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We study the interplay between non-Hermitian dynamics and phase synchronization in a system of
N bosonic modes coupled to an auxiliary mode. The linearity of the evolution in such a system allows
for the derivation of fully analytical results for synchronization conditions. In contrast, analysis at
the level of phase dynamics, followed by a transformation to a collective basis allows a complete
reduction to an all-to-all coupled Kuramoto model with known analytical solutions. We provide
analytical and numerical solutions for systems ranging from a few modes to the macroscopic limit of
large N in the presence of inhomogeneous frequency broadening and test the robustness of phase
synchronization under the action of external noise.

PACS numbers: 42.50.Ar, 42.50.Lc, 42.72.-g

Synchronization is a well-established field of research
with wide relevance in a variety of disciplines ranging from
biology to neuroscience, electrical engineering, mathemat-
ics and physics originating from Huygens’ observation
a few centuries back [1–6]. In 1975 Kuramoto intro-
duced the Kuramoto model [5–7] to show the emergence
of synchronization in multiple self-sustained oscillators
with mutual, nonlinear couplings. Kuramoto discovered
a clever analytical solution in the macroscopic limit of
an infinite number of oscillators which provides an ana-
lytical estimate of the (identical) coupling strengths for
the synchronization threshold. The transition between
the unsynchronized and the synchronized regime then is
shown to resemble a second-order phase transition. Nowa-
days, several variations of the original model are known,
including the study of modified couplings as for exam-
ple the Sakaguchi-Kuramoto model, driving terms and
other types of network topologies representing the mutual
oscillator couplings [8–10].

The emerging field of non-Hermitian physics recently
aroused great interest as it offers an alternative formu-
lation of quantum mechanics, but also is convenient to
describe open quantum systems with gain and loss [11–15].
It is interesting to ask whether non-Hermitian interac-
tions can be used as a resource for synchronization in the
absence of an explicit non-linear ingredient. To this end,
we consider a system of N oscillators linearly coupled to
a (possibly) driven auxiliary mode a0 (see Fig. 1a) with
interactions smoothly tunable from purely Hermitian to
fully anti-Hermitian. We find that phase synchronization
within such a system is reached both in the undriven
(see Fig. 1c, d) and driven case for identical oscillators.
Most importantly, the non-Hermitian coupling is crucial,
since optimal conditions for synchronization are obtained
for fully anti-Hermitian systems while Hermitian systems
only synchronize in the infinite-time limit. The linearity
of the coupled system allows us to obtain fully analytical
solutions.

For further insight into the nature of this synchroniza-
tion, we provide an alternative analyis in the collective
Kuramoto basis obtained by a linear transformation

driving

Figure 1. (a) Setup showing a (possibly) driven auxiliary
mode a0 identically coupled to N oscillators at rate geiΘ. The
tuning of θ allows for a smooth transition from Hermitian to
fully anti-Hermitian dynamics. (b) A transformation into a
collective Kuramoto basis shows a resulting effective all-to-all
coupling of N modes fully decoupled from an isolated, quickly
decaying mode π0. (c) and (d) Prototypical phase synchro-
nization of all phases φj of N = 100 oscillators coupled to the
auxiliary mode in a fully anti-Hermitian fashion as a function

of time t. The phase-coherence z =
∣∣∣∑j exp (iφj)

∣∣∣ /N is an

alternative measure for synchronization where z = 1 means
full synchronization and z = 0 indicates desynchronization.

of the original model. The Kuramoto modes πj with
j = 1, ...N exhibit an effective all-to-all coupling which
can be exactly mapped onto the original Kuramoto
model (see Fig. 1b). This exact mapping allows to
verify analytically that the synchronization conditions
straightforwardly derived from the linear dynamics of
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the original non-Hermitian system coincide with the
predictions of the Kuramoto model.

Furthermore, we perform a numerical analysis of
robustness against external amplitude noise captured
within a stochastic Brownian noise model for a thermal
bath. We find resilience to noise in driven systems and fi-
nite synchronization regimes for undriven models strongly
dependent on the bath temperature. Additionally, we
discuss the effect of frequency disorder stemming for
example from inhomogeneous broadening; we find that
low levels of disorder can be tolerated and that, past a
certain threshold, the system synchronizes to two groups
of opposing phases.

Model - We consider a subsystem of N identical bosonic
main modes ai at frequency ω, identically coupled to
the (possibly) driven auxiliary mode a0 oscillating at fre-
quency ω0. The effect of the environment is included
via dissipation rates γ and γ0. Owing to the fluctuation-
dissipation theorem, input noises stemming from the com-
bined action of the bath modes will be included via opera-

tors a
(i)
in , with 〈a(i)

in (t)〉 = 0 and 〈a(i)
in (t)a

(i)†
in (t′)〉 = δ(t−t′)

(all other correlations and cross-correlations vanish). The
open system dynamics can then be described by the non-
Hermitian Hamiltonian (see Appendix A)

HNH = (ω0 − iγ0)a†0a0 +

N∑
i=1

(ω − iγ)a†iai (1)

+
g√
N
eiΘ

N∑
i=1

(a†0ai + a0a
†
i ) + iη(a†0e

−iΩt − a0e
iΩt) .

Here, η ∈ R is the driving strength of a0, Ω the driving
frequency and g ∈ R the coupling strength. Crucially, we
allow the coupling between the main modes i = 1, . . . ,N
and the auxiliary mode a0 to be non-Hermitian by in-
troducing the parameter Θ ∈ (−π, π]. For Θ = 0 or
π the usual case of a Hermitian, coherent interaction
is obtained, characterized by the possible occurrence of
strong coupling physics whereas Θ = ±π/2 yields a fully
anti-Hermitian coupling term leading to level attraction
dynamics.

The evolution of the system is given by the
quantum Langevin equations of motion (QLEs)

ȧi = i[HNH, ai]−
√

2γia
(i)
in written as generalizations of

the Heisenberg equations of motion to include dissipa-
tion and fluctuations (see Appendix A). Next we focus
on the predicted evolution of the expectation values
αi := 〈ai〉 ∈ C while later we will discuss the effects
of the noise terms. Explicitly writing out the equations
of motion for all αi yields (in a frame rotating at the
laser frequency Ω) a set of N + 1 linear, coupled, complex

differential equations

Ȧ = −i


δ0 − iγ0

g√
N e

iΘ . . . g√
N e

iΘ

g√
N e

iΘ δ − iγ
...

. . .
g√
N e

iΘ δ − iγ


︸ ︷︷ ︸

H

A + η u (2)

with the evolution matrix H, A = (α0, α1, . . . , αN )T ,
the driving vector u := (1, 0, . . . , 0)T , and the frequency
detunings δ0 = ω0 − Ω, δ = ω − Ω.

Analytical results - Let us now provide analytical re-
sults for synchronization conditions based solely on the
linear evolution from Eq. (2). In order to analytically
and numerically insure that the phase difference between
two oscillators is 0 or π in the long-time limit, we re-
quire =(αi/αj)|t→∞ = 0. To further distinguish be-
tween synchronization (zero phase difference) and anti-
synchronization (phase difference of π) we further require
<(αi/αj)|t→∞ > 0. The task at hand is to find val-
ues of the non-Hermitian angle parameter Θ and driving
frequency Ω that lead to phase synchronization of all os-
cillators, assuming that ω0, γ0, ω, γ, g and η are given. In
the case where external driving is absent (η = 0), as am-
plitudes eventually decay to zero in the steady state long-
time limit, we will consider synchronization to be reached
only when the synchronization time τsync is smaller than
the decay time τdec. To calculate the ratios αi/αj , Eq. (2)
is solved analytically by diagonalizing H (see Appendix
B). Note that this approach is not applicable for an ar-
bitrary choice of parameters ω0, γ0, ω, γ, g,Θ since H is
non-Hermitian and therefore not diagonalizable in general.
In practice however, this special case is still covered by
the outcomes obtained assuming H to be diagonalizable.

More importantly, we have to distinguish the driven
case η 6= 0 and the undriven case η = 0 as the resulting
synchronization conditions are different.

Undriven case - For η = 0, g > 0, all amplitudes αi(t) are
superpositions of eigenmodes which will eventually decay.
However, since one single eigenmode survives the other
ones, for t → ∞ the ratios αi/αj become independent
of the initial amplitudes and approach a constant value
which is closely related to entries of the corresponding
eigenvector. One can then show (see Appendix B) that
synchronization is achieved if

tan Θ = − γ − γ0

ω − ω0
= −∆γ

∆ω
(3)

(stemming from the condition =(αi/αj)|t→∞ = 0)
combined with the condition that ∆γ sin Θ < ∆ω cos Θ
(stemming from the requirement <(αi/αj)|t→∞ > 0).
Interestingly, the strength of the interaction g does not
play a role whereas it is crucial that the interaction
is non-Hermitian. In particular, for ∆ω = 0, ∆γ < 0,
one finds Θ = π/2, demonstrating the necessity of
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Figure 2. Inverse mean synchronization time τ−1
sync as a function

of (a) the non-Hermitian parameter sin(Θ) and (b) the coupling
strength g. Here, τsync is numerically estimated by averaging
the time by which phases deviate from the auxiliary mode
phase φ0 not more than 0.05π. Linear lines are fits through
the data points shown as symbols.

non-Hermitian interactions. Surprisingly, the Hermitian
case Θ = 0 which could be obtained by choosing ∆γ = 0,
∆ω > 0 practically does not lead to synchronization
since the synchronization time τsync diverges cf. Fig. 2.
Calling the system synchronized is only sensible unless
τsync does not exceed the decay time τdec of the system.
We find numerically that τ−1

sync scales as g sin Θ whereas
τdec = 1/γ (see Fig. 2).

Driven case - The situation is different for a finite driving
η > 0, since the system will eventually reach the steady
state where all power from the driving is dissipated at
equal rate. The oscillators thereby assume the driving
frequency Ω, but their mutual phase differences do not
vanish in general. However, by choosing proper Θ,Ω so
that the synchronization condition

tan Θ = − γ

ω − Ω
, (4)

combined with (ω − Ω) cos Θ < γ sin Θ, are fulfilled, all
phases coincide as soon as the oscillators enter the steady
state. The driving strength η determines the steady
state amplitudes and the synchronization time τsync, but
similar to g, it does not appear in the synchronization
condition. Like in the undriven case, a non-Hermitian
coupling is required in general, but τsync may not be
finite. One finds numerically, that the synchronization
time diverges in the Hermitian case Θ = 0 as for the
undriven case.

Phase evolution - While Eqs. (2) show linear evolution
at the level of complex-valued amplitudes, the dynamics
of phases φi = argαi and real-valued amplitudes ri = |αi|
is described by a coupled system of 2(N + 1) nonlinear
differential equations. With concise notations for coupling
rates ζ0,j = 1 − δ0,j , ζi>0,j = δi,j , frequency detunings

δi = δi,0δ0 + (1 − δi,0)δ and decay rates are defined in
simplified form as γi = δi,0γ0 + (1− δi,0)γ, the evolution
is described by

ṙi = −γiri +
g√
N

N∑
j=1

ζi,j sin (Θ + φj − φi)rj + η cosφi

φ̇i = −δi −
g√
N

N∑
j=1

ζi,j
rj
ri

cos (Θ + φj − φi)− η sinφi.

(5)
Assuming that the initial phases φj at t = 0 are randomly
distributed in the interval 0 and 2π, synchronization be-
haviour is found if all phase differences approach zero, i. e.,
if φi(t) ≈ φj(t),∀i, j ∈ {0, . . . ,N} for times t > τsync,
where τsync denotes an estimate of the synchronization
time.

Alternatively, we quantify synchronization via the
phase-coherence z ≡

∣∣∑
i e

iφi/N
∣∣ which reaches unity

for full synchronization and is bounded 0 ≤ z < 1 when
some of the oscillators are not fully synchronized.

The form of Eqs. (5) already hints at synchroniza-
tion as the phase equations are remarkably similar
to variations of the well-known Kuramoto model [7].
Indeed, if rj/ri ≈ const. (as numerical simulations
show in the long-time limit) the phase equations
completely decouple from the amplitude equations. The
obtained model features the same interaction term
as the Sakaguchi-Kuramoto model [8], thus being a
driven variation for a star-like topology as shown in
Fig. 1a. However, we will see that an exact mapping
onto the original, analytically solvable Kuramoto
model with all-to-all coupling can only be obtained
in a collective basis where onlyN modes are synchronized.

Mapping onto the Kuramoto model – The main
ingredient of the Kuramoto model is the all-to-all interac-
tion among all participants in the synchronization process.
This is at a difference with the structure of the matrix
H in Eq. (2) where the N modes are coupled to the sin-
gle auxiliary mode but not to each other. The all-to-all
coupling limit can however be reached within the reduced
subspace of dimension N comprised of a set of collective
modes obtained by the action of linear mapping U . This
collective basis consists of N Kuramoto modes, equally
coupled to each other and an isolated eigenmode (see
illustration in Fig. 1b).

In this basis, the equation of motion for the transformed
complex amplitudes P = (π0, π1, . . . , πN )T = UA reads

Ṗ = −iMP+ ηũ with an effective driving vector ũ = Uu
and the evolution matrixM = UHU−1 is explicitly given
by

M =


δ̃0 − iγ̃0 0 0 . . .

0 δ̃ − iγ̃ g̃
N e

iΘ̃ . . .

0 g̃
N e

iΘ̃ δ̃ − iγ̃
...

...
. . .

 . (6)



4

Figure 3. (a) Phase difference between two coupled oscilla-
tors with additional noise. In the undriven case η = 0, the
oscillators synchronize, but the variance increases linearly at
some time and the mean value deviates from zero. For the
driven system η 6= 0, the variance and mean value remain
finite and zero, respectively. (b) Phase coherence as a function
of the frequency disorder σ. For small σ the distribution of
phase differences is approximately Gaussian, and thus z ≈ 1.
In contrast, for Θ = π

2
the phase distribution approaches a

balanced bimodal distribution where the peaks are located at
±π/2. Therefore the phase coherence z → 0 for σ →∞ since
the width of both peaks decreases with increasing disorder.

The renormalized couplings are obtained as

g̃eiΘ̃ =
1

2
(∆ω − i∆γ ∓ 2µ) (7)

with µ =

√
(∆ω − i∆γ)

2
/4 + g2e2iΘ. The detunings and

decay rates are also redefined as

δ̃0 − iγ̃0 = ((δ + δ0)− i(γ + γ0))/2± µ, (8a)

δ̃ − iγ̃ = δ − iγ + (∆ω − i∆γ ∓ 2µ)/(2N ) . (8b)

The ± signs appearing in the definition of the effective pa-
rameters originate from the non-uniqueness of the trans-
formation U . In the following we will assume that U
always isolates the eigenmode with the fastest decay rate,
which is always possible. With the phases ψi := arg πi
and real-valued amplitudes ρi = |πi| in the collective ba-
sis, one finds that the phase of the uncoupled mode ψ0

increases linearly with time. The phase evolution of the

Kuramoto modes instead is

ψ̇i = −δ̃− g̃

N
N∑
j=1
j 6=i

cos (Θ̃ + ψj − ψi)
ρj
ρi
− η̃

ρi
sin (ΘD − ψi),

(9)
with the renormalized driving strength η̃ and phase delay

ΘD given by η̃eiΘD = η geiΘ

∆ω−i∆γ
2 ±µ . If at least in the long-

time limit limt→∞ ρj/ρi → 1, Eq. (9) resembles a class
of all-to-all coupled Kuramoto model [5].

For an undriven system η = 0, one can show that
the complex amplitudes approach the same value if the
isolated eigenmode is decaying faster than the other
eigenmodes since then the transformation U mixes the
long-living eigenmode at equal weight into all πi with
i ∈ {1, . . . ,N}. For η > 0, the amplitudes ρi reach
the same steady state since the effective driving as
well as the decay rates are identical in the collective
basis (see Appendix B). Hence, one indeed finds that
limt→∞ ρj/ρi → 1 and the Sakaguchi-Kuramoto model
with driving and all-to-all coupling is obtained. Due
to the frequency distribution of the form δ(ω − ωeff),
the system can synchronize for any coupling strength
g̃ > 0 independent of Θ̃ and η [8, 10]. Therefore, all
Kuramoto-modes i = 1, . . . ,N are phase synchronized,
in contrast to π0. In the undriven case, the phase of
the Kuramoto modes and the eigenmode are unrelated
and synchronization of the modes α1, . . . , αN in the
bare basis is achieved since the back-transformation
U−1 treats these modes identically (see Appendix B).
Full synchronization, meaning that also the auxiliary
mode α0 attains the same phase as the other modes, is
obtained if additionally the condition stated in Eq. (3)
is satisfied. For η > 0, the phases of all oscillators
in the Kuramoto-basis are equal for t > τsync and
synchronization of all modes in the bare bases leads to
the synchronization condition (4).

For both, the driven and the undriven cases, the
mechanism of synchronization of the main modes
i = 1, . . . ,N can therefore be led back to derivations
of Kuramoto models which are exactly solvable. If
additionally the conditions (3) (for undriven case) or (4)
(for the driven case) are fulfilled, all phases including that
of the auxiliary mode approach the same steady-state
phase consistent with results previously highlighted.

Discussions – Two fundamental aspects can strongly
perturb synchronization: the effect of external noise and
the inherent frequency disorder in the system. In order to
tackle the first aspect, we consider the stochastic equations
of motion for the complex amplitudes αi in the presence
of thermal noise

dA = (−iHA + ηu) dt+ idW, (10)

where dW = (dW0, dW1, . . . , dWN )T denotes a vec-
tor of N + 1 zero-averaged independent Wiener incre-
ments with 〈dWi〉 = 0 and correlations 〈dWidWj〉 =
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δi,j ξiξjdt (see Appendix C). The noise entering the sys-
tem comes from a bath at temperature T which enters in
the weights ξi =

√
2γini(T ) depending on the loss rates

γi=0 = γ0, γi>0 = γ and the average occupation number
ni = kBT/~ωi, with the frequencies ωi=0 = 0, ωi>0 = ω.
We solve Eq. (10) numerically by drawing random sample
paths. To test the resilience of the synchronized system
against thermal noise we numerically follow the time evo-
lution of the variance of the phase.

In the undriven case η = 0, synchronization is preserved
as long as the amplitude of each oscillator is larger than
the fluctuations imposed by the random force stemming
from the thermal bath. The system is then only synchro-
nized for τsync < t < τnoise, where τnoise denotes the time
by which the system is dominated by thermal noise. Nu-
merical results (see Fig. 3a) show that the variance of the
mean phase diverges for t→∞. For finite driving η > 0,
the system always remains synchronized as the variance
is bounded. Therefore the phase difference with respect
to the auxiliary mode cannot grow arbitrarily large and
stays close to the average value (see Fig. 3a).

In order to tackle the question of frequency disorder,
we allow the frequencies of the modes i = 1, . . . ,N
to be disordered according to a symmetric frequency
distribution g(ω) peaked around the mean frequency ω̄.
Numerical results for a Gaussian distribution of the form
exp (−(ω − ω̄)2/2σ2) suggest that the synchronization
conditions hold for small σ � ω̄, but the steady-state
phase difference ∆φ = φ0 − φi is distributed normally
with a modified variance σφ depending on the interaction
strength, the width of the frequency disorder distribution
σ and the non-Hermitian parameter Θ (see Fig. 3b).
Interestingly, σφ is proportional to σ, i. e., σφ = c(g,Θ)σ

and c(g,Θ) is largest at Θ = π/2. For arbitrarily large
σ however, the distribution becomes more complex,
and in the limit σ � ω̄ a Chimera-like distribution is
approached, where the population of oscillators is split
into two groups. In the case Θ = π/2, the distribution is
symmetric around ∆π = 0 with the two peaks at ±π/2.
Since the peaks become the narrower the larger σ is, the
phase coherence z can be used to distinguish different
regimes. Weak disorder leads to a nearly synchronized
population, and thus z ≈ 1. The more the distribution
separates into two sub-groups, the smaller is z which
converges to 0 algebraically. In principle, one could again
apply the formalism presented in the last section using
a transformation into the Kuramoto basis. However,
due to non-uniform frequencies, not only the eigenmode
and the Kuramoto mode are coupled, also the all-to-all
coupling now has a random strength which complicates
analytical considerations drastically. Therefore, the
complete investigation of this question needs further
research.
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Appendix A: Non-Hermitian dynamics

1. From Hermitian open system to closed system non-Hermitian dynamics

In order to justify the non-Hermitian equations of motion for the expectation values of N + 1 coupled modes we
first derive so-called Langevin equations for a Hamiltonian consisting of three parts H = Hsys +Hbath +Hint

Hsys =

N∑
i=0

ωia
†
iai +

∑
i6=j

gi,j(a
†
iaj + aia

†
j) +

N∑
i=0

iηi(a
†
ie
−iΩit − aie+iΩit)︸ ︷︷ ︸
Hdrive

Hbath =

N∑
i=0

∫
dωωb†i (ω)bi(ω)

Hint =

N∑
i=0

∫
dωki(ω)(b†i (ω)ai + bi(ω)a†i )

(A1)

Here, Hsys denotes the Hamiltonian of the system, which includes N + 1 modes which interact mutually and are
coherently driven where Ωi are the driving frequencies. Each mode additionally is coupled to an external bath of
modes (Hamiltonian Hbath and Hint for the interaction) representing the environment into which the system modes
can dissipate energy. A common procedure to eliminate the bath modes is to change to the Heisenberg picture and
insert the formally integrated equation of motion for the bath operators into the equation of motion for the operators
ai. First, the Heisenberg equations of motion are

ȧi = i[Hsys, ai]− i

∫
dωki(ω)bi(ω)

ḃi(ω) = −iωbi(ω)− iki(ω)ai,

(A2)

and hence

bi(ω) = e−iω(t−t0)bi(ω)− iki(ω)

∫ t

t0

dt′e−iω(t−t′)ai, (A3)

which is used to eliminate bi in the equations for ai. Assuming k2
i (ω) = γi/π = const., i. e. making the Markov

approximation, we obtain the Langevin equations

ȧi = i[Hsys, ai]− γiai(t)−
√

2γia
(i)
in . (A4)

a
(i)
in = i√

2π

∫
dωe−iω(t−t′)bi(ω) is an input operator hiding the back action of the bath onto the system. Including

the term γiai(t) in the system Hamiltonian in a way, such that it is produced by the commutator in the Langevin

equation allows us to define a non-Hermitian Hamiltonian HNH = Hsys −
∑
i iγia

†
iai. One can now imagine that

for example by choosing another basis, the non-Hermitian Hamiltonian can be transformed to another Hamiltonian
which has a non-Hermitian interaction term. Alternatively, as shown in the next section, non-Hermitian interactions
can be also seen as simplified, effective descriptions of coupled dissipative modes. In any case, we can generalize
the formalism of Langevin equations by permitting any non-Hermitian Hamiltonian HHN of the form HNH =∑
i ω̃ia

†
iai +

∑
i 6=j gi,j(a

†
iaj + aia

†
j) +Hdrive with ω̃i, gi,j ∈ C. The Langevin equations then read

ȧi = i[HNH, ai]−
√

2γia
(i)
in . (A5)

2. Non-Hermitian interactions

Here, we present an approach to implement effectively non-Hermitian interactions, although there are several other
possibilities. Let us first consider two modes which are indirectly coupled by interacting with a common auxiliary

http://dx.doi.org/ 10.1103/RevModPhys.93.015005
http://dx.doi.org/ 10.1103/RevModPhys.93.015005
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Figure 4. Real part and imaginary part of the eigenvalues λi of H0
NH and Heff

NH as a function of the frequency detuning δ = ω1−ω2

for the sample values ω1 = 1.0 + δ, ω2 = Ω = 1.0, γ1 = 0.01, γ2 = 0.012, Γ = 10.0 and g1 = g2 = 0.5.

mode. Then, the corresponding Langevin equations are given by Eq. (A5) with the non-Hermitian Hamiltonian

H0
NH = (ω1 − iγ1)a†1a1 + (ω2 − iγ2)a†2a2 + (Ω− iΓ)Λ†Λ + (g1a

†
1 + g2a

†
2)Λ + h.c. , (A6)

where ω1, ω2,Ω and γ1, γ2,Γ denote frequencies and decay rates of mode a1, a2 and the auxiliary mode Λ. The coupling
strengths g1, g2 are allowed to be complex, but the total interaction term is still defined to be Hermitian. Explicitly
writing out the Langevin equations for the expectation values αi := 〈ai〉 and λ := 〈Λ〉 yields

α̇i(t) = −i(ωi − iγi)αi(t)− igiλ(t)

λ̇(t) = −i(Ω− iΓ)λ(t)− i(g∗1α1(t) + g∗2α2(t)) .
(A7)

Formally integrating the second equation then leads to

λ(t) = e−i(Ω−iΓ)tλ(0)− i

∫ t

0

dt′(g∗1α1(t′) + g∗2α2(t′))e−i(Ω−iΓ)(t−t′). (A8)

We now focus on the case Γ � Ω, ωi, γi, gi and try to approximate the integral in the equation above. Therefore,

terms like
∫ t

0
dt′g∗i αi(t

′)e−i(Ω−iΓ)(t−t′) are integrated by parts and terms where fractions of ωi, γi or gi over Γ occur
are neglected. The simplified expression for λ(t) can then be inserted into the equations for α̇i in Eq. (A7) resulting in
two equations which are completely decoupled from the auxilary mode

α̇i = −i(ωi − iγi)αi − igi

(
e−i(Ω−iΓ)tλ(0)− 1

Ω− iΓ
(g∗1α1(t)− α1(0)e−i(Ω−iΓ)t) + g∗2(α2(t)− α2(0)e−i(Ω−iΓ)t

)
≈

≈ −i

(
(ωi −

|gi|2Ω

Ω2 + Γ2
)− i(γi +

|gi|2Γ

Ω2 + Γ2
)

)
αi + igi

Ω + iΓ

Ω2 + Γ2
g∗i−1αi−1 .

(A9)
Thus, the same dynamics of the complex amplitudes αi is obtained by considering the effective Hamiltonian

Heff
NH = (ωeff

1 − iγeff
1 )a†1a1 + (ωeff

2 − iγeff
2 )a†2a2 + geff

1,2a
†
1a2 + geff

2,1a
†
2a1 (A10)

with non Hermitian coupling strengths

geff
i,i+1 = −gi

Ω + iΓ

Ω2 + Γ2
g∗i+1 ≈ −i

gig
∗
i+1

Γ
(A11)

and renormalized frequencies and coupling strengths

ωeff
i = ωi −

|gi|2Ω

Ω2 + Γ2
≈ ωi

γeff
i = γi +

|gi|2Γ

Ω2 + Γ2
≈ γi +

|gi|2
Γ

.

(A12)
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We can check that by comparing the spectra of H0
NH and Heff

NH as a function of the frequency detuning δ = ω1 − ω2

for the sample values ω1 = 1.0 + δ, ω2 = Ω = 1.0, γ1 = 0.01, γ2 = 0.012, Γ = 10.0 and g1 = g2 = 0.5. As shown in
Fig. 4, the approximation works quite well independently of δ. Therefore, non-Hermitian interactions can be used to
effectively describe two modes which are indirectly coupled via a lossy auxiliary mode.

3. Derivation of equations of motion for non-Hermitian coupled bosonic modes

In the case of our system where a central, driven, auxiliary mode is coupled non-Hermitianly to N main modes, the
commutator in Eq. (A5) reads

[HNH, ai] =

{
−(ω0 − iγ0)a0 − g√

N e
iΘ
∑N
j=1 aj − iηe−iΩt i = 0

−(ω − iγ)ai − geiΘa0 i = 1, . . . ,N (A13)

Assuming a bath at zero temperature, the dynamics of the expectation values αi = 〈ai〉 in the co-rotating frame is

α̇0 = −i(ω0 − Ω− iγ0)α0 − i
g√
N
eiΘ

N∑
j=1

αj + η

α̇i = −i(ω − Ω− iγ)αi − i
g√
N
eiΘα0

(A14)

thus, leading to the matrix-vector form

Ȧ = −iHA + η(1, 0, . . .)T (A15)

with A = (α0, α1, . . . , αN )T and

H =


δ0 − iγ0

g√
N e

iΘ . . . g√
N e

iΘ

g√
N e

iΘ δ − iγ
...

. . .
g√
N e

iΘ δ − iγ

 , (A16)

where δ(0) = ω(0)−Ω (for the case η = 0, set Ω = 0, so that δ = ω). This set of N + 1 linear, complex-valued equations
can be brought into a system of 2(N + 1), nonlinear equations by separating the complex amplitudes αi into real-values
amplitudes and phases, i. e. αi = rie

iφi with ri ≡ |αi|, φi ≡ argαi. The derivative on the left side of Eq. (A15) reads

α̇i = ṙie
iφi + iφ̇i rie

iφi so that by replacing αi by rie
iφi both sides can be decomposed into real and imaginary parts.

This yields two sets of coupled equations, N + 1 equations determining the evolution of the real-valued amplitudes

ṙ0 = −γ0r0 +
g√
N

N∑
j=1

sin (Θ + φj − φ0)rj + η cosφ0

ṙi = −γri +
g√
N

sin (Θ + φ0 − φi)r0 + η cosφi, i = 1, . . . ,N
(A17)

and N + 1 equations for the phases

φ̇0 = −δ0 −
g√
N

N∑
j=1

rj
r0

cos (Θ + φj − φ0)− η sinφ0

φ̇i = −δ − g√
N
r0

ri
cos (Θ + φ0 − φi)− η sinφi, i = 1, . . . ,N

(A18)

Apparently, we obtain a Kuramoto-like interaction for Θ = π/2. If we assume that the ratio ri/rj is nearly constant
after a sufficiently long settling time (as apparent from numerical simulations), the equation for the phases decouples
from the amplitude equations and a Kuramoto model with a N -to-1 coupling is effectively obtained. Since there is an
analytical solution for the Kuramoto model with an all-to-all coupling in the limit N →∞, we present next a basis
transformation that introduces all-to-all coupled, collective modes thus leading to the original Kuramoto model.
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Appendix B: Phase synchronization

1. Mapping onto the Kuramoto model

In order to map the non-Hermitian synchronization model onto an analytically solvable all-to-all coupled Kuramoto
model, we first diagonalize the evolution matrix H and then find a transformation which turns H into another matrix
M which possesses entries coupling N of the total N + 1 modes to N modes with equal strength. The remaining
mode is an eigenmode which does not interact with any other mode.

Note that as H is non-Hermitian, there are sets of parameters δ(0), γ(0), g,Θ which lead to a non-diagonalizable
matrix. Neverthess, one can show that in most cases we can simply assume that H is similar to a diagonal matrix D.
The Fourier transformation T only acting on the N ×N subspace of non-auxiliary modes

T =

(
1 0
0 F

)
Fi,j =

1√
N
ei 2πij
N , i, j = 1, . . . ,N

(B1)

introduces from a physical point of view a so-called bright mode interacting with the auxiliary mode while N − 1 dark
modes do not participate in system and remain isolated. More precisely, the matrix T HT −1 reduces the task to an
effective 2× 2 diagonalization problem. One can show that by the transformation S±,

S± =


1 0 . . . 0 s±
0
...
0

1N−1

0
...
0

−s± 0 . . . 0 1

 , s± =
geiΘ

∆ω−i∆γ
2 ± µ

= −
∆ω−i∆γ

2 ∓ µ
geiΘ

(B2)

with ∆ω = ω0 − ω, ∆γ = γ0 − γ and µ =

√(
∆ω−i∆γ

2

)2

+ g2e2iΘ the final step towards the diagonal matrix D± is

accomplished. The sign ± only denotes the order of eigenvalues on the diagonal. In fact, one finds three different
eigenvalues, thus obtaining

D± = (S±T )H(S±T )−1 =


∆ω−i∆γ

2 ± µ
0

. . .

0
∆ω−i∆γ

2 ∓ µ

+ (δ − iγ)1N+1 . (B3)

It is now straightforward to see that

V =


1 0 . . . 0 0
0
...
0

−1N−1

1
...
1

0 1 . . . 1 1

 (B4)

yields the basis transformation we searched for, since

M± = (VS±T )H(VS±T )−1 =


∆ω−i∆γ

2 ± µ 0 . . . 0

0 ∆ω−i∆γ∓2µ
2N . . . ∆ω−i∆γ∓2µ

2N
...

...
...

0 ∆ω−i∆γ∓2µ
2N . . . ∆ω−i∆γ∓2µ

2N

+ (δ − iγ)1N+1 . (B5)

The choice between the M+ or M− version enables us to select one of the eigenvalues to be isolated whereas the
remaining ones are mixed in the lower left block thereby introducing all-to-all couplings of equal strength scaling with
N−1.
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We can now transform Eq. (A15) into the collective basis which we will also refer to as the Kuramoto basis. With

P = VSTA = (π0, π1, . . . , πN )T , the equation of motion in the new basis is given by Ṗ = −iMP + ηVST (1, 0, . . .)T .
In a component-wise notation, the equations read

π̇0 = −i(δeff
0 − iγeff

0 )π0 + η

π̇i = −i(δeff − iγeff)πi − i
Keffe

iΘeff

N
N∑
j 6=i

πj − ηeffe
iΘdrive

(B6)

with effective frequencies

δeff
0 − iγeff

0 = δ − iγ +
∆ω − i∆γ ± 2µ

2

δeff − iγeff = δ − iγ +
∆ω − i∆γ ∓ 2µ

2N

(B7)

and coupling parameters

Keffe
iΘeff =

1

2
(∆ω − i∆γ ∓ 2µ) . (B8)

Due to a complex prefactor in the transformation, the modes with i = 1, . . . ,N are driven with strength ηeff and a
phase shift Θdrive whereby

ηeff = |s±|η
Θdrive = arg s±.

(B9)

Finally, the separation into equations for phases ψi := arg πi −Θdrive and real amplitudes ρi := |πi| for the coupled
modes leads to

ρ̇i = −γeffρi +
Keff

N
N∑
j 6=i

ρj sin (Θeff + ψj − ψi) + ηeff cosψi

ψ̇i = −δeff −
Keff

N
N∑
j 6=i

ρj
ρi

cos (Θeff + ψj − ψi)−
ηeff

ρi
sinψi , i = 1, . . . ,N

(B10)

The phase equations decouple from the amplitude equations after a sufficiently long-time, since firstly the long-term
behaviour is dominated by the driving, which pumps each collective mode equally (except for the eigenmode of course).
Secondly, a steady state is reached, where ρi = ρ = const. thus ensuring that the two equations decouple. Also in the
undriven case η = 0, the ratios ρi/ρj → 1, since all collective modes are linear combinations of the eigenmodes given
by V. A look at the diagonal matrix in Eq. (B3) only one eigenmode survives in the long-time limit, corresponding
to either the eigenvalue (∆ω − i∆γ)/2 + µ or (∆ω − i∆γ)/2 − µ. By choosing one of the transformations S±, we
always can choose the fast decaying eigenmode to be the isolated mode in the new Kuramoto basis. Then, for
initial complex-amplitudes A = (α0(0), α1(0), . . .)T and a short notation for the eigenvalues λ0 = (∆ω − i∆γ)/2± µ,
λ0<j<N = ω − iγ, λN = (∆ω − i∆γ)/2∓ µ one obtains

πi
πj

=

∑
k Vi,ke−iλkt(S±TA(0))k∑
k Vj,ke−iλkt(S±TA(0))k

→ Vi,N e
−iλN t(S±TA(0))N

Vj,N e−iλN t(S±TA(0))N
= 1, i, j = 1, . . . ,N (B11)

We can therefore set ρi/ρj ≈ 1 and concentrate on the phase equations which now clearly represent variations of the
Kuramoto model with all-to-all couplings. In particular, for Θeff = π/2, the phases ψi evolve according to

ψ̇i = −δeff +
Keff

N
N∑
j 6=i

sin (ψj − ψi)−
ηeff

ρ
sinψi , (B12)

which is the Kuramoto model [5] with driving. In conclusion, the non-Hermitian dynamics can be mapped onto
variations of the Kuramoto model with all-to-all coupling.
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2. Synchronization in the Kuramoto-basis

We showed, that in the long-time limit the phase equations for the Kuramoto modes are given by

ψ̇i = −δeff −
Keff

N
N∑
j 6=i

cos (Θeff + ψj − ψi)−
ηeff

ρ
sinψi . (B13)

We can now investigate synchronization behaviour of this reduced model by taking advantage of existing solutions. We
first start with the undriven case η = 0 and assume large N since many exact results we cite rely on this requirement.
However, the key message also holds for small N .

In case of η = 0, Eq. (B13) is known as the Sakaguchi-Kuramoto model for which an analytical solution is provided.
In the case of a frequency distribution g(ω) = δ(ω − ωeff), synchronization is expected to occur for any Keff > 0. More
importantly, in the final, stationary state all phases ψi are equal, i. e. the synchronization order parameter z defined
by zeiΨ :=

∑
i e

iψi is z = 1. Consequently, the mean frequency is ω̄ = −ωeff −Keff cos Θeff .
Apparently, in the Kuramoto basis all coupled modes synchronize while the remaining eigenmode decays significantly

faster, and therefore the amplitude vector is approximately

P(t)→


0

ρeiΨ(t)

...
ρeiΨ(t)

 . (B14)

If the back-transformation A = (VS±T )−1P(t) is supposed to protect the synchronization behaviour, the phase of all
αi must be the same. The special property of (VS±T )−1,

(VS±T )−1


0
1
...
1

 ∝

−
√
N s±
1
...
1

 (B15)

then leads to synchronization conditions, since s± must be real. Otherwise the phase of the auxiliary mode α0 would
be different from the other phases. One can show that s± ∈ R is satisfied if

tan Θ = −∆γ

∆ω
, (B16)

which is differently derived in the subsequent section. To further rule out the case of a phase shift of π between the
auxiliary mode and the main modes, s± < 0 is required, which leads to the additional condition ∆γ sin Θ < ∆ω cos Θ.

The synchronization conditions can be derived in a similar way for the driven case η 6= 0. Eq. (B13) is solved for
ψi = ψj ≡ ψ and a steady state amplitude ρi = ρ given by

ρeiψ =
is+η

δ − iγ + ∆ω−i∆γ−2µ
2

(B17)

where the +-version of the transformation (VS±T ) was chosen. The steady state of the isolated mode is

ρ0e
iψ0 = − iη

δ − iγ + ∆ω−i∆γ+2µ
2

(B18)

and by performing the back-transformation A = (VS+T )−1P again, one finds that the phases remain synchronized in
the bare basis only if the synchronization conditions

tan Θ = − γ

ω − Ω

(ω − Ω) cos Θ < γ sin Θ
(B19)

are satisfied. In fact, these conditions ensure that the relative phases of the modes are unaffected by the transformation
VS+T .
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3. Derivation of synchronization conditions for non-Hermitianly coupled modes

The system is synchronized if =(αj/α0)|t→∞ = 0 and <(αj/α0)|t→∞ > 0 since then φj = φ0 for t → ∞. To

calculate those ratios of complex amplitudes, Eq. (A15) is solved by diagonalizing H = (S±T )−1D±(S±T ),

A(t) = (S±T )−1e−iD±(t−t0)(S±T )A(t0) + η

∫ t

t0

dt′(S±T )−1e−iD±(t−t′)(S±T )


1
0
...
0

 , (B20)

with t0 = 0.
We start with the case η = 0. In order to find αi, α0 the matrices-vector products in Eq. (B20) are carried out

leading to

αj(t) = e−i(ω−iγ)t
N∑
l=0

αl(0)

[
(S±T )−1

j,0(S±T )0,le
−i( ∆ω−i∆γ

2 ±µ)t+

+

N−1∑
k=0

(S±T )−1
j,k(S±T )k,l+

+ (S±T )−1
j,N (S±T )N ,le

−i( ∆ω−i∆γ
2 ∓µ)t

]
.

(B21)

Considering the infinite-time limit t → ∞, the first two lines are neglected under the assumption that w. l. o. g.
(D±)NN = ∆ω−i∆γ

2 ∓ µ is the long-living eigenvalue with the smallest imaginary part. Therefore, for t→∞ the last
term dominates the other ones and we can approximately write

αj
α0
≈
e−i(ω−iγ)t

∑N
l=0 αl(0)(S±T )−1

j,N (S±T )N ,le
−i( ∆ω−i∆γ

2 ∓µ)t

e−i(ω−iγ)t
∑N
l=0 αl(0)(S±T )−1

0,N (S±T )N ,le
−i( ∆ω−i∆γ

2 ∓µ)t
=

(S±T )−1
j,N

(S±T )−1
0,N

= − 1√
N s±

. (B22)

Taking the imaginary and real part as well as inserting the definition of s± then finally leads to the synchronization
conditions for the undriven case

tan Θ = −∆γ

∆ω
(B23)

and

∆γ sin Θ < ∆ω cos Θ (B24)

The derivation for finite η 6= 0 is in principle similar. In contrast to the previous case, the term surviving for t→∞
is the integral term in Eq. (B20) and one can write

αk(t→∞) =

∫ t

0

dt′
N∑
l=0

(S±T )−1
k,l e
−i(D±)l,l(t−t′)(S±T )l,0 → i

N∑
l=0

(S±T )−1
k,l (S±T )l,0

(D±)l,l
. (B25)

By inserting the corresponding expressions for the matrix elements and some mathematical reordering of terms one
eventually finds that the ratio of complex amplitudes approach a constant value

αk
α0
→ − 1√

N
geiΘ

δ − iγ
, t→∞ . (B26)

By requiring the imaginary part of the expression above to be zero the synchronization conditions

tan Θ = − γ

ω − Ω
(B27)

and

cos Θ(ω − Ω) < sin Θγ (B28)

are obtained.
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Appendix C: Dynamics in the presence of external noise

In order to test the resilience of synchronized systems against noise, we consider the system now to be exposed
to classical, thermal noise. To this end, the complex amplitudes αi are separated into real parts qi, pi, αi = qi + ipi
resembling position and momentum coordinates. We can then write down two equations of motion for qi and pi and
include thermal forces modelled by a Wiener process which is added to the equation for pi

dq0 =

[
ω0p0 − γ0p0 +

g√
N

N∑
i=1

(cos Θ pi + sin Θ qi)

]
dt

dqi =

[
ωpi − γqi +

g√
N

(cos Θ p0 + sin Θ q0)

]
dt

dp0 =

[
−ω0q0 − γ0p0 +

g√
N

N∑
i=1

(sin Θ pi − cos Θ qi)

]
dt+ dW0(t)

dpi =

[
−ωqi − γpi +

g√
N

(sin Θ p0 − cos Θ q0)

]
dt+ dWi(t) ,

(C1)

where dWi are mutually independent Wiener increments. These obey

〈dWi(t)〉 = 0

〈dWi(t)dWj(t)〉 = δi,j ξiξj dt
(C2)

with ξi =
√

2γini(T ) and the occupation ni(T ) = kBT
~ωi (γi>0 = γ, ωi>0 = ω). To obtain the (stochastic) equation of

motion for the complex amplitudes, the equations for qi and pi are combined again, yielding

dA = (−iHA + ηu) dt+ idW . (C3)

Here, the vector matrix notation was extended by the Wiener-noise vector dW = (dW0, dW1, . . . , dWN )T .
For numerical simulations, Eq. (C3) was solved numerically, by integration for randomly drawn, finite Wiener

increments. More precisely, the formal solution of Eq. (C3)

A(t) = exp (−iHt)A(0) + ηu

∫ t

0

dt′ exp (−iH(t− t′)) + i

∫ t

0

exp (−iH(t− t′))dW(t′) , (C4)

is used to approximate the last integral as a sum of finite Wiener increments ∆W drawn from a normal distribution
with a width proportional to the square root of the step size ∆t of the time discretization. By collecting the multiple
random, sample paths, averages and variances are easily calculated for several quantities such as real-valued amplitudes
and phase differences.
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