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In this work, we highlight how trapped-ion quantum systems can be used to study generalized
Holstein models, and benchmark expensive numerical calculations. We study a particular spin-
Holstein model that can be implemented with arrays of ions confined by individual microtraps,
and that is closely related to the Holstein model of condensed matter physics, used to describe
electron-phonon interactions. In contrast to earlier proposals, we focus on realizing many-electron
systems and inspect the competition between charge-density wave order, fermion pairing and phase
separation. In our numerical study, we employ a combination of complementary approaches, based
on non-Gaussian variational ansatz states and matrix product states, respectively. We demonstrate
that this hybrid approach outperforms standard density-matrix renormalization group calculations.

Electron-phonon interactions lie at the heart of sev-
eral phenomena in condensed matter physics, includ-
ing Cooper pairing [1] and the formation of polarons
[2]. Generally, the low-energy excitations of electrons
in solids are modified by their coupling to lattice vibra-
tions, which alters their transport and thermodynamic
behaviour. Often simplified toy models can be employed
to study those essential properties. As a complemen-
tary approach to traditional solid-state methods, quan-
tum simulations utilize the rich toolbox of atomic physics
to provide a characterization of equilibrium and dynami-
cal properties of paradigmatic quantum many-body mod-
els.

The Holstein model is one such paradigmatic model
that features a local coupling between the electron den-
sity and optical phonons on a lattice [3]. Despite its ap-
parent simplicity, it hosts rich physics, giving rise to su-
perconducting (SC) phases, charge-density wave (CDW)
order and phase separation (PS) at strong coupling [4, 5].
Yet, notwithstanding recent progress, its numerical treat-
ment is often costly, especially when interactions become
increasingly strong or of long-range character. As a tan-
talizing prospect, trapped-ion quantum simulators may
help to gain new insights into the underlying physical
mechanisms [6, 7]. Their spin and motional degrees of
freedom can be harnessed to realize a quantum-optics
analogue of the electron-phonon system [8–11], which en-
ables access to a variety of system observables. Moreover,
their key parameters may be tuned in-situ to explore dif-
ferent regions of the phase diagram. Currently available
setups may thus be utilized to benchmark analogue quan-
tum simulators against numerical computations.

In this Letter, we theoretically investigate such
trapped-ion systems and derive an effective model that
contains strong and highly non-local interactions be-

tween effective spins and lattice phonons. We highlight
its similarities and differences with the Holstein model
and develop a powerful numerical toolbox to thoroughly
characterize its ground-state properties. Our numerical
method combines density matrix renormalization group
(DMRG) calculations [12] and computations based on
non-Gaussian variational ansatz states (NGS) [13, 14].
We define spin and phonon observables motivated by the
physics of the Holstein model and study their charac-
teristics. Using these observables, we identify SC and
CDW phases and their relation to the ion-trap parame-
ters, thus demonstrating the rich Holstein-like physics of
the trapped-ion system. Finite-temperature and finite-
size calculations show that our results can be expected
to be robust against thermal excitations in state-of-the-
art setups.
Setup and model.—We consider a physical system of N

ions with mass m, each confined to a harmonic microtrap.
All of the ions’ equilibrium positions are assumed to be
aligned along the ẑ axis and equidistantly spaced, see
Fig. 1(a). The vibrations of ions in a microtrap array
can be described by (~ = 1)

Hph =

N∑
i=1,

α=x,y,z

(pαi )2

2m
+
m

2

∑
i,j,α

Kαijrαi rαj , (1)

where pαi denotes the momentum and rαi =

1/
√

2mωα(bi,α + b†i,α) is the displacement of the
ith ion from its equilibrium position in the α (= x, y
or z) direction, with the trap frequencies ωα and local

phonon ladder operators b
(†)
i,α. Kα denotes the elasticity

matrix of the ion chain in the α direction, and its
eigenvectors describe the chain’s normal modes [8].

In the setup we consider (see Fig. 1), a laser beam
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FIG. 1. Schematic illustration of setup. (a) Trapped-ion
chain subject to three counter-propagating laser beams. The
microtraps are aligned along the ẑ direction at a distance d0.
Ions are coupled to each other via their mutual Coulomb in-
teraction, indicated by springs. The inset shows an exemplary
level scheme with four internal states |↑〉 , |↓〉 , |e↓〉 , |e↑〉, and a
σ+ transition with laser parameters Ωα and ∆α. (b) Normal-
mode frequencies Ωn/ωz for different values of νβ . ωz is fixed
while d0 is varied. (c) Coupling gin for νβ = 0 exemplarily
shows long-range interactions between spins and phonons.

configuration is chosen to host three standing waves along
the x̂, ŷ and ẑ axes. Light that is off-resonant with chosen
hyperfine-state transitions of the ions can be harnessed
to introduce a coupling between the motional and spin
degrees of freedom of the ions [8, 9]. Within the rotating-
wave approximation, we obtain an effective spin-phonon
coupling of the form

Hint =

N∑
i=1,

α=x,y,z

Ω2
α

2∆α
cos2 (kαr

α
i + φα) (1 + σαi ) , (2)

where Ωα denotes the Rabi frequency, ∆α is the qubit-
laser detuning, kα the wavenumber, φα the relative phase
of counterpropagating lasers and σαi denotes the Pauli
matrix associated with the internal spin states |↑〉 and |↓〉
at site i and direction α. In the Lamb-Dicke regime, char-
acterized by a small parameter ηα = kα/

√
2mωα � 1,

Eq. (2) can be linearized around the ions’ equilibrium
positions, so that the interaction Hamiltonian takes the
simplified form Hint = −Fα

∑
i,α r

α
i (1 + σαi ), with a cou-

pling strength Fα ∼ Ω2
αkα/(2∆α) that can be controlled

by laser parameters.
We assume large transverse trap frequencies and elim-

inate the motional degrees of freedom along x̂ and ŷ via
a polaron transformation, such that two pseudospins of
distance r become effectively coupled through an effective
dipolar interaction J/r3 [8]. Thus we obtain an effective

description of our system Heff = Upol(Hph + Hint)U
†
pol,

which takes the form (see [15] for more details)

Heff =
∑
n

Ωna
†
nan +

∑
i6=j,
α=x,y

J

|i− j|3σ
α
i σ

α
j +Hint (3)

where an=1,...,N are annihilation operators of the N col-
lective phonon normal modes with frequencies Ωn (see
Fig. 1(b)). In terms of the mode expansion ri =∑
i gin(an+a†n) the interaction Hint = −Fz

∑
i ri(1+σzi )

of spins and local longitudinal phonons becomes

Hint = −Fz
∑
i,n

gin(an + a†n)(1 + σzi ), (4)

where gin describes the non-local coupling between
phonon normal modes and spins (see Fig. 1(c)).

Our effective model in Eq. (3) contains several key pa-
rameters that determine its behaviour. In the following,
we set ωz/J = 1 for all microtraps, and focus on the rich
physics left to explore with the remaining free parame-
ters. In particular, the system can now be described by
(i) the spin-phonon coupling Fz and (ii) the ion trap stiff-
ness β = e2/(mω2

zd
3
0) along the ẑ direction. Throughout

this work, we will use νβ = log β. Typically, in trapped-
ion physics, the limit νβ . −1 (νβ & 1) is referred to as
the stiff (soft) limit, in which the phonon dispersion is
weak (strong) (see Fig. 1(b)). The ion-trap setup there-
fore allows us to switch between the adiabatic (small
phonon frequency) and anti-adiabatic (large phonon fre-
quency) regimes of the spin-Holstein model (3).

Numerical approach.—In our numerical study of
Eq. (3), we complement DMRG simulations with numeri-
cal calculations based on NGS, |ΨNGS〉, that can be writ-
ten in the form [13]

|ΨNGS〉 = US |ΨGS〉 (5)

where US is a unitary operator and |ΨGS〉 an arbitrary
Gaussian state, both of which depend on a set of varia-
tional parameters (see Eqs. (S15) and (S17)). We derive
and solve the equations of motion for these variational pa-
rameters to obtain the many-body ground state of Heff ,
see [15] for more details. In order to treat the model
in Eq. (3) with the NGS, we employ a Jordan-Wigner
transformation and map Heff onto a fermionic model via

σzi = 2c†i ci − 1, σ+
i = eiπ

∑
l<i c

†
l clc†i . (6)

Expressing the Hamiltonian (3) in terms of fermionic
operators by means of (6) shows the similarity with the
Holstein model, as studied in condensed matter physics.
However the models are not equivalent. One key dif-
ference originates from the long-range hopping terms
∝ Pij/|i − j|3c†i cj (with the string operator Pij , see [15]
for more details) present in our effective fermionic model,
which stems from the dipolar decay of interactions in
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Eq. (3). Moreover, in contrast to the genuine Holstein
model which features a purely local coupling of electron
and Einstein phonon, the phonon described by Eq. (3) is
dispersive and its bandwidth may be tuned by means of
β.

While NGS excel at numerical efficiency and capture
the essential physics well, DMRG yields higher numeri-
cal accuracy. However the DMRG study of Eq. (3) faces
several technical challenges. Arguably two of the most
relevant practical obstacles are associated with (i) not
getting stuck in a local energy minimum during the al-
gorithm, and (ii) avoiding truncation errors introduced
by working with finite local phonon Hilbert spaces. In
our numerical treatment, we find that (i) NGS can pro-
vide an excellent educated guess for the initial state fed
into the DMRG algorithm, thus lowering the chances for
getting stuck with a metastable solution. Moreover, (ii)
the truncation error associated with finite local Hilbert
spaces can be significantly lowered by employing a uni-
tary displacement transformation on Eq. (3) (see [15]).
Note that more general approaches exist to tackle this
issue and have been applied to problems with fermion-
phonon coupling [16–21].

Phase diagram.—Equipped with our numerical tool-
box, we study the ground-state properties of Heff and cal-
culate several spin and phonon observables. Especially,
we introduce the CDW order parameter

OCDW =
1

2N

N∑
n=1

(−1)n (1 + 〈σzn〉) , (7)

and the four-point spin correlator

OSC = 〈σ+
i σ

+
i+1σ

−
i+δσ

−
i+1+δ〉, (8)

with which we identify the superconducting ground state
by calculating its decay as a function of δ for fixed i.
The order parameters that we compute with the NGS
approach for the fermionic model are derived in the Sup-
plemental Material [15].

We study the phase diagram for different filling fac-
tors ν = (

∑
i 1 + 〈σzi 〉)/(2N). In Fig. 2, we show the

result for N = 48 spins at ν = 1/2 (left panel) and
ν = 1/4 (right panel) as a function of Fz and νβ . The
phase boundaries obtained with both numerical methods
quantitatively agree with each other.

At half filling (ν = 1/2), and at sufficiently large spin-
phonon coupling Fz & 1, we find three distinct phases,
that display charge-density wave order, quasi-long range
superconducting order of p-wave pairing, and phase sep-
aration into two regions, in which the spins are point-
ing either up or down, respectively: (i) In the stiff limit
(νβ . −1), where the harmonic trapping potential dom-
inates the Coulomb interaction, the phonons are more
localized than in the soft limit. As a result, the mediated
interactions are short-ranged, and in the regime νβ . −1

⌫ = 1/2
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FIG. 2. Phase diagram of spin-Holstein model. νβ & 1 (νβ .
−1) corresponds to the soft (stiff) limit. Left panel : At filling
factor ν = 1/2, there exist three distinct phases at sufficiently
large Fz, in a charge-density wave (CDW), a superconducting
(SC) and a phase-separated (PS) regime. Right panel : At
ν = 1/4, there exists an additional pCDW phase (discussed
in the main text). Numerical parameters: N = 48, ωz/J = 1.

we discover a CDW state as the preferred ground state
at moderate Fz. It is characterized by an alternating
spin configuration 〈σzn〉 ∝ (−1)n (n = 1, ..., N) and a
large order parameter OCDW ∼ 0.5. (ii) In the soft
limit (νβ & 1), where the phonon modes mediate long-
range interactions between spins, we find a superconduct-
ing ground state that exhibits a slow power-law decay
OSC ∼ δ−α, with α ≈ 2. (iii) At sufficiently large Fz,
the ground state displays phase separation into two re-
gions with opposite polarization, both in the stiff and in
the soft limit. The size of the domain wall between those
regions decreases, as Fz is increased (see [15] for details).

At quarter filling (ν = 1/4), we map out a simi-
lar phase diagram, and find an additional phase in the
stiff limit (νβ . −1), which we refer to as the pCDW
phase, see Fig. 2. It is prevalent in an intermediate
coupling-strength regime between the CDW and PS re-
gions, and it is characterized by the coexistence of phase
separation and an enhanced CDW order parameter. The
pCDW phase is characterized by half of the spin chain
being polarized and a staggered magnetization in the
other half. Representative results for the spin config-
urations of different phases at ν = 1/4 are shown in
Fig. 3(e)-(h). As we increase Fz in the stiff limit, first the
CDW order emerges, as can be seen in Fig. 3(g), where
νβ = −2.1, Fz = 1.2 and OCDW ≈ 0.14. In this case,
the structure factor S(q) ∼∑i,j〈σzi σzj 〉 exp(iq|i− j|) fea-
tures two pronounced peaks at q = π/2 and q = 3π/2
[15]. At intermediate Fz, we find a pCDW ground state
as depicted in Fig. 3(h), where νβ = −2.1, Fz = 1.5 and
OCDW ≈ 0.20. Again, at large Fz the ground state dis-
plays phase separation into two regions of opposite polar-
ization. In all cases, we find excellent agreement between
the DMRG and NGS numerical results.

Spin-phonon correlations.—To study the correlation
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FIG. 3. Spin phonon correlator Πij and spin configuration for different ground states at quarter filling ν = 1/4 as obtained
with DMRG. Upper panel : Spin-phonon correlator Π as defined in Eq. (9). Lower panel : Site-dependent spin expectation
value (1 + 〈σzi 〉)/2. The four columns correspond to particular choices for Fz and νβ (compare right panel of Fig. 2). (a) and
(e): Fz = 1.6, νβ = 2.1 (SC regime). (b) and (f ): Fz = 0.6, νβ = −2.1 (precursor of CDW regime). (c) and (g): Fz = 1.2,
νβ = −2.1 (CDW regime). (d) and (h): Fz = 1.5, νβ = −2.1 (pCDW regime). Other numerical parameters: N = 48, ωz/J = 1.

between spins and phonons, we calculate the observable

Πij = 〈σzi rj〉 − 〈σzi 〉〈rj〉. (9)

In Figs. 3(a)-(d) we show the DMRG results at ν = 1/4
which agree very well with the corresponding results ob-
tained with the NGS. In the superconducting regime,
cf. Fig. 3(a), the stripe pattern of Πij demonstrates the
presence of non-local spin-phonon correlations. For a
fixed spin index i, it displays oscillations with a period
four near the center of the chain. In contrast, the cor-
relations decay quickly in the CDW and pCDW regimes
and are symmetric about i = j. In the stiff limit, at
small couplings we find a precursor of the CDW state,
where Πij decays more slowly away from i = j than deep
in the CDW regime, compare Figs. 3(b) and (c). A rep-
resentative result for Πij for the pCDW ground state is
shown in Fig. 3(d). As expected, the spin-phonon cor-
relations vanish in one half of the system, while in the
other they feature oscillations with a period two along
the diagonal i = j, as would be expected for a CDW
state at half filling. In the pCDW regime, the magni-
tude of the spin-phonon correlator is smaller than in the
charge-density wave phase. At even larger coupling Fz,
i.e. in the presence of phase separation, Πij vanishes al-
most everywhere, except for small contributions close to
the domain wall.

Experimental considerations.—Trapped-ion experi-
ments benefit from well-developed readout techniques.
Ions can be excited from one spin state to another
with single-site resolution, and subsequent fluorescence
imaging allows the extraction of local expectation values
〈σzi 〉. Repeated measurements at different sites enable

access to spin-spin correlation functions like 〈σzi σzj 〉
and OSC. Spin-phonon correlations may be probed
with only spin measurements and additional lasers that
locally couple spins and phonons. All observables of our
numerical study may thus be probed experimentally.

While we have only shown numerical results for a sys-
tem with N = 48 ions, we also study how the phase
boundary in Fig. 2 shifts in the (Fz, νβ) plane with re-
spect to the system size N using NGS. We choose N = 24
and N = 96 and compare the results with those obtained
for N = 48. Deep in the stiff limit (νβ = −3), we find
that there is no noticeable influence of the system size
on the phase boundaries both at half and quarter filling
factors. However in the soft limit, we find that the phase
boundary moves to smaller (larger) Fz as N is increased
(decreased). At half filling, ν = 1/2, and νβ = 3, we find
the SC-to-PS transition near Fz = 2.6 for N = 96 and
Fz = 4.5 for N = 48. For N = 24, the phase boundary
disappears, i.e., we do not find any critical point numeri-
cally for Fz ≤ 16. Similarly, at quarter filling and νβ = 3,
we find the SC-to-PS transition near Fz = 2.5 for N = 96
and Fz = 5.9 for N = 48. Again, for N = 24 there is no
transition for Fz ≤ 16. To summarize, for larger systems
and in the soft limit, smaller coupling strengths are thus
sufficient to induce phase separation. A scaling analysis
of the NGS results obtained for larger systems with up to
N = 400 shows that the SC phase survives in the ther-
modynamic limit. For example, at νβ = 3 the SC-to-PS
boundary moves to Fz ≈ 1 for N →∞.

We perform finite-temperature calculations using the
NGS to confirm that the predicted phases survive at
T > 0 and may actually be observed in state-of-the-
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art experiments. At temperatures up to T ∼ J/kB, we
find that the T = 0 ground states are robust and the
phase diagrams in Fig. 2 change only insignificantly. For
40Ca+ ions at an effective temperature T = 1µK and with
our choice ωz/J = 1, this corresponds to trap distances
d0 ≈ 5µm deep in the soft limit (νβ = 3) and larger
separations in the stiff limit. This shows that our results
are consistent with the parameters of typical trapped-ion
setups.

Conclusions.—To conclude, we have studied a general-
ized Holstein model that can be implemented in state-of-
the-art trapped-ion experiments. In our numerical study,
we have demonstrated that it can be useful to choose
a hybrid approach in which calculations based on non-
Gaussian variational ansatz states and density-matrix
renormalization group complement each other. This al-
lowed us to map out the phase diagram of the trapped-ion
spin system, which is governed solely by tunable laser
and ion trap parameters. While we have concentrated
on ν = 1/2 and ν = 1/4, other filling factors may be
explored in future work, and could give rise to an even
richer hierarchy of phases in the stiff limit. As a future
prospect, also more exotic models could be investigated
that include higher-order interactions between the spins
and phonons. While they would be harder to tackle with
classical methods, in a trapped-ion quantum simulator,
they may be implemented by driving higher-order side-
bands with a laser. A straightforward extension of our
work is the consideration of well-established Paul trap
setups instead of microtrap arrays, in which the ions are
not perfectly equidistantly spaced.
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Supplemental Materials: Spin-Holstein models in trapped-ion systems

This Supplemental Material is structured as follows. Sec. S1 summarizes the derivation of the effective Hamiltonian
used in the main text. In Sec. S2 we discuss the displacement transformation employed for the DMRG simulations.
Numerical convergence of these simulations is discussed in Sec. S3. We discuss the fermionic model and non-Gaussian
state ansatz in Sec. S4. In Sec. S5, we complement the results from the main text with additional numerical data on
the structure factor S(q), phonon observables and the domain wall in the phase-separated regime.

S1. DERIVATION OF EFFECTIVE HAMILTONIAN Heff

For completeness, we sketch here the derivation of our effective model. We refer to the existing trapped-ion
literature for more details, cf. Refs. [S8, S9]. We start from Eqs. (1) and (2) in the main text and an additional
external magnetic-field term,

H =

N∑
i=1

∑
α=x,y,z

(pαi )2

2m
+
m

2

N∑
i,j=1

∑
α=x,y,z

Kαijrαi rαj +

N∑
i=1

∑
α=x,y,z

Ω2
α

2∆α
cos2 (kαr

α
i ) (1 + σαi ) +

N∑
i=1

∑
α=x,y,z

Bασ
α
i , (S1)

where the elasticity matrix is given by [S8]

Kαij = ω2
z ×

1 + cα
∑
k 6=i

βα
|i−k|3 , i = j,

−cα βα
|i−j|3 , i 6= j,

(S2)

with cx,y = 1 and cz = −2. Now we apply a unitary transformation Upol to Eq. (S1),

Upol = exp

(
N∑
i=1

N∑
n=1

∑
α=x,y,z

ηαi,n(1 + σαi )(a†n,α − an,α)

)
, (S3)

where

ηαi,n =
Fα

Ωn,α
√

2mΩn,α
Mα

i,n,

N∑
i,j=1

Mα
i,nKαijMα

j,m = Ω2
n,αδmn. (S4)

Denoting with Heff = UpolHU
†
pol our effective Hamiltonian, to first order in ηαi,n we eliminate the transverse (α =

x, y) phonons and interaction terms from the description, and introduce effective spin-spin interaction terms. The
Hamiltonian takes the form

Heff =
∑
n

Ωna
†
nan − Fz

N∑
i=1

N∑
n=1

gin(an,z + a†n,z)(1 + σzi ) +
∑
i 6=j

∑
α=x,y

Jαijσ
α
i σ

α
j +

N∑
i=1

∑
α=x,y,z

(
Bα −

F 2
α

mω2
α

)
σαi , (S5)

where gin =Min/
√

2mΩn.

The last term in Eq. (S5) shows why we introduced external magnetic fields in Eq. (S1). The global force term
stemming from the transformation can be canceled by appropriately choosing Bα along all directions. Note that in
the main text we focus on the case where Bα − F 2

α/(mω
2
α) = 0 along all three directions.

In order to obtain the effective model (??) from the main text, we use that Jij ≡ Jxij = Jyij ∼ 1/|i− j|3. In general,
the interaction can be derived from the elasticity matrix,

Jαij = −F
2
α

m

[
(Kα)

−1
]
ij
. (S6)

Since we have assumed large transverse trap frequencies to adiabatically eliminate transverse phonons, the transverse
traps are operated in the stiff limit. In this case, the dipolar scaling Jij = 1/|i− j|3 follows directly from (S6). Fig. S1
demonstrates the scaling for decreasing βx,y in the stiff limit.
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FIG. S1. Scaling Jij ∼ 1/|i− j|3 in the stiff limit. Result shown for chain of length N = 48 and distance from central spin at
site i = 24.

S2. DISPLACEMENT TRANSFORMATION

In our numerical simulations, it is often more convenient to remove the phononic displacement term ∼
Fz
∑
i,n gin(an + a†n) from the description at the cost of a spin-dependent shift. It renders the DMRG calculations

more efficient, especially at strong coupling Fz. To this aim, we introduce the displaced phonon operators

α̂n := ân − Fz
∑
i

Min√
2mΩ

3/2
n

≡ ân − cn. (S7)

As the displacement transformation only affects the phonons, we denote the spin Hamiltonian by Hs =
∑
i,j,α Jijσ

α
i σ

α
j

and rewrite Eq. (??) as

Heff =
∑
n

Ωna
†
nan − Fz

∑
i,n

Min√
2mΩn

(an + a†n)(1 + σzi ) +Hs

=
∑
n

Ωnα
†
nαn +

∑
n

Ωncn(αn + α†n) +
∑
n

Ωnc
2
n

−Fz
∑
i,n

Min√
2mΩn

(αn + α†n)− Fz
∑
i,n

Min√
2mΩn

(αn + α†n)σzi − 2Fz
∑
i,n

Min√
2mΩn

cn − 2Fz
∑
i,n

Min√
2mΩn

cnσ
z
i +Hs

=
∑
n

Ωnα
†
nαn − Fz

∑
i,n

gin(αn + α†n)σzi +Hs +HR, (S8)

with the residual phonon-independent contribution

HR = −F 2
z

∑
n

1

2mΩ2
n

(∑
i

Min

)2

− 2F 2
z

∑
i,n

Min

2mΩ2
n

σzi

∑
j

Mjn

 . (S9)

S3. CONVERGENCE ANALYSIS

We benchmark our numerical calculations against each other and compare the ground state energies obtained with
DMRG and the NGS method outlined in Sec. S4. Most importantly, we make sure that the ground state energies are
close to each other, see Fig. S2. Typically the energies obtained with DMRG are slightly lower. However, the runtime
of the simulation is decreased significantly if we first perform the NGS calculation and then feed a good initial seed
into the DMRG simulation.

In the derivation of the phase diagram (see Fig. 2) we explore the ground states in (Fz, β) space using an adaptive
grid with a higher resolution closer to the phase boundary. Slight deviations between the NGS and DMRG results can
partially be explained by the fact that the maximal resolution used within the NGS calculations can be as small as
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(b)

<latexit sha1_base64="rxjSKpI2fnS4OezoS9VdqYwPrBU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8BQTxGNA9IljA7mU2GzM4uM71CWAL+gBcPinj1i7z5N04eB00saCiquunuChIpDLrut7Oyura+sZnbym/v7O7tFw4OGyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSsHnCUcD+ifSVCwSha6b4UnHULRbfsTkGWiTcnRZij1i18dXoxSyOukElqTNtzE/QzqlEwycf5Tmp4QtmQ9nnbUkUjbvxseuqYnFqlR8JY21JIpurviYxGxoyiwHZGFAdm0ZuI/3ntFMMrPxMqSZErNlsUppJgTCZ/k57QnKEcWUKZFvZWwgZUU4Y2nbwNwVt8eZk0zstepXxxVylWb55mceTgGE6gBB5cQhVuoQZ1YNCHZ3iFN0c6L8678zFrXXHmER7BHzifP7P8jdc=</latexit>

FIG. S2. Ground-state energies obtained with DMRG and NGS methods. (a) β = −3.0 (stiff) and (b) β = 3.0 (soft). Other
numerical parameters: N = 48, ωz/J = 1.

∆Fz ∼ 10−4, while in the DMRG simulations we limit ourselves to ∆Fz ∼ 10−2. Similarly, with DMRG we discretize
the possible values for the stiffness parameter and choose a resolution ∆νβ = 0.3. In our numerical calculations based
on non-Gaussian ansatz states we choose ∆νβ = 0.1 instead, as they are less costly.

S4. NON GAUSSIAN STATES AND EQUATIONS OF MOTION

In this section, we study the ground state and thermal properties of a 1D array of ions with the lattice spacing d
and mass m, which is described by the 1D spin-Holstein model

H =
∑

i 6=j,α=x,y

Jijσ
α
i σ

α
j +

B

2

∑
i

σzi (S10)

+
∑
i

p2
i

2m
+
m

2

∑
ij

Kijrirj −
∑
i

Fzri(1 + σzi ).

The long-range interaction Jij = Jdd/ |i− j|3 between ions at sites i and j is induced by the transverse phonon modes,
where the exchange interaction strength Jdd = F 2

0 e
2/(2m2ω4

0d
3) is determined by the ion charge e, the frequency ω0

of the microtrap and the force F0 generated by the laser along the transverse directions α = x, y. The longitudinal
mode is described by

Kij = (ω2
z +

∑
l 6=i

ω2
dd

|i− l|3
)δij −

ω2
dd

|i− j|3
(1− δij), (S11)

where ωdd =
√

2e2/(md3). The laser along the longitudinal direction induces the local Holstein interaction between
the internal state and the longitudinal mode with strength Fz.

Via the Jordan-Wigner transformation

σzi = 2c†i ci − 1,

σ+
i = eiπ

∑
l<i c

†
l clc†i , (S12)

we rewrite the Hamiltonian

H =
∑
i6=j

1

|i− j|3
Pijc

†
i cj +B

∑
i

c†i ci (S13)

+
1

4

∑
i

p̄2
i +

1

4

∑
ij

Kij r̄ir̄j − 2
∑
i

F̄z r̄ic
†
i ci,



4

where t0 = 4Jdd is chosen as the unit, F̄z = Fz/
√

2m, and

r̄i =
√

2mri, p̄i =

√
2

m
pi (S14)

satisfy the canonical commutation relation [r̄i, p̄i] = 2i. The operator Pij = e
iπ

∑
l∈Sij

c†l cl is defined on the string Sij
connecting sites i and j (without points i and j).

We employ the variational ansatz

|ΨNGS〉 = US |ΨGS〉 , (S15)

ρNGS = USρGSU
†
S , (S16)

combining the generalized Lang-Firsov transformation

US = ei
∑
nl λlnp̄lc

†
ncn (S17)

and the Gaussian states

|ΨGS〉 = e−
1
2R

Tσy∆Re−i
1
4R

T ξbRei
1
2C

†ξfC |0〉 , (S18)

ρGS = e−
1
2R

Tσy∆R
1

Zb
e−Ωbe

1
2R

Tσy∆R
1

Zf
e−Ωf (S19)

to study the ground state and the thermal state, where the partition functions Zb,f = tre−Ωb,f . The Gaussian state

|ΨGS〉 and ρGS is completely characterized by the covariance matrices Γf =
〈
CC†

〉
(equivalently, Γm = i(WfΓfW

†
f−1)

in the Majorana basis A = WfC) and Γb =
〈
{R,RT }

〉
/2 defined in the basis C = (ci, c

†
i )
T and R = (r̄i, p̄i)

T , where

Wf =

(
1 1
−i i

)
.

For the imaginary time evolution, the projections of

∂τ |ΨNGS〉 = −P(H − 〈H〉) |ΨNGS〉 , (S20)

∂τ |Ψρ〉 = −P(F − f) |Ψρ〉 , (S21)

on the tangential space result in the EOM of variational parameters λln, ∆R, and Γf,b, which in the limit τ →∞ give
rise to the ground state and thermal state, respectively. Here, |Ψρ〉 = US ⊗ I |ρGS〉 is determined by the purification
|ρGS〉 =

√
ρGS ⊗ I |φ+〉 of the Gaussian state ρGS via the maximal entangled state |φ+〉 between the physical space

and the fiducial space, and the free energy f is the average value of the free energy operator F = H + T ln ρGS.
The flow equations of variational parameters are

∂τ∆x = −(Γ−1
b )−1

phys,x(K∆x − 2
∑
n

Gln
〈
c†ncn

〉
) + 2

∑
n

∂τλln
〈
c†ncn

〉
, (S22)

∂τΓb = σyΩσy − ΓbΩΓb, (S23)

∂τΓf = {Ff ,Γf} − 2ΓfFfΓf , (S24)

and

∂τλln =
∑
n′ 6=m

wl,n′m
e−

1
2w

T
n′mΓpwn′m

|n′ −m|3
〈
Pn′mc

†
n′cm

〉
D−1
n′n − (Γ−1

b,pG)ln (S25)

with Dnm =
〈
cnc
†
m

〉 〈
c†ncm

〉
+
〈
c†nc
†
m

〉
〈cmcn〉 and Gln = 2Fzδln + (Kλ)ln, where for phonons the effective mean-field

matrix

Ω =

(
K 0
0 Ωp

)
− Tσy ln

Γbσ
y + 1

Γbσy − 1
(S26)

is determined by

Ωp = 1−
∑
n 6=m

2e−
1
2w

T
nmΓpwnm

|n−m|3
〈
Pnmc

†
ncm

〉
wnmw

T
nm (S27)
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and wl,nm = λln − λlm, while for fermions the effective mean-field matrix

Ff = 2i
∑
n 6=m

e−
1
2w

T
nmΓpwnm

|n−m|3
W †f

δ

δΓm

〈
Pnmc

†
ncm

〉
Wf

+

( EHF ∆F

∆†F −ETHF

)
+ T ln(

1

Γf
− 1) (S28)

is determined by

EHF = [B +
1

2
Vnn +

∑
n′

Vnn′

〈
c†n′cn′

〉
− (∆T

xG)n]δnm − Vnm
〈
c†mcn

〉
,

∆F = Vnm 〈cmcn〉 , Vnm = 2[(λTKλ)nm + 2Fz(λnm + λmn)]. (S29)

The average value

〈
Pnmc

†
ncm

〉
= −1

4
〈Pnm〉 [(1, i)SΘ

(
1
−i

)
]mn (S30)

of the string operator on the Gaussian state is determined by

〈Pnm〉 = (−1)NsfPf(
ΓF
2

),

ΓF =
√

1−ΘΓm
√

1−Θ− iσy(1 + Θ),

S = (iσyΓm − 1)T ,Γm = i(WfΓfW
†
f − 1),

T =
1

1 + 1
2 (1−Θ)(iσyΓm − 1)

,

Θ = I2 ⊗ eiπN , (Nl/∈Snm = 0,Nl∈Snm = 1), (S31)

where sf = (−1)N/2 and (−1)(N−1)/2 for the system with even and odd modes, respectively. The functional derivatives
are

δ

δΓm,ij
Pf(

ΓF
2

) = −1

2
Pf(

ΓF
2

)(
√

1−Θ
1

ΓF

√
1−Θ)ij , (S32)

and

δ

δΓm,ij

〈
Pnmc

†
ncm

〉
= −1

2

〈
Pnmc

†
ncm

〉
(
√

1−Θ
1

ΓF

√
1−Θ)ij

+i
1

4
〈Pnm〉 [T Θ

(
1
−i

)
]jn[(1, i) T T ]mi. (S33)

The free energy

f =
1

4
tr(KΓb,x + Γb,p) +

1

4
∆T
xK∆x +

∑
n 6=m

e−
1
2w

T
nmΓpwnm

|n−m|3
〈
Pnmc

†
ncm

〉
+
∑
n

[B +
1

2
Vnn − (∆T

xG)n +
1

2

∑
m

Vnm
〈
c†mcm

〉
]
〈
c†ncn

〉
−1

2

∑
nm

Vnm
〈
c†mcn

〉 〈
c†ncm

〉
+

1

2

∑
nm

Vnm
〈
c†mc

†
n

〉
〈cncm〉

−
∑
j

dbj

eβd
b
j − 1

+ T
∑
j

ln(1− e−βdbj )−
∑
j

dfj

eβd
f
j + 1

− T
∑
j

ln(1 + e−βd
f
j ) (S34)

monotonically decreases in the imaginary time evolution, where dbj and dfj are the positive eigenvalues of Tσy ln Γbσ
y+1

Γbσy−1

and −T ln( 1
Γf
− 1), respectively.
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FIG. S3. Spin phonon correlator Πij and spin configuration for different ground states at quarter filling ν = 1/4 as obtained

with NGS. Upper panel : Spin-phonon correlator Π as defined in Eq. (S39). Lower panel : Site-dependent density 〈c†i ci〉. The
grey dots indicate the DMRG result. The four columns correspond to particular choices for Fz and νβ = log β (compare right
panel of Fig. 2). (a) and (e): Fz = 1.6, νβ = 2.1 (SC regime). (b) and (f ): Fz = 0.6, νβ = −2.1 (precursor of CDW regime). (c)
and (g): Fz = 1.2, νβ = −2.1 (CDW regime). (d) and (h): Fz = 1.5, νβ = −2.1 (pCDW regime). Other numerical parameters:
equivalent to Fig. 3 in the main text.

To characterize the SC, CDW, and PS phases, we calculate the displacement

〈rl〉 = ∆x,l − 2
∑
n

λln
〈
c†ncn

〉
, (S35)

of phonons, and the order parameters

OCDW =
1

N

∑
n

(−1)n
〈
c†ncn

〉
,

OSC =
〈
σ−mσ

−
n

〉
. (S36)

The SC order parameter

OSC = e−
1
2 w̄

T
nmΓpw̄nm 〈Pnmcmcn〉 sgn(m− n), (S37)

is determined by the phonon dressing factor w̄l,nm = λln + λlm and the average value

〈Pnmcmcn〉 = −1

4
〈Pnm〉 [(1, i)S

(
1
i

)
]nm. (S38)

The connected correlation function Πln =
〈
r̄lc
†
ncn
〉
− 〈r̄l〉

〈
c†ncn

〉
≡
〈
r̄lc
†
ncn
〉
c

between the spin at the site n and the
phonon at the site l reads

Πln = −2
∑
m

λlmDmn. (S39)

In Fig. S3, we show the numerical results obtained with the NGS ansatz for the same numerical parameters used
to obtain Fig. 3 in the main text. We find that the results agree well, both qualitatively and quantitatively. The
only quantitatively different result concerns the SC regime. Here we find that the NGS ansatz overestimates the
spin-phonon correlation, cf. Fig. S3(a). The stripe pattern from Fig. 3(a) is still present, but less pronounced.

S5. OTHER OBSERVABLES

Here we discuss additional observables that are not shown in the main text.
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A. Structure factor

We study the structure factor via the spin-spin correlations as

S(q) =
1

N

∑
i,j

〈σzi σzj 〉eiq|i−j|, (S40)

and show results for the CDW state in Fig. S4 that correspond to the cases studied in the main text. At half
filling (ν = 1/2), the structure factor displays a peak at q = π as expected, and shows two additional peaks nearby.
Figs. S4(b) and (c) show the structure factor in the stiff limit (β � 1) at quarter filling ν = 1/4. At a comparatively
small coupling Fz = 0.6 (compare Figs. 3(b) and (f ) from the main text), two peaks start to evolve at q = π/2 and
q = 3π/2. Only when Fz is increased, S(q) features two prominent peaks at q = π/2 and q = 3π/2, and another peak
at q = π. The latter is related to the non-vanishing background of the CDW state with period 4 shown in Fig. 2(g).

B. Phonon observables

We study the staggered phonon parameter

mph =
1

N

N∑
n=1

(−1)n〈bn + b†n〉. (S41)

In the soft limit (β � 1), we find that mph suddenly increases from zero to a finite value at the phase transition from
SC to PS. This is a contribution from the domain wall in the phase-separated regime and approaches a constant finite
value as Fz is increased and the width of the domain wall tends to zero.

C. Width of domain wall

In the case of phase separation, the domain wall separating the two phases shrinks as Fz increases. We calculate
the width of the domain wall and define

Wz =

N∑
n=1

(zn − zc)2

2
(1− |1− |〈σzn〉 − 1||) , (S42)

where zn denotes the nth ion position and zc is the center of the domain wall. An exemplary result is shown in
Fig. S5.

(a)

<latexit sha1_base64="nvZD4YYIav4jpeJ5YbpEZh/LvxY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8RLx4jmgckS5idzCZDZmeXmV4hLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GbiNx+5NiJWDzhKuB/RvhKhYBStdF+iZ91C0S27U5Bl4s1JEeaodQtfnV7M0ogrZJIa0/bcBP2MahRM8nG+kxqeUDakfd62VNGIGz+bnjomp1bpkTDWthSSqfp7IqORMaMosJ0RxYFZ9Cbif147xfDKz4RKUuSKzRaFqSQYk8nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaN87JXKV/cVYrV66dZHDk4hhMogQeXUIVbqEEdGPThGV7hzZHOi/PufMxaV5x5hEfwB87nD7D2jdE=</latexit>

(b)

<latexit sha1_base64="wEmtRW8+D6pI9ykRbsKM+3dmI+Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8RLx4jmgckS5idzCZDZmeXmV4hLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GbiNx+5NiJWDzhKuB/RvhKhYBStdF8KzrqFolt2pyDLxJuTIsxR6xa+Or2YpRFXyCQ1pu25CfoZ1SiY5ON8JzU8oWxI+7xtqaIRN342PXVMTq3SI2GsbSkkU/X3REYjY0ZRYDsjigOz6E3E/7x2iuGVnwmVpMgVmy0KU0kwJpO/SU9ozlCOLKFMC3srYQOqKUObTt6G4C2+vEwa52WvUr64qxSr10+zOHJwDCdQAg8uoQq3UIM6MOjDM7zCmyOdF+fd+Zi1rjjzCI/gD5zPH7J7jdI=</latexit>

(c)

<latexit sha1_base64="6YB+WhZPBIt9Bc0XHBFlaDqEdUI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8RLx4jmgckS5idzCZDZmeXmV4hLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GbiNx+5NiJWDzhKuB/RvhKhYBStdF9iZ91C0S27U5Bl4s1JEeaodQtfnV7M0ogrZJIa0/bcBP2MahRM8nG+kxqeUDakfd62VNGIGz+bnjomp1bpkTDWthSSqfp7IqORMaMosJ0RxYFZ9Cbif147xfDKz4RKUuSKzRaFqSQYk8nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaN87JXKV/cVYrV66dZHDk4hhMogQeXUIVbqEEdGPThGV7hzZHOi/PufMxaV5x5hEfwB87nD7QAjdM=</latexit>

FIG. S4. Structure factor S(q). (a) Half filling ν = 1/2, β = −2.4, Fz = 2.1, (b) quarter filling ν = 1/4, β = −2.1, Fz = 0.6,
(c) quarter filling ν = 1/4, β = −2.1, Fz = 1.2. Other numerical parameters: N = 48, ωz/J = 1.
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Wz

<latexit sha1_base64="z72VcM+2pF+PIuqA3bNwTejO+7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BL4KXiOYByRJmJ7PJkNnZZaZXiEvAH/DiQRGvfpE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5N/OYD10bE6h5HCfcj2lciFIyile6a3cduseSW3SnIMvHmpARz1LrFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW6poxI2fTU8dkxOr9EgYa1sKyVT9PZHRyJhRFNjOiOLALHoT8T+vnWJ46WdCJSlyxWaLwlQSjMnkb9ITmjOUI0so08LeStiAasrQplOwIXiLLy+TxlnZq5TPbyul6s3TLI48HMExnIIHF1CFa6hBHRj04Rle4c2Rzovz7nzMWnPOPMJD+APn8wdzW45Z</latexit>

(a)

<latexit sha1_base64="MkLo9ePFL/R5T/QApdgg3WBb17g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMeMkxonlAsoTeySQZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0lirImjUSkOgFqJrhkTcONYJ1YMQwDwdrB5G7ut5+Y0jySj2YaMz/EkeRDTtFY6aGMl/1iya24C5B14mWkBBka/eJXbxDRJGTSUIFadz03Nn6KynAq2KzQSzSLkU5wxLqWSgyZ9tPFqTNyYZUBGUbKljRkof6eSDHUehoGtjNEM9ar3lz8z+smZnjrp1zGiWGSLhcNE0FMROZ/kwFXjBoxtQSp4vZWQseokBqbTsGG4K2+vE5aVxWvWrm+r5Zq9SyOPJzBOZTBgxuoQR0a0AQKI3iGV3hzhPPivDsfy9ack82cwh84nz+NEY1Y</latexit>

(b)

<latexit sha1_base64="g5HOQeb9vEV+W56eIIN/LgP1vww=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMeMkxonlAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjf3209cGxGpR5zG3A/pSImhYBSt9FAOLvvFkltxFyDrxMtICTI0+sWv3iBiScgVMkmN6XpujH5KNQom+azQSwyPKZvQEe9aqmjIjZ8uTp2RC6sMyDDSthSShfp7IqWhMdMwsJ0hxbFZ9ebif143weGtnwoVJ8gVWy4aJpJgROZ/k4HQnKGcWkKZFvZWwsZUU4Y2nYINwVt9eZ20ripetXJ9Xy3V6lkceTiDcyiDBzdQgzo0oAkMRvAMr/DmSOfFeXc+lq05J5s5hT9wPn8AjpaNWQ==</latexit>

FIG. S5. Width of domain wall Wz in the case of phase separation. (a) Sketch of domain wall and width Wz at half filling
ν = 1/2. (b) Width Wz as a function of coupling Fz in soft limit at νβ = 3 and at ν = 1/2.
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