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We continue the analysis of modular invariant functions, subject to inhomogeneous
Laplace eigenvalue equations, that were determined in terms of Poincaré series in a
companion paper. The source term of the Laplace equation is a product of (deriva-
tives of) two non-holomorphic Eisenstein series whence the modular invariants are
assigned depth two. These modular invariant functions can sometimes be expressed
in terms of single-valued iterated integrals of holomorphic Eisenstein series as they
appear in generating series of modular graph forms. We show that the set of iterated
integrals of Eisenstein series has to be extended to include also iterated integrals of
holomorphic cusp forms to find expressions for all modular invariant functions of
depth two. The coefficients of these cusp forms are identified as ratios of their
L-values inside and outside the critical strip.
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In the companion Part I [1] to this paper we introduced the Laplace equations

with integers s > 2 and 2 < m < k, and where E; are non-holomorphic Eisenstein series
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The modular parameter 7 is in the upper half-plane, and E; is invariant under the modular
transformations

ar +b a b
Ty T = fOl“’Y—(c d>€SL(27Z)- (1.3)

The Cauchy-Riemann derivatives V = 2i(Im 7)20, of Ej, are modular forms of weight (0, —2)
and the Laplacian A = 4(Im 7)20,9; = V((Im 7)~?V) is modular invariant. The superscripts +
on Fi(z) indicate that these functions are required to be even/odd under the involution 7 — —7
of the upper half-plane, in line with the respective right-hand sides of (1.1). The spectrum of
eigenvalues appearing in (1.1) is

FIO s € (hmmt2, k—mtd, ..., km—4, k+m—2} , (1.40)
Fo0 s {k—m+l,k—m+3,... ktm—3,k+m—1} . (1.4b)

)

As all the objects in (1.1) are modular invariant, we focus on modular invariant solutions Frin(z

to the Laplace problem. The transcendental weight of Fi(z) is m+k from (1.1) given that E,,

and Ej have transcendental weight m and k, respectively.
In Part I, we constructed solutions to (1.1) in terms of absolutely convergent' Poincaré series

+(s +(s
FOm = S 500, (1.5)
~v€B(Z)\SL(2,Z)

where the seed functions fi(;) are invariant under shifts 7 — 74+n for n € Z which form the
stabiliser of the cusp 7 — 700

B(Z) = { <j51 j;) ‘n E Z} C SL(2,2). (1.6)

For the convenience of the reader, appendix A recaps the explicit form for these seeds fi(,j).
Even though the solution (1.5) is fully explicit and has interesting structures analysed in

)

tions is fairly involved. For the Fourier zero mode one can use the methods of [2-5] but the

Part I, extracting the complete Fourier expansion of Fi(z from the Poincaré-series representa-

non-zero modes with respect to 7 — 741 are hard to obtain. For this reason it is desirable to
find alternative expressions for the modular invariants Fi(z)

A family of functions with well-defined modular transformation properties is provided by
modular graph forms (MGFs) [6-8]. These arise in the o'-expansion of configuration-space
integrals of genus-one closed-string amplitudes and have been studied from a physical perspective
in [9-11,6,12,13,7,8,14-20,2,21-23,3,24-30,5,31-34] and a mathematical perspective in [35-43].
As they arise from string amplitudes, MGFs possess a lattice-sum description over discrete
momenta of Feynman graphs drawn on the genus-one string world-sheet.

! Absolute convergence is guaranteed for m < k and for m = k a suitable regularisation was described in Part I.



In particular, generating functions of closed-string integrals and their associated differential
equations [28,30] lead to expressions for MGF's in terms of real-analytic objects denoted by

st[ﬁ g2 - %;T} with k; € {4,6,8,...} and 0 < j; < k;—2, (1.7)

where ¢ € N is called the depth of 3%V.? Depth serves as a filtration, and the highest-depth
terms in the complex-conjugation and modular properties of the 55 take a simple form. The
B are constructed from (single-valued) iterated integrals over holomorphic Eisenstein series and
should be closely related to Brown’s non-holomorphic modular forms [37,38], although a precise
dictionary between the two formalisms is still missing beyond depth one. Together with certain
antiholomorphic integration constants determined in Part I, the complete Fourier expansion of
the 5%V at depths one and two is known. Therefore it seems desirable to express the Fi(z) in
terms of the 55V.

In Part I, we have presented a procedure for obtaining linear combinations Fi(z) of B of
depths two and one, together with Laurent polynomial terms in y = 7 Im 7 (that can be thought
of as depth zero). These linear combinations were constructed by starting from depth-two terms
that solve the Laplace equation (1.1) modulo terms of lower depth. The latter were fixed from
certain requirements on the desired solutions concerning their Cauchy—Riemann derivatives and
asymptotics at the cusp, see Part I for further details. However, this procedure was tailored
towards solving the Laplace system in terms of the building blocks 8%V of MGFs and does not
guarantee that the resulting expression is modular invariant.

By comparing the dimensions of the space of solutions to (1.1) and the space of MGFs at
depth two we have seen in Part I that the MGFs do not suffice to span the space of Fi(z)

This is reflected in the fact that certain l*v“i(z) fail to be modular invariant exactly in those cases
when the dimensions of the functions spaces differ. In the present paper, we shall discuss how to
augment the i‘i(’s) so that they become modular invariant and therefore equal the corresponding
Poincaré series Fi(z) in (1.5).

As we shall see, the missing ingredients beyond the $5¥ are (real and imaginary parts of)
iterated integrals of holomorphic cusp forms. From the Eichler—Shimura theorem [44,45] and
the work of Brown [35,37,38,46] on iterated integrals of general holomorphic modular forms, it
is not surprising that restricting to the 5%V, that only involve iterated integrals of holomorphic
Eisenstein series, is insufficient to describe the full space of modular-invariant solutions to (1.1).

)
eigenvalues s = 6,8,9,10,... which coincide exactly with half the modular weight of the first

The first discrepancy in the dimensions of the function spaces Fi(z and MGFs appears for
holomorphic cusp forms of SL(2,Z). This can be seen as a hint that cusp forms are the missing
piece of the puzzle.

A further indication for the relevance of holomorphic cusp forms stems from the appearance
of conjectural matrix representations of Tsunogai’s derivation algebra [47] in the generating
series of MGFs [28,30]. Relations in the derivation algebra are also tied to holomorphic cusp
forms [48] and imply that, starting from depth two, there are combinations of the 55V that are
not contained in the generating series of MGFs. Completing these to modular invariants requires

2A more detailed review of the construction and properties of the 8%V can be found in section 2.



holomorphic cusp forms as we shall see. This follows from the S-modular transformations of
the various [3°V which contain interesting so-called multiple modular values [35] that involve
the values of completed L-functions of cusp forms at integers [49] and extend the set of single-
valued multiple zeta values. In order to cancel these L-values from S-modular transformations
in general one has to combine the S with iterated integrals of cusp forms. We shall work out
these ideas in detail in this paper and spell out a variety of examples.

As a byproduct of our analysis we derive that the series expansions in ¢ = exp(27it) and § =

(s)

exp(—2miT) of these non-holomorphic modular objects Fiz display very interesting structures.

(s)

Firstly, the leading terms in the expansion of the even functions F:,;Z around the cusp Im7 > 1
are Laurent polynomials in y = 7 Im7 that will also be referred to as “perturbative”. These
Laurent polynomials have a single term with a rational coefficient, a single term with a Q-
multiple of the product (o,—1(ok_1, while all other coefficients are Q-multiples of odd zeta
values Com—1,Cok—1,Cmakrs—1, see Part I for further details. Secondly, the infinite tower of
exponentially suppressed, non-perturbative terms of the form ¢™¢™, with both of n,m > 0, have

(s)

Laurent polynomials in y with rational coefficients for both the even and odd Fi Z . Finally, and
perhaps more interestingly, due to the presence of iterated integrals of holomorf)hic cusp forms
we find that the exponentially suppressed terms of the form ¢"¢° (and their complex conjugates
¢°@") with n > 0 are multiplied by particularly rich Laurent polynomials in y: Their coefficients
are either rationals, or Q-multiples of single odd zeta values or surprisingly rationals (or more
general number-field extensions of Q) times special ratios of completed L-values associated to
whichever cusp form is at play.

These results allow us to make novel predictions regarding the non-zero Fourier-mode de-
composition of the Poincaré series (1.5). In particular in Part I, we have thoroughly explained

how, for all the constructed seed functions fi(]‘j) (1), one can exploit the results of [3] to obtain

the purely perturbative Laurent polynomials in 4. To pass from the seed function f:;(]j)(T) to the
actual associated Poincaré series (1.5) one needs to use a particular integral transform detailed
for instance in appendix A of Part I. Such a mapping between seed and modular function can
also be used to formally obtain the non-zero modes for the modular invariant Poincaré series.
However, the computation of non-zero modes from this integral transform of the seed involves
very complicated Kloosterman sums and the analogue of the analysis in [3] to this case is cur-
rently unknown. Despite this lack of full control over Kloosterman sums, our results imply that
these Kloosterman sums must contain completed L-values of holomorphic cusp forms. It would
be extremely interesting to extend the results of [3] to the non-zero Fourier mode sectors, thus
deriving directly from the seed functions the exponentially suppressed terms ¢"¢° and ¢°q" with
n > 0 including their Laurent polynomials.

Outlook

The results of Part I and this work raise a variety of follow-up questions of relevance to string
perturbation theory, algebraic geometry and number theory. Most obviously, the Fourier expan-
sion of depth-two MGF's and their extension by iterated integrals of holomorphic cusp forms call
for generalisations to higher depth. Among other things, (single-valued) multiple zeta values



beyond depth one, iterated integrals that mix holomorphic Eisenstein series with cusp forms
and generalisations of L-values [50] are expected to play a key role starting from depth three.
The respective seed should have one unit of depth less than its modular invariant Poincaré sum,
and it will be rewarding to study this kind of recursive structure at general depth.

Furthermore, a detailed connection with the recent mathematics literature promises powerful
synergies. Various important properties of the 8%V at general depth will follow once their precise
relation to Brown’s non-holomorphic modular forms is established. Moreover, we note that
iterated integrals of cusp forms and their Poincaré sums have featured prominently in recent
work [51] that also relates to so-called higher-order modular forms. Certain Laplace systems
similar to (1.1) but at depth three have also been studied recently in [52]. These references can
provide useful guidance when generalising our work.

Outline

In section 2, we review the basic properties of iterated integrals of holomorphic modular forms,
with particular emphasis on their modular properties and certain SL(2,7Z) group cocycles that
arise. In section 3, we then use these results in the analysis of the modular invariant solutions
to the Laplace equations. We further show how to combine the 5%V with iterated integrals of
cusp forms based on the vanishing of the cocycles thus restoring modularity. We explain the
relation between Tsunogai’s derivation algebra and the modular invariant Laplace eigenfunctions
in section 4. Further properties of the solutions to (1.1), such as connections to Kloosterman
sums, are discussed in section 5. An ancillary file that accompanies the arXiv submission of this

(s)

work contains many examples and explicit expressions related to the functions Fiz .

2 Basics of iterated integrals

This section is dedicated to the central aspects of iterated integrals as well as their differential
and modular properties as they enter our analysis. Frequent use will be made of the Cauchy—
Riemann derivatives

V =2i(Im7)%d,, V = —2i(Im7)%0; (2.1)
and the Laplace operator
A = 4(Im7)%0,0- = («V)(y*7V). (2.2)
As in the equation above, we often use the symbol y = 7w Im 7, and powers of y satisfy

(nV)Fy® = (aV)Fy* = %y‘”k, Ay® = a(a—1)y*. (2.3)



2.1 Iterated integrals of Eisenstein series

In the present work, we shall only require the depth-one and depth-two versions of the single-
valued iterated Eisenstein integrals (1.7). These are defined by the integrals [30]*

' o _1 100 —100
511 = s [ antrn) i emnp Gt - [ dn(rn) o r-n) G|
(2.4a)
with 0 < j < k—2 and
k1—2—j1 ka—2—j2 kl 2 31) (k2—2—j2)— N—2
sv|Jji g _ P2 i1+ j2+ (27”)
f |:i11 g] Z Z ypitp2 a[]lklpl J2k2p2] * kithko—j1—ja—4 (2.4b)
4y (4y)
p1=0 p2=0
X {/dTQ(T—Tg)kZ —J2— 2(7’ TQ)]ZGk (Tg)/dTl(T—Tl)kl = 2(7’ Tl)]le (11)
T T

—/dTQ(T—Tg)k2_j2_2(7_'—T2)j2sz(7’2) / d7—_1(7__7—_1)191—]'1—2(7—__7—_1)]'1le(7_1)

N / A7) (7—7) 27— 7)1 G (71) / d7_'2(7'—7_'2)k2_j2_2(7_'—7_'2)j2sz(Tg)}
/ J

with 0 < j; < k;—2. The holomorphic Eisenstein series are normalised as

1 2m
Ge(r) = ) mz fok 1(n (2.5)
(m,n)#(0,0)

with divisor sum og(n) = 3, d°. The integrals (2.4) have to be understood with tangential
base-point regularisation [35] and satisfy the shuffle relations

grli]eva]=s[b ] vev[ER]. (2:6)
as well as the differential equations [30]
—4rVEN i) = (k=2 = DBV [TL 7] = 62 (r—T) Ci(7), (2.72)
—4rVE | 27| = (=i=28™ | 57| + (ke—je—2)8™ | 9307
- 5j2,k2—2(7—f)k2Gk2(T)ﬁSV{ o ;T} : (2.7b)

The objects a{ le ]z} appearing in (2.4b) are purely antiholomorphic functions and constrained
by the shuffle relation (2.6). They are not fixed by the differential equation (2.7) and therefore
referred to as integration constants — see [30] for a detailed discussion. A method to determine

5)

them from the reality properties of F (k is discussed in Part I, and a large number of examples

can be found in an ancillary file.

3We shall often suppress the argument 7 of various functions to simplify the notation.



2.1.1 Fourier expansions of iterated Eisenstein integrals

The compact definition (2.4) of the 8%V can be unpackaged to yield expressions in terms of other
iterated integrals of the form [53,20]

o )pH1—Fk  pico
Eo(k,0P;71) = %/ dTl(T—Tl)pGg(Tl), (2.8a)
ori\Prtp2t2—ki—kz pico i00
Eolky, OP1, kg, OP2; 7) = ) p1!po! dra(T—72)? G, (12) dri(ra—71)P' Gy (1)
° ° T T2
(2.8b)

and their complex conjugates with integers k,ki,ko = 4,6,8,... and p,p1,p2 = 0. In the
above expressions, 0P is a placeholder for p successive zeroes (reminiscent of integration kernels
GJ = —1 [53]), and the G are obtained from the holomorphic Eisenstein series G, by removing
the zero mode

(2.9)

Gi(1) —2(x : k> 0even
0 . k k 3
G’“(T)_{ 0 . k>0 odd.

The removal of the zero mode destroys the good modular transformations of Gy but renders the
integrals convergent without regularisation. Moreover, the integrals &(...) have fully explicit
g-expansions, e.g.

Ok— 1
Eolk, 0P 7 T § +1 : (2.10a)
4 . _ _
Eolk, 0P ko, 0723 7) = ————— 3~ M 1(m)oy 1(n)qm+”, (2.10b)

(ki—Dl(ka— 1) 2 mr =T (mtn)pae]

see [20, Eq. (2.21)] for arbitrary depth. This can be used to obtain the full Fourier expansions
of the 8%. The rewriting of the 8%V in terms of the &(...) requires a number of steps that are
well-understood and whose precise form can be found in section 3.3 and appendix D of [20] as
well as appendix G of [30].

2.1.2 Differential equations and non-holomorphic Eisenstein series

The definition (2.8a) readily implies the Cauchy-Riemann derivative
wVE (K, 0P) = —4y*Ey(k, 0P 1) (2.11)

for p > 0, where we define & (k,0™') = —(27i)7*GY, and the Laplace equation A& (k,0P) = 0.



The non-holomorphic Eisenstein series Ej defined in (1.2) can be decomposed in terms of
iterated Eisenstein integrals as follows [54,7]:

B (r) = (~1)F1 D2 (ayyt o 2R BN Gt g1

(2k)! (k=2)!(k—1)!
— 2%:)) :(4y)—f % Re &y (2k, 0" 11 1)
= (1 G ) e ) (2.12)
[—% [i%])z (4g)t* :oo dry (r—m)F L (F—m) G, (1) + coc.

_ (@k-1) {_st[k—l] n 2G2k—1 }
[(k=1)1]? R (2k-1) (k)7
where +c.c. instructs us to add the complex conjugate, making E; real-analytic and even under
7 — —7. We also used y = mIm7 as we shall do frequently. This relation between E; and
the depth-one %V, already present in [30], comes directly from (2.4a) when using the relation
between Gy and G% as well as tangential base-point regularisation.

From both the lattice-sum representation (1.2) and the final form of (2.12), one can show
the well-known formula for the k-th Cauchy—Riemann derivative of Ej [8]:

I'(2k) I'(2k)
T(k) T(k)

where we have used Euler’s formula relating the even Bernoulli numbers to the even Riemann

(mV)*Ep(r) = (Im 7)?* [2¢ox + G ()] = (Im 7) 2 Gop (1), (2.13)

zeta values
it 4nﬂ.2n
(2n)!

We also record the following general formula

2o, = (—1) By, n=123,.... (2.14)

(mV)? [iyl_s /ZOO dry (71— HF—m)%™ 1f(7'1)} = 225712 (s) (Im 7)%* f (1) (2.15)

for any integer s > 0 and holomorphic function f(7) irrespective of its modular properties. If f(7)

has a g-expansion in terms of positive powers of ¢ only, the integral in (2.15) is well-defined with-

out tangential base-point regularisation. With (2.15) and (2.3) it is easy to demonstrate (2.13).
For the Laplacian there is a similar lemma given by

(A = s(s—1)) [iyl_s/ dT1(T—Tl)s_l(T—Tl)s_lf(Tl)] =0. (2.16)
Besides direct evaluation of the Laplacian on the integral, we can also consider (2.16) by

Fourier expanding the integrand f(7). Specialising to the case of a single Fourier mode f(7) =
e?™7T with n > 0, the integral can be evaluated in terms of Bessel functions K,_; /2 giving

100
z’yl_s/ dri (=) N (F—7p)5 12T = 7T28 1n8 \/ YK, 1/2(2ny)e?™ R (2.17)
T

8



which is the well-known solution to the Laplace equation (2.16) in the n'" Fourier mode sector.
From this and (2.3) one can also prove the classic Laplace equation

(A — k(k—1))Ex(1) =0, (2.18)

since the Laurent monomials * and y'=* in (2.12) are in the kernel of (A — k(k—1)).

2.1.3 Multiple modular values

Besides the version of iterated Eisenstein integrals in (2.8), we shall also make use of

Glis7] = dry 7 Gi(m) (2.19a)

T

o 100 ) 100 .

o[ fyir] = [ dnrt G [ dnt G (), 2.190)
T T2

that are, up to normalisation conventions, Brown’s holomorphic iterated Eisenstein integrals

and require tangential base-point regularisation [35]. At depth one, this regularisation means

Q[Z;T] :/ dr Tf Gg(ﬁ) — 2Ck/ dTle, (2.20)
T 0

treating the zero mode of (2.5) differently, while the depth-two generalisation can be found
in [35, Eq. (4.13)]. A more general translation of (2.19) into the integrals (2.8) can be found
in [20], and the depth-one instance of the dictionary is

a p+1

p—
ok, 0P) = (2mi)P+1- ’fz a' TG00 + 20 (2wt T (2.21)
a=0

(p+1)

The extra term proportional to (i is due to & (k, 0P) being defined in terms of Gg, thus lacking
the zero mode (i when compared to Gy, appearing in (2.19), see (2.9).

The virtue of the definition (2.19) is that it is easier to describe the behaviour under S-
modular transformations [35,20]:

014 ~4] = (-190[* 2757 4 m]] 2220
61 s3] = (oG [P R (g w2
(2.22b)

The objects m[ /] appearing in this equation do not depend on 7 — they are examples of multiple
modular values [35] and correspond to period integrals

m[i] :/ dry Tf Gk(Tl), (2'233)
0
m[ii ﬁ] ~Jo dro7§? Gy (1) [ drir{ Gy (1)), (2.23b)

T2



which are obtained formally as limits 7 — 0 of (2.19). This limit is divergent and has to be
treated again with tangential base-point regularisation. One way of doing this is to consider at
depths one and two

m[{] =G[]:i] - (/G [* 5], (2.24a)
m[ i 2] =04 3] = (aprrig Bz ] — (cupg [ m[ 1]
(2.24b)

where we rewrote the S-modular behaviour (2.22) and evaluated this expression at the self-dual
point 7 = i. We recall that the integrals (2.19) are well-defined for any finite 7, using tangential
base-point regularisation at the upper integration boundary 7 — ico. The choice of the self-
dual point 7 = ¢ in (2.24) is arbitrary (any pair of S-dual points would do) but convenient for
numerical evaluations.

For depth one we can work out the multiple modular values explicitly as

2(2mi)k—I=151 ,
- %Cj—l—lgj-ﬂ—k for j >0,

i =
m[;] oride, (2.25)

ﬁ fOTjZO

and these correspond to periods of the holomorphic Eisenstein series [55]. The j = 0 case can
also be obtained as a limit after using the functional relations of the zeta function. Since k > 4
is an even integer, the multiple modular values of depth one vanish for even 0 < j < k—2 as
they involve the zeta function evaluated at a negative even integer.

For depth two, numbers beyond (multiple) zeta values can occur [35,49]. We will discuss
further properties of multiple modular values and how they arise directly in the S-modular
transformation of the 5%V in section 2.3.

2.2 TIterated integrals of cusp forms

We now let Ay(7) denote a holomorphic cusp form of weight 2s € {12,16,18,...}. Then we
define the analogue of (2.8a) as

Eo(Ags, 0P 7) = (—1)p(2m')p+1/ dTl/ dry .. / drpi1 Aog(Tp11)
T T1 Tp

2Pt (10
= % dT1 (T—Tl)pAQS(Tl) . (226)
Since Ao, is a cusp form, this integral is well-defined for any p > 0; however, in everything that
follows we shall only encounter the usual range of values 0 < p < 2s5—2. The cusp forms in this
definition are Hecke normalised with Aas(7) = g + O(g?) such that the transcendentality of the

iterated integral (2.26) is given by p+1, just like for (2.8a).* The objects that are on a similar

“The factor of (—1)? in the first line of (2.26) is due to the insertion of p copies of G = —1 in the iterated
integral which is the meaning of the notation 07 [53,20].

10



footing are Agg and ©n ) —=k_ since both have algebraic Fourier coefficients, for instance

3 2
App(r) = %{ <G24T(4T)> — <G267(6T)> } = q — 24¢% + 252¢° — 1472¢* + O(¢°) (2.27)

3 2
Ag(T) = 17128 G;Ci ){ (%‘é?) — ( 246 > } = g+ 216> — 3348¢> + 13888¢" + O(¢°)

1 Gelr) [ [Ga(m)? 2 ) 5 . s
Agg(T) = 1728 ¢, {( 2 ) —( 2% > } — 528¢° — 4284¢° + 147712¢" + O(q°) .

If the cusp form has Fourier expansion Ags(7) = > > a(n)q" then

Eo(Ags, 0P; 7) Zn—f’ ! (2.28)

While the seed functions of F:;(Z) and F;l(z) in (1.5) determined in Part I are essentially® con-
structed from real and imaginary parts of &y(2m, 0P;7) in (2.8a), respectively, Poincaré sums of
Eo(Asgs, 0P; 7) have been discussed in [51].

2.2.1 Real-analytic integrals of holomorphic cusp forms

From the fourth line of (2.12), we see that one can define even and odd analogues of the non-
holomorphic Eisenstein series by trading Gy in the integration kernel for holomorphic cusp

forms Aoy,
+ 57T2S_1i 1-s e s—1/= s—1
Hyx, (1) =(-1) wy ) dr (1—=71)° " (T—71)°" " Ags(my) £ coC. | (2.29)
where we have fixed a convenient normalisation. This function satisfies from (2.15) and (2.16)
S 1 >\ 28 S
(7V) HX% = 5(2772)2 (Im 7)2% Aoy (1), (2.30a)
(A —s(s—1))Hx, =0. (2.30b)

Clearly, the even function HZQS is obtained from the cusp form Ao in the same way as E; is
obtained from Gos. Moreover HKQS is its odd cousin, and the appearance of an odd analogue
of Ej (denoted by E(_)) in the lower-depth terms of F_(Z) is discussed in section 5.5 of Part I.
Variants of (2.29) with more general exponents (7—71)/ (7—71)%7277, j = 0,1,...,2s—2 have
been studied in [51].

Following our discussion around (2.17) we expose the g-expansion of Hizs by rewriting them
as a finite sum over the y(Ags, 0P;7) in (2.26) and (2.28),

134 T(s+0) X aln)
+ _ —¢ =
=0 n=1
1, e D(s+0) s=1+L,
= —3 > (4) (o8 [50(A 0 ) £ec,
=0
>The seed functions of F:L(Sk) constructed in Part T additionally involve Q-multiples of y™** and Copm_1y' ~™F.
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which is the direct analogue of the second line in (2.12) for Eg and the definition of E in
section 5.5 of Part I. The sum can also be recast in terms of Bessel functions using (2.17) as

o0
Hi% (1) = Z a(n)n™*%/ %Ks_l/g(Zny) (e%i”RCT 4 e 2min RCT) . (2.32)
n=1

Even though the functions HX% and the modular invariant functions defined in [46] are both
real-analytic and are both obtained from iterated integrals of holomorphic cusp forms Asg, they
differ crucially in their modular properties. In particular, as we shall show next, the Hizs are
not invariant under S-modular transformations.

2.2.2 Modular properties

For studying modular transformations of functions F'(7) on the upper half-plane, it is convenient
to introduce the following cocycles under the generating T- and S-transformations of SL(2,Z):

SrF (1) = F(1) — F(1+1), 6sF(1) = F(1) — F(-1). (2.33)

When both of them vanish, F' is invariant under modular transformations and in general there
is a connection to the group cohomology of SL(2,Z) [56].
From the explicit g-series in (2.31), it is clear that the functions Hi% have a vanishing
T-cocycle
stHX, (7) = Hx, (7) — Hx, (7+1) =0. (2.34)

However, the functions Hizs have a non-trivial cocycle under the S-transformation

251 e
osHY, (1) =Hj, (r) —Hx, (=1) =(-1) 71:(3) y'* /dTl(T—Tl)S_l(7_'—71)5_1A2s(71) * c.c.
0

251 s—1 _ _
_ (_1)5+17T—y1—sz (_Z')a—i-b (3 1> (S 1> Ts—l—afs—l—bA(A2s’ (1—|—b—|—1) + c.c.

F(S) a,b=0 @ b
- sl -1\ (s— —l—a=s—1—
2(_1)3—1—1 FIZ’(S)lyl_S bz_o (_1)(a+b)/2 (sal)( bl)Ts 1 T 1 bA(AQS,CL"‘b"‘l)
B atbez
o . s— 8_1 J— J—
2(_1)5 zﬁ(s)lyl—s %;0 (_1)(a+b—1)/2 (Sal) (sbl)Ts—l—a,T_s—l—bA(Azs’ a_|_b_|_1) ,
{ a+be2z+1

(2.35)

where in the last equality the upper line is for HX% and the lower line for HZ%. The function
A(Aqs,t) appearing in the above expressions is real-valued for real ¢ and corresponds to the
completed L-function of the cusp form Agg(7) = S22 a(n)q™ of weight 2s defined by

n=1

a(n

A(Aag,t) = 2m)'T() Y =2 = (—i)f / Tan T Ao (1), (2.36)
n=1 n 0
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where the sum converges absolutely for Re(t)>s+%, using [57] and the improved growth of the
Fourier coefficients of cusp forms following from [58].° From its integral Mellin-form represen-
tation, it is well-known that the completed L-function enjoys an analytic continuation to the
complex plane and satisfies the functional relation

A(Ags,t) = (—1)°A(Agy, 25—1). (2.37)

The interval t € (0, 2s) is called the critical strip, and (2.35) implies that the failure of modularity
of Hi% involves the completed L-function evaluated at integers inside the critical strip, with
only odd integer arguments ¢ contributing to HX% and only even integers for Hy, .

2.2.3 Integrals of Hecke normalised holomorphic cusp forms

If Ay is a normalised eigenform of all Hecke operators T, and of weight 2s, i.e.,

d—1
7,80) (1) = w2 00 Y dan (M) = alm)dan(r) (239
din b=0

for all n > 0, implying Hecke normalisation a(1) = 1, then it is moreover known that the values
A(Agg, t) for all even t inside the critical strip are related, as are all the values for odd ¢ [44,45,59].
The ratios between the even (or the odd) values must belong to the number-field extension of Q
defined by the Fourier coefficients {a(n),n € N} of Ags. The first time a non-trivial extension
arises is for cusp forms of weight 2s = 24 where there are two linearly independent cusp forms
and the number field is Q(1/144169). The non-trivial Galois automorphism of the number field
exchanges the two independent Hecke eigenforms.

Therefore, for (normalised) Hecke eigenforms Ags of weight 2s we find that we can rearrange
(2.35) to

2(—1 s+l,n.2s—l B s—1 atb s—1 s—1 1 11—
st (1) = 2 T e (8, 25-1) 3 (<)% ( )( )Ts T ey,

T(s) a,b=0 a b
a+be2Z
(2.39a)
dsH (T)—&m%_1 "IN (Ag, 25—2) i == (N (5 perae 1
582N T T(s) U 2 — a b atb
a+be2Z+1
(2.39b)
with coefficients c}t from the number field associated with Ay defined by
cf A(Ags,25—1) : [ even
A(Dg, b41) =4 27 ’ 2.40
(Bae £41) {CZA(A25,23—2) . £odd, (2.40)

for ¢ =0,1,...,2s—2. The polynomials arising in (2.39) have also appeared in [35,49] and are
related to period polynomials as we also discuss in section 4.1.1.

5We thank Nils Matthes for correspondence on this point.
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We had argued above that Hizs should be assigned transcendentality s and this is consistent
with the fact that there is no transcendentality carried by L-values inside the critical strip
(0,2s) like A(Ags,25—1) and A(Ags,25—2). As we will see later on, the value A(Agg, 25+m)
has transcendentality (m+1), so that just at the end of the critical strip we have A(Aqg, 2s) of
transcendentality one. This is analogous to the Riemann zeta function whose transcendental
weight grows in the same way from the upper end of its critical strip (0, 1). The transcendentality
of the cocycles (2.39) is therefore determined by the prefactor, including y = 7 Im 7, and is also
given by s, consistent with that of Hi% itself.

Note that with our definition (2.29) for the iterated integral of a cusp form, the S-cocycles
in (2.35) or (2.39) are two-variable generalisations of the classic period polynomial associated to
the same cusp form [55], with 5SHX2S (1) playing the roles of the even/odd part of said period
polynomial. Furthermore, along the same lines as Manin’s original work [59], we have that
55HX2S (1) satisfies the two cocycle conditions [56]

[5SH§25 (7)} ‘1+s —0, (2.41a)

[5SH§25 (T)} ‘1+U+U2 —0, (2.41b)
where | denotes the SL(2,Z)-action on 7 and U = TS is an order 3 generator of SL(2,Z).

When applied to (2.35), the first cocycle condition (2.41a) is equivalent to the reflection
formula (2.37) for the even/odd values inside the critical strip. Similarly the second condition
(2.41b), together with the Hecke condition (2.38), is equivalent to the statement that all the ratios
between the even (or odd) critical values must be in the number field generated by the Fourier
coefficients. In (2.39) we chose to factorise out A(Agg,2s—1) and A(Asgg, 25—2), respectively,
thus making a particular choice for what are usually called the (holomorphic) periods of the
cusp form Asgg, sometimes denoted by wizS [49].

2.2.4 Example with s =6

As a concrete example we can study the cusp form of lowest weight 2s = 12, i.e. the Ramanujan
cusp form Aoy = Ajg = > 2, 7(n)g"™ with 7(1) = 1. Since the vector space of cusp forms at
weight 2s = 12 is one-dimensional we trivially have that Ajs is a normalised Hecke eigenform
and obviously the associated number field is simply Q, i.e. 7(n) € Q for all n > 0. Following [59]
we have the following number-field relations amongst the completed L-values, even and odd,
inside the critical strip:

5 25

A(A12,6) : A(A12,8) : A(Aq2,10) = TR 1, (2.42)
691 691
A(A cA(A AN, 1) = —— 1 ——
( 1277) ( 1279) ( 12, ) 2520 1620 )

where the remaining values can be obtained via the reflection formula A(A19,12—t) = A(Aj2,1).
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If we compute the cocycles (2.39) defined above we obtain

aHUA(A, 1) (177 ., 691 ) )
HXlz (m) - HX12(_%) - ( 60y5)( ) {1 + it - @(T2+T2)(1+7272) (2.43a)
691, 4 4 BI3177 . 5 o 2142177 o, 40273727
= - S2eTT 402757777
+ 504(T +74) 394 ( ) 568 (72472 + 5968
_ _ im P A(Aq2,10) (7+7) .25 B )
Has (r) HAl?(_%) - 19245 {1 + it - ﬂ(7'2+7'2)(1+7'27'2) (2.43b)
y
1 2 1 2=2
b g = Rrrert?) o) + 2L

Similar expressions for the cocycles of Hiw and Hils can be found in appendix B, while in the
ancillary file the expressions are given up to modular weight 2s = 26.

In summary, we can construct even and odd solutions HXZS of the homogeneous Laplace
equation (1.1) whenever we have a holomorphic cusp form Ay, of weight 2s. These homogeneous
solutions are expressible through iterated integrals of Aog of depth one. They are not modular
invariant but their failure of modularity is characterised by a single number that is a value of
the completed L-function inside the critical strip. This number is expected to be independent
over Q from the set of multiple zeta values.

2.3 Properties of multiple modular values and the %"

We now study the multiple modular values defined in (2.23) in more detail and also present
expressions for the S-modular transformation of the 5%V introduced in (2.4).

From their definition (2.23) the multiple modular values inherit the shuffle relations of the
(regularised) iterated integrals in (2.19)

mla]mln] =mli ] em[i2] 244

By applying another S-transformation to (2.22) one can show the reflection properties

m[i] = —(—1)jm[k_2_j] , (2.45a)
mm iﬁ} — —(—1)j1+j2m[’“1—k21‘j1 k2—k22—j2] +m[ﬁ] m[ﬁ]
— (—1)j1+j2m[k2_k22_j2 k1—k21—j1} ) (2.45b)

Under complex conjugation they satisfy

m(] = () mli], w2 ] = ol ] (2.46)

The transcendentality of the multiple modular values as defined in (2.23) is given by >, k;.
For the depth-one case (2.25) this is evident from the fact that (277)¥~7~! has transcendentality
k—j—1, (j41 has transcendentality j+1 and (j;2_ has transcendentality zero.” In the general

"The last statement is true since j < k—2 and zeta values at non-positive integers are either zero or given by
rational numbers (expressible through Bernoulli numbers).
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case, this follows from the definition (2.19) by realising that G in our convention has transcen-
dentality k, see (2.5). The iterated integrals (2.8a) and (2.8b) therefore have transcendentality
p+1 and p1+po+2, respectively.

2.3.1 Reduced multiple modular values

While the multiple modular values (2.23) appear in the S-transformation of the holomorphic
iterated integrals (2.19), the S-transformation of the $*¥ only contains the following specific
combinations of them:

(1+(=D)m[7], (2.47a)
M[EE]=m[f ] -m[E]m]f] +m]f 2]
(=1 (1 (=12 m 2 |+ (1 (<17 m | f2 2

= (P =) m B ] (L (D) m | m] 2] (2.47b)

We refer to the combinations M [i] and M [ﬁ ﬁ] as reduced multiple modular values of depth
one and two, respectively. The simplifications at depth two are based on (2.44) and (2.46), and
they show that reduced multiple modular values vanish if both of j; and j, are odd, whereas
cases with both j; and jo even yield the product Zm[ﬁ] m[ﬁ . Moreover, reduced multiple

modular values inherit the shuffle property and so satisfy
MM =M 2]+ M2 2] (2.48)
2.3.2 Depth one reduced multiple modular values and 5%V modular transformations

At depth one, (2.25) leads to the following explicit expressions

dmip—1 . 0
-1 YT
M[i] — n 4AmiCl—1 j= k-2, (2.49)
k—1
0 otherwise,
where the vanishing of all cases with j = 1,2,...,k—3 is in agreement with their occurrence in

certain coboundary polynomials [35,38,49]. They appear in the transformation of the depth-one
5% according to

(77)k—2-7
2mi(dy)F—2]
k

SIS ENO ) (Y e e

P 200 o
=T (k—l)ij)lk—z—j{(TT)k e ¥

BV =] =7 7]
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2.3.3 Modular transformation of 5V at depth two

In the same way the depth-one reduced multiple modular values arise in the modular transfor-
mations of the depth-one 5%V, the depth-two M [ill ii] arise in the modular transformation of

the % at depth two. Performing the calculation based on the integral representation (2.4b) one
can show

sv| g1 2. 1| _ =k1+ka—4-2j1—-2j2 psv | J1 J2 .
ﬁ |:k1k27 T:|_T ﬁ k1k277—

ngl_l{(ﬁ)klﬂ—jl _ ;k1—2—2j1}

(b= 1) (A2

_ iy —d k1—2—j1 k2—2—j2 j1 J2 . .
(r7)kithe—d=i1=j2 ki=2=7j1\ (k2—2—j2
+ (2772‘)2(4y)k1+k2—4—j1—j2 Z Z Z Z Al A2

A1=0 As=0 B1=0B2=0

. . Al+A Bi+B
(Y (2N (L A\ QM[Al-',-Bl A2+Bg}
Bl BQ T T k1 kz

k22 [ o]

Fh1t+ka—4—2j1—2j> s
* (2mi)2 (4y) k1 Th2—4=j1=72 [kl kz;T} : (2.51)
Here, the C[---] are pure depth-zero terms, i.e. rational functions of 7 and 7 multiplied by

rational combinations of odd zeta values and powers of 7, that can be traced back to the
modular transformation of the af---]. Their definition is most conveniently given in terms of
the shorthand

k1—2—j1 ka—2—jo2 (k1—2—j1) (k2—2—j2)
1 J2 . | — p P j14+p1 jo+pe
B?Zz) [ﬁ ﬁ ’T} - Z Z E4y)p1+p22 « |:]1k1p1 hkzpz ’ T] (2’52)
p1=0  p2=0
for the contributions of the antiholomorphic af- -] to (2.4b), namely
] QR e e [0
OB tir] = o A [ 1 £ -2] - @Ryt g [ 2]
—100
200 _ : , : o
+2m’{%(1 — k22272 / A7 (t—7) 720 (F—7) Gy, (11)  (2.53)
T
—100
2C), — - , . I
- —]ikl_ll (1 — ph=ii=270) / A7y (1727272 (7 -7 )72 Gy, (Tl)} :
T

Then, the known expressions for af---] [30,1] and the modular transformations of the &(k, 0P)
(see for instance section 2.1.3) lead to representative examples such as®

_ 32y Anty(y | 128iTntyPG 16m%yPGs 16mPyRGs | 16iTmyGs  32y°¢3

017 —
Claal 405 135 405 81 13572 9 9
Clog) = 8y N 647274y (s N 128i7 7323 N 327yl 324°¢3 | (250

135 405 405 9 9

8Here, we have chosen to replace 7 by 7+ Zy for slightly more compact expressions.

™
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= driycs  327%wlyls  16iTmycd

CJl2

13 135 405 9

Cla2] = LTinTG  8iTm'(y | MiTPm Gy | S8iTnGs  4iTPnOGs 8T mR(3Cs N 874712 (3¢5
6457 2025 14175 2835 675 135 15 15

While the antisymmetry of ﬁa) in (j1,k1) <> (Jo, k2) clearly propagates to
clhn]=-clan]. (2:5)

it is not immediately obvious from the definition (2.53) that the depth-one terms cancel. In fact,
one may view the dropout of & (k,0P) from (2.53) as a defining property of - -].

2.3.4 Examples at depth two expressible via zeta values

For reduced multiple modular values at depth two, no analogue of the closed formula (2.49) is
known. We begin with a few illustrative examples. In the (G4, G4) sector we have [49]

8 ¢3 16im°G3 | 10imP¢s _ 16in°¢z 10im3Gs

00] — 017 — 107 —
M[44] 9 ’ M[44] 405 27 ’ M[44] 405 27 ’
8 2,2 8 2,2
MIEH] =0, Migg) =5 Mi3g) = T8 (2.56)
8m2(2 2imoC3  10im3 (s 2im9¢3  10im3(s
221 _ _ 3 127 _ _ 217 — _
We note that all rational multiples of 7® present in the individual terms such as [49]
20978 20978 4n?(?
m91= o000 ™A1= ~Sem00 T e (2:57)

disappear in the combination (2.47).
More remarkable instances of such simplifications occur for higher weight, for instance in the
reduced multiple modular values of the (Gy, Gg) sector [49]

M= MIE = -

Mig4) =6 Mgy =l e T
Mligl=0, M[}E]= —4;7;;? 2167;55(5 : (2.58)
=, iy -3 e

M[29] = 8W?C53C5 7 M2} = 2;;? B 42’67;5545 ’

il i

M3 = -GS
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Rational multiples of 70 and 7T2<375 drop out from all the reduced counterparts M [{11 Jg] even
though they appear in individual multiple modular values such as [49]

503710 4x2
0 0 = -
w46l = ~ 55515000 T 75 B0
503710 472 472
ml64] = 35515000~ 75 0 T 15 @G (2.59)

We expect that more generally, the double zeta values (,, », present in individual m[ill iz] [60]
will drop out in the combination to their reduced counterparts at arbitrary weight.

2.3.5 Examples at depth two involving L-values

Individual m ill ﬁ at weight k1+ko > 14 involve certain “new numbers” [49] such as ¢(A;12)
and L-values of holomorphic cusp forms outside the critical strip. However, the reduced combina-
tions (2.47) are conjectured to feature only single zeta values, L-values of cusp forms and powers
of w. This can be checked from the M [ill ﬁ] provided in the ancillary file up to k1+ko < 28
and the examples presented in this work.

The simplest examples of reduced multiple modular values involving non-critical L-values
occur in the (Gy, Gyg) and (Gg, Gg) sectors [49],”

43t 1LimdGn 256imtPA(Aq2,12)

25259850 540 1913625 ’
M0 3] — 17imt s imd¢  16im3A(A2,12)
i 10) = 26521%8425 17010 ] 229635 13’
Simll(s  2imd¢y 1lim3¢y1 = 256im'3A(A12,12)
My 1] = 2525985 * 243 135 * 1913625 ' (2.60)
dir'Cs in®ly  16imPA(Agp,12)
M[zll 120] = - + - )
10609137 = 5670 229635
ML = - dir'Cs  64imBA(A19,12)
410 37889775 1148175 ’
as well as
ML) = 4im9¢s N 22ir%¢n 256 P A(Arp, 12) 7
297675 1575 826875
M[23] = — 2im° (s N i N 16im'? A(A1y,12) |
'%%612511'23250 2561 %913(22 12)
1T Q7 1011 17T 125
M[§8] = 4725 525 826875 ’ (2.61)
M[12] = 4im9¢s B it°Cy  16im3A(A12,12)
68177 2480625 2250 99225 ’
MI21] = 2im9¢s  imoCy  16im3A(A12,12)
58] = 496125 ' 1350 99225 ’
M[23] = i din'¢r 64im'PA(Agp,12)
68177165375 99225 496125 '

9We are indebted to Francis Brown for correspondence on his work [61] and making many explicit expressions
available to us, such as (2.60), (2.61) and the first three lines of (2.62).
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All other cases with (k1,k2) = (4, 10) or (6,8) are determined from (2.47), the depth-one results
(2.25) and the reflection properties (2.45). Starting from k1+k2 = 16, we also find L-values
A(Asgs,t) at odd t such as

2764113 (3 64im*A(A12,13)

1671 _
My z] = 1005657778125 245581875
MEA] = - 2im1 ¢ in’¢y  Sim'A(Aq2,13)
61 210;19875 2797675 . 2((379075 | ’
219 4inT¢y  32imA(A12, 13
MIg}] = T496125 83349 T 3472875 ’ (262)
ML 6] = it i’ 4im'OA(Arp,15)  8im'®A(A, 17)
101057 5893965 612360 104483925 1316497455
MO L] = — 31034im!7 (3 N 680im° 17 256im ' PA(Ag6,17)  512im'A(Ayg, 18)
416 51288546684375 97659 138175277625 28733079375

In the ancillary file accompanying the arXiv submission of this work and Part I, we present the
complete list of reduced multiple modular values at depth two up to ki+ky = 28. The values
there were fixed by knowing on which numbers to expand the reduced multiple modular value [49]
and fitting the rational coefficients via numerical evaluation.!’ Since we assign transcendental
weight m+1 to A(Agg, 25+m), the explicit expressions are compatible with the transcendentality

Bitko of M| 2 |.

3 Modular properties of solutions to the Laplace equations

(s)

The problem that motivates this work is to find modular invariant solutions Fi Z to the Laplace
equations (1.1). In Part I, we showed how a leading-depth solution could be constructed in terms
of the /% and how to complete it by including lower-depth 5%V terms. We already pointed
(s)

out in Part I that the modular invariance of the resulting function l\fiz is not guaranteed
by the construction that was only tailored to produce an exact solution of (1.1) in terms of
various %Y. Since the 5%V have the more involved modular properties presented above, this does

(s)

not necessarily entail modular invariance of anz .

As we argued, failure of modular invariance can and will arise whenever the space of Fi(z) is
larger than the space of modular graph forms constructed from 5 at depth < 2. The explicit
counting done in section 3.6 of Part I showed that this can happen at Laplace eigenvalue s(s—1)
whenever there are holomorphic cusp forms at modular weight 2s. This is not surprising since
the generating series of MGFs [30] only contains combinations of 5%V that are compatible with
the relations in Tsunogai’s derivation algebra, see section 4 for a more detailed discussion of the
corresponding ‘dropouts’ from the 5V. As the relations in the derivation algebra are triggered
by holomorphic cusp forms [48] we have a consistent picture that iterated integrals of such cusp
forms should arise. They also feature naturally in the space of real-analytic modular functions

studied in [37,38,46,51,52].

'9Numerical approximations of the L-values can be obtained efficiently using PARI/GP [62,63]. In the ancillary
file, we have collected the numerical values of relevance to this work, meaning up to modular weight 26 and the
first integer values outside critical strip.
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For every holomorphic cusp form Asg of modular weight 2s, we have constructed even and
odd homogeneous solutions Hizs to the Laplace equation in (2.29) and we have also shown that

they are not modular invariant, see (2.39). Therefore, if the combination i‘rin(z) of 5% is not
modular invariant but solves the correct inhomogeneous Laplace equation, we can consider

+ >+
@) =F 0@+ Y ok, 05, (1), (3.1)
A2SESZS

where the sum runs over the space Sos of holomorphic cusp forms of weight 2s. Then we can
ask whether a suitable choice of constants aizmmk renders this new solution Fi(z) to the same
Laplace equation modular invariant.

To answer this question we have to determine the modular transformation of i‘rin(z) As this
is a combination of 8%V, potentially multiplied by powers of y, we have to use the S-modular
transformation of the 5% discussed in section 2.3. As is evident from (2.50) and (2.51), the mod-
ular transformation generates special combinations of multiple modular values and additional
depth-zero terms C[---], which can be derived from the relevant af --] appearing in (2.4b).

)

Ultimately, we obtain the explicit S-modular transformation of Fi(z in terms of these multiple

modular values. In order for a failure of modularity of i‘i(? to be cancelled by that of Hi%,
one must obtain very specific combinations of multiple modular values that ultimately are pro-
portional to the same polynomial in 7 and 7 given in (2.39). This is true in all examples and
should follow from the general analysis in [35,37]. We exemplify the mechanism for a variety of
weights and Laplace eigenvalues.

The occurrence of these extra terms HXZS was also argued for on general grounds from
the Cauchy—-Riemann equation in Part I. We shall initially focus on the case when Sag is one-
dimensional and defer more general cases to sections 3.3 and 3.4. We also note that the presence

)

of Hi% in the modular-invariant solution Fi(z of the Laplace equation (1.1) implies that,
inspecting Fourier by Fourier mode, there are non-zero coefficients for the homogeneous solutions
(provided by Bessel functions) to the Laplace equations, see (2.32). This is in contrast to what

was observed in examples in an SL(2,Z) U-duality context in [64-66].

3.1 Examples involving the Ramanujan cusp form

The cusp form of lowest weight is the Ramanujan cusp form Ay = > >7

.-, T(n)g". Since it has

holomorphic modular weight 12, its iterated integrals can arise as the modular completion of
Frin(z) at eigenvalue s = 6. According to the spectrum (1.4) this happens first for m+k = 7 in
the odd sector and for m-+k = 8 in the even sector.

3.1.1 0Odd functions for (m,k) =(2,5) and (m,k) = (3,4)

As presented in Part I, we can carry out the procedure for obtaining a solution to the Laplace
equations (1.1), and the simplest odd functions where modular invariance at the level of the 55
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breaks down are given by

Fy 0 = 189081 4] — 1512672 3] + 180085 [ {4 1] + 15126%[ { 9] + 1008¢: 5[ 3]

31543 » 21y ., 105¢o ., o
R[] = TR - Gt ]+ s
F;§)=—2100/35V[ 3] — 21008%[32] 4 21008 [32] — 2108V [4 1] + 21008V [4 1] (3.2)
+ 2105 (18] + 8463+ T2 (3] + S0 (] - oY)
G 74
) - T3] - e

The modular transformations of these expressions can be obtained by the methods of section 2.3
where we also use the knowledge of the af- - -] whose values were determined in Part I, building
on [30]. The modular transformation (2.33) of the functions above yields

o 17014 17014 2374 7 +7
5F70(7) = (oo MU ]+ ot MU ] - Sy ) T

5 &7 1050 3977 100118800 © 1672 ) (r—7)5
~_(6 66157 22057 G T\ THT
5559 (r) = (3%7/\4[8;] FEEM - TR T 63

where the dots denote similar terms that consist of multiple modular values and polynomials
in 7 and 7 over the same denominator (7—7)°. Even without further knowledge of the exact
multiple modular values one can check numerically, using (2.24), that neither of the above S-
transformations vanishes. Hence, we are indeed in one of the cases where the combination ﬁz_ éﬁ)
of 3%V that solves the Laplace equation fails to be modular invariant.

Fortunately, further knowledge of the multiple modular values is available through the beau-
tiful work of Brown [35], and the examples relevant to (3.3) can be found in (2.60) and (2.61).
We emphasise that the multiple modular values are not built out of multiple zeta values alone
but also contain L-values of cusp forms. In general the individual multiple modular values
also contain other ‘new numbers’ such as the object ¢(A;12) in [49], but these do not enter
in the examples above and cancel in all reduced multiple modular values (2.47) that we have
encountered.

Using these and similar results one can show that

_ ’L'7T11A(A12, 12)

—(6 — _
11
~—(6 (s A(A12,12) _ _
58F3,£1 )( ) —W%z(ﬂ )
with the same polynomial in 7,7 in both cases
2 1
P (T, 7) = (r+%){1 + 77t — ﬁﬁ%#)(ur?#) + E(TA‘—H_A) (3.5)

25 19
— ET%(1+72%2) + 277 (72472 + 37272} )
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These cocycles turn out to be proportional to those of Hy , in (2.43b),

—(6 ~—(6 1 A(Alg, 12) _ _

50 (r) — 70 (—1) = FAAT0) (Ha,, () T3, (1) (3.6)
=—(6 ~—(6 1 A(Alg, 12) _ _

B3 (r) - 150 (1) = "B A(B1,10) (HAlz(T) - HAH(_%)) :

We can therefore form the linear combinations

—(6) _ 3—(6
Fz,é )= F2,§, - — (3.7)

(

(
F?:g;) _ F;iﬁ) 1 AEAlg, 12
that are modular invariant thanks to (3.6) and solve the Laplace equation (1.1b). The ratio of
L-values appearing here might appear a bit surprising since in all previous expressions of this
work and Part I, (multiple) zeta values only appear in the numerator. The reason for the ratio
showing up here lies in our normalisation of the homogeneous solution in (2.29) as a simple
iterated integral. This definition leads to the explicit appearance of an L-value in the S-cocycle,
see (2.43b), which needs to be cancelled by the denominator in (3.7). Choosing a different
normalisation for HX% one could turn the quotient in (3.7) into a multiplication by an L-value
only.

We note that the combination

3k, + kY =38, 4 Fy (3.8)

is an eigenfunction of the Laplacian with eigenvalue 30 which is perfectly modular invariant on
its own without the need of adding any iterated integral of Ajo. This is one of the examples of
modular objects analysed in Part I that is expressible in terms of £,y and odd zeta values.

3.1.2 Even functions for (m, k) = (2,6), (m,k) = (3,5) and (m, k) = (4,4)

In the even sector, the first occurrence of the eigenvalue s = 6 is for F;éﬁ), F;gj) and FIE;G).

The B%-representations of the associated f‘;(g)_m

in (3.2) and can be found in section 4.5 of Part I. Performing the S-transformations on the

take a form similar to their odd counterparts

combinations constructed only out of the 5%V we find

~ 693 823im5¢s  TiC11  9555i(13 1
SeFTO) 1y _ [ 222 0171_ AMJLO _
s (1) = | Gas MU o] = MU 2D+ 555753506 + 9628 ~ 1105675 (T
THAAR,13) L
= izsop PR
- 945 im3Cs TiCg  63063i(13 1
P O 0171 _ AMJ[LO _
s (1) = { Gas Mo o] = Mlo o)+ 55700 * 55507 ~ 17680675 (r—rp
MA(A,1
=Tt B) ). 3.9)

1326725 112
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(@M[OéHm@ 5005i§13>( 1

3278 B 7'—7")5—’_”'

3240 1658470
77T11A(A12, 13) +
62190055 112

(1,7).

In the second steps, we have inserted the relevant expressions for the multiple modular values
and thereby arrived at the polynomial

_ _ _ 91 _ 691 _
(T, 7) = (1—7’7’){1 + it — 63 — (P47 (14737 + ﬁ(7—4+7—4) (3.10)
3131 21421 40273
I (14272 LA (2, =2 Fald 92
1 TT(147°7%) + 5568 TT(T547T7) + 5068 T

which determines the ellipses in the first steps of (3.9). Since the corresponding S-cocycle of
the homogeneous solution HXH in (2.43a) is proportional to the same polynomial in (3.10), the
following combinations are modular invariant:

pr® _ e 2 ABi,13)
2,6 26717275 A(Aqg, 11)
+(6) _ 3=+(6) B 5 A(A127 13) +

Fas ' =Fs5" — 17056 A(Aq, 11)HA12 ’ e
+(6) _ 3=+(6) 7 A(A127 13) +

Faa = e T 10565 A(Brp, 11) 102

From this we also see that the following combinations are modular invariant without the inclu-
sions of an iterated integral of a holomorphic cusp form,

+(6 6 _+6)  =+(6 6 =+

F ()_£F4,4(1): 2,((3)_35F44(1)a (3.12)
+6) | 10 1(6) _ wm+(6) | 1O x4(6

Fs,é )+ EF4,4(1 )= 3,& )+ 112F4z(1 ) )

as already discussed in sectlon 4.5.2 of Part I. There is a two-dimensional subspace of the three
modular invariants {F2 6 ),FJEG),FIELG)} that does not require a cusp form — in agreement with

our counting of MGFs in section 3.6 of Part I.

3.2 Examples with cusp forms of higher weight

We have performed the same analysis as in the previous section for all Fi(z) with m+k < 14. The

)

combinations f‘i(z of 8% require additional cusp forms for their modular invariant completion
whenever s is half the weight of a holomorphic cusp form, ie. s € {6,8,9,...}. We only list
those cases here, a full list of the Fi(z) with m+k < 14 in terms of 8% can be found in the

ancillary file along with their modular completions.
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Besides the examples of the previous section, the Ramanujan cusp form occurs in the fol-
lowing modular invariant functions at transcendental weight m+k = 9, 10,

~6) _ =), 1 AAi,14)
For’ =Fyz7 +51825A(A12,10) Az
po® _p-© _ 1 ABn 1)
360 7536 T 4500 A(Ap, 10) A2
~© _ 50 , 1 AAp,14)
(

. _ 1
45 45 T 1800 A(Aqp,10) 2127 o
- 1 A(Agp,15)
FHO) _ F6) L HL
87 =87V 705550 MDA, 11) A
+6) _ e 1 AB1,15)
Fas' =Fas’ — 555776 A(Aq2,11) Haw
6 _ e 1 AB1,15)
Fos =Fsp + 165840 A(Aq2,11) Ha-
The Hecke normalised cusp form of weight 16 arises in (also see appendix B.1)
p=® _ -6 _ 13 Al 16)
2,7 2,7 7350 A(Aqg,14)
F® =y ® 4 13 Mo, 10)
3,6 3,6 2100 A(Aqg,14) A6
p-® _ - _ 143 A(Ase, 16)
45 T 45 T 14700 A(Arg, 14) M1
g 39 A(Ag 17)
FHE) _ F-|-(8) ) 3.14
2,8 2,8 3544660 A(Ag, 15) ( |
. 91  A(A6,17)
F+(8) _ F-|-(8) o ) H+
3,7 372083392 A(Agp, 15) A’
pr® _pr® 1001 A(Ae, 17)
460 = T46 T 13021900 A(Agg, 15) D16
pH® _ e 143 A(B1e,17)
5,5 5,5 1620416 A(Aqg,15) Ao
The Hecke normalised cusp form of weight 18 arises in (also see appendix B.2)
0 _p-0), 1 A4, 18)
F =F
2,8 28 T 1260 A(Aqs,16)
~0) _ 5@ _ 5 AlA1s,18)
- F H 1
3,7 BT 2016 A(Ags,16) A8 o
F,o)=F H
4,6 4, 6 5040 A(Agg,16) A1

Just as discussed in the previous examples, it is possible to find suitable rational linear com-
binations of these objects to produce modular invariant functions for which the homogeneous
solutions HXQS cancel out, thus properly living in the realm of MGFs.
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3.3 An example involving the two weight 24 cusp forms

As explained in Part I [1], as we increase the total transcendental weight w = m+k we encounter
higher and higher eigenvalues s < k+m—1 in the spectrum, see (1.4). This in turn means that
the obstructions to finding modular solutions to the Laplace systems (1.1) are related to iterated
integrals (2.29) of cusp forms Ay, of higher and higher modular weight 2s. Denoting by Sas the
vector space of holomorphic cusp forms for SL(2,Z) with even integer modular weight 2s, we

A s, = { t

Hence, we see that starting with 2s = 24 we should in general expect the space of obstructions

have the classic result [67]

2| -1 2s=2 mod 12,

[VI

(3.16)

=N =N
el Sl

J otherwise.

to have dimension greater than one since dim Sz4 = 2. From (1.4) we know that the first instance
for which the eigenvalue s = 12 appears is for the odd sector and with transcendental weight
w = m+k = 13. We are then led to expect that a modular invariant solution to (1.1) in this
sector must take the form

—(12) 12)

_ p—( — - - —
Fmvk - Fm,k + aA24,i7m7kHA24,i + aA24,n7m7kHA24,n ) (3.17)

with m+k = 13 and m, k > 2, where we use a basis of Hecke eigenforms subject to (2.38) and
denoted by A247Z', A247“'.

Such a basis can be constructed by considering the linear combination aA%2 + BA15G19, ie.
the most general holomorphic cusp form of weight 2s = 24. Then, the real coefficients «, 8 for
Hecke eigenforms are obtained by imposing the resulting Fourier coefficients to be multiplicative,
i.e. a(m)a(n) = a(m-n) for m,n coprime: ged(m,n) = 1. This procedure constructs the two

Hecke eigenforms'!

24204
Aoy (1) = <3 04 12\/144169>A12(T)2 + Glz(T)AH(T)a (3.18a)
691 212
24204
Aoy ii(7) = <3 6910 + 12\/144169>A12(T)2 + GZ?Z(T)AH(T), (3.18b)
12

whose Fourier coefficients lie in the number field Q(1/144169):

Aoy i(1) = ¢* + (540 — 12V/144169)¢* + (169740 + 5761/144169)¢> + O(q*), (3.19a)
Aoy ii(T) = ¢* + (540 + 12v/144169)¢° + (169740 — 5761/144169)¢> + O(q*) . (3.19b)

1 Alternative expressions in terms of the ring generators G4, G read
Ao s(r) = 131 VI44169\ (Ga(n)\°® [ 13 V144169 \ [ Ge(7)\*
2T\ 248832 1 248832 24 248832 ' 248832 206
L +\/144169 Ga(m)\? ( Ge(m)\?
124416 124416 2Ca 2(s

and the analogous combination with v/144169 — —+/144169 for Aoy (7).
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The number field generated by the above Fourier coefficients has a non-trivial Galois automor-
phism o € Autg (Q(m)), which acts as ¢ : v/144169 — —+/144169 and under which the
two basis elements are exchanged, i.e. 0(Aag4;) = Aoy js.

In the basis of Hecke eigenforms we have that all the even/odd completed L-values inside
the critical strip are Q(+/144169) multiples of one another [59] and the S-cocycles for Agy; and
Agy i can be put in the form (2.39). The Galois automorphism exchanges the two cocycles, as
well as the completed L-values.

Following the same types of arguments that led to (3.6), we see that in general the S-cocycle
for 157;(,162) does not vanish and involves the completed L-values A(Aay;,t), A(Aaq s, t) of the two
Hecke ’eigenforms through the reduced multiple modular values. For example, we find

24438334im%3 (3 N 4016053i73 (o3 N 4096im%* A(Agg, 23)

0171 — _
M4 5] 77661373832214046875 1153592550 7791418647627615
39121664iw2° 1279322368i72° /144169
Aoy, 24 3.20
<7428479236124821875 +1070956422992879444896875 (A24,24)  (3.202)
39121664iw2° 1279322368i72° /144169 A(Agy s, 24)
7428479236124821875  1070956422992879444896875 24,0 2
M1 0] = 1242928im23 (5 +2i7r5£21+4016053z’7r3§23_8192z'7r24A(A22,23)
42257 847214987260516875 567 115359255 1558283729525523
121664i72° 1279322368725 /1441
39121664ir N 793223680 69 A(Agis24)  (3.200)
7428479236124821875 = 1070956422992879444896875 :

39121664im° _ 1279322368im%° /144169 (Mg 5. 24)
7428479236124821875  1070956422992879444896875 20 &5

Using these and similar expressions for the other M[ill iz] with ki+ke = 26, there is

a unique choice of the constants ay, . . 1:@a,, .., Such that the combinations (3.17) are
modular invariant. Explicitly,

" _ 1 [ 152819 4997353144169 \ A(Agy,,24)
A21:211 77900 | 76230 10990002870 ) A(Agq;,22)’

" _ 19 [ 18289 554243144169 | A(Agy,24)
A2e0310 7 4390 | 87780 12655154820 | A(Agy4,22)

323 ( 2117 44479\/144169> A(Agy,24)

A = - - 3.21
92820449 = 7200 \ 78540 11323033260 ) A(Daig,22)’ (3:21)

e o3 (1 13VIHIEY | A(Aay;,24)
A20058 7 1680 \ 220 | 31717180 ) A(Aasy,22)

- 4199 (823 +82699\/144169 A(Agy,24)
A2056.7 710800 \ 660660 95246691540 | A(Agg;,22)

where we have split the result into three factors: The ratio of L-values carries transcendental
weight one, the middle factor is valued in the number field Q(1/144169) and corresponds to the
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inverse of the Petersson—Haberland pairing [68] between two properly normalised polynomials
associated with the cusp from Ag,. The first factor is a rational number multiplying the vector
in the number field and we refer to [35] for why this splitting occurs. The constants N
for the second cusp form can be directly obtained by the application of the Galois automorphism
0 Any, , mk ie. APy ik = 0(@&24’1_%7,6) that acts on the number-field-valued middle factor by
the Galois action and on the L-values by o(A(A244,t)) = A(Ao4i,1).

With the above values we obtain that the combinations (3.17) are then the unique modular
invariant solutions to the Laplace system (1.1). Furthermore, we can easily check that, for

(12)

m,k

Hg%i( 7) and H A24,“-( 7) drop out, thus producing the modular objects discussed in Part I, for

some particular rational linear combinations of F__ the iterated integrals of the cusp forms

example:
1862 _(12) 470 _(12) —(12) 1862~ (19 470v (12) . =—(12)
To3 21t T me +Fe7 7 = To03 211 T 103 Foo 7 +Fe7 ™,
171 2y  165__@12 —(12) 171=_(12)  165%_(12) & »=—(12
19 3,&0) 19 F4( ) Fs,z(s ) = 19 3,&0) 19 F4( )+ Fs,z(s ) ; (3.22)
76 12 62__(12 —(12 T6=_(12) 02x_(12)  x-(12
11 3,&0) 11F4( )+ 6,$ ):_ﬁ 3,&0) 11F4( )—'—Fﬁ,g s

In section 4, we discuss the relation between linear combinations of this type and Tsunogai’s
derivation algebra.

The complete list of modular completions l*v“i(z) — F (k) with m+k < 14 can be found in
the ancillary file.

3.4 Structure for general weight

For general transcendental weight w = m+k and eigenvalue s in the spectrum (1.4), the modular

+(s)

invariant solutions F, 3" to the Laplace system (1.1) must take the form given in (3.1).

From their general form given in (2.39) we know that the cocycles 55Hi2$ can be nor-
malised so that we have factorised out the completed L-values A(Ags,2s—1) in the even case
and A(Ags,25—2) in the odd case, times a rational function in 7, 7 with coefficients in Ka,,, the
number field generated by the Fourier coefficients of Aog.

To understand the generic structure of the coefficients ai mk We can analyse in more depth
their transcendentality properties. Recalling here the expresswn (2.31) to rewrite Hi ,, in terms

of iterated integrals

H () = 5 3 () g [ 07 i) e (3.29)

we notice that all these terms have uniform transcendentality s, since in our convention the
transcendental weight of any iterated integral £y(Ags, 0% 7) is £+1, and y = 7Im7 has tran-
scendental weight 1. Hence, we deduce that we can assign transcendentality s to Hizs. How-
ever, from (3.1) we see that the combination ai%,m,kHi% must have transcendental weight
w = m+k which assigns weight m+k—s to ai%m’k. On these grounds, by the transcendentality
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¢ of A(Ags,2s+£—1) outside the critical strip £ > 1, we are led to conclude that

N o A(Aamtkts—1)
AAqy mk BAss,m k A(A%, 28—1) >

+
a = 3.24
Ags,mik A(Agg, m+k+s5—1) (3:24)

qus,m,k ’%Zzsm,k A(Agg,25-2)

where we have qi% mi € Q, while ﬁi% mi € Ka,, is given by the inverse of the Petersson-
Haberland pairing between the two cocycles 5SHXZS (7) and dsHy, (7) properly normalised,

see [35]. Given that m+k+s is even (odd) for even functions F:;(Z) (odd functions F;L(Z)), the
L-function A(Asgs,m+k+s—1) in the numerator of (3.24) is evaluated at odd integers in the
modular invariant completion of F:;(Z) (at even integers in the case of F;L(Z))

Note that, as discussed previously, to determine the number field Ka,,, which contains the
Fourier coefficient of Ay € Sag, one has to diagonalise the Hecke operators (2.38) in Sas. The
nature of this number field Ka,, is clarified'? by the Maeda conjecture [69], which states that
the characteristic polynomials of the Hecke operator T;, are irreducible over Q. In a certain sense
the number field Ka,, is “maximal” in that the Maeda conjecture suggests that the associated
Galois group is the full symmetric group &, with d = dim So;.

For example at weight 2s = 28 with d = dimSys = 2 we have Ka,, = Q(+/18209), for
2s = 30 we have once more d = 2 and now Ka,, = Q(\/M), while moving to weight 2s = 36,
the lowest weight for which d = 3, we have Ka,, = Q[z]/(2® — 124221942 — 2645665785),
which means that the algebraic number field extension of Q contains all three roots of the
polynomial. The Maeda conjecture, although still unproven, has been extensively tested for all
modular weights up to 2s = 12000, see [70] where strong evidence is presented to support its
validity. More examples of such number fields can be found on the very comprehensive LMFDB
database [71] of L-functions and modular forms.

As a final comment we stress that the action of a non-trivial element, o, of the Galois
automorphism group Autg(Ka,,) allows us to relate the constants ai%m . for different Hecke

eigenforms a(ai%’m’k) = aiﬁ(AQS)’m’k, hence if Maeda’s conjecture were to be true it would be

enough to find one such number ai%m ;. for a single Hecke cusp Agg to deduce all the others.

4 Selection rules on ' from Tsunogai’s derivation algebra

In this section, we study the interplay between the generating series of MGFs introduced in [28],

)

introduced by Tsunogai [47] that is related to holomorphic cusp forms [48]. This connection

(s)

S . . . .
. are not modular invariant. The commutation relations among

the modular invariant functions Fi(z and an abstract algebra on generating derivations e

will clarify why sometimes Ij“i

Tsunogai’s derivations €, with &k = 0,4,6,8, ... govern which linear combinations of the modular

(s)

completions Fiz appear as MGFs.
The generating series of MGF's introduced in [28] captures the structure of the o/-expansion of

certain genus-one integrals in closed-string amplitudes that eventually comprise all MGFs when

12We would like to thank Herbert Gangl for related discussions.
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integrating over sufficiently many torus punctures. More specifically, the first-order differential
equations in 7 of this generating series is solved by

ook2

=1+ L k 2 = CIPED) v ] -2 (4.1)

k=4 j=0
ooook12k22

)1tz kl— Y(ko=1) T ja 1 (ka—jo—2) (k1—j1—2)
+ZZZZ /<;1—2 k2 [’“’“2}]“ o ol

k1=4 ko=4 j1=0 j2=0

with conjectural matrix representations of €, acting on suitable initial values as 7 — ioo that are
series in zeta values [30].1% In [28,30] the €; were explicit finite-dimensional matrix operators
that were checked at low orders to obey the relations of Tsuongai’s derivation algebra, and
this is conjectured to hold to all orders. Here, we think of the ¢, as the abstract generators
of Tsuongai’s derivation algebra. In (4.1) and the following we make use of the convenient
shorthand notation

e = (adey Y (ex) (4.2)

for the repeated adjoint actions ad,(*) = [eo,*]. The suppressed terms O(e}) in (4.1) are all
multiplied by £V of depth > 3.

4.1 Overview of ¢, relations at depth two

Tsunogai’s derivations satisfy a wealth of commutator relations. First of all, [es, €x] = 0 with
k =0,2,4,... identifies €5 to be a central element which does not occur in the series (4.1). On
the remaining derivations, ad¢, enjoys the nilpotency properties

adf ! (a) =V =0, k=468,... (4.3)

such that the j; = 0 terms in (4.1) exhaust the maximal non-vanishing nested commuta-
tors e,(f_m. Apart from the relations (4.3) that take a simple and universal form for all k,
commutators of e, ,€g,,... at weight k1+ko+ ... > 14 obey more involved identities starting

with [72,48,53]

0 = [e10, €4] — 3[es, €6]

7 11
0= [e14, €4] — 5[612, €6 + 7[6107 €], (4.4)
25 13

0 = [e16, €4] — —-[€14, €6] + Z[Em, €g) .

8
Nested commutators of three and more derivations obey corollaries of these relations obtained
from action of ad,. At the same time, there are infinite families of indecomposable relations

13The generating series of genus-one integrals are denoted by Y in [30] and given by &7 exp(—fl—‘;)f/i‘x’7 where

the initial values Y comprise all the (conjecturally single-valued [36,7]) MZVs in the expansion of the resulting
MGPFs around the cusp.
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among three or more derivations, i.e. relations that cannot be obtained by repeatedly acting
with ad, on simpler ones. The simplest indecomposable relation trilinear in derivations reads

0= 80[612, [64, 60]] + 16[64, [612, 60]] — 250[610, [66, E(]H — 125[66, [610, E(]H + 280[68, [68, E(]H
— 462]eyq, [€4, €3]] — 1725]eg, [€6, €4]] (4.5)

and already illustrates a generic feature: When referring to the number of €,.o in a nested
commutator as its depth,'* then indecomposable relations involving more than two € usually
mix terms of different depth. The depth-two terms in the first line of (4.5) affect the appearance
of 5%V of depth two in (4.1) while the depth-three terms in the second line are related to 3*V of
depth three which are part of the suppressed terms O(ei) in (4.1) and beyond the scope of this
work.

Relations in the derivation algebra are also assigned a notion of depth according to the max-
imal depth of the nested commutator therein, e.g. (4.5) is said to have depth three. As will be
reviewed in the remainder of this section, Pollack determined the depth-two terms in indecom-
posable relations of arbitrary depth in closed form. More precisely, their rational coefficients are
determined from the period polynomials of holomorphic cusp forms in [48].

4.1.1 Cusp forms and depth-two relations

In order to concisely relate the coefficients in relations like (4.4) or (4.5) to holomorphic cusp
forms Ay, of modular weight 2s, we follow the conventions of [48] for period polynomials

A, (X,Y) = /0 - dr Aoy (1) (X — 7Y )?572 (4.6)

25s—2 28 2
— ) X 2R (Y )R A (A, kT
Zk§:0<k> (—1Y)"A(Ags, k+1),

where the arguments of the L-function A(Asgs,t) are all within the critical strip ¢ € (0,2s).
Moreover, we introduce the even and odd parts of the period polynomials (4.6) via

1
ri% (X,Y) = 3 (720, (X, Y) £ 72, (X, —Y)]

25—2
i Y ()X 2R (Y )RA(Ags k1) or k)
kkglgn

25—2 959
iy (sk )X28_2_k(—iY)kA(A23,k‘—|—1) S N
k=0

k odd

' This terminology differs from the work of Pollack [48] where also € is assigned depth one.
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The ratios of L-values at 2s = 12,16 and 18 noted in (2.42), (B.1) and (B.3) are equivalent to
69LiA(A, 11)

36
Tilz(XA/) = 5 {X8Y2 — X?v® - 3(X6Y4 _ X4y6) _ @(XIO _ YIO)} 7
17iA(Aqg, 1
TZM(X’Y) = —36 i 1(8016’ 5) {X12Y2 — X?%yi2 _ ;(XlOYA‘ _ X4Y10)
11 180
21 x8y6 _ x6y8) _ —2Y (x4 _yl4 N
3 )~ 3617 )y (4.8)
4 i A(Aqg, 1 9
2250 ;)
13 10v6 61,10 2250 16 16
+4(X Y X°YH) 43867<X Y16y 4.

The rational coefficients 7’125 (X,Y) | Xayb of the non-zero powers X¢Y? with a,b > 0 are easily

seen to match those in the depth-two relations (4.4) among [e, , €k,] wWith kj+ke = 25+2. More
generally, the depth-two relations in the derivation algebra are given by

0= Y rEY)

a+b=25—2

Xayb [Ea+27 €b+2] (49)

in terms of the even parts of period polynomials (4.6) of cusp forms [48]. The extremal terms
~ (X272 —Y2572) in (4.8) are mapped to coefficients of the vanishing commutators [eo, *] in
(4.9), that is why their more involved coefficients %, % and % do not enter the depth-two

relations (4.4).

4.1.2 Cusp forms and higher-depth relations
Also for higher-depth relations such as (4.5), the coefficients of the depth-two terms [e}(g1 1), e,(é 2)] =
[adgé(ekl), adgg(ek2)] are determined by the period polynomials (4.6). More specifically, relations
of even (odd) depth are governed by the even part TLS (the odd part 7, ) in (4.7). At weight
2s = 12,16, 18, the coefficients in the odd counterpart of (4.8)
25 21
T, (X,Y) = 10A(Ay, 10){X9Y + XY? - Z(X7Y3 + X377 + 7){51/5} ,

24
rx (6Y) = 14A(Agg, 14){X13Y L XY 3—§(X11Y3 + X3y

539 55
- ﬁ(xf’y5 + X579 — ?X?Y?} : (4.10)
ra,,(X,Y) = —16A(As, 16){X15Y + XY — %(Xngg + X313
91 143
+ §()(11}/5 + X5Y11) _ Q(XQY’? + X7Y9)} )

enter relations of depth three, five, ... such as (4.5). By rewriting the first line of (4.5) as

e12,¢)] | eaeld] 25 (lern, €] | les, 5T | 21 [es, b)) _
160{ 5 + T 1 1 + 3 + 5 : = 0 mod depth 3, (4.11)

32



one can identify the relative factors of —23 and 21 inside the curly bracket with those in the

expression (4.10) for the odd part r, (X, Y). The addltlonal denominators of the combinations

[k, € (”}

Tg— line up with the d = 3 instance of the general depth-two combination'®
,d : 1)i- ( 2—i)!(g—d+i)! (i) _(d—2—i)
(d—2) Z a2 )(q_2)![ep el ], (4.12)

=

with d > 2 subject to alternating symmetry properties tiq = (—1)d_1tg’p. The ratios of factorials
in (4.12) are engineered such that tgﬂ is firstly annhilated by p4+g—2d+1 powers of ad,,, i.e.

adf;rq_%“(tz,q) =0, adi’;rq_%(t;fg) #0. (4.13)
In the simplest instances of (4.12),

tf},q = [61“ EQ] )

s _ ) laq]
P4 q—2 p—2
[ (2)] 2[6(1) (1)] [(2) ]

s _ el 2] e v >%
P ) D) | -9

the relative factors ensure that t; and t1 are annihilated by p+¢—5 and p+q—7 powers of

Psq
ade,, respectively, e.g. that terms of the form e, (r=2) (q—2)]

(4.14)

cancel from ad?t9%(¢3 ). One can
therefore view the ti at different values of d (together with their non-vanishing adJ actions
at j = 0,1,...,p+q—2d) as spanning different SL(2) representations contained in the tensor
product of {el(,j), j=0,1,...,p—2} and {e[(]j), j=0,1,...,¢—2}.

With the combinations of commutators in (4.12) and the even or odd parts of period poly-
nomials in (4.7), Pollack’s result for the depth-two coefficients in indecomposable relations takes
the compact form [48]

0= Z TLS (X,Y) ‘Xaybtaer prq mod depth >3 : d even,

at+b=25—2 (4.15)
0= Z Ta, (X,Y) ‘Xaybtaer prq mod depth >3 : d odd.

a+b=2s—-2

In other words, the ratios of odd L-values A(Ags,2n+1) (with n€N) in the even parts TLS
determine the coefficients in indecomposable relations among tg,q at even d. Conversely, tg,q at
odd d are related by even L-values A(Ags,2n) (with n€N) in the odd parts 7, . In both cases,
the L-values are within the critical strip, and the coefficients of higher-depth terms such as the
second line of (4.5) remain undetermined by (4.15). The e-weight of the [ (1) e,(g 2)] in a relation

(4.15) due to cusp forms of modular weight 2s is given by ki+ky = 2s+2d 2.

15We depart from Pollack’s conventions for the commutators (4.12) to ensure that the subscripts of tqu line up
with the €p, €4 in their definition. The commutators hg’q in [48] are reproduced by tg hp 2,q—2-
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4.1.3 Examples
The depth-two relations (4.9) are the special case d = 2 of (4.15), i.e. the examples in (4.4) are
reproduced by the first three lines of

Tle = 0= —2t421710 + 6t%78 N

2 2 2
TA,, = 0= =211+ Tt5 15 — 1185 1,

25 4 13

A = 0= 206+ 1 “toaa — 5 312 (4.16)
20 4 28 , 26

A, = 0= —2t] 15 + 3 e 16— 3 g+ gﬁo 125

105 , 17 5 85
A, = 0= —2t5 90 + 16 ——tg 1 — 5 — 316+ 16’5%0 145

where t%q = 0 since e commutes with all the €. Indecomposable relations at depth three due
o (4.15) at d = 3 include

Tay, = 0= 2752,12 225 tg10 + 221 tg,g mod depth > 3,

"ae = 0= 2t]16— 21485756 1+t %t%u - %ti’o,w mod depth > 3,

A = 0= 2ti718 767t6 16+ 941 t8 14— 11423 10,12 mod depth > 3, (4.17)
Thp = 0= 2ti720 75145 o8 + 232 t316 — 220 t?o 1+ 75145 t19,12 mod depth > 3,

_ 1183 5 1547 4 697 1547 4
TA22 = 0= 2t4722 90 tﬁ ,20 + 60 t8 18 — 30 t?o’lﬁ + 120 t12 14 mod depth > 3

whose first line due to r, , is equivalent to (4.11). The relations at higher d > 4 start with

A, = 0= G%ti 14 — 2t§ 1o + 6tg 1o mod depth > 3, (4.18)
TR = 0= 3366107t4 18 — 2tg16 + Tty 4 — 11ty 1o mod depth > 3,
as well as
Tay = 0=2t81 — 225 3,12 + 221 70,10 mod depth > 3, (4.19)
Tae = 0=2t5 15— 21485 tg16 T 51389 t20,14 — 535 t35.12 mod depth > 3,
and feed into relations among [[... [[ex,, €k,], €ks], - - -], €k, ] Of increasing e-weight ki+ka+ ... +ky.

Table 1 summarises the counting of indecomposable higher-depth relations along with their €j-
weight (which is p+q in case of tiq for arbitrary d > 2) due to given holomorphic cusp forms.

4.1.4 Comparison with the eMZV datamine

The explicit form of various indecomposable relations up to depth 5 can be downloaded from
the datamine [73] of relations among elliptic multiple zeta values (eMZVs) [74]. The datamine
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depth || 2 | 3 | 4 | 5

Ay 14 16 18 20
Asg 18 20 22 24
Ajs 20 22 24 26
Asgo 22 24 26 28
Agy 24 26 28 30
Aasir Doggi || 2x 26 | 2x 28 | 2x 30 | 2x 32

Table 1: The number given corresponds to the e-weight of the indecomposable relation of the
given depth triggered by the cusp form Ass, so that for instance Ao induces one indecomposable
relation of depth 2 at weight 14. There are two indecomposable relations of depth 2 at weight 26
due to the two cusp forms of modular weight 24.

uses the notation rRel[w, r] for relations of e-weight w and depth r. The depth-two parts of
these relations rRell[w, r] are usually combinations of several relations (4.15) at different d.
For instance, rRe1[20, 3] at depth three mixes the specialisations of (4.15) to (ry, ,d=3) with
ade, acting on the relation from (TLS, d=2). Similarly, the depth-two terms of rRe1[18, 4] can
be reconstructed from (rilQ,d:él) and adz0 action on (T1167d:2) whereas rRel[20, 5] mixes

input from all of (r, ,,d=5), ad?, (ra,5»d=3) and ad?, (rzls,d:2).

4.2 Modular graph forms and ¢; relations at depth two

Based on the relations among depth-two commutators [e,(il), 6](52 2)] reviewed above, we shall now

describe the dropouts of iterated Eisenstein integrals of depth two from the generating series
(4.1) of MGFs. We will be interested in the modular invariant cases where the entries of

55 [ﬁ iﬂ obey 2j14+2jo+4 = ki+ka, see (2.51). These cases of 5 are related to the Fi(z)

with 2m+2k = ki+ko, modulo shuffles 55V [zﬂ 55 Hﬂ and lower-depth terms. The derivations

(j1) _(J2)
[Ekjll 761322
powers of ade,.

] relevant to modular invariant terms in (4.1) involve a total of ji+ja = & (k1+k2)—2

In the following, we shall rewrite the shuffle-irreducible modular invariants with 85V at depth

two in terms of Fi(z) In this way, the [e,(gl 1), 61(3;)] conspire to the commutators t;i

(4.12) and their images under adég with NV < p+q¢—2d,

q defined in

N

- ) N o N

ad?g[egl)a 6](6322)] _ Z <]’ ) [€](<;j11+])7 61(61224— g)] ' (4.20)
7=0

We will decompose the generating series (4.1) into depth-two sectors ®7 (kq, ko) associated with
double integrals of given (Gg,, Gk,). The modular invariant contributions are isolated by means
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of the delta function in

k1—2ka— 2 J1+J25 ) _
j1+2j2+4 kl kg)
O7 (k1 k) = (k1 —1)(ke—1) > Z
120 ja=0 k1—2 ]1) (k’g—2—j2).
SV ko—jo—2 k1—71—2
B[] e, (@21

and the depth-two modular-invariant part of the generating series (4.1) is obtained by summing
over ki,ke € 2N+42. The shuffle-irreducible modular invariants of the (G4, Gg) sector are for
instance encoded in

5
O7(4,6) + 07(6,4) = — (B[} 3] ey + 307 [31) e + 38797 )Y (422)
+367 8 9] Pl + 357131Vl + B3] een).
Using (2.6) we can rewrite 3%V [ill ﬁ} = -3 [ﬁ ill] mod w, where W refers to shuffle products
(2.6) of depth-one 3%V. Picking the basis'®

F;—,:(J,g) =308%[2 %]+ 308%[2 9] mod lower depth,
Py = —908%[} 2] +908%[2 4] + 908~ [2 1] — 908~ (2] mod lower depth,  (4.23)
Py 40 = —908[12] — 608 (2 4] + 9052 1] + 608 (2] mod lower depth,

of shuffle irreducibles, the derivations in (4.22) conspire to the following ad¢,-images of the
commutators tgg in (4.12):

T T 2 1 —(4
O7(4,6) + 7(6,4) = 10F 55 ade (t6) — EFQ;(,,)adfo(tiﬁ) (4.24)
1
+ 6F2§’ )adEO (t4 6) mod lower depth & .

The analogous expressions at weights m-+k > 7 will in the first place involve the combinations
Fi(s of 4%V rather than the full modular invariants F_ ( ) The iterated integrals (2.29) of cusp
forms are consistently absent from the generating serles (4.1). In the matrix representations of
(4.1) relevant to closed-string genus-one integrals [30], the combinations of 5%V [i] contributing
to MGF's at depth two can be recovered by the initial conditions 7 — ico that the derivations
in 7 act on.

However, the initial conditions do not allow us to retrieve the iterated integrals of cusp forms
n (2.29): They do not have any known realisation in closed-string integrals over torus punctures
since Cauchy—Riemann derivatives of MGFs [8] or their generating series [28] do not introduce
any holomorphic cusp forms. Many of the subsequent equations will hold modulo lower depth
and shuffles as in (4.24), and we will indicate by using 2 in the place of = that shuffles, 5% of
depth one and depth-zero terms have been dropped while depth-one integrals of holomorphic
cusp forms are still tracked.

6The relation between (4.23) and MGFs in their lattice-sum representations is discussed in section 5.4 of Part T
and section 5 of [30].
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We will exemplify in the following sections that the depth-two terms (4.15) of ej-relations

are sufficient to effectively replace all the Fi(k) in ®” by F ( ) In all cases up to and including
m+k = 12, the coefficient of F (k) is checked to be a Q- multlple of adf; l(t;’;jgk sth). Given
that m+k—s is even for Fm(k) and odd for Fm(k), the transition to F:L(Z) (to Fm(k)) by adding

cusp-form contributions is governed by tg’q at odd values of d (even values of d).

4.2.1 Weight 7

At weight m+k = 7, the analogue of (4.24) for the shuffle-irreducible modular invariants reads

T v2_é4) 3 (44 F;,éﬁ) 5 (12 v+(5) 4
®7(4,10) + 7(10,4) = 540 ady, (ty10) — 30240ad60(t4 10) + 420 ———ad, (t4 10) 5
~—(2) %—(4) 1—(6)
d7(6,8) + B7(8,6) = —3%3 ad, (13 5) + F;g{) ad? (th5) — :5’;10 ad? (12 ) (4.25)
(3 r+(5)
- iz ad?o(tg,g) + %adfo(tg,s)-
There are no cusp-form contributions to the even functions at this weight, F:;(i) m = F:;(i) o
but the individual differences Fm(7) m Fm(7) m 10 (3.7) involve the odd combination Hy ,. This

leads to the extra terms ~ Hy Ao in the last line of

Fy 0 p(6)
T T T T ~J 3 275 5 2
7(4,10) + @7(10,4) + @7(6,8) + ®7(8,6) = 540 ad; ( 110) — 302403(160(754,10)

F ) @ F—<4> F—(G)
=2 ad? (£3,,) — —=—ad,, (8 > (t 4.2
B F;f’) 2 +(5) iy - A(Au,m)Hg12 ad® (20— 32,)
14 ot 68 280 6:87 2268000A(Aq,10) 0 HI0 TGS/

which vanish due to ad? (tilo - 3t§78) = 0, i.e. due to the ¢-relation in the first line of (4.16).
Using the same relation also for the coefficients of F;n(g) shows that the linear combination

3F;é6) + F;gj) appears, consistent with (3.8).

4.2.2 Weight 8

At weight m+k = 8, we can similarly start from
=—(5) 5—(7) +(6)

T r ~ F2 ,6 F2 ,6 F2 ,6
®7(4,12) + B7(12,4) = — 20 adl (1) + = 20 ad? (B 1) — S2icad (1),
Fap Fs Faf
T T ~ 2 6 4 4 ) 6
®7(6,10) + ©7(10,6) = 252 adg (t6.10) — 1620 ——adg (5 10) + 665280ad (t810)
V;réﬁx) v+(6)
9F Fy ff‘> Y
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) _

m,8—m m,8—m

and immediately identify F since all of these odd depth-two combinations

+6) o O

m,8—m m,8—m
introduces the even combination H} A, Via (3.11), leading to extra terms in the last hne of

are modular invariant without any need for cusp forms. However, relating F

®7(4,12) 4+ ®7(12,4) + 7(6,10) + ®7(10,6) + 7(8,8)

—~(5) N +(6> -(3)
Fy F, F] F; !
> dg, (¢ adp (¢ ad? (t =5 ad? (1)
7305 2o (s )+665280 o(fa12) = 6048 o (t412) + 5 25-ade, (8 10)
0 F,{ Ei Fi
d? (¢ ds (¢ 35 ad? (43 10) — —22—ad? (¢ 4.2
46203 ( 10) + 665280a ( 10) + 90 @ 2 (t8.10) 3780 2de (610) (4.28)
+(2) +<4) +(6)

— 2 adg (thg) + —o—add (1) — —s—ad? (] 5)

280 €0 120 6720 €0V

A(Ar2,13)HE
208958400A (A1, 11)

ady (4t 1o — 258 1o + 2183 5) .

In this case, it is the depth-two terms in first line of (4.17) which imply the vanishing of
ad? (4t4 12 25t§710 + 21t§78) and therefore the dropout of HIH modulo higher-depth terms
that are given in the second line of (4.5). The higher-depth commutators of ¢ in the second
line of (4.5) will be associated with higher-depth 8%V, and their modular invariant completions
must also contain the iterated integrals of HY ., of depth one. Using the first line of (4.17) also

for the coefficients of the functions F (k) in (4.28) reproduces the linear combinations appearing
in (3.12) (modulo higher depth).

4.2.3 Weight 9
+(s)

Similar to (4.26) at weight seven, the even functions F s 9—m

to the modular invariants F:;(g) m-

at weight m~+k = 9 are all identical

The odd functions in turn introduce iterated integrals of the
cusp forms A1o and A from the Laplace eigenspaces with s = 6 and s = 8, respectively:

®7(4,14) + D7 (14,4) + ®7(6,12) + B7(12,6) + ®7(8,10) + ®7(10,8)

F2— ;6) 5 (44 F2— gs) T (42 ;-’(77) 6 (43 Fi’? é4) 3 (46
= ad® (t S L ad ad? (¢
~ 131040 o(ta14) = 17297280 olt,14) 110880 colfa,14) ~ 2376 o (f6,12)
R Rl i i
A2 (t619) — —mmese~adl (t —=—adg (¢ g (t
7621200 (6.12) — Trogragnade o(t6,12) = g e (6:12) + 66528a )(t612)
—(2) —(4) —(6) —(8)
Fis CFig) Fis F,:
o o i
+ 19 ad2 o (1 810) 1540 ad4 (t 810) + 554403(16 (t 810)

__ 091A(Auz, L)H,, a5< o 3 )
244481328000A (A 12, 10) 691 14 7612 T TEI0
A(Agg, 16)H,
~ 19559232000A (A 16, 14)

T (042 2 P
adg, (2t1 14 — Tt 12 + 1185 19) -
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Both combinations %tim — té‘712 + 375‘81710 and 2t2714 — 7t§712 + 11t§710 of ¢, commutators vanish
by (4.18) and (4.16), respectively (modulo higher depth in the case of the t§7q)'

4.2.4 Weight 10

5)

Starting from weight 10, both even and odd functions I*V“i(k involve Laplace eigenvalues s =

6,8,9,... where cusp forms are required in the modular completion to Fi(s) All of Ao, Agg
and Ajg feature in the corrections in the lowest lines of the weight-10 terms at depth two,

®7(4,16) + ®7(16,4) + ®7(6,14) + ®7(14,6) + B7(8,12) + $7(12,8) + 7(10, 10)

+(2) +(4> +0) +)
~ F575 9 3 5 7 (43

=~ 105 ade, (t10,10) — 330 ad, ( 10,10) + 109203d (11 10,10) — mad (70,10
Fol Fyy) Fye) YA
2851200a EO( 4,1 ) + 518918400 60( 4,16) 2471040 EO( 4,1 ) + 35009 32032 60( 6,14)
Fyy Fyy) 7 )

. y d6 t4 dS d5 5 d7 t
To63200 4% (t6.14) *+ Srsgisann e (t10) + T30 (80) ~ 31570 (o)
BFy ) Fre e Fpe)

— —=2_ad? (18, at (¢ — =2 adf (# — 20 ad® (2 4.
shaq “deoltsz) + 16016a o(15.12) 1330560 *deo (fs.12) + Sga19100 20 (s,12) (4.30)
Ié‘l) Iéﬁ) +(8)

- dZ,(t d (t 0 _ad? (13
264 al ( 8.12) T 6552 —=5 & ( 8.12) — 11531523 (t3.12)

 MA 15)HL
38030428800A(A12, 11)
A(Dg, 1T)HE
8085227673600A (A g, 15)
- A(Ags, 18)H}
5230697472000A (A5, 16)

ad; (4t6 14 25t8 12t 21’510 10)

ad? (36t] 15 — 245t5 14 + 5398 15 — 330t3; 1)

ad® (8tF 16 — 258 14 + 2613 15) -

Again, all the Hi . are accompanied by combinations 4756 14 25t§712 +21t?0710 as well as 36ti716 -
24563 14 + 5398 15 — 33085 1o and 8t3 15 — 25t 14 + 263 15 which vanish by (4.19), (4.17) and
(4.16), respectively, modulo higher depth.

4.2.5 Summary

In this section, we have demonstrated in detail how (specific linear combinations of) the modular
functions Fi(z) appear in the generating series of MGFs. On the one hand, the integral- or
lattice-sum representations of MGFs manifest that they are modular forms; on the other hand,
their differential equations [8, 28] rule out iterated integrals of holomorphic cusp forms. These
requirements have been explicitly confirmed for the 3%V-contributions (4.1) to modular invariant
MGFs at depth two and a wide range of weights.

By reorganising the shuffle irreducible 55V of depth two in terms of lj“i(z), the accompanying
derivations in (4.1) conspire to specific combinations tiq of commutators defined in (4.12) that

are singled out by representation theory of SL(2,Z). More importantly, these combinations tiq
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were identified by Pollack [48] to streamline relations in the derivation algebra. By rewriting

parts of the generating series (4.1) in terms of F rin(z) and t¢ . we have exhibited the interplay

PO
between Pollack’s relations and the dropout of the modular completions HXZS from the gener-

ating series of MGFs at depth two. These findings are consistent with the main result of this

(s)

work that not all linear combinations of anz can be represented by 5%V of depth one and two,

powers of y and odd zeta values.

5 Kloosterman sums and the Fourier expansion of the F;_L@(Z)

In this last section we want to highlight some of the “side-effects” due to the presence of iterated
integrals of holomorphic cusp forms in the generic expression (3.1) for Frin(z). One of the conse-
quences will be to provide a connection between L-values and Kloosterman sums that come out

of the Poincaré-series representation of the Fi(z) as anticipated in Part I.

The addition of the iterated integrals over cusp forms has consequences for the Fourier
+(s)
m,k
the coefficients of ¢*¢” in the expansion around the cusp

expansion of the F_%7: In the following, we will compare different approaches to determining

o
+ ]
FrOrm) =3 dap(y)e®d . (5.1)
a,b=0
The coefficients d, ;(y) are Laurent polynomials in y = 7 Im 7 (with powers ranging from ymtk

~m=k+2) which will be referred to as Fi(z)

to y o in the rest of this section. They are straight-

(s)

forwardly determined from the representation of Fiz in terms of £ and Hizs and carry highly
non-trivial information on (infinite combinations of) Kloosterman sums by comparing with the
Poincaré-series representations (1.5) of Fi(z) As detailed in Part I, the §5V-part I*V“i(z) only
introduces single-valued zeta values and rational numbers into d,(y). However, the novelty is

that now the addition of Hi% also introduces L-values into the Fourier coefficients in (5.1).

5.1 0Odd example

As a first example we assemble the order ¢'¢° term in Fy gj) from (3.2) and (3.7),

F0) = 20y oy 19,2 301 301 903 903
25 1¢'a® 7 93555 1080 360 = 720 9y  384y2 ' 192y3  512y4  1024y°

1 1 21 7 63 35 63

oyt o o ) (o tmey) Y
A(A12,12) [ 1 1 7 7 63 63

"~ A(A2,10) <ﬁ + 20y * 40y2 * 20y3 + 160y* + 320y5> '

Here, we can see clearly the separate contributions from Fz_ gj) in the first two lines, contain-

ing only rational coefficients and single odd zetas, and Hj,,, in the last line, which is instead

2miRet

multiplied by the ratio of L-values. Note that the complete Fourier mode e receives an

infinite series of additional contributions beyond the ¢'¢® term in (5.2): All the exponentially

40



2miReT

suppressed corrections ¢(qq)"™ for n > 0 share the factor of e and are multiplied by Laurent

polynomials in y with rational coefficients, see section 7.1 of Part I for their precise form.
At the same time, we have found a Poincaré-series representation of F2_ éﬁ) in Part I, see
section 5.2 there. Specialising the general seed formula, recapped in (A.3), to the case at hand

yields

_ 4zy
FROH= Y [ a11as mE0(4.0; T)] (5.3)
~EB(Z)\SL(2,Z)

~EB(Z)\SL(2,Z)

where the SL(2,7Z) element 7 acts on the 7-dependence via both ¢, g and y.
The general formula for obtaining the Fourier series of a Poincaré sum from the Fourier series
of its seed function [75,76], see also appendix A of Part I, then leads to the following identity

Fo ()] 0 +ZF2 ) gre1gn 93555 2yZZS (,1;d) (5.4)

d=1 LeZ

oM 2mil—y W ImT
% e 2miw—2mil Z(am 2o co dw 7
R d?((Im 7)2 + w?)

where ¢;(Im7) is the ¢! Fourier mode of the Poincaré seed in (5.3), i.e. co(Im7) = 0 and

9 i

c(Im7) = %m 2o3([0]) (r Im 7)Pe 2™ T for ¢ £ 0, (5.5)
where the sign(¢) arises since we are considering an odd modular invariant. Moreover, S (¢, 1;d)
denotes a particular instance of the Kloosterman sum

S, n;d) = Z exp <% [@7‘ + E]) ; (5.6)
re(Z/dz)x "

where 0 < 7 < d is coprime to d, such that 7 has the multiplicative inverse »~! in (Z/dZ)*. Note
that the above expression (5.4) contains the full e2™R¢7 Fourier mode sector, i.e. it contains
both the ¢'g" term as well as the infinite tower of exponentially suppressed corrections g(qq)"
for n > 0. Since Hi% does not have any (¢q)" terms, one can restrict to Fifz), and the only
sources of (¢q)" are the depth-two 8%V, for which the full ¢>°¢>° terms were given in section 7.1

of Part I. All of them are accompanied by Laurent polynomials with rational coefficients.
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5.2 Even example

The same kind of analysis can be performed for the ¢, g-expansion (5.1) of the even modular

) (6)

functions F:;(Z . As an example we can focus on F; ¢ » Where the q'q° coefficient is given by

o) 69115 y 5123 7061 6151 23239
26 |0 = 3192564375 10800 4914000 1310400y  374400y2  748800y3
89 89 1 7 7 21 21
© 2600yt 520045 + C3<480y2 * 480y3 * 160y* + 320y5 * 512y6> (5:7)

201, MM, 13) <1 15 105 105 = 945 945>

51246 ' 17275A(A12,11) 2y dy? + 293 + 16y* + 32¢°

and strongly resembles its odd counterpart (5.2). These two examples (5.2) and (5.7) clearly

illustrate the fact that the ratio of L-values A(AQS’“),
A(Aazs,t2)

)

appearing in the perturbative expansion

(s)

of the non-zero Fourier modes, has t1,t2 odd for F:L(Z as compared to t1,ty even for F;nz .

While the seed functions of the odd F;n(z) are series of ¢"—g" as in (5.3), the seed functions

of the even F;(Z) contain ¢"+¢" and furthermore have zero modes involving Q multiples of y™t*

k—m-1
and Cop—1y" ™"

such as

3 691y° 691y°C3 13825

Fig = - Re & (4, 0 5.8

20 373530031875 3102564375 T 106418815 e co(h0%) (5.8)
vE€B(Z)\SL(2,Z) N

691y® 691y°

_ B _3 o
= 2 [373530031875 3192564375 <C3 +> nPo3(n)(¢" + 4 ))
v€B(Z)\SL(2,Z) ot X

9

see section 3.3 of Part I for a construction at generic s,m,k, and (A.1) for a quick recap. We
can again employ the relations between the Fourier expansion of seed functions and Poincaré
series reviewed in appendix A of Part I to generate examples of how the ratios of L-values as in
(5.2) and (5.7) arise from Kloosterman sums and integrals as in (5.4).

5.3 General comments
)

rational linear combinations of building blocks whose Fourier coefficients of e*™Re7 take the

As we discussed in Part I, the seed functions for the various Frin(z can all be written as finite,

simple form

0|7 oom_1([¢]) (7 Im 7)Hh—re=2nllImT .y~

c(ImT) ~ { (5.9)

L[| oom_1 (|¢]) (7 ITm 7)MHh—T =2l ImT .y

for integers 7 in the range m+1 < r < 2m—1 and where the sign + for the negative Fourier
modes £ < 0 is adapted to the modular function Fi(z) considered.

In [3] it was explained how to extract the asympto:cic expansion for Im 7 — oo for the Poincaré
sum of a seed of the form (5.9) and derive its Laurent polynomial, discussed in full details in

Part I, for the zero Fourier mode, i.e. the (¢g)° term. It is furthermore possible to exploit the
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asymptotic nature of such an expansion to obtain, via resurgence analysis, the exponentially
suppressed terms in the same Fourier mode sector, i.e. the terms ~ (¢q)" with n > 0.

In a similar spirit, we believe that it should be possible, starting from the Poincaré sum of
the general seed (5.9), to extract its asymptotic expansion for Im 7 — oo in any Fourier mode
sector. Unlike for the zero-mode sector, no such general expression is at the present time known
for (5.9). For example, it would be extremely interesting to start from the expression (5.4)

)

for the first Fourier mode e?™*Re7 of Fy. 26) (1), or the analogous expression for F; é6 starting
from (5.8), and to derive their asymptotic expansions for Im 7 — oo. Similar to what was done
in [3] the integral in (5.4) could be done term-wise after expanding the 7-dependent part of the
exponential in an absolutely convergent series. This yields multiple, partly divergent, infinite
sums over Kloosterman sums. The analytic continuation of these sums is left for future work.

Irrespective of the explicit result, we can still make some predictions. Firstly, due to the
presence of this novel, and extremely non-trivial, Kloosterman sum S(¢,1;d) (or (5.6) for the
generic Fourier mode), we should find that this asymptotic expansion truncates after finitely
many terms. More importantly, this asymptotic expansion has either rational numbers, single
odd zetas or L-values in its coefficients, reproducing all the ¢'¢" terms given in (5.2) and similarly
(5.7). Secondly, the asymptotic nature of such an expansion should also hide and encode the
presence of an infinite tower of exponentially suppressed corrections, i.e. the ¢(qq)" for n > 0,
each one of them accompanied by a Laurent polynomial in y with rational coefficients.
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A Recap of seed functions

For the convenience of the reader, in this appendix we summarise the final results of Part I for
the seed functions fi(]‘j) associated with the modular invariant solutions (1.5) to the Laplace
systems (1.1).

In the even case we have the seeds

() () —(_1)k+m BoiBam (4y)* ™ 4B (2m=3)!¢om 1 (4y)*
Jonsi ) =0 i@ o — )~ @m0 D s — )
k-1
- (—1)’@% S g ke (4) Reo(2m, 0 m=E-1), (A1)

l=k—m+1
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with pus = s(s—1), iterated Eisenstein integrals £y(2m, 0P) defined in (2.8a) and rational coeffi-
cients g:L k0. given by
= £+1 8)i—eD(s+i)D(m+k—i—1)
—)I'(i+1)I(m—k+i+1)

. I(f

(A.2)

SM

gm,k,é,s - E—I—S

Similarly, in the odd case we have the seeds

5 =i(-1) W Z T 0.5 () Tm Eg (2m, 0FFm=E1) (A.3)

{=k—m+1

with rational coefficients g, , , . given by

_ Ek: (l+1=s);—I'(s+i)I'(m~+k—1) (AA)

gm,k,e,s: €+s L(k—i+1)T(i+1)T (m—k+1)

see sections 3.3 and 5.2 of Part I for the derivation of (A.1) and (A.3), respectively.

B Examples of cocycles

In this appendix, we spell out further examples of the cocycles (2.39) of the solutions HXZS to
homogeneous Laplace equations. In the ancillary file, all cocycles up to 2s = 26 are given along
with the ratios of the completed L-values inside the critical strip.

B.1 Weight 16
For the cusp form of weight 16 in the Hecke normalisation Ajg = g+ O(g?), the ratios of L-values

35 49 245

468 468 936
3617 3617 3617

08280 * 51480 = 16380 -

and similar ratios A(Aqg,t) : A(Agg,14) and A(Agg,t) : A(Aqg,15) with ¢t < 8 following from
the reflection formula (2.37) lead to the cocycles

A(Arg, 8) : A(Agg, 10) : A(Arg, 12) 1 A(Asg, 14) = (B.1)

A(A16,9) : A(Aqp,11) 2 A(Ag6,13) 1 A(Aqg, 15) =

A (A, 15)(1—77) ¢ 3617 _ _
sz (1) — Hzm(—%) = 2520y7 {1 + 7676 _ 80 (7' T2)(1+T4T4)
95319 W e 3617 o e 22079 i
29907 _ ol 1
* 0296 ¢ )T 2040\ 7)) T gaa T
647443 5 2oy 25319 4 i 372551 5,
1 _ 2o ittt
siago T AT = e T (AT - e (r*+77)
1089559 5 5 o o AGL756 4 4
1 _ B.2
sias0 77 ) " g5 T ) (B.22)
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Ha (™) ~ Mo =) = mlsA(A?)lﬁG(;ylf)(TH) {1 - %(T%%(H#f“)
+ %(1—1-7-27——2)(744—7‘—4) _ %(76_1_7—_6) B %77__(14_747__4)
+ %7‘7‘(7—24—7‘-2)(1—1—727——2) _ %(757—_4_77—_5) n %;77_27__2(1_1_7_27__2)
- %72#(72” Y- %7373} : (B.2b)

B.2 Weight 18

For the cusp form of weight 18 in the Hecke normalisation Ajg = g+ O(g?), the ratios of L-values

L S T
© 120 724 T 60

43867 43867 43867

~ 5544000 © 1310400 © 270000 ~

along with the remaining values, including A(As,9) = 0, due to (2.37) lead to the cocycles

A(Ars,10) : A(Ags, 12) : A(Agg, 14) : A(Asg, 16) (B.3)

A(Aqs,11) : A(Aq8,13) : A(Ags, 15) : A(Aqs, 17)

17 2=2
+ + 1y s A(Alg,l?)(l—T T) 6-6 307069 2 -2 44
HAm(T)_HAm(_?)_ 2016057 1+ 7°7 ~ G7E00 (T°4+7%)(1+7°77)
43867 . 5 o 4 4. 43867 o o 175468 _ .
1 — — 1
T80 T 7T HT) 95000 ) T Togrs AT T
43867 _, o o 9-oy 43867 _ 4 _4 , 318769 5 2-2
1 - 1
2025 T T = g T (AT g T T T
P 1
_ 20785693 , (2r) 6536183 ; 3] (B4a)
1485000 185625
. 17 — —
_ _ 1y i TA(Agg, 16)(7+7) (1477) 66 (1, 2, 2 4.4
HAM(T) HAlg(_F) = 252057 1+7°7° — @(T +7)(14+777%)

4
+ Ly rterty - Doraartet) 4 29 22y (14020

24 20 120
31 1247 319
— @77_'(’7'44-7_'4) + T30 27 (141272 — o 272 (r2472)
L 6.6y 196 5.3
- — - — . B.4b
0" T T 5T (B-4b)
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