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We study generalizations of the Schwarzschild-de Sitter solution in the presence of a scalar field with a
potential barrier. These static, spherically symmetric solutions have two horizons, in between which the
scalar interpolates at least once across the potential barrier, thus developing a lump. In part, we recover
solutions discussed earlier in the literature, and for those, we clarify their properties. But we also find a new
class of solutions in which the scalar lump curves the spacetime sufficiently strongly so as to change the
nature of the erstwhile cosmological horizon into an additional trapped horizon, resulting in a scalar lump
surrounded by two black holes. These new solutions appear in a wide range of the parameter space of the
potential. We also discuss (challenges for) the application of all of these solutions to black hole seeded
vacuum decay.

DOI: 10.1103/PhysRevD.105.024051

I. INTRODUCTION

The no-hair conjecture, formulated as no-hair theorems
for concrete matter contents [1], restricts the ways one can
attach nontrivial field configuration to a black hole sol-
ution. This topic received renewed actuality since the
detection of gravitational waves from black hole collisions
not only demonstrated the existence of black holes but will
also allow for increasingly accurate measurements of their
properties. One of the ways to overcome the restrictions of
the no-hair conjecture is to consider a self-interacting scalar
field theory with nontrivial potential, and coupled to
gravity. It was shown in Ref. [2] that in the case of a
nonmonotonic scalar field potential there are static
Schwarzschild-de Sitter (SdS) like solutions with the scalar
field oscillating between different sides of a potential
barrier. Such solutions with two horizons and an oscillating
scalar field were recently rediscovered in Ref. [3] in a
completely different context, namely, that of Hawking-
Moss cosmological phase transitions. In Ref. [3], only the
properties of solutions in between the two horizons were
investigated, since this is the only part that is relevant for
phase transitions described by Euclidean methods.

The main aim of our study is to perform a general
investigation of the properties of such static, spherically
symmetric oscillating solutions with two horizons in a
scalar field theory minimally coupled to gravity.1 We call
such solutions “scalar lumps,” For definiteness, and ease of
comparison with earlier works, we choose the potential to
be a double well, supplemented by a positive cosmological
constant. Our results partly overlap with the findings of
Refs. [2] and [3], but we disagree in several important
points. Our three main findings are as follows.
First, we have discovered two entirely new classes of

solutions. The metric ansatz used in earlier works had a
spherical part just as in the Schwarzschild metric,
ds2 ⊃ r2dΩ2, for which the sphere radius grows monoton-
ically with the coordinate r. As already suggested by the
Nariai limit of the Schwarzschild-de Sitter solution, in
which the sphere radius is constant, this is too restrictive.
Allowing the radius to be a function RðrÞ, i.e.,
ds2 ⊃ RðrÞ2dΩ2, leads to two new types of solutions.
In one class, RðrÞ starts shrinking again beyond the
cosmological horizon, which indicates that the horizon
shields a recollapsing universe. In a second new class, the
sphere radius RðrÞ already turns around in between the two
horizons, due to the strong gravitational effect of the scalar
lump. In the latter case, the nature of the second horizon
changes, and it turns into a second black hole horizon. We
have thus discovered scalar lump solutions that are sur-
rounded by two black holes (in general of different sizes) in
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1Solutions with a regular origin surrounded by a single horizon
are closely related and were investigated in Refs. [4,5].
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opposite radial directions. Let us also mention that, for a
fixed potential, when solutions exist they arise as a one-
parameter family, where the parameter in question repre-
sents the size of one of the horizons. This is in direct
analogy with the SdS solution. However, here, one has the
additional feature that for different horizon sizes the nature
of the solutions may switch between the three types
described above.
Second, we find that the three types of solutions exist for

wide ranges of parameters of the potential (now given a
fixed size of one horizon), but the precise limits where
solutions cease to exist differ from those presented in earlier
work [2]. There are several reasons for this discrepancy.
One is certainly the increased ease and speed of numerical
calculations that is nowadays possible. Another is that we
have come to realize that there are different types of
limiting solutions, not just the SdS solution sitting at the
top of the potential barrier but also the Nariai solution and
combinations of the two that only exist because of our
better adapted metric ansatz. This leads to more intricate
domains of existence of the various types of solutions.
Third, we have reexamined some aspects of vacuum

decay seeded by black holes. In between the two horizons,
the solutions we are describing are time independent, and
they may thus be rather trivially analytically continued to
Euclidean time (modulo the choice of periodicity in the
Euclidean time direction). To describe vacuum decay, one
is instructed to glue such a scalar lump solution at one of its
horizons to the cosmological horizon of a surrounding SdS
spacetime. An analysis of the boundary conditions of scalar
lump solutions shows that such a gluing may, however, not
be done in a smooth manner (contrary to the assumptions in
Ref. [3]). We will discuss possible interpretations/resolu-
tions of this obstruction.

II. ANSATZ AND FIELD EQUATIONS

We will consider gravity minimally coupled to a scalar
field φ with a potential VðφÞ that we will restrict to be
positive. The action is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
R −

1

2
gμν∂μφ∂νφ − VðφÞ

�
; ð1Þ

where κ ¼ 8πG. In what follows, we will assume spherical
symmetry. A general spherically symmetric metric can be
written as [6]

ds2 ¼ −lðr; tÞdt2 þ aðr; tÞdrdtþ hðr; tÞdr2 þ kðr; tÞdΩ2
2;

ð2Þ

where dΩ2
2 ¼ dθ2 þ sin2θdϕ2. Within this ansatz, we are

still free to perform coordinate transformations which
respect spherical symmetry, i.e., we can change from the
variables ðr; tÞ to new variables ðr̃; t̃Þ, such that

r ¼ f1ðr̃; t̃Þ; t ¼ f2ðr̃; t̃Þ; ð3Þ

where f1 and f2 are arbitrary functions. Using this
freedom, one can eliminate the nondiagonal terms,
aðr; tÞ ¼ 0 and, e.g., set kðr; tÞ ¼ r2 (Schwarzschild

gauge). This is possible if dkðr;tÞ
dr ≠ 0. Another convenient

choice is lðr; tÞ ¼ hðr; tÞ−1.
In what follows, we will be interested in static, spheri-

cally symmetric fields and parametrize the metric as

ds2 ¼ −fðrÞe2δðrÞdt2 þ dr2

fðrÞ þ R2ðrÞdΩ2
2: ð4Þ

In this parametrization, the reduced action takes the form

Sred ¼ 4πT
Z

dreδ
�
1

κ

�
1þ f

�
R02 þ

�
δ0 þ f0

2f

�
ðR2Þ0

��

−
1

2
fR2φ02 − R2V

�
; ð5Þ

where 0 ≡ d=dr and T ¼ R
dt is an overall constant

stemming from the integration over the time coordinate.
We can now discuss two convenient gauges.

A. Schwarzschild gauge

As long as R0ðrÞ ≠ 0, we can choose Schwarzschild
gauge RðrÞ≡ r. Varying the reduced action (5) with
respect to φ, δ, and f one obtains the equations of motions
in this gauge:

φ00 ¼ −
�
2

r
þ f0

f
þ δ0

�
φ0 þ 1

f
∂V
∂φ ; ð6Þ

rf0 ¼ 1 − f − κr2
�
1

2
fφ02 þ V

�
; ð7Þ

δ0 ¼ κ

2
rφ02: ð8Þ

Introducing a “mass” function μðrÞ via the relation
f ≡ 1 − 2κμ

r , we get the following equation for μ:

μ0 ¼ 1

2
r2
�
1

2
fφ02 þ V

�
: ð9Þ

As is clear from Eq. (8), the metric function δ decouples
from the main system. Once we determine φðrÞ and fðrÞ
from the coupled system of Eqs. (6) and (7), we can easily
find the metric function δ by integrating Eq. (8).
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Variation with respect to R gives

1

2
f00 þ fδ00 þ 3

2
δ0f0 þ 1

r
f0 þ fδ02 þ 1

r
fδ0

¼ −κ
�
1

2
fφ02 þ V

�
: ð10Þ

One can check that this equation is a consequence of the
above equations of motion and does not give any new
information.
We will be interested in generalized SdS solutions where

the metric function f has two simple zeros, two horizons.
In the standard SdS case, these are a black hole horizon and
a cosmological horizon. The equations of motion have
regular singular points where f has zeros. It is known that
generally at such points not all solutions stay regular, and
one should analyze the behavior of solutions close to these
singular points in order to find a regular branch of
solutions. Close to a horizon at r ¼ rh, we obtain a two-
parameter family of regular solutions, which behave as

φðρÞ ¼ φh þ
rhV 0ðφhÞ

1 − κr2hVðφhÞ
ρþOðρ2Þ; ð11Þ

fðρÞ ¼ 1 − κr2hVðφhÞ
rh

ρþOðρ2Þ; ð12Þ

where ρ ¼ r − rh and V 0 ≡ dV=dφ. Here, φh and rh are the
free parameters.
For the metric function δ, we find

δðρÞ ¼ δh þ
κr3hV

0ðφhÞ2
2ð1 − κr2hVðφhÞÞ2

ρþOðρ2Þ; ð13Þ

where δh is a further free parameter which determines the
normalization of the t coordinate.

B. Schwarzschild-de Sitter solutions

At an extremum φm of the scalar field potential,
V 0ðφmÞ ¼ 0, the scalar may be constant and act as
vacuum energy. The metric then takes the form of the
Schwarzschild-de Sitter solution

f0ðrÞ ¼ 1 −
2κM0

r
−
κVðφmÞ

3
r2 ð14Þ

μ0ðrÞ ¼ M0 þ
VðφmÞ

6
r3: ð15Þ

This is a one-parameter family of solutions parametrized
by M0, which is the analog of the black hole mass in
asymptotically flat space. Given M0, one finds the two
horizons r0;b and r0;c as the positive roots of the cubic
equation

f0ðrÞ ¼ 0: ð16Þ

The smaller root r0;b is interpreted as a black hole horizon.
It corresponds to a trapped horizon, and beyond it, the
metric is that of a crunching Kantowski-Sachs universe.
The larger root r0;c is interpreted as a cosmological horizon.
It is an antitrapped surface beyond which we find a universe
in accelerated expansion that asymptotes to de Sitter
spacetime. In between the two horizons, the solution is
static.
As the mass M0 is increased from zero, the black hole

horizon r0;b also grows from zero size, while the cosmo-
logical horizon r0;c decreases from the maximum radiusffiffiffiffiffiffiffiffiffiffiffi

3
κVðφmÞ

q
. The two horizons become equal, r0;b ¼ r0;c ¼

1ffiffiffiffiffiffiffiffiffiffiffi
κVðφmÞ

p , at the limiting mass MN ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
9κVðφmÞ

p . In this so-

called Nariai limit, the radius of the 2-sphere is in fact
constant everywhere, and the metric is given by

ds2 ¼ −fNðrÞdt2 þ
dr2

fNðrÞ
þ 1

κVðφmÞ
dΩ2

2;

fNðrÞ ¼ 1 − VðφmÞr2: ð17Þ

This spacetime is the direct product of two-dimensional
de Sitter space and the 2-sphere. A curious feature of the
Nariai limit is that the sphere radius abruptly becomes
constant, and the Schwarzschild gauge becomes inappli-
cable. This already suggests that in looking for general-
izations Schwarzschild gauge may not be the best choice.
We further know from past experience with solutions with a
single horizon that the sphere radius may well be non-
monotonic. Hence, it will be useful to use a gauge that
allows for a general evolution of the sphere radius.

C. General gauge

If at some point R0ðrÞ ¼ 0, the Schwarzschild gauge
becomes inappropriate. In such a case, we may set δ≡ 0
while leaving RðrÞ general, and we call this choice
“general” gauge. Varying the reduced action (5) with
respect to φ, R, and f, we obtain the corresponding field
equations

φ00 ¼ −
�
2
R0

R
þ f0

f

�
φ0 þ 1

f
∂V
∂φ ; ð18Þ

f00 ¼ −2
R0

R
f0 − 2κV; ð19Þ

R00 ¼ −
κ

2
Rφ02; ð20Þ

while variation with respect to δ, prior to setting it to zero,
gives the constraint equation

SCALAR LUMPS WITH TWO HORIZONS PHYS. REV. D 105, 024051 (2022)

024051-3



f
R02

R2
þ f0

R0

R
¼ 1

R2
þ κ

�
1

2
fφ02 − V

�
: ð21Þ

Hence, we see that solutions may very well have R0 ¼ 0. At
such a point, the constraint provides us with the value of the
extremal radius

1

R2
¼ κ

�
VðφÞ − 1

2
fφ02

�
: ð22Þ

Close to a horizon where fðrhÞ ¼ 0, we can solve the
equations of motion again as a Taylor series, revealing the
behavior of regular solutions on the horizon. This time, we
obtain a four-parameter family of solutions specified by the
expansions

φðρÞ ¼ φh þ
V 0ðφhÞ
f0h

ρþ V0ðφhÞ½2κVðφhÞ þ V 00ðφhÞ�
4f0h

2
ρ2

þOðρ3Þ; ð23Þ

fðρÞ ¼ f0hρ −
1

R2
h

ρ2 þOðρ3Þ; ð24Þ

RðρÞ ¼ Rh þ
1 − κR2

hVðφhÞ
f0hRh

ρ −
κRhV 0ðφhÞ2

4f0h
2

ρ2

þOðρ3Þ; ð25Þ

where ρ≡ r − rh and rh, f0h, φh, and Rh are free
parameters.
We will be interested in solutions with two horizons. The

expansions will then be of analogous form at both horizons,
but generally with different values of the parameters. When
the scalar potential is positive, 2 is also the maximum
number of horizons that is allowed. This can be seen from
Eq. (19), which implies that any extremum in f is
necessarily a maximum. Thus, for positive potentials, once
f has turned negative, it cannot turn around again but will
decrease toward minus infinity. Meanwhile, the equation
for R, Eq. (20), implies that R always has a negative second
derivative, given that R is always positive. This leaves three
cases. R may be constant, as in the Nariai solution. R may
be a monotonic function and have a single zero, if the scalar
field profile is not too prominent. Finally, the evolution of
the scalar field may cause R to develop a maximum, in
which case RðrÞ will develop two zeros which are both,
generally speaking, associated with a spacetime singular-
ity.2 This last possibility will feature prominently in our

numerical results presented below. In all cases, we find that
cosmic censorship is respected and that singularities are
shielded by horizons.

III. NUMERICAL RESULTS

The scalar potential that we will consider is of double-
well form,

VðφÞ ¼ Λ
κ
þ λ

4
ðφ2 − v2Þ2; ð26Þ

where we have also included a cosmological constant Λ.
This potential contains a local maximum at φ ¼ 0, of
magnitude Vð0Þ ¼ Λ

κ þ λ
4
v4, and two minima at φ ¼ �v.

In what follows, we will use G ¼ 1 units (implying
κ ¼ 8π). Furthermore, as shown in Ref. [2], the fields
may be redefined so as to effectively set Λ ¼ 1. This
implies that we do not have to consider different values for
the cosmological constant in searching for solutions, and
specifying only the parameters λ and v of the potential is
sufficient.
Our numerical strategy is as follows. In general gauge,

we have three functions, fðrÞ, RðrÞ, and ϕðrÞ satisfying
second-order equations, which implies that one needs to
specify six parameters to fix a solution. The constraint
equation (21) reduces the number of free parameters by 1,
leaving one with only five free parameters required for
specifying a solution. As shown above in Eqs. (23), (24),
(25), close to a horizon, we have four free parameters. At
the first and second horizons, we will, respectively, call
these parameters r1;2, f01;2, φ1;2, and R1;2; i.e., we have eight
parameters in total. With our metric ansatz, there actually
remains some residual gauge freedom; note that equations
of motions are translationally invariant with respect to a
shift of the variable r,

r → rþ Δ; ð27Þ

and scale invariant with respect to the transformations

r → αr; f → α2f; ð28Þ

with arbitrary parameters Δ and α. These transformations
allow us to fix the coordinate location of the first horizon to
be at the origin, r1 ¼ 0, and they also allow us to fix the
derivative of f at the location of the first horizon—we will
set f01 ¼ 1. We are left with six parameters. Since a solution
is specified by fixing five parameters, we are left with one
parameter, which we can choose freely. We will choose this
free parameter to be the first horizon size R1. This freedom
is equivalent to specifying the massM0 in the SdS solution
in Sec. II B. Since there is no asymptotically flat region in
our solutions, we prefer not to talk about a mass; mean-
while, the radius of the first horizon is clearly a physical

2With fine-tuning of the parameters, one can hope to find
globally regular compact solutions, such as those found in a
similar settings in the Einstein-Yang-Mills theory with positive
cosmological constant [7]. It was shown in Ref. [5] that in the
scalar field theory under consideration this is only possible if the
potential minima are located at negative values of the potential.
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quantity (one could obtain it by measuring the area 4πR2
1 of

the horizon).
In practical calculations, we thus first fix the first horizon

size R1. We then solve the field equations starting from
some small ϵ away (typically of order 10−5) from the two
horizons, with initial conditions given by the expansions in
Eqs. (23), (24), and (25), in the direction of positive f. As
explained above, at the first horizon, r1 ¼ 0; f01 ¼ 1, and
thus we only have a single free parameter there, namely, φ1.
From both horizons, we solve the equations of motion until
fðrÞ reaches a maximum. At this location, we match the
two half-solutions together. This has two consequences: the
first is that f0 is automatically continuous, and the second is
that the coordinate location r2 of the second horizon is
implied. We then use a Newtonian algorithm to optimize all
of the free parameters, until the fields and their derivatives
are continuous at the matching location with sufficient
precision. Experience has shown that it is necessary to
optimize the free parameters to three significant digits in
order to obtain solutions that are smooth to a satisfactory
degree, although in principle the procedure may of course
be continued to any accuracy desired.
It turns out that the most interesting solutions can be

found by looking for scalar field profiles that interpolate
across the potential barrier at φ ¼ 0. We will mainly
concentrate on solutions that interpolate once across the
barrier (in later sections, we will also comment on solutions
with more interpolations). We found solutions of three
types—see Fig. 1 for an illustration and Table I for the
corresponding optimized parameter values.
First, there are solutions in which RðrÞ grows mono-

tonically. We depict them in blue. These solutions are rather
close analogs of the Schwarzschild-de Sitter solution. The
smaller horizon is a trapped surface enclosing a singularity
where RðrÞ reaches zero size; in other words, it is a black
hole. In the approach to the singularity, the solution is of
approximate Kasner form, with f and φ both diverging [5].
The second horizon is a cosmological horizon, beyond
which the scalar field undergoes damped oscillations
around one of the potential minima. Asymptotically, the
solution becomes the de Sitter solution, with f negative and
growing in magnitude as r2 and RðrÞ grow linearly, while φ
sits in one of the potential minima and provides the required
vacuum energy. Solutions of this form were discovered in
Ref. [4], in which it is realized that these solutions
demonstrate that nontrivial scalar field configurations
may exist in and around black holes in theories with
suitable potential maxima. This would be of interest with
regard to no-hair arguments in these theories, but it was also
suggested that such solutions are unstable. “Blue” solutions
were the only ones known to date. We have discovered two
new types of solutions, which differ more considerably
from SdS.
In the second type of solutions, RðrÞ grows monoton-

ically in between the two horizons, but nevertheless reaches

zero beyond both horizons. We depict these cases in green.
The smaller horizon again represents a black hole and
behaves identically to the blue solutions described above.
The second horizon is a cosmological horizon, but it now
encloses a recollapsing universe. In other words, beyond
the second horizon, the scalar field evolution is so signifi-
cant that the radii of spatial spheres start decreasing again
beyond a certain location where a maximum radius is

FIG. 1. Examples of solutions with the potential “width” fixed at
v ¼ 0.18 for various coupling constants λ. For all of these
solutions, the first horizon size is set at R1 ¼ 0.6 and resides at
r ¼ 0. The location of the horizons is indicated by the thick vertical
gray lines (one being at the origin r ¼ 0). The scalar field is
rescaled such that the minima of the potential reside at �1. Also,
these solutions have been plotted as functions of r=ðr2 − r1Þ ¼
r=r2 in order to facilitate a comparison; the second horizon then
always resides at r=r2 ¼ 1. See the main text for a full description.
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attained. The crunching universe then behaves very much
like the interior of a black hole, with both f and φ diverging
as R approaches a second zero. However, this crunching
universe is shielded from view to any observer residing in
between the two horizons. In our numerical examples, we
found that quite often (though not always) the maximum of
RðrÞ is reached very close beyond the second horizon, and
the example in Fig. 1 fits this characterization.
Finally, in the third type of solution, RðrÞ already has a

maximum in between the two horizons. These solutions are
shown in red. Here, the scalar lump (implied by the strong
scalar field profile) curves the space to such an extent that
RðrÞ reaches a maximum size and decreases again before
the second horizon is reached. Now, there is very little
difference between the two horizons; only their sizes are, in
general, different. Both are black hole horizons (they are
trapped surfaces), beyond which f and φ diverge at a finite
“distance.” The scalar lump is thus surrounded by black
holes in both radial directions. Hypothetically, traveling
from one black hole toward the scalar lump, one would find
oneself in an increasingly large space, only to find the space

to be shrinking again toward a second black hole horizon as
one continues in the same direction beyond the scalar lump.
These red solutions arise at larger values of the coupling
constant λ, which makes sense as the larger self-interaction
of the scalar allows for higher concentrations of scalar field
gradient energy, i.e., “heavier” lumps. The red solution at
λ ¼ 295 shows a case where the solution is completely
symmetric to good accuracy. This should be contrasted
with the Nariai solution, in which the two horizons are also
of equal size but the spacetime is, in fact, nonsingular and
the sphere is of constant size. With the interpolating
scalar field, this is thus morphed into a double-black-hole
solution.
The examples above already show that the existence of

solutions, and of the type of solution, depends crucially on
the parameters of the potential. It is generally the case that
at large coupling constant λ solutions continue to exist. This
can be inferred, for instance, from series of solutions with
increasing coupling; see Fig. 2. One can see that with
increasing λ the optimized parameters vary less and less,
and there is no indication of an obstruction to the existence
of solutions. However, the existence of solutions depends
quite strongly on the potential width v, and moreover the
character of the solutions (i.e., blue, green, or red) depends
crucially on the v, λ combination. Furthermore, all proper-
ties depend on the value of the overall free parameter R1,
i.e., on the size of a “seed” horizon.
We have undertaken an extensive numerical survey of

the existence and type of solutions for different values of
the first horizon size R1. These are shown in Fig. 3 for

TABLE I. Optimized horizon values for the solutions in Fig. 1,
given here to three significant digits.

λ φ1 φ2 f02 R2

115 −0.0376 0.0291 0.765 0.898
150 −0.0935 0.0784 0.828 0.817
200 −0.118 0.107 0.900 0.726
295 −0.134 0.134 1.000 0.598

FIG. 2. Optimized values of the horizon parameters, for fixed potential width v ¼ 0.18 and increasing coupling constant λ. For these
solutions, one horizon is fixed at size R1 ¼ 0.6.
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R1 ¼ 0.1, 0.2, 0.6, and for reference, we have also included
a graph of the existence of solutions with a single horizon,
where the second horizon is replaced by a regular origin
(this graph is reproduced from our earlier Ref. [5]). As is
apparent, we have optimized series of solutions at closely
spaced intervals in v, but with larger gaps in λ; this was
done simply for numerical convenience. We have adapted
the spacings in λ to the case at hand, in order to reveal
changing properties of the solutions. In the figures, we have
marked each solution that we found by a symbol (blue dots,
green crosses, and red squares). Black x’s denote sym-
metric solutions, and the dashed black lines link these for
the cases in which they exist. Note that some solutions may
appear in two separate graphs, since the second horizon of a
solution may happen to be of the same size as the first
horizon of another solution. Rather than it being an
annoyance, we have used this property as a cross-check
of our results.
Several broad features can immediately be identified.

Compared to single horizon solutions, at small coupling, λ
solutions with two horizons exist for larger values of the
width v of the potential. For large first horizon size R1, they
also exist for smaller λ. In all cases, red solutions are nested
within green regions, which are themselves nested within
blue regions, unless solutions cease to exist altogether.
Although our graphs only show the parameter space up to
λ ¼ 2000, we have checked for various values of v that
solutions continue to exist up to λ ¼ 10000, and in fact, as
argued above, we see no obstruction to solutions existing at
arbitrarily large λ. However, at small λ, there are clear limits
to the existence of solutions, and only for a limited range of
the width v can solutions be found.
When moving around in parameter space, solutions may

cease to exist for several different reasons.3 It is easiest to
look at examples to recognize the obstruction in each case.
At small v, i.e., at the bottom of the diagrams, solutions are
always blue; a plot of several such solutions near the limit
of existence is shown in Fig. 4. Curves that are less
prominently dashed, and thus more solid, are located at
smaller v, closer to the boundary. As the boundary is
approached, the scalar field interpolates less and less far
across the top of the potential barrier. Thus, one can infer
that the limiting solution is the unstable SdS solution with
the scalar field sitting on top of the barrier.
For sufficiently large λ and large v, the limiting behavior

is shown in Fig. 5. Again, the boundary is reached for the
curves that are more solid. Here, one can see that the scalar
field keeps interpolating between values that are close to the
potential minima. Rather, this time, it is the second horizon
size R2 that keeps shrinking, until it reaches zero size. The
second horizon disappears. The limiting solution then has a
single horizon and a regular origin at the other side. In other

FIG. 3. Overviewplots for different sizesR1 of the first horizon, as
a function of the parameters λ, v in the potential. We also included a
reference plot at the top of the existence of solutions with a regular
origin and a single horizon. Blue dots indicate the existence of
solutions with monotonic RðrÞ, green crosses indicate solutions in
which RðrÞ turns around outside of a horizon, and red squares
indicate double-black-hole solutions in which RðrÞ turns around in
between the twohorizons.A full description is given in themain text.

3In our analysis of the limits of existence of solutions, we
disagree with the analysis performed in Ref. [2].
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words, the limiting solution is one of the solutions in the top
graph of Fig. 3, with the appropriate horizon size. We have
indicated the location of the corresponding limiting sol-
utions by the gray line in the bottom graph in Fig. 3. It is
noteworthy that the limiting solutions are of different
physical character also for different initial horizon sizes R1.
Since single horizon solutions appear to be more

important as limits of existence when R1 is larger, we
are prompted to also investigate the case in which the first
horizon size is very large. The case R1 ¼ 1 is shown in
Fig. 6. When R1 ≥ 1ffiffiffiffi

κV
p , the Taylor expansion in Eq. (25)

implies that R decreases toward the interior of the space-
time, which together with the fact that R00 is nonpositive
immediately implies that red solutions become impossible.
And, in fact, for R1 ¼ 1, we only found blue solutions.
Examples of solutions at fixed coupling λ ¼ 1500 and at
representative values of v are shown in Fig. 7. One can see
that they interpolate between the two limiting behaviors
identified thus far: an excited SdS solution on one side and
a single horizon solution on the other.
Continuing with our discussion of the limits of existence

of solutions, we note that there is a third type of limiting

behavior: it concerns the fully symmetric solutions, when
they exist. They can be seen as the black x’s for R1 ¼ 0.2
and R1 ¼ 0.6. Moving to smaller λ, these solutions exhibit
a smaller scalar field excursion across the potential barrier,
much like the case shown in Fig. 4. However, for these
solutions, the two horizon sizes remain equal, and in fact,

FIG. 5. Series at λ ¼ 1500 and for large v, with one horizon of size R1 ¼ 0.6, near the boundary where solutions cease to exist. The
limiting solutions have ever smaller second horizon radius and disappear when this radius reaches zero size. Shown here are solutions
with λ ¼ 0.162, 0.164, 0.166, 0.168, 0.170 with the larger v values corresponding to curves that are progressively less finely dashed.
Note that for these borderline solutions the scalar field excursion remains significant. The limiting solution is not the excited SdS
solution, as it was for small v values, but rather a solution with one black hole reaching zero mass. This is, however, not a standard SdS
solution, as R still turns around in between the two horizons.

FIG. 6. Overview plot of solutions with one horizon size fixed
to the value R1 ¼ 1. The gray curve corresponds to solutions with
a regular origin and a single horizon.

FIG. 4. Series at λ ¼ 2000 and for small v, with one horizon of size R1 ¼ 0.1, near the boundary where solutions cease to exist. The
values for the width of the potential are v ¼ 0.068, 0.062, 0.056, 0.050, 0.044, smaller v corresponding to the less dashed lines. One can
see that as the limit is approached the solutions have ever smaller scalar field excursions inside the two horizons, and correspondingly,
RðrÞ becomes ever straighter. The limiting solution (not shown here) is the excited SdS solution with the scalar sitting on top of the
potential barrier.
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RðrÞ becomes ever flatter due to the less prominent scalar
field gradients. The limiting solution in this case is thus the
Nariai solution, with the scalar field sitting on top of the
potential barrier. Interestingly, in this case, the limiting
points can be found analytically, similarly to perturbations
of single horizon solutions [4]. The (excited) Nariai
solution is given by

R ¼ 1ffiffiffiffiffiffi
κV

p ¼ 1ffiffiffiffiffiffiffiffiffi
Λeff

p ; fðrÞ ¼ 1 − Λeffr2; ð29Þ

where Λeff ¼ 1þ κ
4
λv4 is the effective (constant) vacuum

energy at the top of the potential barrier. The scalar
equation of motion (18) is solved trivially with V;φ ¼ 0.
However, perturbations around this solution may be non-
trivial and can indicate to us the limits of existence of
solutions with an interpolating scalar field. For this, we
have to look at perturbations δφ of the scalar field equation.
Around the Nariai solution, we find

δφ00 þ f0

f
δφ0 þ V;ϕϕ

f
δφ ¼ 0; ð30Þ

→ ðfδφ0Þ0 þ λv2δφ ¼ 0: ð31Þ

If we rescale z≡ ffiffiffiffiffiffiffiffiffi
Λeff

p
r, the above equation turns into

½ð1 − z2Þδφ;z�;z þ
λv2

1þ κ
4
λv4

δφ ¼ 0; ð32Þ

which can be recognized as a Legendre equation. The
solutions are the νth Legendre functions, with λv2

1þκ
4
λv4 ¼

νðνþ 1Þ. With the condition that at the first horizon the
scalar should remain at the top of the barrier, i.e., that
δφð0Þ ¼ 0, this restricts ν to be a positive odd integer. For
ν ¼ 2n − 1, this applies to solutions that interpolate n times
across the potential barrier. Taking into account the relation
(29) between the horizon radius and the parameters of the

potential, we end up with the critical values vc, λc that
indicate the limit of existence of solutions that have equal
horizon sizes Rh < 1 and an interpolating scalar field,

vc ¼
4

κ

1 − R2
h

νðνþ 1Þ ; λc ¼
4

κV4
c

�
1

R2
h

− 1

�
: ð33Þ

These points are shown numerically in Fig. 8, and they can
be verified to agree very precisely with the limits of the
black dashed curves in the graphs for R1 ¼ 0.2, 0.6 in
Fig. 3.
This concludes our description of the parameter space of

existence of the double-horizon solutions.

FIG. 8. Limits of existence of solutions with two horizons of
equal size, for various horizon sizes (selected values are shown in
red) and with both a single (n ¼ 1) and two (n ¼ 2) interpola-
tions. These points coincide with the limits of the symmetric
solutions shown in Fig. 3, for the cases in which symmetric
solutions exist, i.e., for the plots with R1 ¼ 0.2, 0.6. The
alternating colors are used to improve readability of the graph.

FIG. 7. Series at λ ¼ 1500 and for one horizon of size R1 ¼ 1. These solutions are sample solutions along a complete vertical slice
through Fig. 6, with potential minima at v ¼ 0.037, 0.057, 0.082, 0.107, 0.127, this timewith the larger v values corresponding to curves
that are progressively more finely dashed. At small v, the limiting solution can be seen to be the Nariai solution, with constant R and two
horizons of equal size. At large v, the limiting solution is one where the horizon shrinks to zero size; i.e., the limiting solution will be one
with just one horizon and a regular ending on the other side. Note that these solutions have been plotted as functions of r=ðr2 − r1Þ ¼
r=r2 in order to facilitate a comparison; the second horizon then always resides at r=r2 ¼ 1.
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IV. GEODESICS

To clarify the structure of the solutions we have descried
in the previous section, we may also look at geodesic
motions on these spacetimes. A geodesic curve xμðλÞ ¼
ðtðλÞ; rðλÞ; θðλÞ;ϕðλÞÞ with affine parameter λ satisfies the
condition of autoparallel transport,

uμ∇μuν ¼ 0; ð34Þ

where we denoted uμ ¼ dxμ
dλ . The analysis is greatly

simplified by symmetries of the spacetime, which mani-
fest themselves by the existence of Killing vectors kμ

satisfying ∇μkν þ∇νkμ ¼ 0. It follows immediately that
uμ∇μðkνuνÞ ¼ 0; i.e., along the curve, the quantity kνuν is a
constant of motion. Our spacetime is of the form

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ R2ðrÞðdθ2 þ sin2ðθÞdϕ2Þ: ð35Þ

We consider the geodesics to lie in the equatorial plane
θ ¼ π=2. Since the metric contains no dependence on t nor
ϕ, we immediately obtain the two Killing vectors ð∂tÞμ ¼
ð1; 0; 0; 0Þ and ð∂ϕÞμ ¼ ð0; 0; 0; 1Þ, leading to a conserved
energy E and angular momentum L,

E ¼ fðrÞ_t; L ¼ R2ðrÞ _ϕ: ð36Þ

For a timelike geodesic, we have

−f_t2 þ _r2

f
þ R2 _ϕ2 ¼ −1; ð37Þ

which can be rearranged as the equation of one-dimen-
sional motion in an effective potential UðrÞ:

1

2
_r2þUðrÞ ¼ 1

2
E2; UðrÞ ¼ 1

2
fðrÞ

�
1þ L2

R2ðrÞ
�
: ð38Þ

In the Schwarzschild geometry, we have fðrÞ ¼ 1 − 2M
r

and RðrÞ ¼ r. The effective potential, for intermediate

values of angular momentum, is shown in the left panel
of Fig. 9. Far away, any test particle is drawn toward the
black hole, and the same occurs if the test particle
approaches too closely to the black hole. There also exists
a stable circular orbit. At large r, the potential approaches a
constant value, since the attractive force of the black hole
diminishes continuously. For Schwarzschild-de Sitter, the
potential is shown in the middle panel, for the same value of
the angular momentum and a small cosmological constant.
Near the black hole, the situation is analogous, but now, far
away from the black hole, the cosmological constant takes
over and pushes any test particle away from the black hole.
This is how, despite the metric being static, a test particle
experiences the expansion of space sufficiently far from the
black hole. The effective potential reaches minus infinity
as r → ∞.
For the solutions with nonmonotonic RðrÞ, the effective

potential looks very different, and is shown in the right
panel of Fig. 9, again for intermediate values of angular
momentum. In that case, one is attracted toward either the
first or the second horizon, and only an unstable circular
orbit exists in the middle. For strongly nonmonotonic R,
one might have imagined that it would be possible to have a
stable region in the middle of the spacetime, with a stable
circular orbit, because the attraction toward both horizons is
overcome by a combination of the expansion of space and
the angular momentum of the orbit. However, the field
equations preclude this possibility; i.e., the field equations
imply thatUðrÞ cannot develop a minimum. See Fig. 10 for
a sketch of the “doomsday” spacetimes with two spheri-
cally symmetric black holes.

V. BLACK HOLE SEEDED VACUUM DECAY

One context in which the solutions we have discussed
may find application is that of cosmological phase tran-
sitions. First-order phase transitions in particular may have
played an important role in the early universe and have
been studied for several decades now. At zero temperature,
they typically proceed as tunneling events from a local
minimum (false vacuum) to the global minimum (true

FIG. 9. Effective potentials for radial motion. Left panel: Schwarzschild black hole (with mass set to unity and angular momentum
L ¼ 4). Middle panel: Schwarzschild-de Sitter spacetime (with mass set to unity, angular momentum L ¼ 4 and cosmological constant
Λ ¼ 10−4). Right panel: scalar lump surrounded by two black holes (solution with λ ¼ 295; v ¼ 0.18; R1 ¼ 0.6).
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vacuum) of the potential. While in flat spacetime the
theoretical description of these events is very well estab-
lished [8–11], the inclusion of gravity leads to Coleman-
De Luccia (CdL) bounce solutions [12]. These introduce
some open questions, like the negative mode problem
[13–21], that have not been fully resolved to date. For flat
potential barriers CdL bounces do not exist [22–25]. In this
situation, the phase transition is governed by the Hawking-
Moss (HM) instanton [22], which exists for any scalar
field potential with a local maximum. In the modern

interpretation [26], the HM instanton describes a thermal
fluctuation within a horizon volume at the temperature of
de Sitter space. In addition to CdL bounces, oscillating
bounces were discussed in the literature [27,28]. These
provide a bridge between CdL and HM instantons. For
solutions with n oscillations, these were shown to contain n
negative modes in the spectrum of linear perturbations in
the homogeneous sector [29,30], which strongly suggests
that only solutions with a single interpolation have physical
relevance.
The influence of primordial black holes on vacuum

decay was questioned long ago [31–33] and received
renewed interest recently [3,34–37]. These authors con-
sidered static oscillating bounces interpolating between a
seed black hole horizon and a de Sitter cosmological
horizon, i.e., precisely the kind of solution which we have
studied (and generalized) in the present paper. Such
solutions are conjectured to act much like impurities in
condensed matter, with black holes acting as catalysts for
phase transitions by being the preferred nucleation sites for
bubbles of true vacuum.
Let us mention first that in our setting one may also find

solutions in which the scalar field oscillates several times
across the potential barrier. Such solutions typically arise
only at larger values of the self-coupling λ, as suggested, for
instance, by the limits of existence of symmetric solutions
in Eq. (33). Examples of solutions with n ¼ 2 interpola-
tions are given in Fig. 11, and their corresponding opti-
mized parameters are given in Table II. Again, we find
solutions of all types. Blue solutions are ones in which the
size of the transverse sphere changes monotonically, and
which asymptote to de Sitter spacetime outside of the
cosmological horizon. Then, there are green solutions, in
which the cosmological horizon hides a collapsing uni-
verse. Finally, there are red solutions, which correspond to
oscillating scalar lumps surrounded by two black holes.
It would be straightforward to search for solutions with
more interpolations of the scalar field, but by analogy with
oscillating bounces, we may assume that, for n oscillations,
such solutions contain n negative modes in their spectrum
of linearized homogeneous perturbations [30] and are thus

FIG. 10. A drawing of the solutions with nonmonotonic RðrÞ.
Depicted here are only the r direction and a transverse circle
instead of transverse spheres. The spacetime is capped off by two
black holes, one on each pole. In green, we show a particle
undergoing accelerated motion near the equator, which itself
represents an unstable orbit. If the particle travels too close to
either black hole, it will inexorably be pulled in. The vacuum
energy changes across the spacetime: it interpolates between the
two sides of the scalar potential barrier as one traverses from one
black hole to the other.

FIG. 11. Series with n ¼ 2, i.e., two interpolations of the scalar field across the potential barrier. At λ ¼ 5000 and for one horizon of
size R1 ¼ 0.85, with values v ¼ 0.04, 0.049, 0.0618, 0.08, 0.1 corresponding to curves that are progressively more finely dashed. Note
that the r coordinate has in each case been rescaled such that the horizons lie at r ¼ 0, 1 while the scalar field value is shown with respect
to the values �v at the potential minima.

SCALAR LUMPS WITH TWO HORIZONS PHYS. REV. D 105, 024051 (2022)

024051-11



not dominant in the process of vacuum decay. Hence, from
here on, we will restrict our discussion to solutions with a
single interpolation.
It is useful to first examine the behavior of the scalar field

in more detail. For this reason, we have provided a
magnified version of the solutions from Fig. 1, in which
we only depict the evolution in between horizons—see
Fig. 12. As is immediately evident, the scalar field does not
interpolate between the minima of the potential but rather
stays up on the barrier for the entire evolution. This is in
direct analogy with CdL bounces, which also do not start/
end at the potential minima. This peculiar feature of
gravitational instantons is worth examining in more detail.
To contrast with the current case, first recall that in flat

space the bounce equation is

d2φ
dξ2

þ 3

ξ

dφ
dξ

−
dV
dφ

¼ 0; ð39Þ

where ξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 þ r2

p
. The bounce solution starts at some

point φ ¼ φ0 at ξ ¼ 0, and we would like to see if it
can approach a local minimum (false vacuum), where
dV=dφ ¼ 0, as ξ → ∞. Let us denote by δφ a deviation
of the scalar field from the false vacuum value,

φðξÞ ¼ φf þ δφðξÞ; ð40Þ

then neglecting the friction term for very late times, we get

�
d2

dξ2
− μ2

�
δφ ¼ 0; ð41Þ

where μ2 ¼ d2V
d2φ jφ¼φf

And we see that the solution

approaches the false vacuum exponentially fast as ξ → ∞,

φðξÞ ¼ φf þ e−μξ: ð42Þ

The situation changes when gravity is included. For CdL
solutions, the relevant scalar field equation is

d2φ
dξ2

þ 3_ρ

ρ

dφ
dξ

−
dV
dφ

¼ 0; ð43Þ

where ρðξÞ is the Euclidean scale factor and ξ now varies in
a finite interval ξ ¼ ½0; ξmax� while ρ, in addition to the
origin, develops a second zero at some ξ ¼ ξmax. Assuming
that the bounce ends at the false vacuum, φ → φf as
ξ → ξmax, close to the false vacuum, we get the equation

�
d2

dρ2
þ 3

ρ

d
dρ

− μ2
�
δφ ¼ 0; ð44Þ

where ρ ¼ ξmax − ξ. The general solution of this equation is
given in terms of two Bessel functions

δφðμρÞ ¼ C1

K1ðμρÞ
μρ

þ C2

I1ðμρÞ
μρ

: ð45Þ

We see that the assumption of a small deviation is not
fulfilled, since one function is divergent and the other goes
to constant as ρ → 0,

K1ðμρÞ
μρ

→
1

ρ2
;

I1ðμρÞ
μρ

→
1

2
: ð46Þ

We conclude that the bounce cannot end at the false
vacuum.
For our scalar lump solutions, we find an analogous

situation, if we consider the end points of the solutions to
reside at the horizons. Let us assume then that the scalar
lump solutions reach the false vacuum at a horizon. To
linear order, we then obtain [see also Eq. (30)]

�
d2

dy2
þ 1

y
d
dy

−
a2

y

�
δφðyÞ ¼ 0; ð47Þ

where y ¼ rc − r and a2 ∝ μ2 > 0. The general solution
to this equation is also given in terms of two Bessel
functions,

δφðyÞ ¼ C1K0ð2a
ffiffiffi
y

p Þ þ C2I0ð2a
ffiffiffi
y

p Þ: ð48Þ

TABLE II. Optimized horizon values for the solutions in
Fig. 11, with λ ¼ 5000 and fixed R1 ¼ 0.85.

v φ1 φ2 f02 R2

0.040 0.0268 0.0236 0.858 1.07
0.049 0.0440 0.0417 0.902 1.00
0.0618 0.0590 0.0590 1.00 0.85
0.080 0.0746 0.0790 1.26 0.528
0.100 0.0656 0.0914 18.1 0.021

FIG. 12. The scalar field evolution for solutions with
v ¼ 0.18; R1 ¼ 0.6 for the series λ ¼ 115, 150, 200, 295. This
figure illustrates that the potential minima are not reached at the
horizons.
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We see that the assumption of a small deviation from the
false vacuum is again unjustified, since one Bessel function
is divergent and the other goes to a constant as y → 0,

K0ð2a
ffiffiffi
y

p Þ → − lnða ffiffiffi
y

p Þ; I0ð2a
ffiffiffi
y

p Þ → 1: ð49Þ

We again arrive at a contradiction and conclude that static
oscillating bounces cannot end exactly at the false vacuum
at the location of the horizons, contrary to what is claimed
in Ref. [3]. In addition, since the scalar field cannot reach a
potential minimum at the horizon, its first derivative must
also be nonzero there, as implied by the expansion (23).
Note that beyond the horizon the scalar field may well
undergo damped oscillations around the false vacuum and
thus reach the false vacuum at future infinity. However, for
the purposes of vacuum decay, the idea (used in Ref. [3]) is
to glue a scalar lump to an outside de Sitter (or SdS)
solution at the location of the cosmological horizon. We
now see that this cannot actually be done—the scalar field
cannot continuously be matched.
We can see two ways in which the obstruction just

identified could be resolved. Before discussing them, let us
mention, though, that the situation is, in fact, worse than
previously described: it is not just the scalar field that
behaves nonsmoothly. At the horizon, by definition, the
metric function f is zero and can thus be matched
continuously. Also, since in a fixed potential scalar lump
solutions arise as a one-parameter family of solutions with
varying horizon sizes, one may choose the horizon size
to match onto the desired “outside” de Sitter (or SdS)
spacetime. However, neither f0 nor R0 can in general be
matched continuously. This means that in general the
gluing of a scalar lump instanton to an outside SdS
spacetime has discontinuous values of φ;φ0; f0, and R0.
One interpretation might be that the gluing is not

complete yet. A second quantum transition may be needed
to match the discontinuous field values to each other. This
might then considerably lower the transition rate and may
make black hole seeded vacuum decay less likely than
claimed. If no such solution may be found, then the
transition would in actuality correspond to an off-shell
transition, which would be vastly more suppressed still.

We note that a discontinuity in R0 at the horizon might not
be penalized by a larger action, since all terms involving R0
in the action (5) are proportional to f, which vanishes at the
horizon. However, discontinuities in f0 do not share this
property and must be taken into account.
Another possibility is to interpret the jump in field values as

due to thermal activationof the instanton transition.This is the
interpretation proposed for CdL bounces in Ref. [26]. There,
the authors considered the surrounding de Sitter spacetime as
a heat bath, fromwhich the scalar field can jumpuppart of the
potential barrier due to a thermal fluctuation, and then
complete the transition across the barrier via the CdL bounce.
It is conceivable that a similar interpretation is possible here.
However, to make this analysis precise and truly convincing,
one would have to go beyond the treatment in Ref. [26] and
include the backreaction of the spacetime. As we saw above,
there are necessarily discontinuities in the background
geometry, and these would have to be addressed within a
more complete framework. This interesting question goes
beyond the aims of the present paper. For now, we may
conclude that morework is required to fully understand black
hole seeded vacuum decay.4

VI. CONCLUDING REMARKS

We have investigated solutions of general relativity
exhibiting two horizons, in the presence of a scalar field
with a potential barrier. In addition to known solutions, for
which the size of transverse 2-spheres grows indefinitely,
we have found new classes of solutions, for which the size
of transverse 2-spheres shrinks at some distance away from
the first horizon, either after the second horizon or even
before it. These new solutions exist over large regions of
the parameter space of the potential.
A few words on the physical interpretation of these

solutions are in order (see also Fig. 13): if we start with the
solutions containing a single horizon, then we may describe
them as a spherical wall of scalar energy that is prevented
from collapsing under its own weight due to the vacuum
energy it encloses. Put differently, the wall has a tendency

FIG. 13. Examples of various solutions at fixed potential, λ ¼ 2000, v ¼ 0.11. Increasingly fine dashing corresponds to a larger first
horizon size, with solutions shown for R1 ¼ 0.2, 0.4, 0.6, 0.8, 1. For a description, see the main text.

4For a related, but different, approach see also Ref. [38].
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to collapse due to its tension, but the spacetime inside it has
a compensating tendency to expand due to the positive
vacuum energy it contains, and an equilibrium can be
reached. At equilibrium, the wall resides at a radial location
that is close to the horizon. Now, we add a black hole at the
center of this configuration. This black hole increases
the gravitational pull on the scalar domain wall. As a result,
the wall moves closer to the black hole horizon, and this
effect is enhanced as the black hole grows. At fixed
parameter values for the potential, as the first horizon grows,
the second horizon shrinks until a symmetric solution is
reached. For this symmetric solution, the wall has moved
precisely to the middle of the two horizons, which are now
both representing black holes. As the first horizon is further
increased, we recover reflected versions of the solutions
described before [up to an irrelevant overall scaling of fðrÞ],
with the two horizons being of unequal sizes. In all cases, the
wall sits closer to the larger of the two horizons.
One question one may ask is how realistic such solutions

might be. Here, it is interesting to note that in our current
understanding of fundamental physics potentials with a
barrier are highly plausible: in particular, the current
understanding is that the Higgs potential is effectively of
this type, given current measurements of the top quark mass
[39]. Moreover, scalar potentials with a barrier are also
conjectured to be common in string theory, since they can
evade the de Sitter swampland conjectures [40,41].
Conceivably, scalar lumps may thus impact the history

of the universe, both at early and late times. Since scalar
lump solutions interpolate between different sides of a
potential barrier, at early times, they may have played a role
in determining the coupling constants of our universe,
given that in string theory all coupling constants arise as
expectation values of scalar fields. In the late universe, a
question of interest is that of the stability of our current
vacuum. Scalar lumps supported by the Higgs, or other
scalar fields, may cause our vacuum to destabilize near
black holes, if indeed vacuum decay can be catalyzed by
black holes. It is thus of evident interest to study black hole
seeded decay in more detail, especially given the open
questions discussed in the previous section.
As a final pointer for future work, let us remark that

similar static oscillating solutions were also studied for
Yang-Mills fields in Ref. [7]. In the same vein, it would
then be interesting to see what bearing such solutions might
have on the problem of vacuum stability.
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