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We consider losses in collisions of ultracold molecules described by a simple statistical short-range
model that explicitly accounts for the limited lifetime of classically chaotic collision complexes. This
confirms that thermally sampling many isolated resonances leads to a loss cross section equal to the
elastic cross section derived by Mayle et al. [Phys. Rev. A 85, 062712 (2012)], and this makes precise
the conditions under which this is the case. Surprisingly, we find that the loss is nonuniversal. We
also consider the case that loss broadens the short-range resonances to the point that they become
overlapping. The overlapping resonances can be treated statistically even if the resonances are
sparse compared to kBT , which may be the case for many molecules. The overlap results in Ericson
fluctuations which yield a nonuniversal short-range boundary condition that is independent of energy
over a range much wider than is sampled thermally. Deviations of experimental loss rates from the
present theory beyond statistical fluctuations and the dependence on a background phase shift are
interpreted as non-chaotic dynamics of short-range collision complexes.

I. INTRODUCTION

Ultracold molecules are promising for applications in
quantum simulation [1–5], quantum computing [6–9] and
precision measurement [4, 10, 11]. However, these ap-
plications are held back by rapid collisional loss [12–20].
In the language of quantum defect theory (QDT) [21–
23], short-range loss is described by a parameter y be-
tween 0 and 1, which indicate no short-range loss and
complete short-range loss, respectively – also known as
universal loss [24]. The probability of short-range loss
is related to this parameter as 4y/(1 + y)2. Collisional
losses of KRb [12], NaK [16, 25–27], NaRb [27–29], and
CaF [30] molecules are consistent with universal loss, al-
though careful measurements of loss in RbCs+RbCs col-
lisions could resolve nonuniversal behavior and pinpoint
the loss parameter y = 0.26(3) [31]. While nonuniver-
sal, this still corresponds to a 65 % probability of loss in
short-range encounters between RbCs molecules, which
is surprisingly high and deserving of an explanation as
these molecules are nonreactive.

Mayle et al.[32, 33] proposed the mechanism of “sticky
collisions” to describe loss of nonreactive molecules. The
idea is that collision complexes consisting of two ultra-
cold molecules may have a very long lifetime due to
their high density of states. It is believed that this
high density of states results in classically chaotic dy-
namics of the collision complexes, as supported by clas-
sical simulations [34, 35], quantum reactive scattering
calculations [36, 37], and experimental product distri-
butions [38]. If these lifetimes are long enough for the
collision complexes to undergo collisions with another
molecule, even nonreactive molecules could be lost by
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three-body recombination. Subsequently, Christianen et
al.[39] showed that the lifetimes of these collision com-
plexes were overestimated and in fact are not long enough
for three-body recombination to explain the observed
close-to-universal loss. Instead, it was shown that com-
plexes of bialkali molecules can be efficiently excited by
the trapping laser [40]. Under typical experimental con-
ditions, the excitation rate of collision complexes is fast
compared to the dissociation rate of the collision com-
plexes, such that essentially any complex formed would
be lost by excitation, offering an explanation of the nearly
universal loss of nonreactive molecules. These predic-
tions were later verified by experiments on KRb[41] and
RbCs[42] molecules, in which complex lifetimes and exci-
tation rates were measured in intensity modulated dipole
traps.

Apart from the physical origin of the short-range loss
of nonreactive molecules, there are still many open ques-
tions surrounding original ideas of sticky collisions. In
particular, Mayle et al.[32, 33] computed elastic cross sec-
tions thermally averaged over many isolated resonances
and claimed these coincide with the cross section for uni-
versal loss, and associate this cross section with complex
formation. However, it is unclear how the cross sections
are modified if short-range loss is incomplete, at what
point this occurs, and how one can interpret observed
deviations from universal loss. More importantly, the re-
vised density of states reported by Christianen et al.[39]
indicate that at microkelvin temperatures RbCs may be
the only polar bialkali for which one should expect to
thermally sample several resonances, and the validity of
the central assumption of Mayle et al., that one statisti-
cally samples many resonances, is questionable.

Here, we present an extended statistical model that ac-
counts for the limited lifetime of the resonance states, as
illustrated in Fig. 1. We consider various limiting cases
for the short-range loss rate, summarized in Table I. For

ar
X

iv
:2

10
8.

02
72

4v
2 

 [
ph

ys
ic

s.
at

om
-p

h]
  4

 N
ov

 2
02

1

mailto:t.karman@science.ru.nl


2

FIG. 1. Illustration of the model considered here. The
short-range physics is dominated by a set of classically chaotic
resonance states, with density ρ, described statistically. The
short-range states are broadened by coupling with strength
γ to the continuum, which is described by quantum defect
theory (QDT). Furthermore, the short-range states undergo
losses described by a decay rate Γ, which leads to further
intrinsic broadening.

isolated resonances, we confirm that the loss cross sec-
tion coincides with the elastic cross section derived by
Mayle et al.[32, 33], and quantify how rapid short-range
loss needs to be in order for this to hold. However, we
find that the resulting loss cross section is nonuniversal.
Rapid loss broadens the short-range resonances such that
these overlap and many resonances contribute at any col-
lision energy. This enables a statistical treatment even if
the density of resonances is low compared to the range
of energies sampled thermally. The resulting loss is sub-
stantial but nonuniversal even if short-range loss is fast
compared to dissociation.

II. QUANTUM DEFECT THEORY

Collisions between ultracold molecules are described
by quantum defect theory (QDT)[21–23]. Here, one sep-
arates the short-range and long-range physics by replac-
ing the full multi-channel scattering problem by single-
channel scattering on a reference potential that asymp-
totically approaches the physical long-range potential.
The short-range physics can then be accounted for as a
boundary condition in the long-range scattering problem
on the simplified reference potential. This boundary con-
dition is usually taken to be energy independent for ultra-
cold collisions, where the collision energy E and the chan-
nel wavenumber k = ~−1

√
2µE approach zero, where µ

is the reduced mass. The long-range physics is described
by QDT parameters C−2, tanλ, and tan ξ. The pa-

rameter C−2 represents the short-range amplitude of the
energy-normalized regular solution, i.e., it describes how
the long-range interaction limits the molecules reaching
short-range. The parameter ξ represents the scattering
phase of the regular solution for the reference potential,
whereas λ describes the phase difference between the
short-range and long-range normalizations. For simple
reference potentials, these QDT parameters are known
exactly. This includes the van der Waals (vdW) poten-
tial, −C6R

−6, for which the low-energy s-wave behavior
is

C−2(E,L = 0) = kā
[
1 + (1− a/ā)

2
]
,

tanλ(E,L = 0) = 1− a/ā,
tan ξ(E,L = 0) = −ka, (1)

where a is the scattering length and ā =
2π/Γ( 1

4 )2(2µC6/~)1/4 is the mean scattering length.
This permits computing the scattering matrix for a
single open channel as

Sphys = exp(2iξ)
1 + iC−2[(KSR)−1 − tanλ]−1

1− iC−2[(KSR)−1 − tanλ]−1
, (2)

where KSR represents the resonant contribution to the
short-range reactance matrix [43], and a background
phase shift is described completely by QDT.

After obtaining the physical scattering matrix, one can
calculate observable elastic and loss cross sections as

σel = ∆
π~2

2µE
|1− Sphys|2,

σloss = ∆
π~2

2µE

(
1−

∣∣Sphys
∣∣2) , (3)

and corresponding loss rates as k2 = vσ, where v is the
velocity and ∆ = 2 for indistinguishable particles.

An important special case of the short-range boundary
condition is universal loss [24], where all molecules that
reach short range are lost. In this case, SSR = 0, and
correspondingly KSR = i(1 − SSR)/(1 + SSR) = i. The
loss rate can be computed from the sub-unitarity of the
physical S matrix of Eq. (2) which yields

1− |Sphys|2 =
4C−2

(1 + C−2)2 + tan2 λ
= 4kā, (4)

where the second step applies to ultracold s-wave colli-
sions for vdW potentials only. As all molecules that reach
short range are lost, the loss rate becomes independent
of the short-range phase, a/ā, and is hence referred to
as universal. The short-range loss is often expressed as
a parameter y = (1− |SSR|)/(1 + |SSR|), between 0 and
1, where y = 0 corresponds to no loss, and y = 1 cor-
responds to universal loss, respectively. For incomplete
short-range loss, the physical loss rate can be larger or
smaller than the universal rate. For small y the physi-
cal loss scales as yC−2, where C−2 can be interpreted as
a probability that the molecules traverse the long-range
potential [24].
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TABLE I. Summary of the different limiting cases considered in this work, the predictions for the cross section or loss parameter,
y, and the energy dependence.

Cases considered Prediction Energy dependence

Lossless resonances Γ = 0
Elastic cross section σel = σuniv/4(1 + tan2 λ)
See Eq. (6).

Mean behavior when thermally
averaged over many
resonances
ρkBT � 1

Lossy resonances Γ > 0

Isolated resonances ρΓ̄ < 1

Fast short-range loss Γ̄� γ̄C−2
Loss cross section σloss = σuniv/4(1 + tan2 λ)
See Eq. (10).

Slow short-range loss Γ̄ 6� γ̄C−2
Loss cross section suppressed by Γ̄

γ̄C−2+Γ̄

See Eq. (10).

Overlapping resonances ρΓ̄� 1 Nonuniversal loss with y = 1/4, see Eq. (11). Energy independent for E < Γ̄.

III. LOSSLESS RESONANCE STATES

To model the high density of states of molecule-
molecule collision complexes, Mayle et al.[32, 33] consid-
ered the short-range reactance matrix to be dominated
by a dense set of resonances drawn from a statistical dis-
tribution

KSR = −1

2

∑
ν

γν
E − Eν

. (5)

The resonance positions are distributed according to
the Wigner-Dyson distribution with mean spacing ρ−1,
which is appropriate for the classically chaotic dynam-
ics that is thought to result from the collision complex’
high density of states. We note that Eq. (5) describes
the resonant contribution to the short-range reactance
matrix [43], whereas a background phase shift is de-
scribed completely by QDT. Unlike typical applications
of QDT, the statistical short-range reactance matrix,
KSR, is highly energy dependent. There is little hope to
accurately compute KSR, but the density of short-range
resonances can be computed[39] and this may suffice to
make statistical predictions.

Mayle et al.[32] then compute the elastic cross section
for scattering due to these resonances assuming there are
many isolated resonances in the energy range we wish to
average cross sections over. Hence, it suffices to consider
an averaged[44] cross section due to a single representa-
tive resonance, replacing the individual resonance widths
γν by their mean γ̄,〈

|1− Sphys|2
〉

= ρ

∫
dE

γ̄2C−4

(E − E0 + γ̄ tanλ)2 + (γ̄/2)2C−4

= 2πργ̄C−2. (6)

Assuming γ̄ = 2/πρ, Mayle et al.[33] claim that this
agrees exactly with the loss cross section due to universal

loss, and postulate that this represents the cross section
for loss by complex formation, although what is com-
puted is really an elastic cross section.

It is worth noting that the Mayle cross section is on the
order of the universal cross section but, unlike claimed in
Ref. [33], not equal to it, compare Eq. (4) and (6) for
γ̄ = 2/πρ. The Mayle cross section is missing the de-
nominator 1 + tan2 λ. This can be understood as the
effect of tanλ is only to shift resonance positions, which
does not affect the cross section averaged over many reso-
nances. This means the Mayle cross section has an addi-
tional factor 1+(a/ā−1)2 which represents a dependence
on the short-range phase that universal loss lacks. Fur-
thermore, the physically motivated mean coupling that
describes classically chaotic dynamics is the Weisskopf
estimate γ̄ = 1/2πρ. This is a factor of four smaller than
what was assumed by Mayle et al.[32, 33]. As a result,
if the Weisskopf estimate holds, the cross section should
be a factor of four smaller than universal loss, and have
an additional dependence on the short-range phase shift
that the universal loss rate does not have.

IV. NON-OVERLAPPING LOSSY
RESONANCES

Here, we extend the short-range reactance matrix to
describe the finite lifetime of the resonance states. The
microscopic origin of this loss of collision complexes could
be photo-excitation, collisions of the complex with a third
molecule leading to three-body recombination, chemical
reactions, or simply the inability to trap collision com-
plexes. This loss is accounted for by an imaginary com-
ponent of the resonance energy Eν → Eν−iΓν/2, leading
to

KSR = −
∑
ν

γν/2

E − Eν + iΓν/2
. (7)
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We stress this intuitive result rigorously describes res-
onances with elastic partial widths, γν , which are not
modified, in the presence of inelastic loss with partial
widths, Γν , which broadens the resonances to a total
width γν + Γν [43, 45, 46].

Next, we compute the loss cross section from the sub-
unitarity of the resulting S-matrix, Eq. (2),

1− |Sphys|2 =
4C−2=(KSR)

1 + 2C−2=(KSR) + C−4|KSR|2
, (8)

where we have dropped tanλ, which only shifts the po-
sition of an isolated resonance and hence does not affect
a thermal average over many resonances. Again, for a
single representative resonance we have

|KSR|2 =
γ̄2

4(E − E0)2 + Γ̄2
,

=(KSR) =
γ̄Γ̄

4(E − E0)2 + Γ̄2
. (9)

Hence we obtain〈
1− |Sphys|2

〉
= 2πργ̄C−2 Γ̄

γ̄C−2 + Γ̄
, (10)

which, apart from the factor Γ̄/[γ̄C−2+Γ̄], agrees exactly
[47] with

〈
|1− Sphys|2

〉
in the absence of loss, Eq. (6).

Hence, for Γ̄ � γ̄C−2 the inelastic cross section agrees
exactly with the elastic cross section in the absence of
loss, considered by Mayle et al.[32]. If short-range loss is
slow, the additional factor suppresses loss to below the
Mayle rate.

Interestingly, the condition for recovering the Mayle re-
sult is Γ̄� γ̄C−2, not just Γ̄� γ̄. This latter condition
states that the destructive loss of collision complexes is
fast compared to the dissociation of the short-range com-
plex, which occurs at rate γ̄. Instead, there is a depen-
dence on the QDT parameter C−2 that describes trans-
mission through the long-range potential. This extends
the effective lifetime of the collision complex if the long-
range potential impedes dissociation, i.e., this naturally
describes the “re-collisions” discussed in Ref. [26]. For a
vdW potential and a = ā, for s-wave collisions C−2 = kā,
which could be considerably smaller than 1 depending on
the temperature. For p-wave collisions C−2 ≈ 1.064k3ā3,
which would be smaller still at ultracold temperatures
due to suppressed tunneling through the p-wave centrifu-
gal barrier. We note that the extension of the effective
lifetime by limited transmission through the long-range
potential was previously not considered in the rate equa-
tions governing the loss of molecules through sticky col-
lisions [33, 42].

V. OVERLAPPING LOSSY RESONANCES

Here, we consider the case where the loss is so fast that
Γ̄� 1/ρ such that the resonances start to overlap. This

puts us in the regime of Ericson fluctuations of the cross
section [43, 48]. These fluctuations are on the order of
the cross section itself, and lead to correlations between
the cross section at different energies on the scale of Γ̄. If
Γ̄� kBT , these fluctuations occur on energy scales that
are not sampled thermally, such that the resonant short-
range wavefunction will appear independent of energy.
The reason for this is that many overlapping resonances
– much wider than kBT – contribute at a single collision
energy. This means a statistical treatment may be ap-
plied even if the density of resonances is low compared
to the energy window over which cross sections are sam-
pled. This is the case for many ultracold molecules [39].
We note that unlike what was assumed in the discussion
Ref. [32], losses increase the resonance widths without
affecting the elastic partial width, γ̄.

For many overlapping resonances, the sum over reso-
nances that contribute to the reactance matrix, Eq. (7),
can be approximated as an integral yielding

KSR = −ρ
∫
dEν

γν/2

E − Eν + iΓν/2

= iπργ̄/2, (11)

where in the second step we have assumed each of the
many contributing resonances can be replaced by a rep-
resentative mean resonance with γν = γ̄ and Γν = Γ̄.
We note that this represents a coherent average of many
resonances at a single, well-defined energy, which should
be contrasted with the incoherent classical energy aver-
age of isolated resonances, considered above. Using the
Weisskopf estimate γ̄ = (2πρ)−1 this yields KSR = i/4,
corresponding to a QDT loss parameter y = 1/4.

Equation (11) has been obtained by averaging over
a homogeneous distribution of resonances with identical
widths, which gives an indication of the mean behavior
but does not capture possible fluctuations. We study this
numerically by drawing short-range reactance matrices,
Eq. (7), from the appropriate distributions. The reso-
nance positions are drawn from a Wigner-Dyson distribu-
tion, whereas the half-widths are the squares of Gaussian-
distributed coupling matrix elements with zero mean and
variance such that γ̄ = (2πρ)−1 and Γ̄ is varied. We then
numerically compute the short-range S matrix and QDT
short-range loss parameter y. This process is repeated
for many realizations of the statistical resonances. The
resulting ±1σ distribution of y are shown as the shaded
red area in Fig. 2 as a function of ρΓ̄. For high ρΓ̄, the
distribution is closely centered around y = 1/4, whereas
for low ρΓ̄, the distribution widens as few resonances con-
tribute and the precise value of y depends on their precise
positions and widths.

In what is described above, both γ and Γ are dis-
tributed as the squares of Gaussian-distributed coupling
matrix elements between the resonant state and the elas-
tic or inelastic channel, respectively. However, if there
are many inelastic loss channels, with individual cou-
plings distributed according to random matrix theory,
the total inelastic width Γ has contributions from each of
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FIG. 2. Statistically sampled loss parameters. Distri-
bution of short-range loss parameters y obtained by sampling
realizations of statistical short-range S-matrices as a func-
tion of short-range loss width, ρΓ̄. The red shaded area indi-
cates the distribution for inelastic widths Γ distributed as the
square of zero-mean Gaussian-distributed couplings, whereas
the solid lines correspond to a sharply defined Γ, as appropri-
ate in the presence of limitingly many loss channels. Distri-
butions are indicated by their ±1σ statistical uncertainty.

these and its distribution may be much narrower. In the
limiting case that each resonance has a sharply defined
inelastic width, Γ̄, we obtain a tighter distribution of loss
parameters indicated by the solid lines in Fig. 2. For
large widths, eliminating the fluctuations in the individ-
ual inelastic widths substantially reduces the spread in
the distribution of loss parameters, y, whereas for small
widths the distribution is similarly broad due to fluctua-
tions in the resonance spacing and elastic widths.

Collision complexes consisting of two ultracold bial-
kali molecules have lifetimes that depend strongly on the
masses of atomic constituents, ranging from the microsec-
ond scale for the lightest species involving Li atoms, to
250 µs for the heaviest polar bialkali, RbCs [39]. Rates
of excitation of collision complexes by an optical dipole
trap are typically in the µs−1 range [40–42]. Hence, even
for the lightest molecules, ρΓ̄ may be of order unity, for
which Fig. 2 shows substantial but nonuniversal short-
range loss. For the heaviest bialkali molecule, RbCs, the
lifetime with respect to laser excitation is three orders
of magnitude shorter than the lifetime with respect to
dissociation of the complex, which would put ρΓ̄ > 1000
and hence the present theory using the Weisskopf esti-
mate of the mean width yields y close to 1/4, consistent
with the experimental result y = 0.26(3) [31].
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FIG. 3. Statistically sampled energy-averaged loss
cross sections, normalized to universal loss for a = ā as a
function of the wavefunction amplitude at short-range, C−2.
Shaded areas indicate 1σ statistical uncertainty. For slow
short-range loss and γ̄ = 1/2πρ, shown in blue, the loss rate
approaches the Mayle result of one fourth of the universal rate
only at small C−2 where γ̄C−2 � Γ̄. For fast loss ρΓ̄ � 1,
the loss becomes independent of energy and shows a large
statistical uncertainty characteristic of Ericson fluctuations,
indicated as the light and dark red shaded areas corresponding
to ρΓ̄ = 100 and 1000, respectively.

VI. THERMAL AVERAGING

Next, we consider observable loss cross sections or
rates, which depend not only on the short-range reac-
tance matrix, KSR, but also on the transmission through
the long-range potential, C−2, and a thermal average. A
complication is that the short-range density of states and
the long-range interactions occur on independent char-
acteristic energy scales. We first consider a simplified
discussion where we take C−2 as an energy-independent
parameter, and energy-average only the statistical short-
range reactance matrix. Rather than using the Maxwell-
Boltzmann distribution, we use a square energy window
of width ∆E to average the sub-unitarity of the scatter-
ing matrix as

〈1− |Sphys|2〉E =
1

∆E

∫ ∆E

0

1− |Sphys(d)|2dE, (12)

yielding an energy-averaged loss cross section.
The resulting energy-averaged loss cross section nor-

malized to the universal cross section is shown in Fig. 3.
In blue, for non-overlapping resonances with weak loss
ρΓ̄ = 0.01, we observe that for small C−2 the loss cross
section approaches the Mayle result, which is a factor of
four below the universal result for the Weisskopf width
γ̄ = 1/2πρ and a = ā, used here. This is approached for
small C−2 such that Γ̄ � γ̄C−2 despite the small loss
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rate, whereas the loss cross section is suppressed further
for larger C−2, where short-range loss is slower than dis-
sociation, see Eq. (10). Hence, for slow short-range loss,
the loss cross section can be suppressed below the uni-
versal rate by increasing the transmission, C−2, by rais-
ing the temperature or inducing longer ranged interac-
tions. The statistical uncertainty is reduced if more res-
onances are sampled thermally, as can be seen from the
light and dark shaded areas corresponding to ρ∆E = 100
and 1000, respectively. In red, results for rapid loss with
ρΓ̄ = 100 and 1000 are shown as the light and dark
shaded areas. The variation is large as expected in the
Ericson regime where fluctuations of the cross section are
of the same order as the cross section itself [43, 48]. The
mean cross section, i.e., assuming KSR = i/4, is shown
as the dotted line. We confirm numerically that the loss
is independent of energy for ∆E � Γ̄.

For overlapping resonances, ρΓ̄� 1, cross sections dis-
play Ericson fluctuations [43, 48]. This is illustrated in
Fig. 4, which shows the autocorrelation function of the
cross section at different energies, E and E+ ∆E. Cross
sections computed here account only for the short-range
physics, i.e., assuming C−2 = 1, and do not account for
threshold effects present that may give rise to an addi-
tional energy dependence in physical ultracold collisions,
for example for ultracold p-wave collisions. Dashed lines
show numerical results whereas the solid lines show the
expected Lorentzian behavior, 1/(1 + (∆E/Γ̄)2), where
the width of the distribution is set by the sharply de-
fined inelastic loss width, Γ̄. Thus, for overlapping reso-
nances the cross sections will be constant over an energy
range, Γ̄, much wider than the mean spacing between res-
onances, 1/ρ, such that cross sections are independent of
whether or not the collision energy coincides with a reso-
nance. This underscores the present statistical treatment
is predictive even where the resonances are sparse com-
pared to kBT , the energy range sampled thermally.

After this initial simplified discussion, we consider
the proper thermal average of the loss rate over a
Maxwell-Boltzmann distribution at finite temperature
for (a) bosonic RbCs (ρ = 5.3 µK−1), (b) bosonic NaK
(ρ = 0.12 µK−1), and (c) fermionic NaK molecules
(ρ = 0.37 µK−1), for which loss rates as a function of
temperature are shown in Fig. 5. In each case, tem-
perature relative to the density of states of the colli-
sion complex, ρkBT , determines the number of statistical
resonances sampled thermally, while temperature rela-
tive to the vdW energy, kBT/E6, determines the short-
range amplitude C−2. Here, the vdW energy scale is
E6 = ~3/(8µ3C6)1/2. Accounting for the energy depen-
dence of C−2 increases the overall variance in the loss
rates, indicated by the ±1 σ shaded areas. Secondly, low
C−2 occur only for low temperatures where one does not
thermally average over many resonances. For isolated
resonances with ρΓ̄ = 0.01 shown in blue, this leads to
essentially complete uncertainty in the loss rate at low
temperatures and equivalently small C−2. This implies
that in practice ultracold molecules do not realize the
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FIG. 4. Ericson fluctuations. Autocorrelation function of
the loss cross section is Lorentzian on an energy scale Γ̄, char-
acteristic of Ericson fluctuations [43, 48]. This shows cross
sections fluctuate over an energy scale set by Γ̄, which may be
considerably wider than the spacing between individual reso-
nances, ρ−1, underscoring the present statistical treatment is
predictive even where the resonances are sparse compared to
kBT , the energy range sampled thermally.

scenario originally envisioned by Mayle et al. where one
thermally averages over many isolated resonances. How-
ever, the mean loss rate averaged over many realizations
(solid blue line) follows Eq. (10) (dashed blue line) rea-
sonably well. Loss rates for overlapping resonances are
shown in orange and red for ρΓ̄ = 100 and 1000, respec-
tively. In this case, the observable loss rate is well defined
at all temperatures as even at the lowest temperatures
one samples many resonances due to their overlap, al-
though also in this case there exists a substantial spread
in the possible loss rates. Shown in pink are loss rates for
sharply defined Γ = 1000/ρ, which results in a sharply
defined loss rate described by y = 1/4. Finally, the loss
rates of RbCs and NaK molecules show large similarities
even though their density of states differ by a factor 40,
suggesting that these results can be considered somewhat
universal.

VII. NONUNIVERSALITY

A qualitative conclusion to be drawn from the present
work is that we should expect nonuniversal loss even if
short-range loss is orders of magnitude faster than the
lifetime of collision complexes. In this case, one would
have naively expected complete loss of short-range com-
plexes, y = 1, and hence universal scattering. Figure 6
shows the dependence of nonuniversal cross sections on
an unknown background scattering length a, whereas all
results shown above used a = ā as an example.



7

0

0.5

1.0

1.5

2.0

10
-3

10
-2

10
-1 1

10-9 10-6 10-3

(a)
k

(1
0

-1
0

c
m

3
2

/s
)

C
-2

T (K)

0

0.5

1.0

1.5

2.0

10
-3

10
-2

10
-1 1

10-9 10-6 10-3

0

2

4

6

8

10
-3

10
-2

10
-1 1

10-9 10-6 10-3

(b)

k
(1

0
-1

0
cm

3
2

/s
)

C
-2

T (K)

0

2

4

6

8

10
-3

10
-2

10
-1 1

10-9 10-6 10-3

0

0.5

1.0

1.5

2.0

10-3 10-2 10-1 1

10-6 10-5 10-4

(c)

/T
k

(1
0

-5
cm

3
2

/s
K

)

C-2

T (K)

0

0.5

1.0

1.5

2.0

10-3 10-2 10-1 1

10-6 10-5 10-4

FIG. 5. Statistically sampled thermally averaged loss
rates, as a function of temperature or equivalently C−2 for
a = ā. The three panels show (a) bosonic RbCs, (b) bosonic
NaK, and (c) fermionic NaK. Note the change in tempera-
ture scale due to p-wave collisions for fermionic molecules.
Green dotted lines indicate the universal loss rate, blue solid
lines indicate the mean loss rate for isolated resonances with
ρΓ̄ = 0.01, which reasonably follows Γ̄/[γ̄C−2 + Γ̄] indicated
as the blue dashed line, see Eq. (10). Shaded areas indicate
1σ statistical uncertainty. The striped blue area indicates
isolated resonances with ρΓ̄ = 0.01, orange overlapping res-
onances with ρΓ̄ = 100, red ρΓ̄ = 1000, and pink indicates
sharply defined Γ = 1000/ρ (remaining three shaded areas,
outside in).
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FIG. 6. Nonuniversal cross section versus back-
ground phase shift, parameterized by atan(a/ā). Quan-
tum defect parameters correspond to s-wave collisions on a
van der Waals interaction potential. Universal loss yields
1− |Sphys|2 = 4kā, see Eq. (4). For lossy but narrow isolated
resonances, 〈1− |Sphys|2〉 = kā[1 + (1 − a/ā)2], see Eq. (10).
For overlapping lossy resonances, KSR = i/4, which yields
1− |Sphys|2 = kā16[1 + (1− a/ā)2]/[16 + (1− a/ā)2].

To better understand the origin of this nonuniversal-
ity, we first consider a resonant collision E = Eν for
an isolated resonance ν, such that the short-range reac-
tance matrix KSR = iγ/Γ. The short-range wave func-
tion fSR − gSRKSR, where WKB approximations to the
regular and irregular solutions are

fSR = k−1/2 sin[

∫ R

k(R′) dR′],

gSR = −k−1/2 cos[

∫ R

k(R′) dR′], (13)

and k(R) is the local wavenumber. For KSR = 0 – by
definition – the short-range wavefunction is given by the
regular short-range solution. For elastic scattering on
resonance, |KSR| → ∞ and the short-range wavefunc-
tion approaches the irregular solution. For lossy scat-
tering on resonance, KSR = iγ/Γ, such that for γ � Γ
we recover elastic scattering as expected. The lifetime
due to elastic decay of the resonance is short compared
to the time scale for short-range loss, leading to a small
loss rate. In the other extreme, for very fast short-range
loss, γ � Γ, the loss on resonance also becomes very
small. At fixed Γ, this can be understood as small γ pro-
vides ineffective coupling to the short-range resonances.
At fixed γ, this result seems less intuitive as increased
short-range loss rate, Γ, counter-intuitively leads to a
smaller overall loss rate, which can be interpreted as a
quantum Zeno effect. Short-range loss is maximal in the
intermediate case, Γ = γ, where we obtain KSR = i
such that the short-range wavefunction describes a plane
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wave approaching the origin, with no flux returning from
the origin, i.e., it models complete universal loss at short
range. In this case, there is both an effective coupling
to short-range resonances, as well as effective loss of the
complexes when formed. If the short-range loss rate is
increased, loss is suppressed by the quantum Zeno ef-
fect, whereas if the short-range loss rate is decreased loss
is also suppressed as complexes decay elastically before
they undergo loss.

Returning to the case of multiple resonances, in the
non-overlapping case it can be understood that the loss
rate increases with ργ̄, the ratio of the coupling and the
mean level spacing, as this determines the fraction of
collision energies that are close to resonance. It appears
from Eq. (10) that the loss rate increases with ργ̄ with-
out an upper bound, but this result applies only to non-
overlapping resonances and hence small ργ̄. In the over-
lapping case we consider Γ̄� γ̄, such that the contribu-
tion of each resonance to the reactance matrix decreases
as γ̄/Γ̄. However, Γ̄ also broadens the resonances mean-
ing that the number of contributing resonances increases
as Γ̄ρ, which leads to an overall scaling KSR ∝ ργ̄. We
stress that here it is the reactance matrix, rather than
the loss rate, that scales with ργ̄ and that leads to a
maximum short-range loss parameter y = 1 for KSR = i.
This universal loss is obtained for γ̄ = 2/πρ, and the loss
parameter y is reduced by either fast elastic scattering
for larger γ̄ or by quantum Zeno suppression for smaller
γ̄. For classically chaotic dynamics, however, the physi-
cally motivated width is given by the Weisskopf estimate
of random matrix theory, γ̄ρ = 1/2π, which results in
nonuniversal loss with y = 1/4.

VIII. COMPARISON TO EXPERIMENT

In order to compare the present theory to experimen-
tally measured loss rates of ultracold molecules we need
to account for the spread in the possible theoretical loss
rates that is caused by two factors. First, there is the
statistical spread caused by uncertainty in the position
and widths of the contributing short-range resonances,
see Fig. 5. Second, the dependence on the background
phase shift can result in cross sections that happen to be
close to the universal cross section even if the short-range
loss is nonuniversal, see Fig. 6. Deviations that are not
explained by these factors must reflect the breakdown
of the basic assumption of this model, namely that the
short-range resonance states are described by classically
chaotic dynamics. We note that, similar to what is dis-
cussed by Croft et al. [49], the present theory predicts loss
rates dependent on the ratio of the mean elastic coupling
to the mean level spacing, ργ̄. Thus, deviations of exper-
imentally determined loss parameters from the statistical
spread described here could be interpreted as a deviation
from the Weisskopf width. Rather than modifying the
mean elastic width of the entire set of short-range states,
it is also possible that the dynamics is determined by a

small number of non-chaotic states.

For many ultracold molecules, including KRb [12],
NaK [16, 25–27], NaRb [27–29], and CaF [30] molecules,
observed collisional loss is close to universal. For nonreac-
tive molecules, universal loss was initially interpreted as
evidence of sticky collisions due to chaotic dynamics, but
in light of the present work this should instead be taken
as evidence of the opposite; non-chaotic dynamics. This
is surprising as chaotic dynamics has been observed in
classical simulations [34, 35], quantum scattering calcu-
lations [36, 37], and experimental reaction product distri-
butions [38]. However, it is not completely clear whether
initial observations of close-to-universal loss are quanti-
tatively inconsistent with the presented theory. So far,
short-range loss parameters have been determined quan-
titatively only for RbCs molecules, which required accu-
rate measurements of the collisional loss rate and their
temperature dependence [31]. This yielded y = 0.26(3),
coincidentally in close agreement with the present the-
oretical result, y = 1/4. Similar fitting to constrain y
and a/ā for NaRb collisions does not exclude y = 1/4 to
within the experimental uncertainty [50], although the
most probable value appears to be y = 0.5 in the vibra-
tional ground state and closer to universal in the first
vibrationally excited state.

We note that the model developed here is also appli-
cable to reactive molecules, as long as the chemical re-
actions are mediated by the formation of collision com-
plexes. If chemical reactions can occur directly, without
formation of short-range resonance states, losses in the
nonresonant background scattering described by QDT
would also need to be accounted for. Measurements
of the lifetime of reactive KRb-KRb collision complexes
[41], however, agree with estimates based of the Rice-
Ramsperger-Kassel-Marcus lifetime, suggesting reactions
are indeed mediated by the formation of collision com-
plexes. Hence, our model predicts that chemically re-
active losses of KRb molecules also lead to nonreactive
losses described by y = 1/4 when assuming the Weis-
skopf estimate of the mean coupling strength. Experi-
mentally, loss of fermionic KRb molecules is viewed as
consistent with universal [51], y = 1, although there is
some variation in the reported loss rates [51, 52] and loss
of KRb molecules in distinguishable hyperfine states has
been found to be non-universal [24].

As noted above, collisional loss rates close to univer-
sal can be recovered within the present framework in
two ways; either by increasing ργ̄ to 2/π, exactly four
times the Weisskopf estimate, or for particular back-
ground scattering lengths, see Fig. 6. Both of these sce-
narios rely on a fine tuning, either of the mean coupling
strength or of the scattering length, and we consider it
unlikely this occurs for the multitude of molecules for
which close-to-universal loss is observed experimentally.
Finally, in the Appendix we show for completeness that
loss from non-universal collisions may appear universal
without fine-tuning when averaged over the short-range
phase shift. We have no physical justification for such
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averaging, however, and we do not consider this an ex-
planation for observations of universal loss of nonreactive
molecules.

IX. CONCLUSIONS

In conclusion, we have considered a simple model of
scattering of ultracold molecules in the presence of a
set of short-range resonances with a limited lifetime, de-
scribing the formation and subsequent loss of classically
chaotic collision complexes. We consider various limiting
cases for the short-range loss rate, summarized in Table I,
which range from isolated lossless resonances to strongly
overlapping resonances broadened by loss. For a high
density of isolated resonances that is sampled thermally,
we verify that collisional loss cross sections are identi-
cal to the resonant elastic cross section, as postulated by
Mayle et al.[32, 33], but that this cross section is nonuni-
versal. Next, we considered rapid loss that broadens the
short-range resonances to the point of overlapping. Here,
many overlapping resonances contribute at any collision
energy, which gives rise to energy-independent short-
range loss and enables a statistical description even if
the density of resonances is low compared to tempera-
ture, which is the case for many molecules. This leads
to substantial but nonuniversal short-range losses with
the short-range loss parameter approaching y = 1/4 for
extreme broadening. The present work suggests nonuni-
versal loss for molecules occurs even if the loss of short-
range complexes is fast compared to their lifetime, and
that this occurs as a direct consequence of the chaotic
dynamics of collision complexes. Deviations of experi-
mental loss rates from the present theory that cannot be
explained by either statistical fluctuations or the depen-
dence on the background scattering phase shift indicate
non-chaotic short-range dynamics.
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Appendix A: Short-range phase-averaged loss

It is interesting to note that close-to-universal loss
could be observed without fine-tuning for any short-range
loss parameter y if only the observed loss were averaged
over the background phase shift. This is illustrated in
Fig. 7 which shows loss rates averaged over atan(a/ā) in
units of the universal rate for y = 0.1, 0.25, and 0.5, as
a function of the collision energy relative to the charac-
teristic vdW energy scale. In the classical regime where
E/E6 � 1, the loss rate approached is a factor 4y/(1+y)2

lower than the universal rate, whereas for very low en-
ergies the loss rate approaches the universal result. For
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FIG. 7. Loss rate averaged over the background phase
shift in units of the universal loss rate as a function of the col-
lision energy, for s-wave collisions on an R−6 potential. In the
classical regime where E/E6 � 1, the loss rate approached is
a factor 4y/(1+y)2 below the universal rate, whereas for very
low energies the loss rate approaches the universal result. For
smaller short-range loss, y, this occurs for ever lower collision
energies.

smaller short-range loss, y, this occurs for ever lower col-
lision energies. However, we have no physical justifica-
tion for a uniform average over the short-range phase,
atan(a/ā). Nevertheless, it is an interesting observation
that averaging the background phase shift leads to uni-
versal loss without any fine tuning.
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[2] H. P. Büchler, E. Demler, M. Lukin, A. Micheli,
N. Prokof’Ev, G. Pupillo, and P. Zoller, Phys. Rev. Lett.
98, 060404 (2007).

[3] G. Pupillo, A. Griessner, A. Micheli, M. Ortner, D. W.
Wang, and P. Zoller, Phys. Rev. Lett. 100, 050402
(2008).

[4] R. V. Krems, W. C. Stwalley, and B. Friedrich, eds., Cold
Molecules: Theory, Experiment, Applications (CRC,
Boca Raton, 2009).

[5] B. Yan, S. A. Moses, B. Gadway, J. P. Covey, K. R.
Hazzard, A. M. Rey, D. S. Jin, and J. Ye, Nature 501,
521 (2013).

[6] D. DeMille, Phys. Rev. Lett. 88, 067901 (2002).

http://dx.doi.org/10.1038/nphys287
http://dx.doi.org/10.1038/nphys287
http://dx.doi.org/ 10.1103/PhysRevLett.98.060404
http://dx.doi.org/ 10.1103/PhysRevLett.98.060404
http://dx.doi.org/ 10.1103/PhysRevLett.100.050402
http://dx.doi.org/ 10.1103/PhysRevLett.100.050402
http://dx.doi.org/10.1038/nature12483
http://dx.doi.org/10.1038/nature12483
http://dx.doi.org/10.1103/PhysRevLett.88.067901


10

[7] S. F. Yelin, K. Kirby, and R. Côté, Phys. Rev. A 74,
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