.

Moving the filling slightly away from Van Hove filling,
we obtain a superconducting 1nstab1hty, which is indi-
cated by diagonal peak positions, i.e. V(kl7 kg, k3, k4)
V(ky, —ki, ks, —k3), that correspond to electron pairs
with a total momentum of zero k1 + ko = ks + k4 = 0
(Fig. [2b). Increasing the filling further reduces the crit-
ical temperature until it vanishes (Fig. [If). The inclu-
sion of V,, has a profound impact: it strongly affects the



symmetry of the superconducting correlations, because
it penalizes electrons to be simultaneously on neighbor-
ing sites, so that electron pairing is shifted to farther-
distanced neighbors. As a result, the largest attraction
is promoted to occur in a higher-harmonic channel.

The symmetry of the pair correlations can be classi-
fied in terms of the irreducible representations of the lat-
tice pomt group Cey by expanding the eigenfunctions of

V(k,—k,k',—k') in lattice harmonics. Within an irre-
ducible representation, lattice harmonics with the same
symmetry but different angular-momentum form factors
can mix and it depends on microscopic details which lat-
tice harmonics are the strongest.

For small V,,, we find a small regime with A symmetry
(i-wave) in agreement with previous results for V,, = 0
[47, [48]. However, for larger V,, (V1/U 2 0.15), including
realistic values in twisted TMDs [18] 24], we unveil a large
regime with a different symmetry. That V; drives this
instability can also be seen at the critical temperature,
which initially increases with V; and then saturates (see
Fig. ) The pair correlations in this regime are fitted
well using the second-nearest-neighbor lattice harmon-
ics gl( k) = 8/9]— cos(3ky/2) cos(V/3ky,/2) + cos(v/3k,)],

g2(F) = 8/(3V/3) sin(3k, /2) sin(v/3k, /2) (Fig. [2k). They
belong to the two-dimensional irreducible representation
E5, which contains both, d- and g-wave form factors.
While they cannot, in principle, be distinguished by sym-
metry, we can categorize our result as g-wave based on
the number of nodes [49]. This has unique, measurable
consequences for the topological properties of the super-
conducting state.

Due to the two-dimensional Fy symmetry, the super-
conducting gap has two components A, As and addi-
tional symmetries besides U(1) can be broken depending
on the configuration that forms the ground state [50].
The ground-state configuration is determined by mini-
mizing the Landau energy functional

L=a(|A1*+]Ax )+ B(| A1) +4]AT+ AT (3)

We use our FRG results as an input for the effective
interaction V (k, —k, k', — K’ )cjz ch % o
the instability and perform a Hubbard-Stratonovich de-
coupling with the pairing fields A; ~ gz(k‘)ch+ R

AF ~ gilk)e TE. CTE+

C_F . Cho close to

Integrating out the electrons,

we find in particular v > 0. Thus, the chiral con-
figuration A; = iA; minimizes the energy. Such a
“g+1g” superconducting state breaks time-reversal sym-
metry and is topologically non-trivial. The Fermi sur-
face is fully gapped as we can see from the quasiparti-
cle energy Ej = (52 + IAE|2)1/2’ where {; = € — p,

Ap = Alg1 (k) +ig2(K)], and g1, go are the FRG-extracted
form factors (see Figs. ,d). The topological properties
can be classified by an integer invariant based on the
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FIG. 3. Effect of exchange coupling. a Filling-dependent
critical temperature for a sizable exchange coupling J/t = 0.5.
The exchange coupling generates a d-wave instability, which
indicates a chiral d+id ground state. b Superconducting form
factors d+ (k) extracted from V(El, Ez, Eg, E4) which exhibit a
large overlap with a linear combination of nearest-neighbor
lattice harmonics di, d2 (solid gray lines) defined in the text.
Their chiral superposition d + id fully gaps the Fermi surface
with the gap function A(k) shown in the lowest panels (c,d).
The phase winds twice around the Fermi surface.
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where the pseudo-spin vector is given by m =
(ReAj, ImAg, &) /By (Fig. ) m follows the phase
winding of the superconducting gap around the Fermi
surface. We calculate A for the entire range of fillings
and find |[N| = 4 in the relevant regime where the su-
perconducting instability occurs. Importantly, the high
winding number |N| = 4 implies stronger experimental
signatures compared to other topological superconduc-
tors. Four chiral edge modes appear (as illustrated in
Fig. ) and the quantized thermal and spin response
is enhanced with the spin Hall conductance given by

= Nh/(8m) and the thermal Hall conductance by

k= Nﬂ'k 2 /(6h) [54, 55).

The g + ig pairing state is robust with respect to
the inclusion of small to intermediate nearest-neighbor
exchange J. For example, for V;/U = 0.2 and p =~
—5.31meV, g + ig pairing is dominant up to reasonably
large values of J =~ 0.1 (Fig. ) For larger values of
J, d-wave contributions from the nearest-neighbor form
factors di (k) = 2(cosky — cos(ky/2) cos(v/3k,/2)) and
do(k) = 3//3sin(ky/2) sin(v/3k, /2) start to mix with
the previous g-wave ones g1, g2 (see Figs. [2) Isf This
is expected when the attraction mediated by antiferro-




magnetic fluctuations from J overcomes the repulsion
from V,,. For larger values of J and farther away from
Van Hove filling, the d-wave form factors dominate (see
Figs. 7b). Then, the superconducting ground state is a
fully gapped d+id state with |A/| = 2, which can be seen
from the phase of the superconducting state winding two
times along the Fermi surface (see Figs. [3f,d).

Our results highlight twisted hetero-bilayers of TMDs
as prime candidates for exotic topological superconduct-
ing states in two-dimensional materials. They allow — by
moiré or substrate engineering — for an unprecedented
level of external control [8] and our identification of topo-
logical g+1ig superconductivity opens up pathways to in-
terrogate this elusive phase of matter in a highly tunable
setup. Exploiting the unparalleled level of control, these
platforms provide the opportunity to scrutinize topolog-
ical phase transitions using gating which, as we showed,
drives the g + ig state into a density wave or a metal-
lic state at either side of the topological superconductor.
This can also shed light on related questions about topo-
logical transitions, e.g., the nodal structure at the transi-
tion point from |[N| = 2 to |N| = 4, which is intensely de-
bated for Na,CoOs [56, 67]. An intriguing avenue of fu-
ture research concerns the relevance of (magnetic as well
as non-magnetic) disorder and finite size effects onto the
g-wave superconducting state as moiré materials tend to
form localized dislocations [58]. From a theoretical angle,
the recently developed real-space extension of the unbi-
ased renormalization scheme used here might provide in-
sights into these questions [59]. Another interesting pos-
sibility is to investigate if non-local Coulomb interactions
can also induce topological triplet superconductivity as
discussed for Ref. [60].

Experimentally, the prediction of g + ig topological
superconductivity can be verified using thermal or spin
quantum Hall measurements which reveals the four-fold
nature of the chiral and topologically protected edge
modes. Domain walls between N’ = +4 and —4 configu-
rations must host eight propagating chiral modes [51].
Whether these edge modes can be utilized for future
quantum information technologies requires additional in-
vestigation [61]. The option appears particularly intrigu-
ing with twisted hetero-bilayers of TMDs being so highly
tunable and the energy scales on which the material prop-
erties can be altered being so low due to the flat bands.

METHODS

We have employed the functional renormalization
group method to explore the phase diagram of our
model [44, [62, [63]. Within the FRG, we choose the
temperature as the flow parameter and use an approx-
imation that neglects feed-back from the self-energy
and three-particle vertices or higher. In this approx-
imation, we obtain a renormalization group equation
for the two-particle correlation function I'?P) that de-
scribes its evolution upon lowering the temperature.

In an SU(2)-symmetric system, I'®?) can be expressed
via a (pseudo-)spin-independent coupling function V
as Fgﬁlsss4(k1,k2,k3,k4) = V(k1, k2, k3,k4)05,5,05555 —
V (1, k2, ka, k3)0s,5,0s5s5, Where s; labels the (pseudo-
)spin, and k1, ke are incoming and ks, k4 outgoing mo-
menta. Momentum conservation requires ki + ko =
ks + k4, so for brevity we will use V(ki, ko, k3) =
V(kl, kg, kg, kl + kQ - kg) in the fOHOWng.

The RG equation for the temperature evolution of
V (K1, k2, k3) can then be written as

d
ﬁV = Tpp + Tph,d + Tph,cr - (5)

with contributions from the particle-particle, the direct
paricle-hole, and the crossed particle-hole channel on the
right hand side. They are given by

1
Top =~ /BZ d?kV (k1, ko, k) L(k, qpp)V (k, qpp, k3) ,

where we used the short hand [, d?k = —Ag,, [ d*k and
Apy is the area of the Brillouin zone. The particle-hole
contributions read

1
Tohd =5 /BZ d*k[2V (k1, k, k3)L(k, qa)V (qa, k2, k)

— V(k, k1, ks)L(k, qa)V (qa, k2, k)
- V(ka k17 k&)L(ka Qd)V(k% qd, k)] )

and
1
Tpher = — 5/ d?kV (K, ko, k3) L(k, qer)V (K1, ger, k) -
BZ
In these expressions, we introduced qp, = —k + k1 + k2,

qa =k + k1 — k3, gor = k + ko — k3, and the loop kernel

d

Lk, £k+K) = -

[TZ Goliw, k)Go(Fiw, £k+k)]

with the free propagator G (iw, k) = [iw—&,] L. In these
expressions, we have neglected the (external) frequency
dependence assuming that the strongest correlations oc-
cur for the lowest Matsubara frequencies.

For the numerical implementation, we resolve the mo-
mentum dependence in a so-called patching scheme that
divides the Fermi surface into IV pieces based on equidis-
tant angles and treats the radial dependence for a fixed
angle as constant. This accurately describes the rele-
vant momentum dependence, which is along the Fermi
surface. In our numerical calculations, we have chosen
between N = 48 and N = 96 patches, cf. Fig. [Ib. Our
results on the type of instability do not depend on this
choice and the quantitative results for critical tempera-
tures vary only mildly with V.

The initial condition for V' (kq, ko, k3) at high temper-
atures is given by the Fourier transform of H; in Eq. .
We set Tp = max(e;) as starting temperature. We then



calculate the temperature evolution of V' (ki, ko, k3) ac-
cording to Eq. by solving the integro-differential equa-
tion. As described above, the development of strong
correlations is signaled by a diverging V' (kq, ko, k3) at a
critical temperature T.. Our numerical criterion to de-
tect the divergence is a convex temperature dependence
and max([V (k1, k2, k3)] exceeding 30t;. T, would be the
mean-field critical temperature in an RPA resummation,
however, here the estimate is slightly improved due to
the inclusion of the coupling between different channels.
The Fermi liquid is stable within our numerical accuracy
if no divergence occurs before T; = 2 - 10~%¢; is reached.
In the cases when correlated states develop, we can read
off the type of correlations from the momentum struc-
ture of V(ki, ko, ks) at T.. Up to an overall constant,
this determines the effective interaction close to the in-
stability and directly suggests the order-parameter corre-
sponding to the instability. Following this procedure for
an extended range of parameters, we obtain the presented
phase diagrams. To extract the form factors of the su-
perconducting instabilities, we diagonalize V(k, —k, k'),
keep the eigenfunction(s) with the largest eigenvalue and
approximate it by lattice harmonics.

We have used the extracted lattice harmonics to derive
the Landau functional from our microscopic model.
The decisive prefactor of the term |A? + AZ2|? is given by

_ o, g1(k)%ga(Fk)?
' T%:~/BZ ! k(iw — &) (iw + &;)?

[ P 2 ) 2 &)
B s

(6)

with the Fermi function nr. We have calculated v nu-
merically and found it to be positive in the considered
range of p and 7. As an analytical estimate for v, we
can approximate the dispersion by ¢ ~ k2/(2m) — p with

density of states p, and the form factors by g1 = cos(nep),
g2 = sin(ny) with ¢ = arctank,/k, and n = 4 for g+ ig
superconductivity (n = 2 for d+id and n = 1 for p+ip).
With this simplification, we obtain

1 /
YR /d<p cos? (nyp) Sin2(n<,0)/depe 2 “F(;): en' (€)
€

m sinh(z) — z m
= ~0.05————, 7
16772 J 4x3(1 + cosh(x)) 16772 (™)

which we can take as a rough estimate for v if p is away
from the Van Hove energy. Right at the Van Hove energy,
an additional logarithmic dependence on T, emerges.
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