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BOUNDS OF MULTIPLICATIVE CHARACTER SUMS
OVER SHIFTED PRIMES

BRYCE KERR

ABSTRACT. For integer g, let x be a primitive multiplicative character
mod gq. For integer a coprime to ¢, we obtain a bound of the form

N

é —, N2q3/4+57
q

> A(n)x(n+a)

n<N

where A(n) is the von Mangoldt function. This improves on a
series of previous results.

1. INTRODUCTION

One of Vinogradov’s fundamental contributions to mathematics is
the method of bilinear forms. This can be viewed as some general
framework to convert the problem of estimating an exponential sum
over a set with arithmetic structure to bounding the norm of a linear
operator. This method, combined with other techniques, allowed Vino-
gradov to make progress on famous problems including the zero free
region of the Riemann zeta function, Waring’s problem and the repre-
sentation of a number as the sum of three primes. Since Vinogradov’s
work, the method of bilinear forms has played a central role in number
theory.

Another one of the early applications of Vinogradov’s method is the
estimation of character sums over shifted primes. Let ¢ be prime and
X a primitive character mod ¢. Consider the sum

(1) Sa(g; N) =Y A(n)x(n + a),

n<N

where a is an integer relatively prime to ¢ and as usual,

log p, if n is a power of a prime p,
A(n) = :
0, otherwise,
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is the von Mangoldt function. Vinogradov [15] showed an estimate of
the form

N 3/4+4¢

[Sal; NI < o500 N2 g

This was considered a surprising result since a direct application of
the Riemann hypothesis for Dirichlet L-functions implies a nontrivial
estimate only in the longer range N > ¢**°. Vinogradov’s estimate has
been improved by Karatsuba [8] by using some ideas of Burgess and
obtained an estimate of the form

N
(2) 1S.(g; N)| < 2 N > g'/*te,

In this paper we consider the problem of estimating S,(q; N) for an
arbitrary integer ¢. This first appears to be considered by Rakhmonov [9,
10] who has shown that nontrivial cancellations in the sums S,(q; V)
occur in the range N > ¢'*¢. This has been extended by Friedlander,
Gong and Shparlinski [4] to N > ¢®°+¢ where the bound

(3) 1Sa(g; N)| < (NT/8gM0 4 N33/3271/18)go)

is given for N < ¢'6/?. The current record on the longest range of pa-
rameters for which the sums S, (¢; N) are estimated for general modulus
is due to Rakhmonov [12] (see also [11] for sharper results in the case
of cubefree modulus) who has shown

(4) 1Sa(q: N)| < Nexp (—0.61/q), N > ¢”/°*.

Note the much shorter range of summation in Karatsubas estimate (2)
for prime modulus compared with (4). Estimating character sums for
general composite modulus is typically much harder than prime mod-
ulus and this has something to do with the current state of knowledge
regarding complete exponential sums over residue rings. For prime
modulus one may appeal to the Weil bound to obtain square root can-
cellation for such sums. For arbitrary modulus it is possible to apply
elementary methods to estimate complete sums, see for example [7,
Chapter 12], although applying such techniques requires counting ze-
ros of polynomials in residue rings which is often difficult to obtain
good bounds.

In this paper, we overcome some of these difficulties and provide an
estimate for the sums S,(g; N) in the range N > ¢%/4+¢.

Theorem 1. For N < ¢, we have
|Sa(q; N)| < g"/oHe O NZ32T,
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2. THE HEATH-BROWN IDENTITY

The following identity is due to Heath-Brown [6] and will be used to
transform sums over primes into bilinear sums.

Lemma 2. For integers J, X, Z and n satisfying
J>1, n<2X and Z=X,

we have
J T
=1 -] <7 N1,y
J m;< j

Lemma 2 will be used to transform summation over primes to bi-
linear forms. Our next result allows some control over the lengths of
summation in the resulting bilinear forms and is standard in applica-
tions of Heath-Brown’s identity.

Lemma 3. Let j > 2 be an integer and M, ..., M;, Ny, ..., N; satisfy

j

M; <M;_; <--- <M, N;<Nj_;<---<DNy, N<<HM1~N,-<<N,
i=1

and

(5) M, < Z.
We have either

Q N, > (5)”27

A
or there exists subsets T, J C {1,...,j} such that
(7) Z <[ M: [N < max{z* N'/3}.
i€l ied

Proof. Let ig > 1 be the smallest integer such that
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If i9 # 1 then by (5)
z< [ mi< 2,
i>ig—1

which gives a partition of the form (7). Hence we may suppose ig = 1.
Let iy > 1 be the smallest integer such that

[[am]]N<z
i<j i
We may suppose if i < i1 then
Ni Z Z7
since otherwise
ZSHM@ H Ni§Z2,
i<j  i>ii—1

which gives a partition of the form (7). We next proceed on a case
by case basis depending on the value of ;. Suppose first that i; < 3.
Then using

N < Ny...N;M,...M; < N,

we have
N,
H P>
<1
which implies
N1/2
Ny > 71/2

Suppose next that ¢; > 4. Then from
N3 < NiN;N3 < N,
we obtain that
Z < Ny < N'/3,

which completes the proof. O

3. POLYA-VINOGRADOV BOUND

We will use a variant of the Pdlya-Vinogradov inequality with an
arithmetic condition on summation which is [4, Lemma 5].
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Lemma 4. For any integers M, N, a with (a,q) = 1 and any primitive
character x (mod q) we have

Z x(n + a)| < g/2HeW) 4 Ng=/2+e),

M<n<M+N
(n,g)=1

4. BURGESS BOUNDS

In [4], the Burgess bound for the sums

ZX (H(x‘i‘vz))X( H (x—l-vl))‘ r=23,

r=1 =1 i=r+1

v

2

V1 ,ee,02p=1

was used to improve on Lemma 4 for small values of N. We a give

further improvement by using the methods of Burgess [1, 2] to bound

the sums
v

8) >

V1,..e,U2p =1

ZX (H(x%—dvi))Y(H (m+dvi)) , r=2,3,

=1 i=1 1=r+1

which will then be combined with techniques from [4] to obtain new
bounds for sums of the form

> x(n+a)

n<N

(n,g)=1

4.1. The case r=2. The aim of this section is to improve on [4,
Lemma 10], see Lemma 7 below. This result will not be used in the
proof of Theorem 1 and may have independent interest. It is possible
one may incoporate the results of this section to obtain quantitative
improvements on Theorem 1.

We first recall a special case of [1, Lemma 7).

Lemma 5. For integer q let x be a primitive character (mod q) and
let

fi(z) = (z — dvy)(x — dvy), fa(x) = (v — dvg)(z — dvy).

Suppose at least 3 of vy, vq,v3,v4 are distinct and define

A; = [ [(dvi — dvy).

J#i
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Then we have

K(2))| < 84@Wg'2(q, Ay,

for some A; # 0 with 1 < i < 4, where w(q) counts the number of
distinct prime factors of q.

We use Lemma 5 and ideas from the proof of [1, Lemma 8] to show,

Lemma 6. For any primitive character x modulo q¢ and any positive
integer V' we have,

Z Z X (H x+ dvi)> X (f[(x + d@)

V1,...,04=1 | z=1 =3

S (V2q—|—(d, q)3q1/2V4)q0(1).

Proof. We divide the outer summation of

Z Y (H T + du,-)> X (ﬁ(a: + d@)

|4

2.

v1,V2,V3,v4=1

7
=1 =3

into two sets. In the first set we put all vy, v9, v3, v, which contain at
most 2 distinct numbers and we put the remaining vy, vg, v3, v4 into the
second set. The number of elements in the first set is < V? and for
these sets we estimate the inner sum trivially. This gives

XV: Eq: X (f[l@ + dvi)> X (ﬁ(x + dvz-)>

v1,...,04=1 | z=1 =3

qV? + Z ZX (H T+ dvi)> X (ﬁ(az + d@)

V1,...,04=1 | z=1 i=3

<

Y

where the last sum is restricted to vy, vs, v3, v4 Which contain at least 3
distinct numbers. With notation as in Lemma 5, we have

1/2+o(1) Z Z A“ q

V1,...,0a=1 i=1
i

Since A; = [[,;(dvi — dv;) = d&*[[,;(vi — v;) = d*>Aj, we have

ZX(fl( )X (f2(2))] <
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and in [1, Lemma 8] it is shown

\% , 4
YD (ALg) < VD,
V1 ,e.,04=1 1&:#10
from which the result follows. 0
We next use Lemma 6 to improve on [4, Lemma 10] with respect to
the parameter d. For applications to Theorem 1, this is an important
factor for summation over mid length intervals.

Lemma 7. For any primitive character x (mod q) and integers M,
N, a and d satisfying

N < ¢Bd™>*,  d<q'% (a,q) =1,
we have

< q3/16+o(1)d3/8N1/2_

Z x(dn + a)

M<n<M+N

Proof. We proceed by induction on N. Since the result is trivial for
N < ¢%/8, this forms the basis of the induction. We define

U =[025Nd2q Y], V = [0.25d"%2¢"4],
and let
U={1<u<U : (udg)=1}, V={1<v<V : (v9)=1}

By the inductive assumption, for any ¢ > 0 and integer h < UV < N
we have

Z x(dn + a)

M<n<M+N

= Z x(d(n + h) 4 a)|+2¢* 5= d3/8p1/2,

M<n<M+N

for sufficiently large ¢. Hence

1
<

< #M#V’W‘ + 2q3/16+5d3/8(Uv)1/2’

Z x(dn + a)

M<n<M+N

W:ZZ Z x(d(n+uv) + a)

ueU veyY M<n<M+N

— Z x(u) Z Z x((dn + a)u_1 + dv).

ueU M<n<M+N veY

where
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We have

) Z x(z + dv)

q
wi<) v
=1 veY

where v(z) is the number of representations z = (dn + a)u™" (mod q)
with M < n < M+ N and u € U. Two applications of Holder’s
inequality gives

W < (zq; y2($)) (ij u(x>>2§qj

=1 r=1

-1

Z x(z + dv)

veY

From the proof of [4, Lemma 7| we have

i (x) = N#U, Z ) < (dN—U + 1) NUg®,

=1 q
and by Lemma 6

Z ZX (x + dv)

) Z ix(ﬁ(a:—kdvl) (ﬁerde)

z=1 |veV g€V =1 =1 =3
4

Z Zx<Hx+de> (Hx—i-dvz)‘
<@§Lil B

since V < d=3/2¢*/*. Combining the above bounds gives
dNU
|W|4 < (_ + 1) NU(N#U)2V2(]1+O(1),
q

and since
#U = U™, #V =Vl
we have

dYiAN q1/4N3/4 o(1 3/16+4¢ 13/8 1/2
Z x(dn +a)| < < Viz T U1/4v1/2) ¢V 4 2¢* 1P (UV) 2,
M<n<M+N

Recalling the choice of U and V' we get

Z x(dn+a)| < <ﬂ + q3/16d3/8N1/2) qo(l) + %q3/16+5d3/8N1/2’

q'/®
M<n<M+N

and since by assumption,
N < @/8d-5/1,
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we get for sufficiently large ¢

1
< q3/16d3/8N1/2qo(1) 1 §q3/16+5d3/8N1/2

Z x(dn + a)

M<n<M+N

< 316+ BB N2

O

Lemma 8. Let x be a primitive character (mod q) and suppose (a,q) =
1. Then for N < ¢*/" we have

Z X(n+a) < q3/16+0(1)N1/2.
M<n<M+N
(nvq)zl

Proof. We have

Yo xnta)| =D ud D xldn+a)

M<n<M+N d|q M/d<n<(M+N)/d
(n,g)=1

SZ Z x(dn +a)|.

dlg |M/d<n<(M+N)/d

Let

N1/2
q3/16J ’

then by Lemma 7 we have

Z Z x(dn+a)| =

dlg |M/d<n<(M+N)/d

Z Z x(dn +a)| + Z Z x(dn + a)

dlg |M/d<n<(M+N)/d dlg |M/d<n<(M+N)/d
d<Z a>7Z
N
< § 3/16+0(1)d—1/8N1/2 § .
q q

d<Z d>Z
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By choice of Z we get

N N
Zq3/16+o(1)d—1/8N1/2 + Z E < (q3/16N1/2 + _) qo(l) < q3/16+o(1)N1/2,

7 <
dlq dlq
d<z d>Zz

which gives the desired bound. It remains to check that the conditions
of Lemma 7 are satisfied. For each d|q with d < Z, we need

% S q5/8d_5/4, d S q1/67

which on recalling the choice of Z is satisfied for N < ¢*/72. O
By partial summation we deduce from Lemma 8.

Lemma 9. Let x be a primitive character (mod q) and suppose (a,q) =
1. Then for N < ¢*/" we have

Z (logn)x(n +a)| < q3/16+o(1)N1/2‘

M<n<M+N
(n,q)=1

4.2. The case r=3. Throughout this section we let

(9)
f1($) = ($+dv1)(l’+dvg)(l’+d’03), fg(il)) = ($+d’U4)(ZL’+d’U5)(I’+dU6),

and
(10) F(x) = fi(z)f2(2) — fi(@) f3(2),

and write v = (vy,...vs). We generalize the argument of Burgess [2]
to give an upper bound for the cardinality of the set

A(s,s')={v : 0 <wv; <V, there exists an x such that
(s, fi(z) fal2)) = 1, s|F(x), s|F'(z), s'|F"(x)},

which will then be combined with the proof of [2, Theorem 2] to bound
the sums (8). The proof of the following Lemma is the same as [2,
Lemma 3].

Lemma 10. Let s'|s and consider the equations
(11) (/\7 S) =1, (fl(_t>78/5/) =1,
(12) 6(f1(X)+Afa(X)) =6(1+ N (X +1)° (mod s),

(13) 6(1+A) =0 (mods’).
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Let
Ai(s,8)={v, A\, t : O0<v; <V, v; £y, i >2,
0<A<s, 0<t<s/s, (11), (12), (13)},
then we have
#HA(s,8) < V3 4+ #A.(s,5).
We next make the substitutions
Y = X + dvy,
(14) Vi=vi—wv, i>2,
T=t—dv, (mods/s),
so that
X)) =YY +dVa)(Y +dVs) = Y3 +d(Va + V5)Y? 4 d?V3VaY
(15) =q(Y),

fo(X) = (Y +dV)(Y +dVs) (Y +dVy) =Y +do Y2 + d?0yY + dPosy
(16)
= g2(Y),
where
o1 =Vi+ V5 + 1V,
(17) o2 = ViVs + ViV + V5 V5,
o3 = ViVs Vs,
and we see that (12) becomes
(18) 6(g1(Y) 4+ Ag2(Y)) = 6(1 + N (Y +T)* (mod s).
The proof of the following Lemma follows that of [2, Lemma 4].

Lemma 11. With notation as in (14) and (17), consider the equations

(19) (s/s',T)=1, (s/s',T—dVs) =1,

(20)

6d*T> (Vi —01Va+0a)—18d° a3 T? +18d* V3037 —6d°Viaos =0 (mod s),
(21) 6d°03 =0 (mod &),

and let

AZ(SWS/) :{(‘/37 ‘/47 ‘/5a ‘/67 T) :
0< Vi<V, 0<T<s/s, (19), (20), (21)}.



12 B. KERR

Then we have

#A1(s,8") < (d,s)V (14 V/s)#As(s,8).
Proof. We first note that (11) and (14) imply (19). Let

By = {(Va, V3,Vi, V5, V6, T) : 0 <|Vi| <V,
0<A<s, (As)=1,0<T <s/s, (13),(18),(19)},
so that
#A(s,8) < VH#B.

Using (15) and (16) and considering common powers of Y in (18) we
get

(22) 6d(Va+ V5 + Aoy) = 18(1 + A\)T  (mod s),
(23) 6d*(VaVs + Aog) = 18(1 + A)T?  (mod s),
(24) 6d*\o3 = 6(1+\)T°  (mod s).

By (22) we see that
6dVy = 18(1 + N\)T — 6dV3 — 6dAo;  (mod s),

which has O ((d, s)(1 4+ V/s)) solutions in V5. The equations (13) and (24)
imply that
6d°03 =0 (mod s'),

and

(25) 6A\(d*o3 —T°) = 6T° (mod s).

Since (T,s/s") = 1 by the above equations, there are O(1) possible
values of A. Finally combining (22), (23) and (25) gives (20). O

The following is [2, Lemma 2].

Lemma 12. For any integer s and polynomial G(X) with integer co-
efficients, we have

#{0<z<s Gz)=0 (mods), (s,G'(x))|6} < s°W,
where the term o(1) depends only on the degree of G.
The proof of the following Lemma follows that of [2, Lemma 5].

Lemma 13. For s”"|(s/s") consider the equations

(26) (s,6d%03) = 5's”,
(27) 6d*(Vi —o01Vz+09) =0 (mod s”),
and let

As(s, s, 8") = {(V3, Vi, V5, V) =+ 0 < |Vi| <V, (26), (27)}.
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Then we have
#As(s,5") < s°W Z s"#Az(s, 8, s").
ss/s
Proof. For §"|(s/s'), let
As(s,s',8") = { (Vs, Vi, Vs, Vi, T) € As(s,8) : (5,6d°03) = 55"},

so that
(28) #As(s,8") Z H#HAL(s, 8, 8").

s"|(s/s")

Let S = (s,s/5'), so that (s'/S, s/s’") = 1. For elements of As(s, s, s"),
since

(29) 6d’03 =0 (mod Ss”),
we have by (19), (20) and (26)
(30) 6d*(V —o1Vz+03) =0  (mod Ss”),

hence (20) implies that
6d2(‘/32 — 0'1‘/3 + O'Q)T3 _ 18d30'3

2

SS” SS” T

18d*o5 V- 6d°o3 V.2
(31) - SS/? °T — SS?;’ = =0 (mod s/(s's")).
Let

6d2(VE — o1 Vs +09), 5 18d%03,, 18d'o3V;3 6d°05 Vi
G<T) = : S 17° — S 7+ S T- Sg
so that
18430
3G(T) = TG/(T) = ——— (T — dVs)>.

Writing 6d303 = s's"0’ with (¢/,s) = 1, we see from (19) that for some
integer y with (y,s/s’) =1 that
, 3s

If Ty is a root of G(T') (mod s/(s's”)) then since (s'/S,s/s') = 1 we
have

(G'(To), s/(s's"))I3,
hence from Lemma 12, the number of possible values for T'is < s”s°().
Finally (30) implies

6d*(Vi —o1Va+03) =0 (mod s”),
and the result follows from (28). O
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Lemma 14. With notation as in Lemma 13, for integers s,s',s" sat-
isfying s'|s and s"|s/s" we have
#As(s, 5 s") < (a3, 5)VAs2M) /(s5").
Proof. Bounding the number of solutions to the equation (27) trivially
and recalling the definition of o3 from (17), we see that
(32)
H#As(s,5,5") S VH{(Ve, V5, Vo) + 0 < |M;| <V, (5,6d°ViVsV) = s}
Writing s = (d?, s)sy, d® = (d?, s)dy, we see that
(5,6d°V,V5Vg) = s's”,

implies

(51,6ViVsVs) = 8's" /(d°, s).
For integers sy, s, s3, let

A4(517527S3> - {‘/;17‘/:57‘/6 c0< |‘/l| S ‘/7 81‘6‘/47 52’6‘/57 S3|6‘/6}7
so that from (32)
#A3(s,8',8") <V Z Au(s1, 52, 83).
s15283=s's"/(d3,s)
Since
% (d3,5)V3

Au(s1, 82, 83) < = PR
§15283 S'S

we see that
#AS(S 3/ S//) < <d378)v480(1)

s's"
Combining the above results we get

Lemma 15. Let §'|s and

A(s,s')={v : 0<wv; <V, there exists an = such that

(s, fi(@) fa(x)) = 1, s|F(x), s[F'(z), s'[F"(x)}.
Then I
#A(s,5) < (d,s)* (Q + ?) s V3,

Proof. From Lemma 10, Lemma 11, Lemma 13 we see that

#A(s,8) <V +(d, s) (1 + g) vV Z s"H#As(s, 8, "),

Sllls/sl
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and from Lemma 14 we have

Z S”#Ag(s,s’,s") <

SII‘S/SI

W (3, 5)V4
g
which gives the desired result. U
For integer ¢, we define the numbers hi(q), h2(q), hs3(q) as in [2],
h1(q)* = smallest square divisible by ¢,
(33) h(q)? = smallest cube divisible by ¢,
hs(q) = product of distinct prime factors of g.

The following is [2, Theorem 2].
Lemma 16. Let x be a primitive character mod q and let

(34) q = 404919293,

where the q; are pairwise coprime. Let the integers ly, l1, 1y satisfy
(35) lO’hl(Q(])/hS(QO)a 11‘h2(Q1)/h3<Q1), l2‘h2<QQ)/h3(Q2>7

and consider the equations

(36) lohi(q19243)|F' (%),  (F(x), hi(qo)) = lo,
(37) liho(q2q3)|[F' (),  (F'(x), ha(qn)) = L,
(38) loha(g3)| F" (),  (F"(2), ha(q2)) = L2,
and let

(39) C=Cllo,l1,l2,q0,01,q2,93) = {1 <x < q :(36), (37), (38)}.

Then we have

ZX(fl(x))Y(ﬁ(x))

zeC

< /2o (q2q311)"?1y
B ha(g2)

We next present some results which are used by Burgess in the proof
of [2, Theorem B] and we will use in combination with Lemma 15 and
Lemma 16 in the proof of Lemma 19 below. Since these result are
nontrivial and Burgess does not provide a proof, we give details for the
sake of completeness.

Lemma 17. With notation as in (33), let q,u and i be positive integers
satisfying i € {1,2} and 1 < u < q. There exists unique integers qo, lo
satisfying

Qole, (90,9/q00) =1, Llohi(q/q)|u, (u,hi(q)) = Lo, Lolhi(q0)/h3(q0)-
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Proof. We first show qq, [y exist. For integer n with prime factorization

k
_ (&3]
n= Hpj 7
=1

and 7 € {1,2} we have

k k
(40) hi(n) = Hp]L(ajﬂ)/(z—i-l)J’ hy(n) = Hpj'
=1 j=1
Suppose ¢ has prime factorization
k
a=]]»}"
j=1
and define 3; by
k
(41) (u,q) = [}
j=1
Let Ky denote the set
(42) Ko={1<j<k : [(a+9)/(i+1)] > B},

and define qq, £y by

k
o= 117" (uhile)=1=1]]»"

J€Ko Jj€Ko
First note that

(43) (90.4/q0) = 1.
From (40)

Ik, ( % ) S0 T sl

J€Ko 1<5<k
J€Ko

and if 7 & Ky then

(g +0)/(i +1)] < B,
which by (41) implies
(44) lohi (q/q0) |(u, q).
We have

k
hi(q) _ I piororisni

7 )
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and if j € ICy then

L(a; +4)/(@+1)] =128,
which implies
(45) lolhi(q0)/hs(qo)-

It follows from (43), (44) and (45) that qo, lp satisfy the desired prop-
erties. We next show qq, [p are unique. Suppose ¢, [; satisfy

(46) ale, (q.9/a) =1,
(47) Lhi(g/a)lu,  (u,hilqr)) =1,
and

(48) l1|hi(Q1)/h3<Q1)'

We will show ¢1 = ¢o and [; = ly. From (46), there exists a subset
K1 C{1,...,k} such that

(49) a=1]r" ada= ]
JjeK 1<i<k
JEK1

and since (u, h;(q1)) = 11, we have
(50) b= T e /e,
JEKL
By (40), (47) and (49), if j ¢ K; then
[(eg +4)/(i +1)] < B;.
Recalling (42), this implies
{1,... k}/Ky CA{L,...,k}/Ko,
and hence
(51) Ko C K.
From (40), (48) and (50), if j € K; then
min{|(a; +i)/(i + 1), 5;} < [(e; +4) /(0 +1)] =1,
which implies
Bi <Bi+1< [(a;j+4)/(i+1)].
By (42)
K1 € Ko,
which combined with (51) implies
Ky = Ko,
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and hence

¢ = qo, UL =l,

which completes the proof.
O

Lemma 18. With notation as in Lemma 16, for each 1 < x < q there
exists unique integers qo, 41, 42, 43, lo, l1, lo satisfying

q=qq1q2q5 and (g;,q;) =1 ifi#7,

lolh1(qo)/ha(qo), lilha(qr)/ha(qr),  l2|ha(q2)/ha(qe),

loh1(q16243) | F(z),  (F(x), h1(q0)) = lo,
Liho(qags)| F' (), (F'(x), ha(q1)) = 1,
laho(g3) | F" (),  (F"(x), ha(ga)) = la.

Proof. By Lemma 17, there exists unique integers qo, ly satisfying (qo, ¢/q0) =
1 and

lolh1(q0)/h3(qo), lohi(q/qo)|F (), (F(x),h1(q)) = lo.

A second application of Lemma 17 gives unique ¢, [1 satisfying (¢1, ¢/(qoq1)) =
1 and

Llha(q)/hs(qr),  Lha(q/(qoq)) | F'(x),  (F'(x), ha(q1)) =l

A third application of Lemma 17 gives unique g2, ls satisfying (g2, ¢/(qoq1q2)) =
1 and

l2h2(Q/(QOQ1Q2))’F”($); (FN(I), ha(qz)) = Iz, la|ha(g2)/hs(q2),
and the result follows after defining g3 = ¢/(qoq192)- O

Lemma 19. For any primitive character x modulo q and any integer
V < ¢"%d=2, we have

\% 3 6
Z i X (H(x + dvi)) X (H(:E + dvi)> < V3gite),
v1,..,06=1 | =1 i=1 i

Proof. Let C(ly, . ..,q3) be asin (39) and f1, fo, F be as in (9) and (10).
By Lemma 18, as (g, {1, {2, qo, q1, G2, g3 range over values satisfying the
conditions of Lemma 16, the sets C(ly, ..., ¢3) partition the set

{1<2<q, (filz)faln),q) =1},



SUMS OVER SHIFTED PRIMES 19
into disjoint subsets. Therefore

Z % (H(x + dvi)> X (H(a: - dvi)) ‘

i=1 =4

<Y Y (A@RHE)|,

405,43
where the last sum is extended over all /g, ..., g3 satisfying the condi-
tions of Lemma 16. Summing over 1 < vy,...,v6 <V, interchanging

summation and using bounds for the divisor function, we see that there
exists some f, ..., q3 such that

> D ox <H(m + dvi)> X (H(:{: + dv,;)) |

(52) <My Y. x(h(@)X(fa(2))|-

1<v1,..,06 <V |2€C(Lo),-..,q3)

For fixed vy, ..., vg, if summation over x in (52) is nonempty then there
exists some 1 < z < ¢ such that

(¢, [i(@) f2(2)) = L, 1ha(g203)|F'(2), L1ha(ges)|F'(z), Laha(gs)|F" ().
Hence by Lemma 15 and Lemma 16,

Z ZX (H(:v + dUi)) X <H(az + dvi)) <

% Vo (4g2q311)"?1s
,d4( + )+v3)—0<1>
((q ) llhz(CIQQ?,)lzhz(Q:s) lth(CIs) h2(¢]2) 1

< ((q, 'V % + (q,d)'VP? + V3q) ¢°,

from the definition of ;, h;, ¢;. The result follows since the term V3¢
dominates for V < ¢*/6d=2. O

We next use Lemma 19 to improve on [4, Lemma 7).

Lemma 20. For any primitive character x modulo q and integers M,
N, d and a satisfying

N <q/d?? d<g'’? (a,9) =1,
we have

S q1/9+0(1)d2/3N2/3.

Z x(dn + a)

M<n<M+N
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Proof. Using the same argument from Lemma 7, we proceed by induc-
tion on N. Since the result is trivial for N < ¢'/3, this forms the basis
of our induction. Define

U =[05Nd*q %), vV =[0.5d2¢""),
and let
U={1<u<U : (u,dg)=1} V={1<ov<V : (v,q9) =1}

Fix € > 0, by the inductive hypothesis, for any integer h < UV < N
we have

N x(d(n ot h) + a)| + 20 d R,
M<n<M+N

Z x(dn + a)

M<n<M+N

<

for sufficiently large q. Hence

1 1/9+¢ 32/3 2/3
M<7;4+N x(dn +a)| < y #V|W\ + 24UV,
where
W= Z Z Z x(d(n+uv)+a) = Z x(u) Z Z x((dn+a)ut+dv).
ueld veV M<n<M+N ueld M<n<M+N veV
We have

Z x(z + dv)

veY

)

W[ <) w(x)

where v(z) is the number of representations z = (dn + a)u™" (mod q)

with M < n < M+ N and u € U. Two applications of Holder’s
inequality gives,

WP < (z u2<x>) ( um) 5

6

Z x(z + dv)

= z=1 |veV
As in Lemma 7
i ( ) N#u i 2( )< (dNU+1) NU o(1)
v(z) = , vi(r) < | —— gV,
r=1 =1 q
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and by Lemma 19

q 6

Z Zx(x + dv)

_ Z ix (ﬁ(:)& + dvi)> X < ;(x + dvi)>

=1 |veEYV v1,...04€V =1 i=1 7
1% q 3 6
< Z Z X <H(x + dvi)> X (H(x + dvi)> ‘
v1,...04=1 [x=1 i=1 i=4
S V3q1+0(1)'

The above bounds give

dNU
W < (T + 1) NUGO(N#UY (Viq) ¢,

so that

dl/ﬁN q1/6N5/6
Z x(dn +a)| < < V12 + /6y 1/2

) qo(l)+2q1/9+6d2/3(UV)2/3.
M<n<M+N

Recalling the choice of U and V' we get

§ (dn+a)| < ﬂ+ 1/9+0(1)d2/3N2/3+2 1/9+e 12/3 \2/3
Xtan +a)l = 1/ 12+o() q 54 ,
M<n<M+N

and since
N < q7/12d_3/2,

we have by assumption on N and d

2
< q1/9+o(1)d2/3N2/3 + 5ql/9+€d2/3]\72/3

Z x(dn + a)

M<n<M+N

< q1/9+5d2/3N2/3
for sufficiently large q. U

Using Lemma 20 as in the proof of Lemma 8 we get,

Lemma 21. Let x be a primitive character (mod q) and suppose (a, q) =
1, then for N < ¢*¥/*2 we have

Z x(n+a)| < q1/9+°(1)N2/3.

M<n<M+N
(n,q)=1
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Proof. We have

Y. x+a) =] ud > x(dn + a)

M<n<M+N dlq M/d<n<(M+N)/d

(n,q)=1
< Z Z x(dn +a)|.

dlg |M/d<n<(M+N)/d
Let

7 =

N1/3
q'7° J ’

then by Lemma 20 we have

Z Z x(dn+a)| =

dlg |M/d<n<(M+N)/d

Z Z x(dn +a)| + Z Z x(dn + a)

dlg |M/d<n<(M+N)/d dlg |M/d<n<(M+N)/d
d<Z d>7Z
N
< 1/9+0(1) Nr2/3 v
<D 4 2.3
d|q dlq
d<Z a>7Z

Since by choice of Z

N N
Zq1/9+o(1)N2/3 i ZE < (q1/9N2/3 4 E) qo(l) < q1/9+o(1)N2/37

d|q dlq
<z >z

we get the desired bound. It remains to check that the conditions of
Lemma 7 are satisfied. For each d|q with d < Z we need

< q7/12d_3/2, d< q1/12,

)=

and from the choice of Z, this is satisfied for N < ¢?*/%2. 0

From Lemma 21 and partial summation we deduce.
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Lemma 22. Let x be a primitive character (mod q) and suppose (a, q) =
1, then for N < ¢**/*2 we have

Z (logn)x(n + a)| < g"/*T D N3,

M<n<M+N
(n,q)=1

5. BILINEAR CHARACTER SUMS

Lemma 23. Let x be a primitive character (mod q). Then for integers
U1, Uz, A we have

ZX 7’L 4 ul 7’L+ Us 27rz)\n/q X n 4+ /\ 27rz (u1— ug)n/q

Proof. Let

n=1
Writing
1 & :
X(n+up) = —_ Z 2m(n+u1)>‘1/q,
X :
and
1 & :
X(n + up) = —( Z g)e2mimtu)r/a
we have

ZXH+U1 n+u)27ri>\n/q:

q q

q
_) Z Y(}\l)e%ri)\lul/qX(A2>€27ri)\2u2/q Z e27rin()\+)\1+)\2)/q.
A1=1AXo=1 n=1
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By orthogonality of the exponential function

q

a q
Z Z X(}\l)627ri)\1U1/qX()\2)627ri)\2u2/q Z P2min(A+A1+A2)/q _
A1=1 Ag=1

n=1

q
X(_l)e—Qﬂ'iuzk/Qq Z X()\l + )\)y()\l)ezﬂi/\1(u1—u2)/q’

A1=1
and hence
q
ZX TL—I—’LLl n+u) 2midn/q| _ | q)l Z (n+)\) ( ) 2min(u1—u2)/q
T\X
q
Z n+)\ 27rin(u17u2)/q .

d

Lemma 24. Let x be a primitive character (mod q). Let hy(q) denote
the smallest square dividing q. For integers b, A with b % 0 (mod q) ,
there exists an integer c satisfying (c,q) = 1 such that

q

b .
> x(”‘) e2¥n/a| < (b, g)(dc + \b, ha(g)) /2o,
n

n=1
(n,q)=1

Proof. Consider first when A = 0 (mod ¢). Then from Lemma 23 we
have

q

- b\ o ! 4
Z X (1 + _) 627”)\71/‘1 — Z 627rzbn/q ’
n n=1

n=1 n=1
(n,q)=1 (n,q9)=1

n) ‘627ribn/q _

and from [7, Equation 3.5] we have

q
Z e?ﬂibn/q S (b, Q),

n=1
(n,q9)=1

so that

q
Z X ( ) B < (b, q) < (b, q)g"/*ToW.
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Next consider when A # 0 (mod ¢). We first note that if y is a non-
trivial character (mod p), with p prime, then we have from the Weil
bound, see [13, Theorem 2G]

P

b )
Z X (1 + ﬁ) e2mixn/p| o p1/2
n=1

(n,p)=1

For p prime and integers X, b, ¢, o, let N(A, b, ¢, p®) denote the number
of solutions to the congruence

(53) An*+bn)=cb (modp*), 1<n<p* (n,p) =1
We will show if (¢,p) =1 then
(54) N(A b, e,p") < 6(X, p™)(4e + Ab, p*) /2.

If there exists a solution n to (53) then since (¢,p) = 1 we must have
(/\7pa)|(b7pa>‘ Define 607 bOa Y 6 by

A= p’Y‘e()? (607])) =1 and b= pﬂb(h (b07p) =L
The above implies v < 8 and
N()‘a b7 c7pa> S p’lea

where N; counts the number of solutions to the congruence
(55)
n® 4 p’bon = cAgtbop” 7 (mod p*77), 1< n<p*7, (n,p) =1

By Hensel’s Lemma

(56) N(Wbep®) < 2+ N,

where N* counts the number of solutions to

(57) n? 4+ p’bon = cAgtbop” ™ (mod p*7), 1< n < p*7,
and

(58) on+p’by =0 mod p, (n,p)=1.

Assume N* # 0. If p is odd we may write (55) as

o\ 20p2
(n + ]%) = Ay thop” T + ]% (mod p*~7).
If there exists an integer n satisfying the conditions (58) then § =y =

0. By (58) and the change of variable n — n — 2, we see that N* is
bounded by the number of solutions to

b
p’n? = (c)\_l + Z) (mod p®), 1<n<p*t,
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and hence
N* < 2(4¢ + bX, p*)'/2.

Combining the above with (56) establishes (54). Suppose next p = 2.
Recall (56) and the notation used in (57), (58). If N* # 0 then there
exists an integer n satisfying

2n + 2°by = 0. mod 2,
which implies § > 1. We see that any solution to (57) and (58) satisfies
(59) (n+2°""00)" = ey Tbop® " + PPV (mod p* 7).
Suppose first § > 2. Then from (n,2) = 1, we must have

ey tbop” —|—p2(6_1)b3 =1 (mod 2),
which implies
N* <4,

hence from (56)

N(A, b, e,p%) < 6(A,p%).

If B = 1 then reducing both sides of (59) mod 2 and using (n,2) =1
we must have v = 1. Arguing as in the case p # 2

N* < 4(c+ bA/4,2)Y% < 4(4c¢ + b, 2%)Y2,
and hence from (56)
N\, b,c,p®) < 6(4c + bX, 24)/2(\, 29),

which completes the proof of the bound (54).
Recall that hy(q) denotes the smallest square dividing ¢. Suppose
q = p*® is an even prime power and x a primitive character mod p. Let

¢ be defined by
X(l +p ) 27rzc/p

Since y is primitive, we have (¢,p) = 1. From the argument of [1,
Lemma 2] (see also [7, Lemma 12.2]) we have by (54)

q
b )
> x (1 + 5) P < PPN (A, €, p) < (A, @) (4e + Ab, ha(g))' 22,

n=1
(n,q)=1

Suppose next ¢ = p***! is an odd prime power, with p > 2 and y a

primitive character mod ¢q. Let ¢ be defined by
X(l +pa+1> _ 627ric/p°"
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so that (¢,p) = 1. From the argument of [1, Lemma 4] (see also [7,
Lemma 12.3])

q
b .
j : Y (1 + E) e27rz)\n/q < p(2a+1)/2N<)\’ b, c, po‘) —+ paN()\, b, C,paJrl)

n=1
(n,g)=1

< p(2a+1)/2()\’pa)(4c+ )\b’pa)l/2 +pa()\7pa+1>(4c+ )\b’paJrl)l/Z
< (A, q)(de+ Ab, ha(q)) /¢,

Finally if ¢ = 22%"! then from the argument of [1, Lemma 3]

q

b )
E X (1 + _) 627r7,)\n/q < 21/22(1]\](/\7 b, c, 2a)
n
(ra)=1

< (A, q)(4e+ b, hy(q))/2q" 2.

Combining the above bounds gives the desired result when ¢ is a prime
power. For the general case, suppose x is a primitive character (mod ¢)
and let ¢ = p{'p5*...pe* be the prime factorization of ¢q. By the Chinese
Remainder Theorem we have

X = X1X2---Xk>

where each y; is a primitive character (mod p;*). Let ¢; = ¢/p;", then
by the above bounds and another application of the Chinese remainder
theorem (see [7, Equation 12.21}), for some absolute constant C

d b
n
n=1
(nvq =1
pit PRk
b 2QTIN aq b
xi|1+ TPy | 1+
r; rg::l ( Zf:l niq%’) Zle n;q;
(n1,p1)=1 (ng,pr)=1
k Pyl
= H Z Xi <1 + ) e2midni/p;’
=1 n;=1 nigi
(ni,pi)=1

< TT OO PO B3 ) (B, + Ab, ()22,

i=1
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for some integers c,, satisfying (c,,, p;) = 1. By the Chinese remainder
theorem, there exists an integer ¢ satisfying

c=¢, (modp), 1<i<k (cq) =1
Therefore, the above implies

q

b :
2. X (1 i ﬁ) Al < (A, ) (de -+ b, ha(g)) g .
(ma=1

and the result follows from Lemma 23. O

Lemma 25. Let K, L be natural numbers satisfying K, L < q and for
any two sequences (ax)i_, and (Be)l_, of complex numbers supported
on integers coprime to q and any integer a coprime to q, let

W = ZZakﬁgx(M—i-a),

k<K ¢<L

where x 15 a primitive character mod q. Then

W < AB <KLl/2 + ¢ KL+ E) W,

q\/®
where
mpx || and max | B¢

Proof. By the Cauchy-Schwarz inequality

2
WP < A’K Y

k<K

> Bex(kt + a)

(<L

S ABE’L+AK > > BuByx (kb + a)X(kly + a) .
kgKé;,f;é%L

Let
Wi=>" > BuBex(kt + a)X(kts + a),

k<K £1,6o<L
£17#L
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then we have

|W1|<T >

f1<£2<L
(£1,9)=
(£2, Q):l

Ty

01 <Z2<L s=1
(£1,9)=
(52#1):1

ZZ 27rzsk:/qzx )\—i-(lf (/\+a£2—1)627ris)\/q

s=1 k<K

XA+ aly (O + a@l)e%is”q )

§ 6727rzsk/q

k<K

By Lemma 23 and Lemma 24, there exists an integer ¢ satisfying
(¢,q) = 1 such that

>y

q
Z efZWisk/q ZX()\+a€I1)Y(A+a£51)62WiSA/q <
01<la<L s=1 |k<K A=1
(tr,q)=1
(€2,9)=1
/20 g
where

= min Cl1€e 1 al€y — £2)8, Ny 1/2>
s= 3 Somin (K ) Gatent alt - o)

1<l1<la<<L s=1
(1,9)=1
(€2,9)=1

where hy(q) denotes the smallest square dividing g. We have

S <K Z Sdu

dlq
212K

where

Sqi = Z Z (4dcl1ly + a(ly — 0y)s, h4(Q))1/2'

1<ty <bo<L s§(2i+171)q/K
(b1,9)=1

(£2,9)=1
52 7@1 =0 mod d

Fix some d,i and consider S;4. If d # 1 and d|(¢2 — ¢1) then since
(aclily,q) = 1 we must have

(4C€1€2 + a(€1 — 62)8, q)1/2 S 4.
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This implies

2iqL 2iqL?

Sai 1 .

W ge 2 1<y
1<¢<L

/=0 mod d

If d =1 then
Su = Z 61/256,1,i;

elha(q)

where S, 1, counts the number of solutions to the congruence
2i+1 -1

4CG_1€1£2 + (£1 - EQ)S =0 mod €, 1 S 61 < Eg S L, S S %
Fixing (1, {3 with O(L?) choices gives at most

2i+1q

Ke
possibilities in remaining variable s. This implies

S < 12 Z < 2iq +€1/2> qo(l) < I? (qu +q1/4) qo(l)’
elha(q)

+1,

since
h4(q) < ql/ g
Combining the above estimates gives

KL?
S <« (L2+ q3/4 ) qO(l)7

and hence

L*K?
‘le S B2 (q1/2L2+W) qo(l).

This implies

KL
‘W’Q < A232 <K2L+q1/4K1/2L+ m) qo(l),

which completes the proof. O

Next, we use an idea of Garaev [5] to derive a variant of Lemma 25
in which the summation limits over ¢ depend on the parameter k.

Lemma 26. Let K, L be natural numbers and let the sequences (Ly)&_,
and (My)E_| of nonnegative integers be such that My < Ly < L for
each k. For any two sequences (ay)X_ | and (By)}_, of complex numbers
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supported on integers coprime to q and for any integer a coprime to q,

let
W= Z Z ag Bex (kL + a).
E<K M <t<Ly
Then
W < AB (KLY? + (1 + K1/2q—1/2)q1/4K1/2L) (Lg)°O,
where

A= max || and B = max | B
Proof. For real z we denote
er(z) = exp(2miz/L).

For each inner sum, using the orthogonality of exponential functions,
we have

1
Y. Bixtktta)=31 > Bex(klta)- - Y er(r(t—s))
My <€<Ly (<L Mg <s<Ly —%L<r§%L
1
== > Y el Y Bren(rl) x(k +a).
—%L<T§%LMIC<SSLI€ (<L

In view of [7, Bound (8.6)], for each k& < K and every integer r such
that [r| < 1L we can write

M <s<Lg s<Ly s< My,

for some complex number 7, < 1. Thus, if we put ax, = oy 1k, and

Ber = Beer(rl), it follows that

Z Z ag By x(kl+a) = Z |7’|1+ 1 Z Z &k,r@m X (kl+a).

Ko<k<K My<(<Ly ~lr<<lrp k<K (<L

Applying Lemma 25 with the sequences (aj,)& , and (EE,T)ZL:D and
noting that

Z L < log L,

—1L<r<ic |T| +1

we derive the stated bound. O
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6. PROOF OF THEOREM 1
We first partition the sum S,(¢; N) into dyadic intervals to get
Sa(@N) =Y Sa(g:2),
2i<N
where
Sa(q;2%) = Z A(n)x(n+a).
n<N
2i<n<2itl
This implies there exists some integer K < N such that
Sa(q; N) < N°WS,(g; K).

Hence to establish Theorem 1 it is sufficient to show

Sa(q; K) <.
We apply Lemma 2 with
(60) J=9, Z=KY,
to get
Sa(g; K )‘

= i(—l)j (‘]) > p(ma) ... p(my) log nax (ma ... mjnq

Kgml..‘mjnl...n]-<2K
mi..mjni..n;<N

(m1..mjn1..nj,q)=1

Letting S; be defined by
(61)
S; = Z p(my) ... p(mj)lognix(my...mjny...m; + a),

Kgml...mjnl...nj<2K
mi..m;ny..n; <N
mi,.,m;<Z
(m1..mjny..nj,q)=1

we see that
5 I /T
(62 S K<Y ( .)|Sj|.

=1

S..my+a)l.
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We partition summation occuring in (61) into dyadic intervals to get

S; = Z Z Z p(my) ... p(mj)lognix(my...mjny ... m; + a).

ki, ma..mgng..n; <N
mi,...,m; <2
2ki—1<m; <2ki
2ti—1<p,; <2t
(m1..mjn1..nj,q)=1

Taking a maximum over j in (62) then a maximum over dyadic parti-

tions, there exists positive integers My, ..., M;, Ny,..., N; satisfying
2M1,...,2Mj§Z and K<<M1M]N1N]<<K,

such that

|Sa(g; K)| < N,

where
S = g p(my) ... p(mj)lognix(my...mjny...n; +a).
my..m;ny..n; <N
M;<m;<2M;
N;<n;<2N;

(m1..mjn1..nj,q)=1

Recalling (60) and applying Lemma 3, either there exists some 1 < i <
7 such that

(63) N; > K'Y,

or there exists subsets Z, 7 C {1,...,j} such that

(64) K < J[ M ][N < KV2
i€T ieJ

If (63) then we apply Lemma 21 to summation over n;. This gives
MO K o)
N;?

i

S <K < q1/9K23/27+0(1) < q1/9N23/27+0(1)

provided
(65) N, < 2442,
If (65) does not hold then we use Lemma 4. Noting that
N; <N <gq,
we get
Nitogl/2  Nlto(1)

S Nz < q1/21
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In either case we have
1+o(1)
4 q1/9N23/27+o(1)'

Suppose next (64). In this case we apply Lemma 26 with parameter

Using (64) and the bound K < N, we get

K 1/47-1/271/2 K o(1)
S < (m + q K“L + m q

N
17/18 1/4 A72/3 o(1)
< (N +q /"N + ql/s) q.

Hence if either (63) or (64)
S < (qﬁ; 4 qV/ONBIT L NS —|—q1/4N2/3> o)

We may assume N > q3/ 4 gince otherwise the above bound is trivial.
In the range ¢*/* < N < ¢ we may simplify the above to

§ < V9o N23/2T
and the result follows from (62).
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