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The gravitational Faraday and its dual spin-Hall effects of light arise in space-times of nonzero angular
momentum. These effects were studied in stationary, asymptotically flat space-times. Here we study these
effects in arbitrary, nonstationary, asymptotically flat space-times. These effects arise from the interaction
between light polarization and space-time angular momentum. As a result of such interaction, the phase
velocity of left- and right-handed circularly polarized light becomes different, that results in the
gravitational Faraday effect. This difference implies different dynamics of these components, that begin
to propagate along different paths—the gravitational spin-Hall effect of light. Due to this effect, the
gravitational field splits a multicomponent beam of unpolarized light and produces polarized gravitational
rainbow. The component separation is an accumulative effect observed in long range asymptotics. To study
this effect, we construct uniform eikonal expansion and derive dynamical equation describing this effect.
To analyze the dynamical equation, we present it in the local space and time decomposition form. The
spatial part of the equation presented in the related optical metric is analogous to the dynamical equation of
a charged particle moving in magnetic field under the influence of the Coriolis force.
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I. INTRODUCTION

Gravitational field affects propagation of electromag-
netic waves, in particular light, in different ways. For
example, electromagnetic radiation emitted by hot accre-
tion disk around a black hole into the external space gets
gravitationally redshifted. Light rays passing by a strongly
gravitating massive object, e.g., a star or a black hole, get
deflected due to the space-time curvature in the vicinity of a
massive object. The rays deflection depends on the object’s
mass and angular momentum. There is also the gravita-
tional Faraday effect, analogical to the magneto-optical
Faraday effect—a rotation of the polarization plane of a
linearly polarized light propagating in a transparent
material in the presence of a magnetic field along propa-
gation of the light [1]. The gravitational Faraday effect is a
rotation of the plane of polarization of an electromagnetic
wave propagating in a stationary gravitational field, for
example, near a stationary rotating black hole. The study
and observation of this effect have quite long history
(see, e.g., [2–15]). However, despite the clear analysis

done in [3,5], in some works rotation of the polarization
vector around direction of light propagation, which is due
to its coupling to the space-time angular momentum, is
mixed with change of its direction due to deflection of the
light rays.
It is known that in optics there is an effect dual to the

Faraday effect—the optical Magnus effect—that results in
the action of light polarization on its trajectory, causing its
transverse polarization-dependent displacement. Due to
this effect, a linearly polarized light splits into left- and
right-handed circularly polarized components propagating
along different paths. This splitting effect is known as the
spin-Hall effect of light [16–20]. Spin-Hall effects became
quite ubiquitous in modern physics. They are observed in
condensed matter [21], optical [22], and high-energy
systems [23]. Classical and quantum spin-Hall optical
effects of light are described and analyzed in many works
(see, e.g., [16–20,24–27].) The underlying nature of these
effects is the spin-orbit interaction between the spin of a
photon, an electron, or an atom, and its extrinsic angular
momentum.
We may expect a dual to the gravitational Faraday

effect—the gravitational spin-Hall effect of light. The
gravitational Faraday and spin-Hall optical effects may
not be surprising phenomena if one takes a certain point of
view on the gravitational field. Namely, one can observe
that the source-free Maxwell equations in curved space-
time, i.e., in the presence of gravity, can formally be
considered as equations in flat space-time in the presence
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of a bianisotropic moving medium whose optical properties
are defined by dielectric permittivity and magnetic per-
meability tensors expressed though the space-time metric
tensor components. This point of view was proposed and
developed already more than half-century ago by several
authors [2,3,28]. There is also a dual point of view on
propagation of light in the so-called metamaterials, whose
optical properties can be synthesized on a subwavelength
scale that allows us to control propagation of light in a
nearly arbitrary way [29]. In this new field of trans-
formation optics a metric approach can be used to calculate
dielectric permittivity and magnetic permeability tensors of
a metamaterial [30]. Another example is the gravitational
analog of the linear magnetoelectric effect that was studied
in [31].
Taking into account the analogy between a gravitational

field and a bianisotropic moving medium, polarization of
light was considered to describe its propagation in a sta-
tionary gravitational field. For example, by using the weak
field approximation, it was shown that left- and right-handed
circularly polarized light propagating near a rotating gravi-
tational body get scattered in a different way [32–35]. To
consider this effect in a strong stationary gravitational field,
the so-called modified geometric optics formalism was
introduced [36]. This formalism was applied to describe
scattering of a polarized light propagating in the stationary
space-time of a rotating (Kerr) black hole [37]. Later this
approach was reformulated to some extent [38] and in a
different context [39] in a four-dimensional covariant form.
There are different approaches have been taken to

describe dynamics of polarized light in a curved space-time
background (for a review see [40]). For instance, approach
based on dynamics of massless spinning particle was
proposed and developed in [41–44] for Riemannian and
pseudo-Riemannianmanifolds. A semiclassical approach to
describe photon dynamics in a curved space-time back-
ground based on the Bargmann-Wigner equationswas taken
in [45], and helicity-dependent photon’s evolution was
predicted for the Schwarzschild space-time. Spin-Hall effect
of light for the Schwarzschild spacetime was also predicted
in [46]. However, in these works the proper orientation and
propagation of the basis representing optic axes is not
discussed. Thus it remains unclear how to measure properly
the evolution of the light polarization along a null ray. As a
result, the proposed effect is questionable. Such prediction is
also contradictory to the analysis presented in, e.g.,
[3,32,36,37,47], where it was shown that left- and right-
handed polarization modes evolve differently due to the
space-time angular momentum only, and in static space-
times there is no distinction between propagation of these
modes. In other words, absence of the gravitational Faraday
effect in static space-times implies that these modes evolve
in the same fashion.
To support a possibility of the spin-Hall effect of light in

static space-times, one may appeal to the theoretical and

experimental studies of the polarization-dependent deflec-
tion of light in a smoothly inhomogeneous isotropic
medium, where such an effect was observed for light
propagating through a planar (without torsion) optical fiber
(see, e.g., [16,48]). Note, however, that according to [49]
(and also the references therein) these polarization-
dependent effects observed in planar curved optical fibers
are of the higher order. It is also stated in [17] that there is
no polarization-dependent ray shift can be observed in a
planar waveguide, where the Rytov-Vladimirski-Berry
phase [50–53], which determines rotation of the polariza-
tion plane, vanishes identically. We would also like to note
that a gravitational field is analogical to a special kind of
bianisotropic moving optical medium, such that there is no
birefringence and its index of refraction is different for
electromagnetic waves propagating in opposite directions
[28].1 In other words, a gravitational field is essentially
different from a material optical anisotropic medium.
Finally, we note that motion of the medium also makes
significant contribution to observed optical phenomena and
often gives rise to new effects, see, e.g., [55–58]. Detailed
investigation of analogy between a material optical medium
and a gravitational field in context of the related optical
effects goes beyond the scope of this paper.
In this paper, to describe the gravitational Faraday and

spin-Hall effects of light, we shall take the modified
geometric optics approach [36] and extend it to arbitrary
nonstationary asymptotically flat space-times of nonzero
angular momentum [59]. In addition to stationary rotating
black holes and stars, such space-times correspond to
dynamical gravitational fields due to a gravitational col-
lapse, black holes and neutron stars coalescence, and
gravitational waves. They can also represent some cosmo-
logical models. Thus, these gravitational optical effects can
be widely present. To describe properly these effects, the
key property of a stationary space-time—existence of a
timelike Killing vector field, was exploited. Here we extend
these results by considering a field of static observers. The
key property of such observers is that in their frame, at the
spatial infinity i0, the space-time total Arnowitt-Deser-
Misner (ADM) 3-momentum vanishes. The field of static
observers naturally generalizes the field of Killing observ-
ers and coincides with it in stationary space-times.
This paper is organized as follows. In Sec. II we briefly

review the laws of (canonical) geometric optics in a curved
space-time. In the next section we study the gravitational
Faraday effect of light in arbitrary (nonstationary) space-
time. In Sec. IV we define the field of static observers that
can properly detect and measure the gravitational Faraday
effect. In Sec. V we construct the uniform eikonal
expansion that takes into account contribution of light

1One may try to describe this phenomenon in the language of
Finsler geometry, using properties of the Randers metrics. For a
nice review of the Finsler geometry and related problems see [54].
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polarization to its propagation and present dynamical
equations that describe the gravitational spin-Hall effect
of light, which is dual to the gravitational Faraday effect.
The gravitational spin-Hall effect of light is presented in the
local space and time decomposition form in Sec. VI. The
last Sec. VII contains discussion of the derived results.
Here we shall use geometrized units c ¼ G ¼ 1 and

conventions adopted in the book [60].

II. GEOMETRIC OPTICS

Finding an exact electromagnetic wave solution to the
Maxwell equations in a curved space-time background is a
formidable problem. Moreover, often such solutions cannot
be presented in a closed analytic form. However, for waves
that are highly monochromatic over some space-time
regions, an asymptotic short-wave (geometric optics)
approximation can be used [60]. Such an approximation
allows us to capture basic characteristics of light propaga-
tion in a curved space-time background defined by metric
gαβ of the most general form.
The source-free Maxwell wave equation for the vector

potential Aα in the Lorenz gauge

Aα
;α ¼ 0 ð1Þ

reads

−Aα;β
;β þ Rα

βA
β ¼ 0; ð2Þ

where the semicolon stands for the covariant derivative
associated with the space-time metric gαβ and Rα

β is the
four-dimensional Ricci tensor. The geometric optics
approach is based on splitting of the vector potential into
a rapidly changing real phase, the eikonal θ, and a slowly
changing complex amplitude in the following way:

Aα ¼ Rfðaα þ εbα þ � � �Þeiθ=εg; ð3Þ

where ε ≪ 1 is a dummy expansion parameter that helps to
track order of terms: a termwith εn, for some integer n, varies
as ðƛ=lminÞn, where ƛ=lmin ≪ 1. Here ƛ is the reduced
wavelength (wavelength/2π) and lmin is the minimal of the
two characteristic scales—the curvature radius of the wave
front, or the length of a wave packet, and the local curvature
radius of the space-time. Substituting thevector potential into
the Lorentz gauge condition (1) and the wave equation (2)
and collecting the leading terms of order ε−2 and ε−1 we
derive the fundamental laws of geometric optics:

kαkα ¼ 0; kβkα;β ¼ 0; ð4Þ

kαfα ¼ 0; kβfα;β ¼ 0; ð5Þ

ða2kαÞ;α ¼ 0: ð6Þ

Here kα ¼ dxα=dλ is thewavevectormetrically related to the
gradient kα ≡ θ;α and tangent to the light ray Γ∶xα ¼ xαðλÞ,
where λ is affine parameter of the ray, a≡ ðaαa�αÞ1=2 is the
scalar amplitude, and fα ≡ aα=a is a unit complex polari-
zation vector, such that fαfα ¼ 0 and fαf�α ¼ 1. Here and in
what follows the superscript � stands for complex conjuga-
tion. These laws imply that light rays are the space-time null
geodesics (4), the polarization vector is orthogonal to the
light ray and parallel-propagated along it (5), and the vector
a2kα is a conserved current, which defines the adiabatically
conserved number of light rays, or in quantum language, the
number of photons (6). The laws of geometric optics (4)–(6)
reflect only an approximate picture of light propagation in a
curved space-time. In this description polarization of light
does not affect its path.

III. GRAVITATIONAL FARADAY EFFECT
OF LIGHT

To measure angle of rotation of the polarization plane in
the magneto-optical Faraday effect, we have to align
properly optic axes of a polarizer and an analyzer. For
example, we can align the polarizer and the analyzer at the
polarizer’s location and then parallel transport the analyzer
along the ray trajectory. In a curved space-time this
procedure is not so simple.
Let us present the polarization vector fα in the following

form:2

fα ¼ eiφmα; ð7Þ

where mα is a unit complex vector, such that

mαmα ¼ 0; mαm�
α ¼ 1; mαkα ¼ 0; ð8Þ

mα ≡ 1ffiffiffi
2

p ðeα1 þ iσeα2Þ; m�α ≡ 1ffiffiffi
2

p ðeα1 − iσeα2Þ; ð9Þ

where eα1;2 are real orthonormal space-like vectors. The
local complex basis fmα; m�αg plays a role of optic axes.
To specify the polarization of a given wave we use the
parameter σ ¼ �1, with “þ” for the right- and “−” for the
left-handed circularly polarized light [60]. This definition
means that the polarization vector of the (left)right-handed
circularly polarized light rotates in the (anti)clockwise
direction, when viewed from the source.
To define a change in the rotation of the polarization

vector along the light ray we introduce polarization phase
φ. For example, in a vacuum and flat space-time φ has a
constant value in the basis fmα; m�αg parallel transported
along the ray. As we shall see, this polarization phase

2The polarization vector is defined modulo the wave vector kα.
This gauge freedom does not affect the results that follow. We
shall fix this gauge, as well as the rotation gauge transformation
mα → mα expðiψÞ, later.
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defines an additional angular shift of the polarization vector
due to a gravitational field of nonzero angular momentum.
Using the propagation equation for the polarization

vector (5) and the expression (7), we derive the propagation
equation for the polarization phase along the null ray,

kαφ;α ¼ im�
αkβmα

;β: ð10Þ

In a space-time decomposition, spatial part of this expres-
sion, corresponding to propagation of the polarization phase
along the null ray trajectory, written in momentum para-
metrization, is the Rytov-Vladimirski-Berry phase [50–53].
This phase of light propagating in a helical optical fiber was
experimentally measured and discussed in [61,62].
To compute the polarization phase for a given null ray,

we have to define a propagation law for mα along the ray.
This can be done by an observer-defined local decom-
position of the space-time into space and time. This is the
so-called space-time threading approach, in contrast to the
space-time slicing, which is known as the ADM approach.3

Consider a family of observers filling a three-dimensional
space like a continuous medium. Each of the observers
defines the local frame of reference. World lines of these
observers form a congruence of integral curves of the
timelike future directed unit vector field uα ¼ uαðxαÞ,
uαuα ¼ −1. The local rest space Σu orthogonal to uα is a
three-dimensional subspace of the tangent space defined at
every event on an observer’s world line. A vector from the
tangent space can be projected into the subspace Σu by
means of the projection operator pα

β ¼ δαβ þ uαuβ, and
pαβ ¼ gαβ þ uαuβ defines the induced metric on Σu.
Applying the projection operator to kα we construct the
unit spacelike vector nα that defines the spatial direction of a
light ray. Accordingly, we have

kα ¼ ωðuα þ nαÞ; ð11Þ

whereω≡ −kαuα is the angular frequency of lightmeasured
by the local observer. This decomposition allows us to
express propagation of mα along kα by defining its propa-
gation along the vectors uα and nα,

kβmα
;β ¼ ωðuβmα

;β þ nβmα
;βÞ: ð12Þ

We require that the basis vectors mα and m�α belong to Σu,
and thus, according to (8) and (11), are orthogonal to nα.
Because the polarizationvector fα is definedmodulo kα, this
requirement can be fulfilled at some event on the null ray.
Then, as it is shown below, this orthogonality condition is
preserved along the ray.

Next we construct a right-handed, observer-adapted
orthonormal frame feα0; eαa; a ¼ 1; 2; 3g, where eα0 ≡ uα,
eα1;2 are defined in (9), and e

α
3 ≡ nα. For such frame we have

εαβγδeα0e
β
1e

γ
2e

δ
3 ¼ þ1, where εαβγδ is the Levi-Civita

(pseudo) tensor. Using (11), this gives

εαβγδuαkβm�γmδ ¼ iσω; ð13Þ

which implies

εαβγδm�γmδ ¼ iσ
ω
ðkαuβ − uαkβÞ: ð14Þ

We shall also need the following property of the Levi-Civita
tensor:

εμνγδε
μναβ ¼ −2ðδαγ δβδ − δαδδ

β
γ Þ; ð15Þ

where δαβ is the four-dimensional Kronecker tensor.
To measure properly the polarization phase, we require

first that the basis fmα; m�αg does not rotate with respect to
a reference basis fixed at the spatial infinity, when it is
spatially transported along a ray trajectory,4 and second that
its initial orientation does not change when it is transported
along the observer congruence. The first requirement is
ensured by the vanishing spatial Fermi-Walker derivative of
ma along na,

∇FW
n ma ≡ nbma

jb − ðaanb − abnaÞmb ¼ 0: ð16Þ

Here aa ¼ nbna jb and the stroke j stands for the covariant
derivative associated with the spatial metric pab ¼ eαae

β
bpαβ,

such thatpabjc ¼ 0. This derivative is related to the covariant
derivative associated with the space-time metric gαβ as
follows: eαanbmajb ¼ pα

γnβmγ
;β. The orthogonality condi-

tion mαnα ¼ mana ¼ 0 is preserved by the Fermi-Walker
derivative. To fulfill the second requirement, we impose that
the basis fmα; m�αg is corotating with the congruence. This
implies that the basis has no relative temporal rotation with
respect to nearby observers and, as a result, with respect to
the reference basis fixed at the spatial infinity. This require-
ment is ensured by the vanishing temporal corotating Fermi-
Walker derivative of mα along uα (see, e.g., [63]),

∇CFW
u mα≡uβmα

;βþðwαuβ−wβuαÞmβ−ωα
βmβ¼0: ð17Þ

Here wα ¼ uβuαβ is 4-acceleration and ωαβ ¼ pγ
αpδ

βu½γ;δ� is
the vorticity tensor. The first three terms represent the
temporal Fermi-Walker derivative. The orthogonality con-
dition mαuα ¼ 0 is preserved by the corotating Fermi-
Walker derivative. The conditions (16) and (17) fix the

3The threading point of view was originally developed by
Møller, Zelmanov, and Cattaneo, and discussed in detail in
[63–65]. It is used in [66].

4For description of optical measurements in curved space-time
see, e.g., [67].
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scalar function ψ ¼ ψðxαÞ in the gauge transformation
mα → mα expðiψÞ.
Using the decomposition of the null vector kα (11), the

expressions (12), (14), (15), and the transport laws (16) and
(17), we can calculate the right-hand side of (10) as follows,

im�
αkβmα

;β ¼ iωm�αωαβmβ ¼ σωαkα; ð18Þ

where

ωα ¼ 1

2
εαβγδuβωγδ ¼

1

2
εαβγδuβuγ;δ ð19Þ

is the vorticity of the observers congruence.5

By using this result, we can now compute the polariza-
tion phase φ for a given null ray Γ∶xα ¼ xαðλÞ,

φ ¼ σ

Z
Γ
ωαkαdλ ¼ σ

Z
Γ
ωαdxα: ð20Þ

Finally, we can consider a linearly polarized light,
viewed as a superposition of its left- and right-handed
circularly polarized components. The linear polarization
real unit vector fαL ¼ ðfα þ f�αÞ= ffiffiffi

2
p

rotates with respect to
the basis fmα; m�αg and the angle of rotation φL measured
along the light ray Γ is

φL ¼
Z
Γ
ωαdxα: ð21Þ

This rotation is known as the gravitational Faraday effect
of light.

IV. FIELD OF OBSERVERS

So far we have not specified the field of observers uα. As
it follows from the expressions (20) and (21), the gravi-
tational Faraday rotation depends on vorticity of the
observers congruence. For example, freely falling (inertial)
observers do not feel the gravitational field and their
congruence has zero vorticity. The same situation happens
for the zero angular momentum observers. Thus, such
observers do not detect the gravitational Faraday rotation.
Alternatively, we can consider a congruence of arbitrarily
moving (noninertial) observers whose congruence has
nonzero vorticity. Such observers would claim to detect
the gravitational Faraday rotation in a flat space-time.What
kind of observers one has to consider in order to measure
properly the gravitational Faraday effect?
The polarization-dependent gravitational optical effects

were studied in stationary space-times. Such space-times
posses timelike Killing vector field ξαðtÞ, where t is the

Killing time, a parameter along Killing vector field orbits.
Naturally, in such space-times the field of Killing observers
was taken, uα ∝ ξαðtÞ. Here we consider asymptotically flat

nonstationary space-times (see, e.g., [68]). Such space-
times do not possess timelike Killing vector field. In this
case we use the following construction. Take an inertial
frame in the asymptotically flat region and construct
connected to the frame Cartesian coordinate latticework.
Such a latticework is assumed to be absolutely rigid and
extends to other regions of the space-time as far as
possible.6 Place identical clocks in every point of the
latticework and synchronize them modulo the redshift
factor, i.e., (proper time of a point on the latticework) =
(redshift factor at that point) × (proper time on the
latticework at the asymptotically flat region). This con-
struction represents a field of observers that are situated
at every point of the latticework, i.e., they have fixed
spatial coordinate position defined by asymptotically
Cartesian coordinates: ðxi¼const;i¼1;2;3Þ. Accordingly,
in these coordinates the observers field is

uα ¼ 1ffiffiffi
h

p δα0: ð22Þ

Here h > 0 is the squared redshift factor and x0 ¼ t is the
timelike coordinate that measures proper time of observers
sitting on the latticework in the asymptotically flat region.
Using a timelike threading approach [66] we can present
the space-time metric in the coordinates ðx0 ¼ t; xiÞ in the
following form:

ds2 ¼ −hðdt − gidxiÞ2 þ hγijdxidxj: ð23Þ

Here hγij is the three-dimensional metric that defines
spatial distance and the metric functions h, gi, and γij
depend on t and xi. Accordingly, the covariant form of the
observers field (22) reads

uα ¼ −
ffiffiffi
h

p
ðδ0α − giδiαÞ: ð24Þ

Let us now compute the vorticity (19) of the observers field
(24) in the metric (23),

ωα ¼ 1

2h
fðg; curl gÞδα0 þ ð½g × g♭;t�i þ ðcurl gÞiÞδαi g: ð25Þ

Here g♭ is the covariant form gi of the vector g living in a
three-dimensional space endowed with the metric γij, and

5For a hypersurface-orthogonal vector field uα vorticity is
identically zero. In the next section we define a field of static
observers whose vorticity is not identically zero.

6Note, however, that such a latticework cannot be extended
into certain space-time regions, for example into a rotating black
hole’s ergosphere or into a black hole interior.
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ða;bÞ ¼ aibjγij; ½a× b�i ¼ eijkajbk;

ðcurlgÞi ¼ eijkgk;j; eijk ¼
ffiffiffi
γ

p
ϵijk; eijk ¼ ϵijkffiffiffi

γ
p ; ð26Þ

where γ ¼ detðγijÞ, ϵ123 ¼ ϵ123 ¼ 1 is the Levi-Civita
symbol, and the indices are raised and lowered by γij.
The expressions ð…Þ;t and ð…Þ;i mean partial derivatives
of (…) with respect to t and xi. Using (25) we can calculate
the gravitational Faraday rotation (21).
The problem is that the observers field uα is not unique.

One can consider another field of observers ũα
0
that have

fixed spatial coordinate position on the related latticework
ðxi0 ; i0 ¼ 10; 20; 30Þ. This new lattice work and the proper
time x0

0 ¼ t0 of such observers located at the asymptotically
flat infinity are related to the former ones by the Lorentz
transformation, xα ¼ Λα

β0xβ
0
(see, e.g., [60], p. 69), and the

above expressions (22)–(24) have the same form in the
primed frame. To understand how the gravitational Faraday
rotation depends on the observers field, one has to find how
the vorticity expressions corresponding to uα and ũα

0
are

related to each other. To do this, let us first derive a relation
between the observers vector fields uα and ũα

0
in the frame

xα, which is

ũα ¼ γg
1 − ðg; vÞ

�
uα þ viffiffiffi

h
p δαi

�
; ð27Þ

where

γg ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðvg; vgÞ

p ; vg ≡ v
1 − ðv; gÞ ; ð28Þ

and v is the 3-velocity with the constant contravariant
components ðvi ¼ const; i ¼ 1; 2; 3Þ, which are parameters
of the Lorentz transformation.7 Accordingly, the covariant
form of the new observers field (27) reads

ũα ¼ −γg
ffiffiffi
h

p
ðδ0α − g̃iδiαÞ; ð29Þ

where

g̃≡ gþ vg: ð30Þ

Now we can compute the vorticity (19) of the observers
field (29) in the metric (23),

ω̃α ¼ γ2g
2h

fðg̃; curl g̃Þδα0 þ ð½g̃ × g̃♭;t�i þ ðcurl g̃ÞiÞδαi g: ð31Þ

A comparison between the expressions (25) and (31) shows
that ω̃α ≠ ωα. This implies that the gravitational Faraday
effect (20), (21) is observer-dependent. In particular, in a

static space-time, such that in the frame xα we have gi ¼ 0,
one can find an observers field of nonzero vorticity. Such
observers would claim to detect the gravitational Faraday
effect proportional to vi, i.e., to the parameters of the
Lorentz transformation. In the next section we study the
gravitational spin-Hall effect of light, which is dual to
the gravitational Faraday effect. This dual effect is, in turn,
also proportional to vi. However, in a static space-time, for
vi ¼ 0 both the effects vanish. Note that this phenomenon
is analogical to the relativistic Hall effect resulting in a
transverse shift of the relativistic center of inertia of a
dynamical system [69]. The shift is proportional to the
intrinsic angular momentum of the system and to the
velocity vi of the relativistic frame, which is moving with
respect to the rest frame of the system. The key issue behind
the relativistic Hall effect is that components of the three-
dimensional vector of the relativistic center of inertia
are not spatial components of a four-dimensional vector.
Thus, they do not transform in covariant way, which makes
the location of the relativistic center of inertia frame
dependent [66]. In our case, the analogical vector is the
three-dimensional vector g, which transforms according
to (30).
Thus, in the case of a nonstatic gravitational field

ðgi ≠ 0Þ, the general field of observers (27) can detect
the gravitational Faraday rotation due to both the gravita-
tional field and their own motion, i.e., via the values of vi.
This observer-dependent problem is resolved in stationary
space-times by selecting the preferred field of Killing
observers. Our goal is to find a field of observers that is
analogical to the Killing observers in an arbitrary, nonsta-
tionary space-time. In other words, we have to fix the
kinematic gauge freedom vi, that brings us back to the
question raised in the first paragraph of this section.
To answer the question, we note first that an asymptoti-

cally flat stationary space-time has vanishing total
3-momentum, as defined with respect to the observers
field that coincides with the field of Killing observers. We
can take this property as the property that allows us to fix
the kinematic gauge and thus to define the observers field in
nonstationary space-times. To begin, we recall that asymp-
totic flatness structure allows the space-time energy-
momentum 4-vector Pα ¼ ðE;PiÞ to be well defined at
the spatial infinity i0 as follows (for more details see [68],
Ch. 11 and the references therein). We consider globally
hyperbolic space-times. A globally hyperbolic space-time
can be foliated by Cauchy hypersurfaces Σt parametrized
by a global time function t. Consider a unit, timelike,
future-directed vector field Nα ∝ t;α. Then, the space-time
metric gαβ induces a three-dimensional spatial metric

Hαβ ¼ gαβ þ NαNβ ð32Þ
on each Σt. Let Σt be such that this metric at i0 in the
asymptotically Cartesian coordinates ðxi; i ¼ 1; 2; 3Þ has7In a curved space-time region vi ¼ γijvj ≠ const.
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the form δij þOð1=rÞ, where δij is the three-dimensional

Kronecker tensor and r ¼
ffiffiffiffiffiffiffiffi
xixi

p
. Then, the space-time

total energy E and 3-momentum Pi are defined as follows:

E≡ 1

16π
lim
r→∞

I
S
ðHij;i −Hii;jÞSjdA; ð33Þ

Pi ≡ 1

8π
lim
r→∞

I
S
ðKijSj − Kj

jSiÞdA; ð34Þ

where summation over repeated indices is assumed. The
integrals are taken over a 2-sphere S∶r ¼ const, Si is a unit,
outward-directed, spacelike vector orthogonal to S, dA is
the area element on S, which in the limit r → ∞ and
in spherical coordinates ðr; θ;ϕÞ takes the form dA ¼
r2 sin2 θdθdϕ, and

Kij ≡ 1

2
ðLNHÞij

¼ 1

2
ðNkHij;k þHkjNk

;i þHikNk
;jÞ; ð35Þ

is the hypersurface extrinsic curvature. In this construction,
the so-called ADM energy-momentum 4-vector

Pα ¼ −ENα þ Piδ
i
α ð36Þ

is independent of the choice of Σt. As a result, the space-
time total energy E and total 3-momentum P depend only
on the asymptotic behavior of a spacelike hypersurface Σt

at i0 and transform under Lorentz boost as the components
of a 4-vector. Thus, by an appropriate choice of the t
function, that is, by taking a proper boost at the asymptotic
spatial infinity i0, one can make the space-time total
3-momentum P vanish. This choice of t fixes the kinematic
gauge and defines the corresponding field of observers,
which we shall call static observers. The field of static
observers naturally generalizes the field of Killing observ-
ers, which is hypersurface orthogonal at asymptotic infin-
ity. Static observers coincide with Killing observers in
stationary space-times.
In what follows, to discuss the gravitational Faraday

effect and its dual gravitational spin-Hall effect, we shall
always consider the field of static observers. According to
the conditions (16) and (17), these observers possess an
unidirectional basis fmα; m�αg, adjusted to a reference
basis fixed at the spatial infinity, that allows them to
measure properly these optical effects.

V. GRAVITATIONAL SPIN-HALL
EFFECT OF LIGHT

As we already noted, in the geometric optics approach
polarization does not affect light rays. A similar situation
occurs when one applies the Wentzel-Kramers-Brillouin
(WKB) method to the Dirac equation: electric and magnetic

particle’s moments and spin do not affect its trajectory
[70,71]. However, the WKB expansion is not uniformly
valid in its domain. At finite fixed distances from inho-
mogeneous field regions, effects of the particle’s moments
on its trajectory are of order ℏ and they vanish in the
classical limit ℏ → 0. In this case, the WKB method gives
correct result. But for distances of order ℏ−1, the effects
become of order unity and do not vanish in the limit ℏ → 0.
In this case, the WKB method fails. As it was explained in
[71], to obtain an expansion which is uniformly valid
everywhere, including the neighborhood of infinity, one has
to include effects of the particle’s moments and spin on its
trajectory [49,72,73]. Analogously, to have an eikonal
expansion uniformly valid everywhere, one has to take
into account contribution of internal degrees of freedom
(polarization) to propagation of light [36]. Such a contri-
bution is of order ε for short distances of propagation.
However, it accumulates along light ray trajectory and for
sufficiently large distances (of order ε−1) it becomes of
order ε0.
To construct such an expansion we have to include

polarization phase into the eikonal. As we already found, in
the geometric optics approximation,

Aα ≈Rfaαeiθ=εg; aα ¼ amαeiφ: ð37Þ

Here the polarization phase φ changes along light ray
trajectory in accordance with (20), but this change does not
affect the trajectory. Our goal is to modify the light
trajectory in accordancewith the polarization phase change.
Let us rewrite this expression in the following form:

Aα ≈ RfamαeiðθþεφÞ=εg: ð38Þ

This form suggests us to define the modified eikonal:

θ̃≡ θ þ εφ̃; ð39Þ

where φ̃ is the modified polarization phase that corresponds
to the modified eikonal θ̃.
With these modifications the expression (38) reads:

Aα ≈ Rfãαeiθ̃=ϵg: ð40Þ

Here the amplitude ãα corresponds to the modified eikonal
(39). Substituting this approximation into the Lorenz gauge
condition (1) and the wave equation (2) we derive the
following leading order equations:

kαkα ¼ 0; ãαkα ¼ 0: ð41Þ

They imply that the wave vector

kα ≡ θ;α ¼ θ̃;α − εφ̃;α ð42Þ
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is null and electromagnetic waves are transverse. These
conditions hold along null ray defined by the wave vector.
The term φ̃;α is the gradient of the polarization component
of the modified eikonal. For a particular null ray
Γ̃∶x̃α ¼ x̃αðλÞ, with the wave vector kα ¼ dx̃α=dλ, the
polarization phase is [cf. (20)],

φ̃ ¼ σ

Z
Γ̃
ωαdx̃α ¼ σ

Z
Γ̃
ωαkαdλ: ð43Þ

The gradient of the polarization component is

φ̃;α ¼ σωα. ð44Þ

To construct the propagation equation for the wave
vector, we use the same method which is used in the
geometric optics (see [60], p. 576). Namely, taking the
covariant derivative of the first expression in (41) we derive
kβkβ;α ¼ 0, while the expression (42) and the equality
θ̃;βα ¼ θ̃;αβ give

kβ;α ¼ kα;β − εσΦαβ; ð45Þ

where we defined

Φαβ ≡ ωβ;α − ωα;β: ð46Þ

The expression (45) gives us the null rays equation

kβkα
;β ¼ εσΦα

βkβ: ð47Þ

Note that this equation looks like the Lorentz force law.8

Now we shall construct propagation equation for the
amplitude ãα. We begin with the transversality condition
[the second expression in (41)]. This condition should hold
along a null ray, kβðãαkαÞ;β ¼ 0. Expanding this expres-
sion and using (47) we derive

kαkβãα;β ¼ εσΦαβkαãβ: ð48Þ

The right-hand side of this expression is of order ε. The
corresponding order complement comes from the sublead-
ing order ε−1 wave equation (2),

kβãα;β ¼ −
1

2
ãαkβ

;β − iãαkβφ̃;β: ð49Þ

Combining these expressions we derive the propagation
equation for the complex amplitude ãα,

kβãα;β ¼ εσΦα
βãβ −

1

2
ãαkβ

;β − iãαkβφ̃;β: ð50Þ

Now we multiply this equation by the complex conjugate
amplitude ã�α and add to it its complex conjugate form
multiplied by ãα. As a result, we derive

ðã2kαÞ;α ¼ 0; ð51Þ

where ã≡ ðãαã�αÞ1=2 is the scalar amplitude. The derived
equation implies adiabatic conservation of photons propa-
gating along null curves defined by (47). To complete the
construction of equations corresponding to the modified
eikonal (39) we introduce the unit complex polarization
vector fα ≡ ãα=ã, such that fαfα ¼ 0 and fαf�

α ¼ 1.
Then, the second expression in (41) and the expression
(50) give

kαfα ¼ 0; ð52Þ

kβfα
;β ¼ εσΦα

βfβ − ifαkβφ̃;β: ð53Þ

The expressions (41), (47), (51), (52), and (53) represent
the modified geometric optics corresponding to the modi-
fied eikonal (39). The last step is to show that in the limit
ε → 0 polarization phase of fα does not change along the
modified null rays. To begin with we present the polari-
zation vector fα in the form [cf. (7)]

fα ¼ eiψmα: ð54Þ

Here ψ is measured with respect to the complex basis
fmα;m�αg, which is analogical to the previously considered
basis fmα; m̄αg (see Sec. III). Accordingly, one can repeat
the steps in Sec. III and derive [cf. (18)]

im�
αkβmα

;β ¼ σωαkα. ð55Þ

Then, from the relations (44), (53), (54), and (55), it follows
that

kαψ ;α ¼
ε

2ω
εαβγδuαkβΦγδ: ð56Þ

Thus, as we already noted, the change of the polarization
phase along the modified light ray is of order ε. This implies
that the internal degree of freedom, the order ε0 polarization
phase φ, was indeed included into the modified eikonal.
Using the modified eikonal (42), we can compute phase

velocity of each polarization component defined with
respect to its geometric optics null ray,

8Equation (47) can formally be derived by taking the ultra-
relativistic limit m → 0 of the Lorentz force law, where m is the
rest mass of a charged particle and its proper time is defined as
τ≡mλ [37]. In this analogy the product of the particle’s charge
and the electromagnetic field tensor Fαβ corresponds to εσΦαβ

and ωα plays the role of an electromagnetic vector potential. Note
that in analogy with the action for a charged particle moving in an
electromagnetic field, Eq. (47) can also be derived from the
generalized Fermat’s principle [74–77].
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vph ≡ −
kαuα

kαnα
¼ ω

ω − εσωαnα
: ð57Þ

This expression implies that the phase velocity of left- and
right-handed circularly polarized light is different. This
difference results in the gravitational Faraday effect dis-
cussed in Sec. III.
Let us now consider the dynamical equation for light

rays (47). Its right-hand side depends on light polarization
σ ¼ �1 and represents the force of interaction between the
light polarization and space-time angular momentum. This
force is orthogonal to the wave vector kα. This type of
polarization-dependent force is a manifestation of the
gravitational spin-Hall effect of light: the back-reaction
of the changing polarization phase onto light trajectory
results in its transverse, polarization-dependent displace-
ment. As a result of such displacement, a linearly polarized
beam of light propagating in a gravitational field of nonzero
angular momentum along the space-time null geodesic will
split into components of left- and right-hand circular
polarizations and each component will propagate along a
different null world line. These world lines get gradually
displaced away in the opposite directions from the null
geodesic. The group velocity of these components, which is
the locally measured Poynting vector divided by the
electromagnetic energy density, is equal to speed of light
in vacuum. According to the generalized Fermat’s principle
[74–77], the expression (67) in the next section, integrated
along a light ray trajectory, is stationary for null geodesics
with respect to null variations. Thus, the propagation time t
for these components is greater than that of the correspond-
ing null geodesic.
In the next section we shall discuss the gravitational spin-

Hall effect in local space and time decomposition. To
conclude, we recall that source-free Maxwell equations in a
four-dimensional space-time are conformally invariant.
Accordingly, the expressions above are invariant with
respect to the conformal transformation of the metric
gαβ ¼ Ω2ḡαβ accompanied by the following conformal
transformations:

kα ¼ Ω−2k̄α; uα ¼ Ω−1ūα; ð58Þ

ã2 ¼ Ω−2 ¯̃a2; fα ¼ Ω−1f̄α þ κΩ−2k̄α; ð59Þ

where the scalar function κ solves equation

k̄ακ;α þ iκk̄αφ̃;α þ f̄αΩ;α ¼ 0; ð60Þ

while ωα and Φαβ are conformally invariant, and the local
angular frequency of light transforms as ω ¼ Ω−1ω̄.

VI. LOCAL SPACE AND TIME
DECOMPOSITION

Let us now present the dynamical equation (47) in a local
decomposition defined by a static observer’s 4-velocity uα.
To simplify our computations, we will work in the metric
ḡαβ conformally related to the space-time metric (23) via
the conformal factorΩ2 ¼ h. In what follows, we shall drop
the bar signs. Because of the conformal invariance of the
dynamical equation, our final expressions will be valid
in the original space-time metric gαβ, assuming that all
dynamical quantities are transformed accordingly, as
shown in the end of the previous section.
To compute the expression (46) we need the covariant

form of the vorticity vector [see (25) and the text below],

ωα ¼ δiαAi; A ¼ 1

2
ð½g × g♭;t� þ curl gÞ: ð61Þ

Now we can calculate Φαβ,

Φ0i ¼ −Ei; Φij ¼ eijkBk; ð62Þ
where we defined

E ≡ −A;t; B≡ curlA: ð63Þ
The three-dimensional fields E and B can be considered as
“electric” and “magnetic” components of Φαβ.
The next step is to apply the projection operators −uαuβ

and pα
β ¼ δαβ þ uαuβ to the dynamical equation. These

operators project four-dimensional objects onto uα and
its local orthogonal three-dimensional hypersurface Σu,
which gives their local space and time decomposition.
However, it is more convenient to use the decomposition of
the wave vector kα ¼ ωðuα þ nαÞ [cf. (11)], where the light
ray frequency ω ¼ −kαuα is measured by a local static
observer and the unit spacelike vector nα, orthogonal to uα,
defines spatial direction of the light ray. Then, we contract
the expression (45) with uβ and nβ separately and apply the
projection operators. Contraction with uβ gives us an
expression lying entirely in Σu and involving time deriv-
atives of the frequency and the unit spacelike vector.
Contraction with nβ followed by projection onto uα gives
us (naturally) the same expression contracted with nα,

ð1þginiÞω;tþniω;iþ
ω

2
ð2nigi;tþninjγij;tÞ¼εσEini: ð64Þ

Finally, projecting the expression (45) contracted with nβ

onto Σu and using a local triad eαa defined on Σu gives us the
light ray dynamical equation on Σu,

nbnajb ¼
ω;b

ω
Πab þ 2½n × A�a þ εσ

ω
½n ×Bg�a; ð65Þ

Bg ≡Bþ ½E × g�: ð66Þ

GRAVITATIONAL FARADAY AND SPIN-HALL EFFECTS OF LIGHT PHYS. REV. D 104, 084007 (2021)

084007-9



Here nbnajb is the covariant derivative defined in the metric

γab ¼ eiae
j
bγij along a light ray trajectory with the unit

tangent vector nα ¼ dxα=dl ¼ eαana, where dl ¼ ωdλ is the
proper distance in the three-dimensional hyperspace Σu,
and Πab ¼ γab − nanb is the three-dimensional projection
operator onto a local two-dimensional subspace orthogonal
to na. The proper distance dl is related to the time
coordinate t as follows:

dt
dl

¼ 1þ gini; ð67Þ

where the scalar product is defined in the metric γab. The
expressions (64), (65), and (67) represent the local space
and time decomposition of the dynamical equation (47).
Let us now analyse the derived result. Our main object is

the dynamical ray equation (65). To understand better its
physical meaning, we introduce the optical metric πab and
the three-dimensional wave vector ka as follows

πab ≡ ω2γab; ka ≡ ωna: ð68Þ
Then, the dynamical ray equation (65) takes the following
form:

Dk
dl

¼ 2½k × A� þ εσ

ω
½k ×Bg�: ð69Þ

Here Dk=dl is the covariant derivative of the wave vector
defined in the optical metric, dl ¼ ωdl is the optical
length, and the vector products are defined in the optical
metric. This equation is similar to the dynamical equation
of a charged particle moving in a noninertial rotating frame
in the presence of a magnetic field, i.e., the term 2½k × A� is
the Coriolis force and the next term is the Lorentz force.
This last term is the transverse, polarization-dependent
force that gives rise to the gravitational spin-Hall effect of
light. This force depends on light frequency. Thus, the
resultant splitting of a nonmonochromatic beam of light
onto left- and right-handed circularly polarized components
is frequency dependent. Namely, the low frequency part of
the beam gets more deflected in the transversal direction, as
compared to the high frequency part. As a result of such
deflection, we have a polarized gravitational rainbow.
To conclude, we remark that in the case of a stationary

space-time, our static observers are Killing observers and
the results above reduce to those derived in [36].

VII. DISCUSSION

Here we presented the study of the gravitational Faraday
and spin-Hall effects of light in arbitrary, nonstationary,
asymptotically flat space-time of nonzero angular momen-
tum. This is a generalization of the modified geometric
optics formalism developed in [36] and applied to propa-
gation of polarized light in the stationary space-time of a
rotating (Kerr) black hole [37]. The key concept of this
generalization is the field of static observers defined in
Sec. IV. In a stationary space-time, this field of observers
naturally reduces to the field of Killing observers. The field
of observers is uniquely defined in accordance with
vanishing space-time ADM 3-momentum. The gravita-
tional Faraday and spin-Hall effects are described properly
by such static observers. One may try to explore the
formalism developed here in the language of Finsler
geometry and the related Randers metric applied to sta-
tionary spacetimes in [78].
The natural limitation of our formalism is breakdown of

the geometric optics applicability and the concept of the
static observers field. As we already pointed out in Sec. IV
(see footnote 6), such observers cannot exist in space-time
regions where a rigid static latticework spreading out of
asymptotically flat region cannot be defined, for example
in ergoregions or black hole interior. Let us also note that
detection of the gravitational Faraday and spin-Hall effects
of light requires measurements of a very high sensitivity.
These effects are due to strong nonstatic gravitational
fields and they accumulate during light propagation. The
angular split of left- and right-handed circularly polarized
light components is proportional to the space-time angular
momentum [32–35,37], whereas spatial separation of
these components is an accumulative effect and propor-
tional to the propagation distance. Thus, the effect may not
easily be observable in weak gravitational fields and
relatively small spatial regions, e.g., within the Solar
System [34], but it could potentially be detected in the
light emerged from strongly gravitating systems, such as
the vicinity of a black hole, and propagated sufficiently
large distance.
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