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ABSTRACT

Irrelevant operators in a CFT modify the usual Weyl transformation of the metric.
A metric beta-function turns on, which modifies the Weyl anomalies as well. In this
paper, we study the relation between bulk diffeomorphisms and Weyl transformation
at the boundary when a massive scalar field, which sources irrelevant operators at the
boundary, is coupled to the bulk metric. Considering the effect of the backreaction
generated by the scalar field, we provide a holographic description of the boundary
metric beta-function and anomalies. Our results represent an additional test of the
AdS/CFT correspondence.
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1 Introduction

The holographic computation of the Weyl anomaly [1] has been one of the very first
non-trivial tests of the AdS/CFT correspondence. Its success relies on the equiva-
lence between bulk diffeomorphisms and Weyl transformations at the boundary of
AdS space, which, since then, has been widely studied. However, it is not so clear
how the equivalence works when the asymptotics of AdS are deformed, namely when
the fields present at the boundary induce a strong backreaction onto the gravita-
tional background.

In [1] Einstein’s equations with a negative cosmological constant are solved in
terms of the boundary metric and it is shown that the on-shell action is divergent at
the boundary. The divergences can be cancelled by the addition of local countert-
erms, but the regularisation spoils the conformal symmetry of the boundary theory
and gives rise to a holographic Weyl anomaly. Holographic renormalisation has been
further developed in [2], where scalar fields coupled to gravity in the bulk and their
contributions to the Weyl anomaly are also considered. When scalar fields are added
on top of a dynamical background, they induce a backreaction, and the method pre-
sented in [2] is consistent when the bulk scalars are dual to relevant or marginal
operators of the boundary CFT (see also [3]). Scalars that are dual to irrelevant op-
erators induce a stronger backreaction onto the gravitational background, and in [4]
the method of holographic renormalisation has been extended to account for such
backreaction, when the irrelevant operators are of non-integer conformal dimension,
so that no logarithmic divergence appears in the renormalised action (i.e. there is
no anomaly in the CFT). Logarithmic divergences are considered in [5], where the
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conformal anomaly in the three-point function of irrelevant operators is computed
in the CFT and derived from holography. However, in this case no backreaction has
been considered and the gravitational background has been taken to be unperturbed
by the presence of the scalar fields. Here, we want to study the effect of coupling
integer dimensional scalars that source irrelevant operators on the boundary theory
to a dynamical background, thus including the effect of the backreaction.

CFTs with integer dimensional irrelevant operators have peculiar properties [6].
In order to have a solution of the Wess-Zumino consistency condition for the Weyl
anomaly, the presence of these operators requires a modification of the usual Weyl
transformation. A metric beta-function, which depends on the sources of the irrel-
evant operators, has to be introduced in the Weyl transformation of the metric. As
a consequence, the Weyl anomaly is deformed by the metric beta-function, i.e. the
solution of the Wess-Zumino consistency condition is different in the presence of
the beta-function. The geometry, however, is not subject to an RG flow, since
correlation functions of irrelevant operators in [6] are computed in the undeformed
CFT.1

Here we will present a holographic description of the four dimensional CFT stud-
ied in [6]. Therefore, we will also generalise the analysis of [5] to include the case
in which the bulk scalar fields are coupled to a dynamical background. However, to
make contact with [6], we will be interested in describing a boundary theory that
is not deformed by the irrelevant operators. To do so, the tool that we find most
convenient to use is that of Penrose-Brown-Henneaux (PBH) transformations [12].
These are a particular class of bulk diffeomorphisms that reduces to Weyl transfor-
mation on the boundary. They consist of a general transformation rule for the bulk
metric, and, as such, they do not require solving any equation of motion. An action
evaluated on a metric that is a solution of the PBH transformation allows to study
the Weyl anomaly of the boundary theory. Thus, we will extend the analysis of [12]
to include massive scalar fields in the bulk and provide a holographic description
of the results obtained in [6]. As we will show, the condition that the irrelevant
operators at the boundary do not deform the CFT requires that we are off-shell in
the bulk, thus making the PBH transformation an ideal framework for the present
analysis.

Irrelevant deformations of CFTs have received attention in particular in the form
of T T̄ deformations. It is proposed that a two dimensional T T̄ deformed CFT is
dual to a three dimensional AdS space with a sharp cutoff [13]. This conjecture has
then been further analysed and extended to higher dimensions [14–16]. Although we
are not considering a T T̄ deformation, the scalar field that we will add in the bulk
is sourcing an integer dimensional irrelevant operator on the boundary. As we will
see, this addition will still have the effect of moving the boundary into the bulk, but,
since we are interested in describing an undeformed boundary theory, we will have
to move the cutoff back to the AdS boundary where the undeformed CFT lives. In
so doing, the solution of the PBH transformations will go off-shell, in the sense that
they won’t match anymore the solution of the equations of motion of a scalar field
coupled to a dynamical background. Nonetheless, once this is done we will precisely
recover the physics described in [6]. We will thus see that the Weyl transformation

1Metric beta-functions in the framework of holographic RG flows are also discussed e.g. in [7–11].
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of the metric is no longer the usual one, but it acquires a beta-function, and we will
be able to study the modified anomaly in our holographic set-up. In the end, this
analysis will sharpen the understanding of the AdS/CFT duality in the presence of
a backreaction in the bulk theory.

The paper is organized as follows. In sec. 2 we review the pure gravity formulation
of the PBH transformations and how the holographic Weyl anomaly is obtained. In
sec. 3 we extend the PBH transformations to describe a scalar field coupled to gravity
and choose the scalar field to have integer dimension ∆ = d+ 1. We show that the
transformation of the boundary metric is no longer the usual Weyl transformation
and we derive the modified Weyl anomaly of the four dimensional boundary theory.
These are the main results of the present paper. We then conclude and discuss
possible extensions of our analysis. We report all the explicit results that are needed
to derive the modified anomaly in the appendices and in the ancillary Mathematica
notebook.

2 Pure gravity

We introduce now the PBH transformations for the metric, mainly reviewing [12]
(see also [17–20]) to set our notation.

2.1 PBH transformations

Consider an asymptotically AdS space in (d+1) dimensions with coordinates (z, xi)
such that the bulk metric has the Fefferman-Graham (FG) form2

ds2 = GµνdX
µdXν =

dz2

4z2
+

1

z
gij(z, x)dx

idxj , (2.1)

where the boundary is at z = 0, with gij(z = 0, x) = g
(0)
ij (x) being the boundary

metric. In order to study the Weyl anomaly of the dual CFT, we first study the
behaviour ofGµν under diffeomorphisms. Under a general coordinate transformation

Xµ = X ′µ + ξµ(X ′) , (2.2)

Gµν transforms as

δGµν = Gµρ∂νξ
ρ +Gνρ∂µξ

ρ + ξρ∂ρGµν , (2.3)

with δGµν = LξGµν = G′

µν(z, x)−Gµν(z, x) and we require that ξµ is such that (2.1)
is form invariant under (2.2), i.e. LξGzz = 0 = LξGzi. The solution is given by

ξz = −2zσ(x) , ξi = ai(z, x) =
1

2
∂jσ(x)

∫ z

0

dz′ gij(z′, x) , (2.4)

where σ(x) is an arbitrary function, the ai are infinitesimal and we will work to order
O(σ, ai). The lower end of the integration is chosen so that there are no residual

2We choose an AdS space with radius ℓ = 1. Greek letters are used for (d+1)-dimensional bulk
indices, while Latin letters for d-dimensional boundary indices. Our convention on the curvature
is [∇µ,∇ν ]Vρ = Rµνρ

σVσ, with Rµν = Rµρν
ρ.
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diffeomorphisms at the boundary z = 0. In other words, the boundary condition
ai(z = 0, x) = 0 holds. From form invariance of Gij it follows that

δgij = 2σ(1− z∂z)gij +∇iaj +∇jai , (2.5)

where indices are lowered with (and derivatives are covariant w.r.t.) gij . Eqs. (2.4),
(2.5) define the PBH transformations.

We show now that this particular class of bulk diffeomorphisms reduces to a
Weyl transformation at the boundary. Indeed, the commutator of two diffeomor-
phisms (2.3) is again a diffeomorphism

[δ2, δ1]Gµν = Gµρ∂ν ξ̂
ρ +Gνρ∂µξ̂

ρ + ξ̂ρ∂ρGµν , (2.6)

where ξ̂ρ is defined as

ξ̂ρ = ξσ1 ∂σξ
ρ
2 − ξσ2 ∂σξ

ρ
1 + δ2ξ

ρ
1 − δ1ξ

ρ
2 (2.7)

and the last two terms are non-vanishing if we allow ξµ to be field dependent. If
the diffeomorphism is a PBH, then it is possible to derive the PBH group property
ξ̂µ = 0 [19, 21], so that [δ2, δ1]Gµν = 0. Since the PBH transformations do not act
on coordinates, it follows that [δ2, δ1]gij = 0 and the PBH transformations reduce
to a Weyl transformation on the boundary metric. Indeed, from (2.5) at z = 0 it
follows that

δg
(0)
ij = 2σg

(0)
ij . (2.8)

Now we assume the following power series expansions about the boundary3

ai(z, x) =
∞
∑

n=1

ai(n)(x)z
n (2.9)

gij(z, x) =

∞
∑

n=0

g
(n)
ij (x)zn . (2.10)

Using the PBH equations, we can determine the coefficient in the expansion of the
metric in terms of covariant tensors built from the boundary metric as follows. First,
we compute the a(n) in terms of the g(n), and for the first few terms we find

ai(1) =
1

2
gij(0)∂jσ (2.11)

ai(2) = −1

4
gij(1)∂jσ . (2.12)

Indices are now lowered (raised) with the (inverse of) g
(0)
ij ; curvatures and covariant

derivatives will be w.r.t. g
(0)
ij . Then, combining the expansions and the a(n) into (2.5)

we find the variation of g(n) as

δg
(0)
ij =2σg

(0)
ij (2.13)

...

δg
(n)
ij =2σ(1− n)g

(n)
ij +

n
∑

m=1

(

g
(n−m)
ik ∂ja

k
(m) + g

(n−m)
jk ∂ia

k
(m) + ak(m)∂kg

(n−m)
ij

)

(2.14)

3If d is an even integer, the expansion of the metric contains also logarithmic terms. Here we
work in generic dimensions, and we do not need to include such terms.
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and we see that in general g(n) contains 2n derivatives. Thus, to compute it we
make the most general Ansatz for a symmetric tensor with two indices and with
2n derivatives, take its variation according to (2.13) and impose that it satisfies the
PBH equation. In this way, for example for the first two terms we find

g
(1)
ij = − 1

d− 2

(

(0)

R ij −
1

2(d− 1)

(0)

Rg
(0)
ij

)

(2.15)

g
(2)
ij =

1

d− 4

(

1

8(d− 1)

(0)

∇i

(0)

∇j

(0)

R − 1

4(d− 2)

(0)

�

(0)

R ij +
1

8(d− 2)(d− 1)
g(0)ij

(0)

�

(0)

R

− 1

2(d− 2)

(0)

Rkl
(0)

R ikjl +
d− 4

2(d− 2)2

(0)

R ik

(0)

Rj
k +

1

(d− 2)2(d− 1)

(0)

R ij

(0)

R

+
1

4(d− 2)2

(0)

Rkl

(0)

Rklg
(0)
ij − 3d

16(d− 2)2(d− 1)2
g
(0)
ij

(0)

R2

)

+ c1
(0)

C 2g
(0)
ij + c2

(0)

C iklm

(0)

C j
klm (2.16)

where Cijkl is the Weyl tensor. Starting from g(2), the solutions will have free
coefficients that are not fixed by the PBH equation. On the other hand, if one
solves Einstein’s equations of motion for the metric, g(2) is completely determined in
generic dimensions. The free coefficients in the PBH solutions are thus fixed on-shell
given an action.

2.2 Effective boundary action and Weyl anomalies

Consider now an action

S =

∫

M

dd+1X
√
Gf(R(G)) , (2.17)

where f is a local function of the curvature and its covariant derivatives and we
require that f(R) is such that the equations of motion are solved by asymptotically
AdSd+1 in order to have a CFT at the boundary. Under a bulk diffeomorphism, the
action S is invariant up to a boundary term

δS =

∫

M

dd+1X ∂µ (ξ
µL) , L =

√
Gf(R(G)) (2.18)

from which we read the transformation δL = ∂µ (ξ
µL). If the diffeomorphism is a

PBH, then one shows that [δ2, δ1]L = 0 upon using the PBH group property [19].
In FG coordinates, the metric expansion (2.10) induces a power series expansion for
L as well

L =
√
g(0)z

−d/2−1Lg , Lg =

∞
∑

n=0

L(n)
g (x)zn . (2.19)

Then, by virtue of [δ2, δ1]L = 0, it is possible to show that Lg satisfies a Wess-Zumino
condition

∫

∂M

ddx
√
g(0) (σ2(x)δ1Lg − σ1(x)δ2Lg) = 0 , (2.20)
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which means that Lg is a candidate for the anomaly of the boundary CFT. To make
the connection precise, from (2.18) we have

δS =

∫

∂M

ddx ξzL|z=0 = −2

∫

∂M

ddx z σL|z=0 (2.21)

restricting the diffeomorphism to a PBH. Using the holographic dictionary, we in-
terpret the variation of the bulk action as the variation of the generating functional
of the CFT correlators, so that the finite piece in (2.21) gives the holographic Weyl

anomaly.4 Thus, L(n)
g (x) is the trace anomaly of the d = 2n dimensional CFT.

Consider now as an example the following action

2κ2f(R(G)) = Λ−R(G)+γ (RµνρσR
µνρσ) (G) , Λ = −d(d−1)−2d(d−3)γ , (2.22)

where γ is a dimensionless parameter and Λ is such that AdSd+1 with radius ℓ = 1
is a solution of the equations of motion (for simplicity in the following we will take

2κ2 = 16πG
(d+1)
N = 1). By writing the action in FG coordinates we find (a prime

denotes a derivative w.r.t. z)

Lg = d(1 + 4γ) +
1

2
z(1 + 4γ)

[

2(1− d)gijg′ij −R(g)
]

+
1

2
z2
[

4(1 + 4γ)gijg′′ij

− (3− 4(d− 5)γ)gikgjlg′ijg
′

kl + (1 + 8γ)
(

gijg′ij
)2

+ γ(RijklR
ijkl)(g)

+ 8γg′ijR
ij(g)

]

+ γz3
[

4gimgjngklg′ikg
′

mng
′

jl − 4gijgklgmng′ijg
′

kmg
′

ln

− 2g′ijg
′

klR
ikjl(g)− 4gimgjn∇jg

′

ik∇kg′mn + 4gimgjn∇kg
′

ij∇kg′mn

]

+ γz4
[

gimgjngkpglqg′ikg
′

mng
′

jlg
′

pq + (gikgjlg′ijg
′

kl)
2 + 8gikgjlg′′ijg

′′

kl

− 8gimgjngklg′ikg
′

mng
′′

jl

]

(2.23)

and expanding the metric according to (2.10), we identify for instance the terms

L(1)
g = −1

2
(1 + 4γ)

(0)

R +
1

2
(2− d) (1 + 4γ)g(1)ii (2.24)

L(2)
g =

1

2
(1 + 12γ)

(0)

Rijg(1)ij −
1

4
(1 + 4γ)

(0)

Rg(1)ii +
3

2
(4− d)(1 + 4γ)g(2)ii

+

(

1

8
(8− 3d) +

3

2
γ(4− d)

)

g(1)iig
(1)j

j −
1

2
(1 + 4γ)

(0)

∇j

(0)

∇ig
(1)ij

+

(

1

4
(3d− 10) + γ(5d− 14)

)

g(1)ijg
(1)ij +

1

2
(1 + 4γ)

(0)

�g(1)ii +
1

2
γ
(0)

R ijkl

(0)

R ijkl

(2.25)

and on the PBH solutions (2.15), (2.16) we find the trace anomaly in d = 2, 4
respectively:

L(1)
g = −1

2
(1 + 4γ)

(0)

R = −1

2
aE2 (2.26)

L(2)
g = −1

8
(1 + 12γ)

(0)

R ij

(0)

R ij +
1

24
(1 + 8γ)

(0)

R2 +
1

2
γ
(0)

R ijkl

(0)

R ijkl = − 1

16

(

c C2 − aE4

)

(2.27)

4Divergent terms can be cancelled with the addition of counterterms to the bulk action [22].
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with c = 1 − 4γ and a = 1 + 4γ. E2n is the Euler density in d = 2n, and explicitly
E4 = RijklR

ijkl−4RijR
ij +R2 while C2 = RijklR

ijkl−2RijR
ij + 1

3
R2 with curvature

w.r.t. the boundary metric. Following the classification of [23], we notice that in
d = 2 the anomaly is entirely type A, while in d = 4 there is also a type B. In
particular, for γ = 0 we have a = c, while in the presence of the quadratic term
in the curvature in (2.22) then a − c 6= 0. Since R2 and RµνR

µν terms in the
action would also change the values of a and c, but not their difference, (2.22) is the
minimal bulk action which allows to distinguish between type A and B anomalies
in the pure gravity case. Having a 6= c will be useful later when we include scalar
fields in the bulk. As a final comment, notice that g

(n)
ij does not contribute to L(n)

g

in d = 2n [18, 19, 24].

3 Adding a massive scalar field

Now we add a massive scalar field Φ in the bulk and couple it to the metric. We
want to extend the PBH transformations discussed in sec. 2 to describe this system.5

3.1 Modified PBH transformations

From the standard holographic dictionary it is known that a bulk scalar field of mass
m is dual to a scalar operator on the boundary theory with dimension ∆, related
to the mass by m2 = ∆(∆ − d). Close to the boundary, we consider the following
expansion

Φ(z, x) = z(d−∆)/2φ(z, x) , φ(z, x) =
∞
∑

n=0

φ(n)(x)z
n (3.1)

with φ(0) being the source of the boundary operator.6 Requiring that the bulk scalar
is indeed a scalar under diffeomorphisms,

Φ′(z′, x′) = Φ(z, x) , (3.2)

and choosing the diffeomorphism to be a PBH (2.4), we obtain the PBH transfor-
mation for the field φ as

δφ = −2σ

(

d−∆

2
+ z∂z

)

φ+ ai∂iφ . (3.3)

With the expansion in (3.1), we get

δφ(n) = −σ(d + 2n−∆) +
n−1
∑

m=0

(

ai(n−m)∂iφ(m)

)

, (3.4)

that to lowest order yields

δφ(0) = σ (∆− d)φ(0) , (3.5)

5See also [25–27] for the PBH transformation of scalar fields.
6As for the metric expansion, there are logarithmic terms in the expansion of φ(z, x) for even

integer dimension d. We assume we do not need to include them in the present discussion.
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namely the correct transformation of the source of a dimension ∆ operator under
Weyl transformation. Eventually, we want to make contact with the four dimen-
sional CFT analysed in [6]. Thus, we choose ∆ = d + 1, and therefore the scalar
field is sourcing an irrelevant operator in the CFT.

When we couple the bulk scalar to gravity, the dynamical background will back-
react and the metric in FG form will be as follows

ds2 =
dz2

4z2
+

1

z
(gij(z, x) + hij(z, x)) dx

idxj , (3.6)

where hij is the backreaction, which depends explicitly on gij(z, x) and Φ(z, x). We
are essentially allowing for perturbations of the metric gij due to the presence of
the scalar field Φ, and the metric gij is then treated as a background, unperturbed,
metric. To first non-trivial order, the backreaction is quadratic in the scalar field,
and from now on we will work to order O(σ, φ2). We impose a boundary condition
for the backreaction (following [4]), namely that the backreaction does not change

the boundary metric. In other words, g
(0)
ij is still the boundary metric even in the

presence of the backreaction. We will see the effect of this boundary condition later.
We now derive the modifications of the PBH transformations due to the presence

of the backreaction by studying the behaviour of (3.6) under diffeomorphisms. The
FG form of the bulk metric in (3.6) is invariant under the transformation in (2.2)
for

ξz = −2zσ(x) , ξi = ai(z, x) + bi(z, x) =
1

2
∂jσ(x)

∫ z

ǫ

dz′
(

gij(z′, x)− hij(z′, x)
)

,

(3.7)
where bi contains the scalar field corrections brought about by the backreaction and
is therefore of order O(σ, φ2), while ai is still of order O(σ, φ0). Notice that now we
are restricting the radial integration to the region z ≥ ǫ > 0. This is necessary to
avoid divergences in the integration. Indeed, since ∆ = d+1 and hij is quadratic in
the scalar field, it follows that the backreaction goes as 1/z about the boundary, thus
making the above integration divergent at z = 0 and requiring that we integrate
over the region z ≥ ǫ > 0. This effect is reminiscent of [13, 16]: the scalar field is
causing the boundary to move into the bulk. Finally, from form invariance of Gij

we find to O(σ, φ2)

δgij + δhij = 2σ(1− z∂z) (gij + hij)

+∇iaj +∇jai +∇ibj +∇jbi + hik∇ja
k + hjk∇ia

k + ak∇khij , (3.8)

where indices are lowered with (and derivatives are covariant w.r.t.) gij. We refer
to eqs. (3.7), (3.8) as the modified PBH transformations.

Given the leading asymptotic behaviour of the metric and the backreaction, we
make the following Ansätze for the radial expansion of ai and bi

ai(z, x) = ai(ǫ, x) +

∞
∑

n=1

zn ai(n)(x) (3.9)

bi(z, x) = b
i
(ǫ, x) + log z b̃i(1)(x) +

∞
∑

n=2

[

zn−1
(

log z b̃i(n)(x) + bi(n)(x)
)]

, (3.10)

8



where ai and b
i
are constant terms in z and their appearance is due to the lower end

of the integration in (3.7). For the metric and backreaction we assume

gij(z, x) =

∞
∑

n=0

zn g
(n)
ij (x) (3.11)

hij(z, x) =
1

z
h
(0)
ij (x) + log z h̃

(1)
ij (x) + 0 +

∞
∑

n=2

[

zn−1
(

log z h̃
(n)
ij (x) + h

(n)
ij (x)

)]

,

(3.12)

where we stress that there is no term at order z0. This implements the boundary
condition that we anticipated above, namely that the boundary metric is still given
by g

(0)
ij even in the presence of the backreaction [4]. The appearance of logarithmic

terms is a consequence of the particular choice for the dimension of the scalar field
∆ = d+ 1, and we are thus generalising the analysis of [4] as advocated in [5].

Using the above expansions, from the modified PBH equations we find for the
first few terms (the ai(n) are as before)

b̃i(1) =− 1

2
gim(0)g

jn
(0)h

(0)
mn∂jσ (3.13)

b̃i(2) =− 1

2
gim(0)g

jn
(0)h̃

(1)
mn∂jσ (3.14)

bi(2) =
1

2

[(

gim(0)g
jn
(1) + gim(1)g

jn
(0)

)

h(0)
mn + gim(0)g

jn
(0)h̃

(1)
mn

]

∂jσ (3.15)

b̃i(3) =
1

4

[(

gim(0)g
jn
(1) + gim(1)g

jn
(0)

)

h̃(1)
mn − gim(0)g

jn
(0)h̃

(2)
mn

]

∂jσ (3.16)

bi(3) =− 1

4

[

hij
(2) −

1

2
h̃ij
(2) +

1

2

(

gik(1)h̃
(1)j

k + gjk(1)h̃
(1)i

k

)

+ gik(1)g
jl
(1)h

(0)
kl + gik(1)g

(1)l
kh

(0)j
l

+ gjk(1)g
(1)l

kh
(0)i

l − gik(2)h
(0)j

k − gjk(2)h
(0)i

k

]

∂jσ , (3.17)

where indices are lowered (raised) with the (inverse of) g
(0)
ij ; curvatures and covariant

derivatives will be w.r.t. g
(0)
ij . For the metric and backreaction variation7

δh
(0)
ij = 4σh

(0)
ij (3.18)

δh̃
(1)
ij = 2σh̃

(1)
ij +

(0)

∇ib̃(1)j +
(0)

∇j b̃(1)i (3.19)

δg
(0)
ij = 2σg

(0)
ij − 2σh̃

(1)
ij + h

(0)
ik

(0)

∇ja
k
(1) + h

(0)
jk

(0)

∇ia
k
(1) + ak(1)

(0)

∇kh
(0)
ij (3.20)

...

7The expressions that follow are written up to boundary diffeomorphisms generated by āi and
b̄i. Since their presence does not affect the solution of the PBH equations, we disregard them for
simplicity of notation.
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δh̃
(n+1)
ij = 2σ(1− n)h̃

(n+1)
ij

+
n+1
∑

m=1

(

g
(n−m+1)
ik ∂j b̃

k
(m) + g

(n−m+1)
jk ∂ib̃

k
(m) + b̃k(m)∂kg

(n−m+1)
ij

+ h̃
(n−m+1)
ik ∂ja

k
(m) + h̃

(n−m+1)
jk ∂ia

k
(m) + ak(m)∂kh̃

(n−m+1)
ij

)

(3.21)

δg
(n)
ij + δh

(n+1)
ij =2σ(1− n)

(

g
(n)
ij + h

(n+1)
ij

)

− 2σh̃
(n+1)
ij

+
n+1
∑

m=1

(

g
(n−m+1)
ik ∂jb

k
(m) + g

(n−m+1)
jk ∂ib

k
(m) + bk(m)∂kg

(n−m+1)
ij

+ h
(n−m+1)
ik ∂ja

k
(m) + h

(n−m+1)
jk ∂ia

k
(m) + ak(m)∂kh

(n−m+1)
ij

)

. (3.22)

A few comments are in order here. The above equation for the metric and the
backreaction can be solved in the same spirit outlined in sec. 2. The term h(n)

(and similarly h̃(n)) is quadratic in φ(0) and contains 2n derivatives. Once the most

general expression for g(n) + h(n+1) (or h̃(n)) is written down, it is enough to vary it
according to (3.20) and (3.5) up to O(σ, φ2) and impose the variation is a PBH to
find the sought for expression. The solution of the backreacted Einstein’s equations
of motion (as in [4] but with ∆ = d+ 1) will also satisfy the above equations.

As in the pure gravity case, the modified PBH equation fixes the expression of
the backreaction only to some extent. For instance, the first term in the expansion
is

h
(0)
ij = h0 g

(0)
ij φ2

(0) (3.23)

for some coefficient h0, not fixed by the PBH equation. The higher order terms in
the radial expansion will have more and more free coefficients, that are fixed on-shell
given an action.8

Notice that the backreaction modifies the usual Weyl transformation of the
boundary metric in (3.20). However, unlike in the pure gravity case, as it stands

the modified PBH transformation does not reduce to a Weyl transformation of g
(0)
ij .

Indeed, when the diffeomorphism is a modified PBH transformation, from (2.7)
and (3.7) we find that (up to O(σ, φ2))

ξ̂z = 0 , ξ̂i = ǫ
(

gij(ǫ, x)− hij(ǫ, x)
)(

ξz2∂jξ
z
1 − ξz1∂jξ

z
2

)

, (3.24)

so that now we are left with a residual diffeomorphism

[δ2, δ1]g
(0)
ij = g

(0)
jk

(0)

∇iξ̂
k + g

(0)
ik

(0)

∇j ξ̂
k . (3.25)

Before solving the modified PBH equation for the backreaction, we thus have to
address the issue of the z = ǫ cutoff.

The holographic dual of the gravitational theory discussed so far is a CFT de-
formed by an irrelevant operator. However, since we want to make contact with the

8For instance, given the action of a free massive scalar field coupled to a dynamical metric, then
on-shell h0 is proportional to the coefficient of the lowest order term in the radial expansion of the
scalar field action and it is thus non-vanishing on-shell.
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unperturbed CFT presented in [6], we have to move the cutoff surface back to the
AdS boundary. Given that

b̄i(ǫ, x) =
1

2
h0 log ǫ g

ij
(0)φ

2
(0)∂jσ +O(ǫ) , (3.26)

the way to move the cutoff back to the boundary, without setting the source to
zero, is to take h0 = 0 and then ǫ = 0. In this limit we can describe a boundary
CFT in the presence of an irrelevant operator, avoiding the prescription φ2

(0) = 0

advocated in [2,3]. As a bonus, the commutator in (3.25) vanishes and the modified
PBH transformation reduces to a Weyl transformation at the boundary. However,
the price to pay is that the solutions of the modified PBH equations are not on-shell
anymore (see footnote 8).

Now, we proceed by solving the modified PBH with h0 = 0. For h̃(1) we make
the Ansatz

h̃
(1)
ij = h1

(0)

R ijφ
2
(0) + h2 g

(0)
ij

(0)

Rφ2
(0) + h3

(0)

∇iφ(0)

(0)

∇jφ(0) + h4 φ(0)

(0)

∇i

(0)

∇jφ(0)

+ h5 g
(0)
ij φ(0)

(0)

�φ(0) + h6 g
(0)
ij (

(0)

∇φ(0))
2 (3.27)

and a solution of (3.19) is given by

h̃(1)ij = h1

(

(0)

R ijφ
2
(0) + (d− 2)φ(0)

(0)

∇i

(0)

∇jφ(0) + g
(0)
ij φ(0)

(0)

�φ(0) − (d− 1)g
(0)
ij (

(0)

∇φ(0))
2

)

+ h2 g
(0)
ij

(

(0)

Rφ2
(0) + 2(d− 1)φ(0)

(0)

�φ(0) − d(d− 1)(
(0)

∇φ(0))
2

)

. (3.28)

Notice that the solutions parametrised by h1 and h2 are proportional to R̂ij and

R̂ respectively, which are the curvature tensors computed from the Weyl invariant
metric g

(0)
ij /φ2

(0). Following [6], we will take h2 = 0 for simplicity. Then, the variation

of the metric in (3.20) reads

δg
(0)
ij = 2σg

(0)
ij + σβij (3.29)

with

βij = −2 h1

(

(0)

R ijφ
2
(0) + (d− 2)φ(0)

(0)

∇i

(0)

∇jφ(0) + g
(0)
ij φ(0)

(0)

�φ(0) − (d− 1)g
(0)
ij (

(0)

∇φ(0))
2

)

(3.30)
and we interpret it as a modification of the usual Weyl transformation of the bound-
ary metric due to the presence of the scalar field. The holographic beta-function
that we find is in agreement with [6].

Similarly, we also solve (3.21) for h̃(2) and (3.22) for g(1) + h(2). The Ansatz
for h(2) has thirty-five terms and the modified PBH equation leaves six out of the

thirty-five coefficients free, while h̃(2) is determined in terms of h1. We also solve

for the trace of h̃(3) and the trace of h(3) that we will need in the following. The
Ansatz for the trace of h(3) has sixty-six terms and the modified PBH equation leaves

nine coefficients free, while the trace of h̃(3) is determined in terms of h1, c1, c2. g(1)
and g(2) are not modified by the presence of the backreaction and are still given
by (2.15) and (2.16) respectively. We provide more details in app. A and in the
ancillary Mathematica file.
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3.2 Effective boundary action and modified Weyl anomalies

To derive the holographic dual of the modified Weyl anomaly found in [6], we extend
the method outlined in sec. 2.2 to include the effect of the backreaction.

Consider an action

S =

∫

M

dd+1X
√
Gf (R(G),Φ) , (3.31)

where f is a local function of the curvature and its covariant derivatives and contains
also matter field Φ. We could think of S as gravitational action with a scalar field
coupled to the metric and we require that f (R(G),Φ = 0) is such that AdSd+1 is a
solution of the equations of motion. Then, we write the action in FG coordinates
with backreaction (3.6) and, expanding in powers of z, we obtain the holographic
anomalies by evaluating the corresponding expressions on the solutions of the mod-
ified PBH equations. However, the off-shell solution that we discussed so far with
h0 = 0 sets the scalar field action to zero (see footnote 8), so that eventually the
scalar field contributions to the anomalies is only due to the backreaction.

Defining now L =
√
Gf (R(G),Φ), in the FG coordinates (3.6) we write

L =
√
g(0)z

−d/2−1 (Lg + Lh) (3.32)

Lg =
∞
∑

n=0

L(n)
g (x)zn , Lh =

∞
∑

n=0

[

log z L̃(n)
h + L(n)

h

]

, (3.33)

where Lh contains the backreaction and it is thus quadratic in the scalar field; in
the second line we use the expansions (3.12) with h0 = 0 and Lg is as in sec. 2.2.
Following the reasoning of sec. 2.2, we can show that [δ2, δ1]L = 0 upon using the
PBH group property for h0 = 0 and thus Lg+Lh satisfies the following Wess-Zumino
condition

δ1

∫

∂M

ddx
√
g(0) σ2(x)(Lg + Lh)− δ2

∫

∂M

ddx
√
g(0) σ1(x)(Lg + Lh) = 0 , (3.34)

where g
(0)
ij now transforms with the beta-function (3.29). From (2.21) we interpret

L(n)
g + L(n)

h as the trace anomaly of the d = 2n dimensional CFT at the boundary.9

Considering again the action (2.22), we now write it in the FG coordinates with
backreaction (3.6) and find the expression for Lh that we report in (B.1) in app. B;
Lg is still given by (2.23). Expanding the metric and backreaction in (3.32) according

9As in sec. 2.2, we neglect divergent terms that are cancelled by counterterms. In [2] the coun-
terterms considered only cancel negative powers of the radial coordinate; with irrelevant operators
there is also need of logarithmic counterterms, as considered (in flat space) in [5].

12



to (3.12) with h0 = 0, we identify for instance

L(1)
h = 4γ

(0)

R ij h̃
(1)
ij +

1

2
(2− d)(1 + 4γ)h(2)i

i − (2− d)(1 + 8γ)g(1)ij h̃(1)
ij

+
1

2
(1 + 12γ − d(1 + 4γ))g(1)iih̃

(1)j
j + (3− d)(1 + 4γ)h̃(2)i

i (3.35)

L(2)
h = −1

4
(1 + γ)

(0)

Rh(2)i
i + 2(1 + 6γ − 3

8
d(1 + 4γ))g(1)jjh

(2)i
i +

1

2
(1 + 12γ)

(0)

R ijh
(2)ij

− (5 + 28γ − 1

2
d(3 + 20γ))g(1)ijh

(2)ij − 3

2
(d− 4)(1 + 4γ)h(3)i

i

− (5 + 68γ − d(1 + 12γ))g(2)ij h̃(1)
ij − 8γ

(0)

R ijg(1)i
kh̃(1)

jk + 8γ∇kh̃
(1)

ij∇kg(1)ij

+ (5 + 56γ − d(1 + 12γ))g(1)i
kg(1)ij h̃(1)

jk − 8γ
(0)

∇jh̃
(1)

ik

(0)

∇kg(1)ij

− 1

2
(4 + 48γ − d(1 + 8γ))g(1)iig

(1)jkh̃(1)
jk +

1

2
(3 + 28γ − d(1 + 4γ))g(2)iih̃

(1)j
j

− 1

4
(3 + 44γ − d(1 + 4γ))g(1)ijg

(1)ij h̃(1)k
k +

1

2
(1 + 4γ)

(0)

�h(2)i
i

+
1

8
(3 + 28γ − d(1 + 4γ))g(1)iig

(1)j
jh̃

(1)k
k − 4γ

(0)

R ikjlg
(1)ij h̃(1)kl + 4γ

(0)

R ijh̃(2)
ij

− (6 + 32γ + d(1 + 8γ))g(1)ijh̃(2)
ij +

1

2
(5 + 28γ − d(1 + 4γ))g(1)iih̃

(2)j
j

− 2γh̃(1)ij
(0)

∇j

(0)

∇ig
(1)k

k + 4γh̃(1)ij∇k∇jg
(1)

i
k − 1

2
(1 + 4γ)

(0)

∇j

(0)

∇ih
(2)ij

− (d− 7)(1 + 4γ)h̃(3)i
i + 2γ

(0)

R ijg(1)kkh̃
(1)

ij − 2γh̃(1)ij
(0)

�g(1)ij (3.36)

which should contribute to the anomaly in d = 2, 4 respectively. Focusing on the
d = 4 case, the candidate anomaly is L(2)

g +L(2)
h , which on the PBH solutions yields

indeed a solution of the Wess-Zumino condition. Notice that g(n) appears in L(n)
h

and together with h̃(3)i
i it causes factors of (d−4)−1 to appear in L(2)

h . Thus, at first

sight L(2)
g +L(2)

h is singular in d = 4. Nonetheless, it is possible to renormalise the free
coefficients of the PBH solution for the backreaction (see app. C) so that eventually

L(2)
g + L(2)

h is regular in d = 4 and can be identified with the holographic anomaly

of the boundary CFT. We thus define A4d = (L(2)
g +L(2)

h )|reg as the regularised, four
dimensional holographic anomaly. The term quadratic in the curvature in (2.22)
allows us to separate again the pure gravity type A and B anomalies, which now
receive contributions also from the scalar field. We find the following expression for
the pure gravity type B anomaly and the scalar field contributions (gij ≡ g

(0)
ij and

φ ≡ φ(0)):

A4d|B = − 1

16
c C2 + c h1

(

3

4
∇j∇iφ�∇j∇iφ− 3

16
�φ�2φ+

1

2
∇k∇j∇iφ∇k∇j∇iφ

− 89

144
Ri

kRijRjkφ
2 +

35

48
RijR

ijRφ2 − 31

324
R3φ2 − 11

16
RijRklRikjlφ

2

− 47

1152
RRijklR

ijklφ2 − 1

18
Ri

m
k
nRijklRjmlnφ

2 +
53

576
Rij

mnRijklRklmnφ
2
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− 7

192
Rφ2

�R − 5

576
R2φ�φ− 19

288
φ2∇iR∇iR− 65

288
Rφ∇iφ∇iR

+Rjkφ∇iRjk∇iφ+
1

16
Rjklmφ∇iRjklm∇iφ+

1

8
RjkR

jk∇iφ∇iφ

− 1

36
Rijφ2∇j∇iR− 11

72
RijRφ∇j∇iφ− 35

288
φ�R�φ− 13

48
∇iφ∇iR�φ

− 1

12
φ∇iR�∇iφ− 1

6
R∇iφ�∇iφ− 3

32
Rφ�2φ+

1

3
Rijφ∇iR∇jφ

+
1

12
RijR∇iφ∇jφ− 1

2
RklRikjl∇iφ∇jφ+

1

12
∇iR∇j∇iφ∇jφ

− 1

18
φ∇j∇iφ∇j∇iR− 3

16
R∇j∇iφ∇j∇iφ− 1

2
Rjkφ∇iφ∇kRij

− 1

8
Ri

kRijφ∇k∇jφ+
1

2
Rjk∇iφ∇k∇j∇iφ+

1

8
Rijφ2

�Rij +
13

24
φ∇j∇iφ�Rij

+
1

6
RijR

ijφ�φ+
1

2
Ri

j∇iφ�∇jφ+
3

8
Rijφ�∇j∇iφ− 9

16
φ2∇jRik∇kRij

+
61

96
φ2∇kRij∇kRij +

1

2
φ∇k∇j∇iφ∇kRij +

3

8
Rij∇k∇jφ∇k∇iφ

+
5

4
∇iRjk∇iφ∇k∇jφ− 1

2
∇iφ∇kRij∇k∇jφ+

1

2
Rijklφ∇iφ∇lRjk

+
7

24
Rikjlφ

2∇l∇kRij +
5

24
RijRikjlφ∇l∇kφ+

3

8
Rikjl∇j∇iφ∇l∇kφ

+
5

192
φ2∇mRijkl∇mRijkl − 1

36
R2∇iφ∇iφ

)

, (3.37)

while the pure gravity type A anomaly and the scalar field contributions read (again

gij ≡ g
(0)
ij and φ ≡ φ(0)):

A4d|A =
1

16
aE4 + a h1

(

13

32
∇j

�φ�∇jφ− 1

8
�φ�2φ− 1

4
∇iφ�2∇iφ+

7

32
φ�3φ

− 1

16
∇k∇j∇iφ∇k∇j∇iφ− 1

2
Ri

m
k
nRijklRjmlnφ

2 +
5

32
Rij

mnRijklRklmnφ
2

− 1

16
Rjkφ∇iRjk∇iφ− 83

128
RjkR

jk∇iφ∇iφ+
263

768
R2∇iφ∇iφ− 57

128
φ�R�φ

+
65

256
RjklmR

jklm∇iφ∇iφ− 89

384
Rijφ2∇j∇iR− 65

96
RijRφ∇j∇iφ

+
1

3
∇iφ∇iR�φ+

1

4
φ∇iφ�∇iR +

7

32
φ∇iR�∇iφ− 41

32
R∇iφ�∇iφ

+
7

192
φ2
�

2R +
35

192
Rφ�2φ− 79

192
Rijφ∇iR∇jφ+

61

32
Ri

kRjk∇iφ∇jφ

− 67

48
RijR∇iφ∇jφ− 3

16
RklRikjl∇iφ∇jφ− 1

6
∇iφ∇j∇iR∇jφ

− 13

24
∇iR∇j∇iφ∇jφ− 37

192
φ∇j∇iφ∇j∇iR− 53

64
R∇j∇iφ∇j∇iφ

+
97

32
Rjkφ∇iφ∇kRij −

15

32
Ri

kRijφ∇k∇jφ+
75

16
Rjk∇iφ∇k∇j∇iφ

+
7

64
Rijφ2

�Rij +
177

64
φ∇j∇iφ�Rij +

73

128
RijR

ijφ�φ+
169

32
Rij∇j∇iφ�φ
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− 51

32
Ri

j∇iφ�∇jφ+
5

8
Rijφ�∇j∇iφ+

27

16
φ∇k∇j∇iφ∇kRij

− 99

32
Rij∇k∇jφ∇k∇iφ− 11

4
∇iRjk∇iφ∇k∇jφ+

9

4
∇iφ∇kRij∇k∇jφ

+
11

16
Rijklφ∇iφ∇lRjk +

115

64
Rikjlφ

2∇l∇kRij +
33

16
RijRikjlφ∇l∇kφ

− 167

32
Rikjl∇j∇iφ∇l∇kφ+

27

128
φ2∇mRijkl∇mRijkl − 61

96
R�φ�φ

)

, (3.38)

where we chose the free coefficients of the backreaction appearing in the anomaly, but
h1, in such a way as to simplify the results; the following comments are unaffected
by this choice.

The expressions (3.37) and (3.38) satisfy the Wess-Zumino condition (3.34). At
first sight, they look different from the one obtained in [6]. However, we checked
that the expressions are the same,10 up to variation of local counterterms in the
field theory and addition of ‘ordinary’ anomalies, i.e. tensorial structures quadratic
in the scalar field which lead to Weyl invariant integrands to order O(σ, φ2) and are
therefore solutions of (3.34). These terms are present in (3.37) and (3.38) and the
bulk action (2.22) does not have enough parameters to distinguish them from the
modifications of the pure gravity anomalies which are solutions of (3.34) only when
the beta-function is taken into account. To do so, it might be necessary to include
additional higher derivative terms in the bulk action, which would complicate the
computation of the anomalies and for simplicity we didn’t consider.

Notice the interplay between the a, c coefficients and the metric beta-function
coefficient h1, as already observed in [6]. It is this feature that makes the anoma-
lies (3.37) and (3.38) solutions of the consistency condition (3.34) in the presence
of the metric beta-function. The other free coefficients of the backreaction, which
appear in general in the anomaly through (3.36), do not show any interplay with
the a and c coefficients; the terms that these coefficients parametrise correspond to
cohomologically trivial solutions of the Wess-Zumino consistency condition in the
field theory.

As a final comment, notice that in flat boundary space and for constant σ, the
anomaly reduces to (after integration by parts)

∫

d4x
√
g(0) σ(x)A4d → 1

16
c h1 σ

∫

d4xφ(0)�
3φ(0) , (3.39)

i.e. the type A anomaly vanishes in flat space and the result is proportional to h1.
We checked that including the solution parametrised by h2 in (3.28) in the metric
beta-function does not change this result. The flat space limit (3.39) is in agreement
with [6].

4 Conclusions

In this paper we computed the holographic Weyl anomaly in the presence of a source
for irrelevant operators of the boundary theory, when the boundary theory is a four

10Up to a factor of 2, which is missing in the normalisation of the metric beta-function in [6].
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dimensional CFT. In the bulk, the massive scalar field induces a backreaction onto
the metric, and, since the scalar field sources irrelevant operator on the boundary,
it changes the leading asymptotic behaviour of the metric which becomes more
singular as the boundary is approached. This causes logarithmic terms to appear
in the radial expansion of the backreaction which affect the Weyl transformation
of the boundary metric. In particular, a metric beta-function appears, which in
turn modifies the holographic Weyl anomaly. The metric beta-function and the
holographic Weyl anomaly are in agreement with the known CFT results, so that
the present analysis provides an additional test of the AdS/CFT correspondence.

To obtain the holographic results, we studied diffeomorphisms in the bulk and
used the equivalence between bulk diffeomorphisms and Weyl transformation at the
boundary. We saw that the presence of a scalar field, which sources an irrelevant
operator at the boundary, introduces a radial cutoff, which reflects the fact that
the boundary field theory is being deformed by the irrelevant operator. Eliminating
the cutoff, we were able to describe the underformed CFT and the modified PBH
transformations reduce to a boundary Weyl transformation. However, this requires
that the backreaction is put off-shell. It would be interesting to extend the present
analysis by considering an on-shell backreaction, so that the dual theory is a CFT
deformed by irrelevant operators. The metric beta-function would then indicate
that the geometry is subject to an RG flow, and it would be interesting to provide
its holographic description.

The holographic anomaly is obtained as the finite piece of a bulk action, evaluated
on the PBH solutions. The scalar field bulk action does not contribute to the
holographic anomaly, which is obtained by the gravitational action alone evaluated
on the PBH solution for the metric including the backreaction due to the scalar field.
In the resulting expression, in addition to the usual pure gravity Weyl anomaly there
are contributions which depend on the scalar field and we calculated them to lowest
non-trivial order, which is quadratic in φ(0). Some of them correspond to anomalous
terms seeded by the metric beta-function, while others correspond to solutions of
the Wess-Zumino consistency condition to quadratic order in the scalar field but
not seeded by the backreaction. The holographic anomaly is non-vanishing in flat
space, where it reduces to the expected result, which in d boundary dimensions for
a scalar operator of dimension ∆ with source φ(0) is proportional to φ(0)�

nφ(0) with
integer n = ∆− d/2 [5].

The present analysis could be generalised to higher dimensional theories, where
the calculations will be more complicated but similar to the one we presented here.
However, it does not provide the correct dual description of a two dimensional
boundary CFT. Indeed, for d = 2 and ∆ = 3 the candidate holographic anomaly
should be given by L(1)

g + L(1)
h with L(1)

h given by (3.35). On the PBH solutions
it yields an expression which satisfies the Wess-Zumino condition (3.34), but it
vanishes in flat space and therefore does not reproduce the expected result which
should be proportional to φ(0)�

2φ(0). This happens because for d = 2 the solutions
parametrised by h1 and h2 in (3.28) are no longer independent. The breakdown of the
present description in d = 2 is expected, as the CFT analysis in two dimensions [6]
requires the addition of a ∆ = 4 operator, which is eventually identified with the
T T̄ operator, together with an operator of dimension ∆ = 3. We checked that
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including an additional scalar field in the bulk which sources a ∆ = 4 operator on
the boundary and then demanding that the boundary CFT is not deformed by the
irrelevant operators still does not reproduce the d = 2 metric beta-function found
in [6]. This may be because the standard holographic dictionary tells that the T T̄
operator is dual to a sharp cut-off in the bulk. However, we saw that requiring that
the dual CFT is undeformed translated into eliminating the cut-off induced by the
irrelevant operator. It would thus be interesting to extend the present analysis to the
two dimensional case and see how the CFT results are reproduced by holographic
computations.
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A Ansätze

In this appendix we collect the Ansätze that we make to solve eqs. (3.21), (3.22) for
n = 1, 2. We report the explicit results in the ancillary Mathematica notebook.11

In the following, we assume that gij ≡ g
(0)
ij and curvatures and covariant derivatives

are w.r.t. g
(0)
ij , and φ ≡ φ(0). We also choose h0 = 0, as explained in the text.

The solution of the PBH equation for g
(1)
ij is given in (2.15) and it is not modified

by the presence of the backreaction. The most generic Ansatz for h
(2)
ij has thirty-five

terms and six coefficients will not be fixed by the modified PBH equation. We write
the Ansatz as

h
(2)
ij = + h21gijRklR

klφ2 + h22RijRφ2 + h23R
klRikjlφ

2 + h24φ
2∇j∇iR + h25Rijφ�φ

+ h26gijRφ�φ+ β1Ri
kRjkφ

2 + β2gijR
2φ2 + β3Ri

klmRjklmφ
2

+ β4gijRklmnR
klmnφ2 + β6R∇iφ∇jφ+ β5(φ∇iφ∇jR + φ∇iR∇jφ)

+ β7Rφ∇j∇iφ+ β8(Rj
kφ∇k∇iφ+Ri

kφ∇k∇jφ) + β9φ
2
�Rij + β10gijφ

2
�R

+ β11∇j∇iφ�φ+ β12(∇jφ�∇iφ+∇iφ�∇jφ) + β13φ�∇j∇iφ

+ β14gijφ∇kφ∇kR + β15(φ∇iRjk∇kφ+ φ∇jRik∇kφ)

+ β16(Rjk∇iφ∇kφ+Rik∇jφ∇kφ) + β17φ∇kRij∇kφ+ β18Rij∇kφ∇kφ

+ β19gijR∇kφ∇kφ+ β20∇k∇j∇iφ∇kφ+ β21∇k∇jφ∇k∇iφ

+ β22gijR
klφ∇l∇kφ+ β23gij�φ�φ+ β24gij∇kφ�∇kφ+ β25gijφ�

2φ

+ β26gijRkl∇kφ∇lφ+ β27Rikjl∇kφ∇lφ+ β28Rikjlφ∇l∇kφ

11The results were obtained with the help of the xAct collection of Mathematica packages [28–32].
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+ β29gij∇l∇kφ∇l∇kφ (A.1)

and leave the coefficients h21, . . . , h26 free. The full solution is in the ancillary
notebook.

A similar Ansatz is made for h̃
(2)
ij and its coefficients are fixed in terms of h1 by

the modified PBH equation.
The solution for g

(2)
ij is given in (2.16) and it is not modified by the presence of

the backreaction. Thus, here we focus on h
(3)
ij , which appears in eq. (3.36) only as

h(3)i
i and we then do not compute h

(3)
ij but rather its trace that satisfies the following

PBH equation

δg(2)ii + δh(3)i
i = −2σg(2)ii + g(0)ijδg(2)ij − βijg

(2)
ij − 2σh(3)i

i + g(0)ijδh
(3)
ij . (A.2)

The most generic Ansatz for h(3)i
i has sixty-six terms and nine coefficients will not

be fixed by the modified PBH equation. We write the Ansatz as

h(3)i
i = h31R

jkφ∇iRjk∇iφ+ h32R
ijφ2∇j∇iR + h33RijR

ijRφ2 + h34R
ijRφ∇j∇iφ

+ h35Rijφ∇iR∇jφ+ h36R
ijRklRikjlφ

2 + h37R
ijφ2

�Rij + h38RijR
ijφ�φ

+ h39R
ij∇j∇iφ�φ+ γ1Ri

kRijRjkφ
2 + γ2R

3φ2 + γ3RRijklR
ijklφ2

+ γ4R
ijRi

klmRjklmφ
2 + γ5Ri

m
k
nRijklRjmlnφ

2 + γ6Rij
mnRijklRklmnφ

2

+ γ7Rφ2
�R + γ8R

2φ�φ+ γ9RjklmR
jklmφ�φ+ γ10φ

2∇iR∇iR

+ γ11Rφ∇iφ∇iR + γ12R
jklmφ∇iRjklm∇iφ+ γ13RjkR

jk∇iφ∇iφ

+ γ14R
2∇iφ∇iφ+ γ15RjklmR

jklm∇iφ∇iφ+ γ16∇iφ∇iφ�R + γ17φ�R�φ

+ γ18R�φ�φ+ γ19∇iφ∇iR�φ+ γ20φ∇iφ�∇iR + γ21φ∇iR�∇iφ

+ γ22R∇iφ�∇iφ+ γ23φ
2
�

2R + γ24Rφ�2φ+ γ25Ri
kRjk∇iφ∇jφ

+ γ26RijR∇iφ∇jφ+ γ27R
klRikjl∇iφ∇jφ+ γ28Ri

klmRjklm∇iφ∇jφ

+ γ29∇iφ∇j∇iR∇jφ+ γ30∇iR∇j∇iφ∇jφ+ γ31φ∇j∇iφ∇j∇iR

+ γ32Ri
klmRjklmφ∇j∇iφ+ γ33R∇j∇iφ∇j∇iφ+ γ34R

jkφ∇iφ∇kRij

+ γ35Ri
kRijφ∇k∇jφ+ γ36R

jk∇iφ∇k∇j∇iφ+ γ37∇iφ∇jφ�Rij

+ γ38φ∇j∇iφ�Rij + γ39Ri
j∇iφ�∇jφ+ γ40∇j

�φ�∇jφ

+ γ41R
ijφ�∇j∇iφ+ γ42∇j∇iφ�∇j∇iφ+ γ43�φ�2φ+ γ44∇iφ�2∇iφ

+ γ45φ�
3φ+ γ46φ

2∇jRik∇kRij + γ47φ
2∇kRij∇kRij

+ γ48φ∇k∇j∇iφ∇kRij + γ49R
ij∇k∇jφ∇k∇iφ+ γ50∇iRjk∇iφ∇k∇jφ

+ γ51∇iφ∇kRij∇k∇jφ+ γ52∇k∇j∇iφ∇k∇j∇iφ+ γ53Rijklφ∇iφ∇lRjk

+ γ54Rikjlφ
2∇l∇kRij + γ55R

ijRikjlφ∇l∇kφ+ γ56Rikjl∇j∇iφ∇l∇kφ

+ γ57φ
2∇mRijkl∇mRijkl (A.3)

and leave the coefficients h31, . . . , h39 free. The full solution is in the ancillary
notebook.

Similarly, since h̃(3) appears in eq. (3.36) only as h̃(3)i
i, we do not compute h̃

(3)
ij

but rather its trace that satisfies the following PBH equation

δh̃(3)i
i = −2σh̃(3)i

i + g(0)ijδh̃
(3)
ij . (A.4)
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A similar Ansatz to (A.3) is made for h̃(3)i
i and its coefficients are fixed in terms of

h1, c1, c2 by the modified PBH equation.

B Gravitational action with backreaction

From the action (2.22) in FG coordinates with backreaction (3.6) we identify:

Lh = 1
2
d(1 + 4γ)hi

i

+ 1
2
z(1 + 4γ)

[

2(d− 1)g′ijh
ij − (d− 1)gijg′ijh

k
k

− 2(d− 1)gijh′

ij + hijRij − 1
2
hi

iR −∇j∇ihij +�hi
i

]

+ z2
[

− 2(1 + 4γ)g′′ijh
ij + (3− 4(d− 5)γ)gimgjng′ikg

′

mnh
jk

− (1 + 8γ)gijg′ijg
′

klh
kl + (1 + 4γ)gijg′′ijh

k
k − 2γRikjl∇l∇khij

− (3
4
− (d− 5)γ)gimgjng′ijg

′

mnh
k
k + (1

4
+ 2γ)(gijg′ij)

2hk
k

− (3− 4(d− 5)γ)gikgjlg′ijh
′

kl + 2(1 + 4γ)gijh′′

ij + 2γg′ijR
ijhk

k

+ (1 + 8γ)gijgklg′ijh′

kl + 4γh′

ijR
ij − 8γg′ijh

i
kR

jk − γhijRi
klpRjklp

+ 1
4
γhi

iRjklpR
jklp − 2γg′ij∇j∇ihk

k + 4γg′ij∇k∇jhik − 2γg′ij�hij
]

+ γz3
[

− 12gimgjng′ikg
′

mng
′

jlh
kl + 8gijgmng′ijg

′

lmg
′

mkh
kl

+ 4gimgjng′ijg
′

mng
′

klh
kl + 2gimgjngklg′ikg

′

mng
′

jlh
p
p

− 2gijgkmgnlg′ijg
′

klg
′

mnh
p
p + 12gimgjngklg′ikg

′

mnh
′

jl

− 8gijgkmglng′ijg
′

klh
′

mn − 4gikgjlgmng′ijg
′

klh
′

mn − g′ijg
′

klh
p
pR

ikjl

− 4g′ijh
′

klR
ikjl − 6g′ijg

′

klh
i
pR

jklp − 4gkmglnhij∇ig
′

kl∇jg
′

mn

− 4g′ij∇ig′kl∇jhkl − 8gil∇jh′

ik∇kg′jl + 8gikgjl∇kh
′

ij∇kg′kl

+ 8g′ij∇ig′kl∇lhjk − 2g′ijg
′

kl∇l∇jhik + 2g′ijg′kl∇l∇khij

+ 8gknhij∇jg
′

kl∇lg′in + 4ging′jn∇jhkl∇lg
′

ik + 4hij∇kg′jl∇lg′ik

− 4ging′ij∇khjl∇lg
′

kn − 8gknhij∇lg
′

jk∇lg′in − 4ging′ij∇lh
jk∇lg′kn

− 2gjnhi
i∇kg′jl∇lg′kn + 2gjmgkmhi

i∇lg
′

jk∇lg′mn

]

+ γz4
[

8gimgkng′ijg
′

klg
′′

mnh
jl − 16gilg′′ikg

′′

jlh
jk + 16gimgjng′ikg

′

mng
′′

jlh
kl

+ 4gikgjlg′′ijg
′′

klh
k
k − 4gkqgirgjsg′ikg

′

rsg
′

jlg
′

pqh
lp − 8gimgjngklg′ikg

′

mnh
′′

jl

− 4gikgjlgmrgnsgpqg′ijg
′

klg
′

mng
′

rqh
ps − 4gimgjngklg′ikg

′

mng
′′

jlh
p
p

+ 1
2
gimgjngkrglsg′ikg

′

mng
′

jlg
′

rsh
p
p +

1
2
(gikgjlg′ijg

′

kl)
2hp

p − 16gimgjngklg′mng
′′

ikh
′

jl

+ 4gimgjngkrglsg′ikg
′

mng
′

jlh
′

rs + 4gimgjngkrglsg′ijg
′

mng
′

klh
′

rs + 16gikgjlg′′ijh
′′

kl

]

(B.1)

while Lg is still given by (2.23). Notice that also terms of O(z4) contribute to the

anomaly in d = 4, since h′′

ij = −z−2h̃
(1)
ij +O(z−1).
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C Coefficients renormalisation

Evaluating (2.25) and (3.36) on the PBH solutions, we find that L(2)
g +L(2)

h satisfies
the Wess-Zumino condition (3.34), even though it is singular in d = 4. In particular,
expanding around d = 4 we find that

L(2)
g + L(2)

h =
1

d− 4
I(−1) + I(0) + (d− 4)I(1) + (d− 4)2I(2) + . . . (C.1)

with (gij ≡ g
(0)
ij and φ ≡ φ(0))

I(−1) = c h1

(

7

24
RijR

ijRφ2 − 1

24
R3φ2 − 1

2
RijRklRikjlφ

2 +
1

24
Rφ2

�R − 1

12
R2φ�φ

+
1

12
Rijφ2∇j∇iR +

1

3
RijRφ∇j∇iφ+

1

12
φ�R�φ+

1

6
φ∇j∇iφ∇j∇iR

− 1

4
Rijφ2

�Rij −
1

2
φ∇j∇iφ�Rij +

1

4
RijR

ijφ�φ−RijRikjlφ∇l∇kφ

)

.

(C.2)

Notice that I(−1) is entirely type B and δI(−1) = −4σI(−1) under Weyl transformation
up to O(φ2). However, L(2)

g + L(2)
h contains also several free coefficients, which are

not fixed by the PBH equations, i.e. {c1, c2, h1, h21, . . . , h26, h31, . . . , h39}, and it is
possible to regularise (C.1) by renormalising some of these coefficients. In particular,
there is a unique shift which cancels I(−1) and it consists of shifting some of the free
coefficients which appear in I(2) as follows:

h32 → h32 +
c h1

18a(d− 4)2
h33 → h33 +

7c h1

36a(d− 4)2
h34 → h34 +

2c h1

9a(d− 4)2

h36 → h36 −
c h1

3a(d− 4)2
h37 → h37 −

c h1

6a(d− 4)2
h38 → h38 +

c h1

6a(d− 4)2
.

Since the shifted coefficients only appear in I(2), this shift does not introduce new
singularities, and of course the regularised expression satisfies the Wess-Zumino
condition.
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