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In superconductors, vortices induced by a magnetic field are nucleated randomly due to some
random fluctuations or pinned by impurities or boundaries, impeding the development of vortex
based quantum devices. Here, we propose a superconducting structure which allows to nucleate
and control vortices on-demand by controlling magnetic fields and currents. Using time-dependent
Ginzburg Landau theory, we study a driven vortex motion in two-dimensional Corbino geometries
of superconductor-normal metal-superconductor Josephson junctions. We remedy the randomness
of nucleation by introducing normal conducting rails to the Corbino disk to guide the nucleation
process and motion of vortices towards the junction. We elaborate on the consequences of rail-
vortex and vortex-vortex interactions to the quantization of resistance across the junction. Finally,
we simulate the nucleations and manipulations of two and four vortices in Corbino networks, and
discuss its application to Majorana zero mode braiding operations. Our study provides a potential
route towards quantum computation with non-Abelian anyons.

I. INTRODUCTION

The key feature of type Il superconductors is the
anomalous mixed state where in the presence of magnetic
fields normal conducting regions surrounded by persis-
tent circular super-currents — i.e. vortices — nucleate
in the superconducting material and the motion of these
vortices without pinning causes electric dissipation.' It
is well-known that most of the high-Tc¢ superconductors
are categorized as type Il superconductors, and control-
ling vortices on demand is one of the important prereq-
uisites for creating novel superconducting devices.*”

In addition, there are some proposals regarding the
emergence of non-trivial states based on type II supercon-
ducting hybrid systems where controllability of vortices
is one of the important features.”'© Moreover, recent
studies proposed that a Majorana zero mode emerges
at the core of vortices in topological superconductors,
and a spatial exchange of these Majorana zero modes
(we call it braiding operation) obey non-Abelian anyonic
statistics where particle exchanges result in non-trivial
operations which do not commute in general. Such non-
commutative braids can be used as the basis for topo-
logical quantum computation.'''® In this regard, many
theoretical proposals have been put forward both for real-
izing Majorana zero modes'®2* and for performing Ma-
jorana braiding operations,?® 2. Despite all these efforts,
an experimental demonstration of the braiding operation
has not been realized yet, although signs of Majorana
zero modes have already been detected in several exper-
imental platforms.30~*!

A promising and natural set-up to perform braid-

ing operations is a Corbino geometry superconducting-
normal-superconducting topological Josephson junction
in a superconducting thin film, where a circular junction
is located between two superconducting electrodes and
an external current flows inwards/outwards through the
Josephson junction. As a consequence, the vortices in
the Corbino geometry should be trapped on the circular
junction and execute a circular motion along the Joseph-
son junction due to the Lorentz force. There are already
some theoretical studies of such specific set-ups for the
purpose of Majorana braiding and also a few experimen-
tal investigations.4?~47

Another crucial question is how vortices enter the cir-
cular junction when a homogeneous perpendicular mag-
netic field is applied to the structure. In a perfect cir-
cular junction, vortices are created by spontaneous sym-
metry breaking (which breaks the rotation symmetry of
the circle) without control of the exact nucleation posi-
tion. Here, we address the nucleation of several vortices
on a circular junction as needed for braiding of vortices
and how an enhanced control over vortex dynamics can
be achieved via rails guiding them into the circular junc-
tion. We also show that the resistance across the Corbino
geometry Josephson junction develops jumps associated
with the entrance of single vortices.

Although there are already some theoretical studies on
Corbino geometry Josephson junctions, most of them em-
ploy the microscopic BCS-model and there are only a few
studies focusing on macroscopic vortex dynamics. In this
paper, we explore vortex dynamics in Corbino geometry
Josephson junctions in the presence of both an external
current and an applied magnetic field using phenomeno-



logical time-dependent Ginzburg Landau (TDGL) the-
ory.*8-%0 Here, we focus on the simplest case of non-
topological s-wave superconductors, however, the main
conclusions of our study should carry over to the case of
topological (p— or d—wave) superconductors, where Ma-
jorana bound state resides at the core of vortices since
the vortex dynamics is expected to be qualitatively sim-
ilar regardless of the type of pairing. At the end of this
paper, we show simulations of braiding for two vortices
in real time by controlling an external current and an ap-
plied magnetic field. Furthermore, we also demonstrate
braiding operations for two vortices in the presence of
two other vortices in the superconducting sample where
the exchange statistics of non-Abelian anyons can be uti-
lized for protected quantum operations. We believe that
our proposed set-ups and simulations of vortex dynam-
ics deliver a platform for scalable registers of Majorana
based qubits with read-in/read-out as well as braiding
capabilities.

Our focus is on the vortex motion in connection with
Corbino geometry Josephson junctions, however, there is
no reason to believe that general features shown in this
paper with respect to vortex-control cannot be observed
and employed also in different type II superconductor
based hybrid systems.

The rest of this paper is organized as follows. In section
II, we present our model and the computational method
adopted for this paper. In section III, we show the main
results of our calculations and the corresponding discus-
sion. Finally, section IV concludes this paper.

II. FORMALISM

We employ TDGL equations to simulate the dynam-
ics of a complex superconducting order parameter A =
|Al€!? in a two dimensional disk geometry in the presence
of both an external magnetic field B directed perpendic-
ular to the two-dimensional superconductor and an ex-
ternal current created by a source and drain of particles
whose strength is denoted by ). The electromagnetic
field is represented by the vector potential A and the
scalar potential ©. Denoting the charge density as p and
current density as J and taking A = ¢ = e = 1 as units,
the equations are given as follows: 25123
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J =0[-VU - 9, A] + o1, R[A" (-iV —24) A], (2)
v-0
471')\%F’ (3)
dp+V-J=Q, (4)
V20 = —4np, (5)

where D is the normal state diffusion constant, ¥ is
the electrochemical potential per electron charge, & =

\/6D/1s, and the superconducting coherent length is
given as & = &/v/a(r)/B. T, is the spin-flip scatter-
ing time. [ is a system dependent constant, which sets
the magnitude of the order parameter. a(r) o [T.—T] is
the spatially dependent parameter which governs the su-
perconducting or normal state at  and where T{, is the
(critical) temperature. o and App are the normal state
conductivity and the Thomas-Fermi static charge screen-
ing length, respectively. We measure length in units of
¢ and time in units £2/D (since ¢ is the unit of length,
we write this as D~1). The parameters are chosen as
B=1,7s =6D/E A\rp/é =1, and a/(D/fQ) =1 and
we employ the coulomb gauge V A=05

The radius of the finite disk geometry is set to be
17¢. We chose these parameters for definiteness, but
verified that none of the general conclusions is affected
by this particular choice. To model Corbino geome-
try superconducting-normal-superconducting Josephson
junction, the «(r) parameter is set accordingly, namely
a > 0 and a < 0 in superconducting and normal region,
respectively. We define the circular normal metallic re-
gion to be on a disk with radius 6.8¢ and width 0.5¢
and assign a = —1 while the other region in the sample
is superconducting with o = 1. We refer to this as a
normal Corbino geometry set-up and later in this paper,
we introduce metallic regions in addition to the normal
Corbino geometry to improve the control of vortices (see
section IIT).

The simulations are performed using a finite element
method in space implemented in FEniCS.?® As is a stan-
dard approach to the time-dependent problem within our
finite element method, we discretize the time derivative
by a finite difference approximation. Specifically, the dis-
critization used here is in steps of DAt = 0.5. This allows
to obtain numerically converged results which was veri-
fied by decreasing this numerical parameter and checking
that the results remain unaffected.?® In the calculations,
we impose superconductor-vacuum boundary condition
along the outer circle edge of the finite sample:

(-iVA —2AA)-n =0 on boundary, (6)
(=VU —0;A)-n=0 on boundary, (7)

where m is the unit vector normal to the boundary. To in-
tegrate the partial deferential equation, initial conditions
at time ¢ = 0 are needed which we set to zero for all vari-
ables except A, while we choose A(z,y,t = 0) to be in
the superconducting state with some random fluctuation
over the entire 2D sample.®”

We consider very thin films for which the London pen-
etration depth is much larger than the thickness of the
sample so that the magnetic field can be taken to be
spatially uniform and described by the Coulomb-gauged
vector potential A = (—DBy, Bz,0)/2, simplifying the
boundary condition, Eq. (6)(7) further.

The external current is introduced by defining source
and drain sections at the vicinity of the open boundary
of the superconducting disk and that of the center, re-
spectively (see Appendix A for details). The width of



the source region is 0.5¢£. The drain section is set to be a
disk whose radius is 2.9¢ as shown in FIG. 10 in Appendix
A. Thus, the current flow is homogeneous in almost the
entire sample (except for the source and drain sections).
The current flows from the circle boundary towards the
center of the sample.

III. RESULTS
A. Basis of vortex control

In order to connect our simulation results to experi-
mentally accessible quantities, we consider the resistances
R = ABO/Q, where AO is the difference of the scalar po-
tential averaged in time and radially between two mea-
surement points. Since the externally sourced current is
constant in our system (except in the source and drain
sections), we can consider differences of the scalar po-
tential A© to be directly proportional to the resistance
(thus, we denote A® as resistance hereafter). Specifi-
cally, in this paper we calculate A© from the source and
drain points, denoted by O, — ©4 and two nearby points
across the Josephson junction, denoted by (:)C+ - 0._.

First, we show the results of the normal Corbino ge-
ometry set-up, which is summarized in FIG. 1, where we
plot the averaged resistances (:)S/CJr — (:)d/c, in (a),(b)
and in (c¢) the absolute value of the order parameter
|A] as a function of the applied magnetic field B (up-
per panel) and snapshots of the absolute value of the
order parameter in the lower panel. The upper panel
shows successive resistance plateaus with jumps in be-
tween [(a),(b)] while in (c¢) |A] displays an almost linear
decrease as B increases with jumps at the same points
as the plateau transitions in (a),(b). These jumps coin-
cide with an increase in the number of vortices as shown
in the lower panel (see the SM video1°®). For the first
plateau in (a),(b) and linear slope in (c) of the upper
panel, there is no corresponding vortex in the sample
as shown in the snapshot (A) of the lower panel. After
this, a sudden jump is observed in both the resistances
O, Jep — O, /e and the absolute value of the order pa-

rameter |A| at around BE? = 0.0425 in (a)(b) and (c)
of the upper panel. This signifies a nucleation of vor-
tices, followed by a circular stationary motion along the
Josephson junction due to the Lorentz force created by
the inward sourced current; compare the snapshots of
(A) and (B) in the lower panel. Then, the first non-zero
resistance plateau in (a),(b) and linear decrease of |A| in
(c) of the upper panel follow, and the vortex configura-
tion stays the same as shown in the snapshots (B) and
(C).%9 After this, another vortex nucleates as shown in
the snapshot (D) of the lower panel, and a new resistance
plateau shown in panel (a),(b) and a new linear slope in
(c) develop. This correspondence among (a),(b) and (c)
in the upper panel and the snapshots of |A| in the lower
panel holds even with increasing B-field. The height of
the resistance plateau in (a) and (b) are almost the same
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FIG. 1. Upper panels (a)(b) and (c) show the resistance A©
and the time-space-average of the absolute value of the order
parameter |A| as a function of the applied field B, respec-
tively. Here, we calculate the resistance by taking differences
of the averaged scalar potential © between (a) two nearby

points across the Josephson junction, denoted by © and

C+/,
(b) source and drain points, denoted by O, /d- The average is
taken over both time and space. For the scalar potential © in
panel (a) and (b), the space-average is taken over 100 central
angles from 0 to 27 while the order parameter|A| in panel
(c) is calculated by averaging over all |A| values in the entire
sample. The time-average is taken over 200 time steps for
both |A| and © after the space-average has been performed.
The applied B field is increased in steps of 5 x 1074672 ev-
ery 400 time steps from which the second 200 time steps are
used for the time-averaging when the stationary vortex mo-
tions have been established. The strength of the source term
is chosen to be Q/(D?/£¢%) = 0.2. Lower panel shows snap-
shots of the absolute value of the order parameter |A| at the
labeled points (A)-(F) in the upper panel (a)(b)(c). The cor-
responding video is available in the SM°® (see also TABLE I
in Appendix C).



among the last 3 resistance plateaus as expected as newly
nucleated vortices are always trapped on the Josephson
junction. Here, one thing to note is that the height dif-
ferences between the first to second and the second to
third of the resistance plateaus in (b) of the upper panel
is almost the same even though the number of vortices
change from 0 to 3 and 3 to 4, respectively. This is due
to the existence of a vortex at the center of the sample,
which gives rise to a deep downward slope toward the
center in © (see FIG 11 in the Appendix B for details),
which results in relatively large jumps in the resistance
measured from the source and drain points ©, — O4 in
(b) of the upper panel. This can also be understood from
the fact that the height differences between the second to
third and the third to fourth resistance plateau in (b) of
the upper panel are very different and the latter is almost
3 times as small as the one of the first to second, which
corresponds to an increase in the number of vortices from
0 in the snapshot (A) to 3 in (B) and 4 in (D) to 5 in
(E).

Overall, we identify mainly three issues in the normal
Corbino geometry set-up as far as controlling vortex mo-
tion is concerned. First, the number of vortices does not
increase one by one as is seen by comparing the snapshots
of (A) and (B) in the lower panel. Second, nucleation
points of the vortices cannot be controlled.’® Third, vor-
tices also go into the center of the sample rather than
being trapped on the Josephson junction as shown in
(C)-(F) of the lower panel. Thus, the number of vor-
tices to nucleate and spatial points of nucleation are out
of control.®! However, the vortices that are trapped in
the circular Josephson junction are equally spaced on
the circular junction, which is consistent with findings
in Refs. 42-44

In order to avoid the three issues above, we add other
metallic regions to the normal Corbino geometry set-up
to stabilize vortex nucleation. In this paper, we intro-
duce narrow metallic lines connected to the outside of
the superconducting film, with the suggested geometries
shown in FIG. 3 and 4. We call them as follows: the set-
up of FIG. 3(a) ”defect edge”, FIG. 3(b) 71 rail”, FIG.
4(a) 72 rails”, and FIG. 4(b) "4 rails”. We perform the
same analysis as in FIG. 1 with these new set-ups and
compare the pros and cons with respect to being able to
control vortices. The summarized results and the cor-
responding snapshots of the absolute value of the order
parameter for each set-up are shown in FIG. 2, 3 and 4.
First, in the case of the defect edge set-up, we observe
that vortices nucleate one by one at the defect point and
nucleation coincides with jumps of the average of the ab-
solute value of the order parameter |A| (see the blue line
in panel (c) of FIG. 2 and panel (a) of FIG. 3). How-
ever, the first nucleated vortex goes into the center of
the sample rather than being trapped on the Josephson
junction as can be seen in snapshot (C) in panel (a) of
FIG. 3. This vortex configuration can be also understood
by comparing the results from the two types of resistance
measurements, namely there is no change in ©, L= O,
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FIG. 2. Comparison of the the resistances A® in (a),(b) and
(c) a spatio-temporal average of the absolute value of the or-
der parameter |A| among the different set-ups (compare FIG.
3 and 4 for defect edge/1 rail and 2/4 rails set-ups, respec-
tively) as a function of the applied B field. The resistance
is calculated by taking differences of the averaged scalar po-
tential © between (a) two nearby points across the Josephson
junction, denoted by 6. e and (b) source and drain points,
denoted by O, /a (see Appendix B for details). The same aver-
aging procedure and a strength of the source term Q/(D?/¢°)
are used as in FIG. 1. For the black data points labeled (A)-
(G) at the top of the figure (black dotted vertical lines in the
figure are guide for the eye), the corresponding snapshots of
the absolute value of the order parameter |A| for each set-
up are shown in FIG. 3 and 4. All corresponding videos are
available in the SM®® (see also TABLE I in Appendix C).

while there is a jump in O, — G4 (see the blue line up
to the point (C) in panel (a) and (b) of FIG. 2). From
the points (C) to (D), another vortex is nucleated and
two vortices are trapped on the Josephson junction ex-
ecuting their stationary circular motions. Then, further
increase of B induces one by one vortex nucleation and
all vortices stay on the Josephson junction.

In the case of the 1 rail and 2 rails set-ups, again the
first vortex cannot be trapped on the Josephson junction
but goes into the center of the sample as shown in the
snapshots of (B) in panel (b) of FIG. 3 and panel (a)
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FIG. 3. Snapshots of the absolute value of the order param-
eter |A| at the black points in the plots of FIG. 2 for the
defect edge set-up (a) and the 1 rail set-up (b). All corre-
sponding videos are available in the SM®® (see also TABLE 1
in Appendix C).

of FIG. 4 although the 1 rail set-up shows one by one
vortex nucleation. The resistance behavior of the 1 and
2 rail set-ups are almost identical with overlapping plots
in panel (a),(b) of FIG. 2 except for the final plateau in
the magnetic field range from approximately B¢2 = 0.043
till the end, where the number of vortices change from
4 to 5 in the 1 rail set-up while it does change from 4
to 6 in the 2 rail set-up, see the snapshots (E) and (F)
in panel (b) of FIG. 3 and (a) of FIG. 4, respectively.
Also, |A| is slightly smaller in the 2 rails set-up than 1
rail set-up due to an additional metallic railing in the 2
rails set-ups, which reduces the overall order parameter.

Finally, unlike the other 3 set-ups, the 4 rails set-up
shows perfect one by one nucleation, followed by a circu-
lar stationary vortex motion on the Josephson junction
rather than vortices going into the center of the sample.
This can be clearly seen from the snapshots of the ab-
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FIG. 4. Snapshots of the absolute value of the order parame-
ter |A| at the black points in the plots of FIG. 2 for the 2 rails
set-up (a) and the 4 rails set-up (b). All corresponding videos
are available in the SM®® (see also TABLE I in Appendix C)

solute value of the order parameter in panel (b) of FIG.
4. Furthermore, the transition points in both resistances
Os/c. — Og4/._ and the absolute value of the order pa-

rameter |A| perfectly coincide as seen in panel (a),(b)
and (c) of FIG. 2, where each plateau in (a),(b) and each
linear slope in (c) indicate different numbers of vortices
in the system. Also, the fact that |A] is smaller as in the
other set-ups is due to the additional metallic railings as
already suggested for the comparison between 1 and 2
rails set-ups. Overall, the 4 rail set-up provides the best
on-demand control of vortices among these four set-ups.
One drawback of the railing set-ups (1,2, and 4 rails in
this paper) is that the vortex motion becomes dragged
by the intersections between the Josephson junction and
the rails when they circulate around the Josephson junc-
tion, which disturbs a smooth stationary vortex motion
on the Josephson junction and this effect does not arise
in the case of the normal Corbino and defect edge set-up
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FIG. 5. Phase diagram of the defect edge set-up from the
resistance A® as a function of strengths of the source term
Q@ and the applied field B, where the resistances are calcu-
lated by taking differences of the averaged scalar potential ©
between (a) two nearby points across the Josephson junction,
denoted by O, ,_ and (b) source and drain points, denoted
by 6, sd- The same averaging procedure is used as in FIG. 1.

All corresponding videos are available in the SM®® (see also
TABLE I in Appendix C).

(compare the SM videol-video5°®).

(a)

0.08

(3/a)/(Pe— ")

(b)

0.40 4
| 0.35 T

\
1
VLV

\

O\

0.30

\
|\ \

\

I0.25 1

Pg — ‘)
\

\

0.20 1
0.15 1
0.10 1
0.05 1
0.00 1

Y
O

(3/a)/(

\

FIG. 6. Phase diagram of 4 rails set-up from the resistance
AO as a function of strengths of the source term @ and the
applied field B, where the resistances are calculated by tak-
ing differences of the averaged scalar potential © between (a)
two nearby points across the Josephson junction, denoted by
O, +,_ and (b) source and drain points, denoted by Os/a-
The same averaging procedure is used as in FIG. 1. All cor-
responding videos are available in the SM®® (see also TABLE
I in Appendix C).

Next, we further investigate the defect edge and the 4
rails set-ups by studying the dependence on the strength



of the source term Q. Its effect on the resistance
Os/c, — Ogyc_ for the defect edge and the 4 rails set-
ups are shown in FIG. 5 and 6, respectively.

In the case of the defect edge set-up, as we have seen
from the analysis of this set-up discussed in the FIG.
2, the first nucleated vortex goes into the center of the
sample rather than being trapped on the Josephson junc-
tion for any value of the source term @, which is clearly
seen by comparing the resistance values in (a) and (b) of
FIG. 5 where there is no resistance jump in @C+ -0,
shown in panel (a) while there is a relatively large jump
in ©, — O, plotted in panel (b) at the magnetic field
strength approximately B&¢2 = 0.030. Another notable
point is that there is a relatively large jump approxi-
mately B&2 = 0.0425 for Q/(D?/£%) = 0.40 in panel (b).
This is because one of the vortices moves into the center
of the sample when a new vortex is nucleated (see the
SM video12°®), which causes the large jump in the re-
sistance ©, — ©4. Comparison among different @) values
shows that a larger source current yields a larger resis-
tance jump, as faster vortex motion induces a larger re-
sistance?42744 while the jumps between different plateaus
happen at almost the same B&2-value regardless of the
strength of Q.

For the 4 rails set-up in FIG. 6, in the region 0.10 <
Q/(D?/£%) < 0.20, the resistances O,/., — O/, show
a similar behavior for these ()-values. The first vor-
tex is successfully trapped on the Josephson junction
performing a stationary circular motion. For 0.25 <
Q/(D?/€5%) < 0.35, although the resistance ©., — O._
shows a plateau between approximately B¢2 = 0.025 and
0.030 (panel (a)), this plateau does not persist and the
resistance vanishes again for larger B-fields. The resis-
tance ©, — ©4, however, shows another jump at around
B¢? = 0.030. This signifies that the first vortex stays
on the Josephson junction from its nucleation time to
around B¢? = 0.030 and then moves into the center of
the sample afterwards (see the SM video16-18°%). In the
case Q/(D?/£5) = 0.40, we can observe the same feature
concerning the entrance of the first vortex as in the defect
edge set-up, namely there is no signal in the resistance
©., —O._ between approximately B¢ = 0.025 and 0.030
while there are large jumps in ©4 — ©4, which indicates
that the first vortex goes into the center of the sample
rather than being trapped on the Josephson junction (see
the SM video19°®). Furthermore, there appear resistance
drops in ©,/., —©g4/. between B&? = 0.0375 and 0.045
for Q/(D?/£5) = 0.05. Here, all four vortices in the sys-
tem are stuck at each of the intersections of the Joseph-
son junction with the rails because the source current
is not large enough to drive all vortices pass the inter-
sections against the attractive force and intricate vortex-
vortex interaction (see the SM video13°®). Overall, if the
strength of source term @ is too small, the railing inter-
sections strongly disturb the smooth stationary motion
of vortices on the Josephson junction whereas too large
currents fail to trap the first vortex on the Josephson
junction.
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FIG. 7. Upper panel shows an operation scheme for

initialization/read-out (fusion) and exchange processes of a
pair of Majorana zero modes (bound to vortices) controlled
by varying the applied field B (red line with left axis) and the
source term @ (blue line with right axis). Lower panel shows
snapshots of the absolute value of the order parameter |A| for
the black points (A)-(L) in the upper panel. The arrows in
the lower panel indicate the evolution of vortices (guide for
the eye). The corresponding video is available in the SM®®
(see also TABLE I in Appendix C).

B. Application of vortex control

Finally, as one of the applications for the vortex-
control paradigm, we simulate a series of operations us-
ing the 2 rails set-up investigated above. It consists of
initialization/read-out (fusion) and exchange processes,
which are what a quantum processor with Majorana zero
modes bound to vortices is supposed to do.5?

In FIG. 7, we simulate the exemplary basic opera-
tions for initialization/read-out (fusion) and exchange



processes employing two vortices. Snapshots of the ab-
solute value of the order parameter |A| and an operation
protocol are shown in the lower and upper panels, re-
spectively (see the SM video22 for the absolute value of
the order parameter |A| and video23 for that of phase
#%in the SM®®). For times ¢t with Dt < 50, the sys-
tem is in equilibrium with B = @ = 0 and there is no
vortex in the system as shown in the snapshot (A) of
the lower panel. At Dt = 50, a finite magnetic field
B is applied to create two vortices in the superconduct-
ing thin film as shown in the snapshot (B) of the lower
panel. Here, the applied value of B is determined cor-
responding to the one which gives two vortices in the 2
rails set-up shown as the orange line in FIG. 2. The two
vortices stay at the intersections between the Josephson
junction and the rails shown in snapshot (C) since there
is no driving current (@ = 0 at this time). To initial-
ize a pair of Majorana zero modes one can bring them
close to each other having their wave functions overlap-
ping. This corresponds to moving the two corresponding
vortices close to each other which splits the energy levels
of the two parity states the two Majoranas can be fused
to.!2 This distinction can be used to initialize the Majo-
rana qubit (see section III C) by putting each pair into a
definite parity state (e.g. the ground state parity). We
demonstrate this scheme by applying an inhomogeneous
magnetic field.%* Specifically, in our current set-up, the
inhomogeneous magnetic field is implemented in such a
way that B becomes non-zero only on the upper half of
the outer superconductor of the Josephson junction. At
Dt = 100, the inhomogeneous field is generated and the
two vortices move closer to each other as shown in snap-
shot (D).%° Once the inhomogeneous magnetic field is set
back to the homogeneous one at Dt = 150, the two vor-
tices go back to the original stable position, namely the
intersections of the Josephson junction with the rails as
observed in snapshot (E). At Dt = 200, the source cur-
rent is also applied, thus the system has both a finite
B and @, and the two vortices start to move along the
Josephson junction as shown in snapshot (F) and (G).
Just before the two vortices exchange their positions, the
current source @ is switched off (at Dt = 245). This
switch-off time is determined by how long it takes for two
vortices to exchange their positions. An exact timing is
not necessary here since slight deviations are corrected as
each vortex is attracted towards the closest intersection
of the Josephson junction with the rails (compare the SM
video20, 22, 24°%). After Q has been set to zero, the two
vortices stay at the intersections of the Josephson junc-
tion with the rails, see snapshot (H). The result of such
an exchange (braiding) operation can be read-out by fus-
ing again corresponding pairs of Majorana zero modes
by bringing their vortices in close proximity again (read-
out scheme).®® This is done by applying the inhomoge-
neous magnetic field at Dt = 295, see snapshot (I). At
Dt = 345, the inhomogeneous magnetic field is switched
off and the original homogeneous field is applied. Then,
at Dt = 395, the magnetic field is also turned off and

the two vortices move out of the system since there is
no magnetic field anymore as shown in snapshot (K). Fi-
nally, the system goes back to the original equilibrium
state with B = ) = 0, see snapshot (L).

In order to profit from the exchange statistics of non-
Abelian anyons, as we mentioned in section I, we need
at least four Majorana zero modes. Here, we show re-
sults of a simulation for controlling four vortices using
three Corbino geometry Josephson junctions with addi-
tional rails. The representative result is shown in FIG.
8, where snapshots of the absolute value of the order pa-
rameter |A| and a protocol for the braiding operation
are shown in the lower and upper panels, respectively
(see the SM video26°®). Unlike the disk geometry we
use above, here, we employ a rectangular geometry with
periodic boundary conditions along the y direction, e.g.
A(y+ L,) = A(y), where L, is the length of the sam-
ple in y-direction. The length of the finite strip geome-
try in « and y directions are set to be L, = 35{(= L)
and L, = 4L, respectively. We choose the vector poten-
tial A = (0, B(z — L/2),0), which satisfies the boundary
conditions of the current set-up. Four Corbino geometry
Josephson junctions are prepared on the sample (we call
these four Corbino geometries first, second, third, and
fourth with respect to y = 0). The radius and width of
the ring-shaped normal metallic regions are 8.5{(= R)
and 0.5¢, respectively. Even though the fourth Corbino
geometry is not used in this simulation, we introduce
it because together with periodic boundary conditions,
the current set-up essentially demonstrates a register of
qubits, which is more practical since multiple qubits are
required for the operation of a quantum processor. Thus,
there is no reason to believe, that the general results pre-
sented here cannot be incorporated and extended into
columns of such interconnected quasi-1D Corbino geom-
etry sequences on 2D superconducting materials.

Now, let us look into a result of the simulation. We be-
gin with the equilibrium situation as in FIG. 7, namely
B =Q = 0. At Dt = 50, we switch on the magnetic
field B to create four vortices on the superconducting
thin film as shown in the snapshot (A) of the lower panel,
where two vortices nucleate in the first and third Corbino
geometries via their rails. After the nucleation of vor-
tices, these four vortices spontaneously slide to x = L/2
through Josephson junctions since there is open space
between the first and third Corbino geometry Josephson
junctions, and the two vortices in the same Josephson
junctions repel each other This dynamics is shown in the
snapshot (B). After the two vortices achieve © = L/2
in each Corbino geometry, they stay at the intersections
between the Josephson junction and the non-connected
rails at * = L/2 as shown in the snapshot (C). Next,
one of the two vortices in each junction is sent to the
second Corbino geometry Josephson junction. For this
purpose, we induce current flow in x—direction around
the close vicinity of vortices in such a way that two vor-
tices located around y = L/2+ R and y = 2.5L — R
are pushed toward the second Corbino geometry Joseph-



son junction due to the Lorentz force. Thus, following
the same implementation for creating source current as
demonstrated in the disk geometry, we introduce an ex-
ternal current created by a source and drain of particles
whose strength is denoted by @), on both sides of the open
boundaries i.e. x = 0 and x = L with width £. These
sections are extended between y = L/2 (middle point
of the first Corbino geometry) and y = 1.5L — R (the
lower intersection between the second Corbino geometry
and non-connected rail) and between y = 1.5L + R (the
upper intersection between the second Corbino geometry
and non-connected rail) and y = 2.5L (middle point of
the third Corbino geometry).

Before switching on the source current, we reduce the
strength of the magnetic field to ensure that additional
vortices do not nucleate in the system. Here, we choose
the magnetic field to be half of the original value which
does not change the number of vortices in the system as
shown in the snapshot (D).5” This also shows that vor-
tices are so strongly trapped at the intersection that they
do not leave the system. Then, the externally applied
source current we defined above is switched on and one
of the two vortices in each junction is sent to the second
Corbino geometry Josephson junction as shown in the
snapshot (E). At Dt = 300, the source current is switched
off and the two transported vortices are trapped at an
intersection between the Josephson junction and non-
connected rails of the second Corbino geometry. Then,
the braiding operation is performed as demonstrated in
the case of the single Corbino geometry as shown in FIG.
7. Thus, the source and drain are created at the outside
and inside of the second Corbino geometry whose shapes
are a ring with radius/width 16.75£/0.5¢ and a disk with
radius 2.9¢, respectively. (The structure of the source
and drain sections are same as for the case of the disk
geometry used before. See also Appendix A for details).
The corresponding snapshots are shown in (G),(H). Af-
ter the externally applied source current is turned off, the
two vortices used for the braiding operation stay at the
intersection between the Josephson junction and the non-
connected rails as shown in snapshot (I). Finally, these
exchanged vortices are sent back to the first and third
Corbino geometries, respectively by the externally ap-
plied source current from the edge as used before which is
shown in snapshot (J). This time, the direction of current
flow should be opposite to the case of (E) to induce the
reverse vortex motion. In the numerical simulation, this
can be done simply by switching the sign of the charge
in the source and drain sections compared to the case
of (E)(£Q — FQ). After this, the externally sourced
current is set to zero and all four vortices are trapped at
the intersection between the Josephson junction and the
non-connected rails.
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FIG. 8. Upper panel shows an operation scheme for an ap-
plication of Majorana qubits controlled by the strength of
the applied magnetic field B (red line with left axis) and the
source term @ (blue line with right axis). Lower panel shows
snapshots of the absolute value of the order parameter |A| for
the black points (A)-(K) in the upper panel. The arrows in
the lower panel indicate the evolution of vortices (guide for
the eye). The corresponding video is available in the SM®®
(see also TABLE I in Appendix C).

C. Operations on Majorana qubits

The proposed operation schemes for vortices can be
implemented to perform operations on Majorana zero
modes by proximity-inducing the order parameter of
a s-wave superconductor into the surface of a three-
dimensional topological insulator (TT) where spin-helical
electrons reside. In the TI-based Corbino Josephson



junctions, an effective p-wave pairing is produced and
each vortex binds a single Majorana zero mode, which
we call Majorana vortex. In this section, we interpret
the simulation of vortex dynamics shown in section II1 B
in terms of Majorana vortices, and illustrate how the
operations shown in FIGs. 7 and 8 act on a Majorana
qubit.

We consider four Majorana vortices ~; with i €
{1,2,3,4} in three Corbino Josephson junctions con-
nected by rails, see (a) of FIG. 9. We prepare the con-
figuration where one pair of Majorana vortices is in the
left junction and the other is in the right junction, and
assume that the total number of fermions in the system
is conserved. They define a single Majorana qubit,

|0) = 1012034),  [1) = [112134), (8)
where |112154) = 01{2c24|012034> with complex fermion op-
erators, cly = (1 — i72)/2 and ¢k, = (y3 — i74)/2, built
from the Majorana modes; note that one can also de-
fine a qubit with odd fermion number states, |112034) =
ch|012034> and |012134) = c§4|012034>. Here, the eigen-
values n; = 0,1 of the occupation number operators
cjci corresponding to the empty and filled states of the
fermions, respectively, reflect the fusion of two Majorana
vortices. In this basis, the braiding operations depicted
in (a) of FIG. 9 are represented as

1
Z'Jvlzljggzﬁ(:l.—idz)7

where ¢; are the Pauli matrices in the qubit space. Here,
U, describes the braiding of a pair of Majorana in each
junction by adjusting the source currents shown in FIG.
7 and U 3 are that of Majorana vortices from different
junctions based on the simulation in FIG. 8. A sequence
of the operations UsUsU; acting on the Majorana qubit
on a Bloch sphere is illustrated in (b) of FIG. 9. The
unitary operations can be used to produce the Pauli gates
up to a phase factor,

U2 = _iozv (9)

U = —ios, UaUF = iy, Us=—io.. (10

The read-out of the quantum operation can be
done in the computational basis |012034),|112154) (or
[112034),]012134)) by bringing two vortices close together
(as shown in (D) of FIG. 7), e.g. by controlling a local
magnetic field, which lifts the degeneracy between the
empty and filled fermion states.

IV. CONCLUSION

We study dynamics of vortex motion in Corbino geom-
etry superconducting-normal-superconducting Joseph-
son junctions on a superconducting thin film in the
framework of the time-dependent Ginzburg Landau the-
ory. As expected, we observe that vortices move along the
Josephson junction due to the Lorentz force created by
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(a) . . (b)

FIG. 9. Schematic illustration of Majorana vortices ~;, de-
noted by magenta balls, in three Corbino Josephson junctions
connected by rails. (a) A sequence of operations by adopting
the simulations in FIGs. 7 and 8. (b) Bloch sphere repre-
sentation of the evolution of Majorana qubit, indicataed by
arrows in magenta, corresponding to the process in (a).

an externally sourced current flowing from the boundary
of the circle to the center, and this circular motion of vor-
tices on the Josephson junction can be captured through
the jumps between resistance plateaus. Results of our
simulation for the conventional Corbino geometry indi-
cate difficulties of controlling vortices, namely the one by
one increase in the number of vortices with increasing an
applied magnetic field, unpredictable nucleation points
of vortices, and trapping all the vortices on the circular
Josephson junction. This could explain the absence of
quantization in recent experiments.?” By installing ad-
ditional railings to the Corbino geometry set-up, these
three issues can be resolved and, specifically, the 4 rails
set-up ensures that all vortices stay on the Josephson
junction after the one by one vortex nucleation within
certain externally sourced current and applied magnetic
field regimes.

Further analysis for the defect edge and the 4 rails
set-ups by sweeping through the source current and the
applied magnetic field reveals that a larger source current
yields a larger resistance due to an increase in the speed
of the vortex motion on the Josephson junction, and the
4 rails set-up with up to moderate strength of the source
currents can prevent the first nucleated vortex from going
into the center of the superconductor sample rather than
being trapped on the Josephson junction.

As a prospective application of the vortex control in
Corbino geometry Josephson junctions, we demonstrated
the braiding (spatial exchange) of two vortices that can
be brought close together (fused) before and after the
exchange by tuning the external magnetic field and the
source current. These basic control elements would allow
to read-in, operate and read-out qubits based on Majo-
rana zero modes. Isolated Majorana zero modes are non-
abelian anyons (Ising anyons) that are confined at the
center of vortices in spinless p—wave superconductors.



We also proposed a (scalable) platform of interconnected
Corbino rings where four vortices can be manipulated in
a way that corresponds to non-abelian state operations
for Majorana zero modes bound to the vortices.
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Appendix A: Structure of source and drain
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FIG. 10. Structure of the source and drain creating an exter-
nally sourced current whose strength is denoted by @ in Eq.
(4). The source and drain sections are in the vicinity of the
open boundary of the superconducting disk and in its center,
respectively. The width of the source section is 0.5{. The
drain section is implemented as a disk whose radius is 2.9€.
This set-up is used for all simulations except for the one in
FIG. 8. Here, we show the structure with Q/(D?/£%) = 0.2
as an example.

The structure of the source and drain is shown in FIG.
10. This implementation induces homogeneous (except
for the source and drain sections) current flow from the
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circle boundary to the center of the sample. This struc-
ture is employed for all simulations except for the one in
FIG. 8.

Appendix B: Distribution of averaged scalar
potential ©
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FIG. 11. Distribution of the averaged scalar potential © for
the normal Corbino set-up used for making plots in panel
(a),(b) of FIG. 1. As explained in FIC. 1, the resistance A®
are calculated by taking differences of the averaged scalar po-
tential © between two nearby points across the Josephson

junction, denoted by © and source and drain points, de-

/-

noted by O, /a- Specifically, the two dot points in this figure
are used for the former while the origin and the end of each
line are used for the latter. The vertical black line corresponds
to the middle of the Josephson junction. r is the radial coor-
dinate from the center to the open boundary of the sample.
The chosen parameters B¢? correspond to the values of the
black dot points denoted by (A)-(F) for the normal Corbino
set-up in FIG. 1.

In this section, we show the distributions of the av-
eraged scalar potential © over both space and time for
the normal Corbino and 4 rails set-ups shown in FIG. 11
and FIG. 12, respectively. As is mentioned in the main
text, when a vortex resides in the center of the sample,
the distributions of the averaged scalar potential © at
that vicinity (aka around the center of the drain section)
shows the deep downward slope toward the center, which
is clearly seen by comparing the blue, green, orange and
red, purple, brown curves in FIG. 11. They correspond
to the snapshots (A)-(C) and (D)-(F) in the lower panel
of FIG. 1, respectively.
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FIG. 12. Distribution of the averaged scalar potential © for
the 4 rails set-ups used for making plots in panel (a),(b) of
FIG. 2. As explained in FIG. 2, the resistance A© is cal-
culated by taking differences of the averaged scalar potential
© between two nearby points across the Josephson junction,
denoted by © and source and drain points, denoted by

C+/7
O,/4. Specifically, the two dot points in this figure are used
for the former while the origin and the end of each line are
used for the latter. The vertical black line corresponds to the
middle of the Josephson junction. r is the radial coordinate
from the center to the open boundary of the sample. The
chosen parameters B2 correspond to the values of the black
dot points denoted by (A)-(F) for the 4 rail set-up in FIG. 2.
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Appendix C: Short explanation of the videos

In this section, we illustrate an overview of the videos
found in the SM°® and connect them to all the figures in
the main text. This is summarized in TABLE 1.
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TABLE I. Short explanation of the videos in the SM®®. This
table presents an overview of the video in the SM and links
them to all the figures in the main text.

video set-up  quantity Q/(D?/€%) FIGs Ton/on *
1 normal |A 0.20 1
2 defect edge |A| 0.20 2,3,5
3 1rail Al 020 2,3
4 2rail Al 020 2,4
5 drail Al 020 2,4,6
6  defect edge |A| 0.05 5
7 defect edge |4 0.10 5
8  defect edge |A| 0.15 5
9  defect edge |A| 0.25 5
10 defect edge  |A] 0.30 5
11 defect edge  |A| 0.35 5
12 defect edge  |A| 0.40 5
13 4rail Al 0.05 6
14 Arail Al 0.10 6
15 drail Al 0.15 6
16 drail Al 0.25 6
17 Arail Al 0.30 6
18 4rail Al 0.35 6
19 drail Al 0.40 6
20 2rail A 0.20 7 200/240
21 2rail 1] 0.20 7 200/240
22 2rail Al 0.20 7 200/245
23 2rail ¢ 0.20 7 200/245
24 9rail Al 0.20 7 200/250
25 2rail ¢ 0.20 7 200/250
26 special A 0.54 ¢ 8  375/420

a The time of switching on/off the source current for exchanging

vortices. The unit is D~1. This column is applicable only for
the simulations involving the vortex exchange.

b A special set-up used for the qubit simulation in section ITIC
¢ The Q/(D?/£5) value for exchanging vortices
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There is only one exception and that is the case of the
normal Corbino geometry set-up without any impurities or
rails (see below) where a slight change of DAt causes the
nucleation points of vortices and the number of vortices to
be different as they are determined by random numerical
fluctuations. This is discussed further in section IV.
Specifically, both real and imaginary part of the complex
order parameter R[A] and J[A] are set to be /0.5 + 4,
where ¢§ is chosen randomly from a uniform distribution
0 € (—0.01,0.01]. However, since we concentrate on ana-
lyzing the steady state, none of the general conclusions are
affected by the initial conditions.

See Supplemental Material.

Here, the resistance measured in the vicinity of the Joseph-
son junction shows a small decrease, which is due to the
shift of vortices trapped on the Josephson junction to-
ward the center as can be seen from the comparison of
the snapshots (B) and (C) in the lower panel. This slight
shift causes the small decrease in the resistance measured
in the vicinity of the Josephson junction because the two
nearby measuring points across the Josephson junction are
fixed while vortices are pushed toward the center. Com-
paring to other plateaus in panel (a) of FIG. 1, this is the
only plateau which shows a slight decrease. This is because
there is one special vortex residing at the center of the su-
perconducting sample which prevents other vortices on the
Josephson junction from being pushed toward the center
due to vortex-vortex interactions.

When a vortex nucleates into the sample, the rotational
symmetry of the Corbino geometry is spontaneously bro-
ken.*>** Tiny inhomogeneities such as defects, thermal
fluctuations, or even numerical flucatuations matter for the
system to decide where the vortices nucleate.

In the case of the numerical simulation, we observe that
even a slight modification of the meshing configuration re-
quired for the finite element method changes the nucleation
points and the number of trapped vortices, when the sys-
tem starts to develop vortices, which is also reported in
Ref. 70.

Here, we focus on the simplest case of non-topological s-
wave superconductors, however, the main conclusions of
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our study should carry over to the case of topological (p—
or d—wave) superconductors, where Majorana bound state
resides at the core of vortices since the vortex-control is
rather similar and not crucially dependent on the pairing-
symmetry. Our goal here is to concentrate on the vortex
dynamics mimicking the quantum operations with Majo-
rana zero modes.

In the video for the time dependent phase map ¢(z,y,t), a
27 phase winding around each vortex and the exchange of
two vortices are clearly shown. During the exchange pro-
cess, the phase of the inner superconductor ¢i, in 7 < R
changes by —2m, while that of the outer superconductor
Pout in r > R remains almost the same. In terms of Ma-
jorana operators ;=12 = exp (i);) ¢ + exp (—it;) ¢ with
Yj = (¢in — Pout)/4 + m(j — 1)/2 and complex fermion
operators ¢ and ¢ ,*® the process results in the exchange:
Y1 =72, Y2 = 1

S. S. Hegde, G. Yue, Y. Wang, E. Huemiller, D. Van
Harlingen, and S. Vishveshwara, Annals of Physics 423,
168326 (2020).

Here, the initial distance of the two vortices is only mod-
erately reduced. However, since how close they should be
to induce a coupling between the Majoranas depends on
specific material parameters, we only establish here the
possibility of controlling the distance of the two vortices
by the inhomogeneous magnetic field.

Braiding two Majorana zero modes cannot change the par-
ity of their fusion state, but it can change the parity of
the fusion state of other pairs of Majorana zero modes.
To perform non-trivial quantum operations by braiding,
one therefore needs more than one pair of Majorana zero
modes, see section 111 C.

According to our simulation, if we simply use the original
magnetic field value, additional vortices nucleate when one
of the two vortices in each junctions is sent to the second
Corbino geometry Josephson junction.
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