Supplemental Material to “Theory for Anomalous Terahertz Emission in Striped
Cuprate Superconductors”

I. PLANE WAVES IN THE MEDIUM WITH
STRIPES

Here we analyse plane waves in the sample with stripes.
Because of the translational symmetry breaking along
the z-axis, the structure of free harmonics contains the
mixing between ¢, and ¢, + (Q wave vectors; at the same
time, along the z-axis, we can substitute an evanescent
wave ansatz:

Bmat,y = (aeiqzz + Bei(Qz+Q)Z)e—/\w—iwt7 (Sl)

where A(w, ¢.) is yet unknown wave vector that depends
on both w and ¢,; a and 8 are two coefficients that en-
code the strength of the mentioned mixing. Substituting
this ansatz into the fourth Maxwell equation with the
modified dielectric function, Eq. (8) of the main text, we
obtain the electric field in the sample:
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Plugging this result into the third Maxwell equation, we
get the following secular equation:
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where k,,,(¢,w) is determined implicitly through
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For consistency, when solving this equation, we choose
the root with Re k,,, (¢, w) > 0. There are four eigenvalues
of Eq. (S2):

2

- _ ~ A
k2 4 k2, + \/(k,a T E2)? - 4k31k,2n<1 - 7)

Z

2(1-%) |

where we defined k,, = km(q. + Q,w). We select the
two of them with Re A, Re Ay > 0 that describe waves
decaying into the sample. We choose these roots such
that in the limit A — 0, we get A1 = k,,, and Ay = Ko
Equation (S2) also fixes the ratio between the amplitudes
a and f3:
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FIG. S1. Bulk polariton scenario. While the photocurrent

in Eq. (1) does not depend on frequency w, for w < wypr, we
find that the amplitude of the radiation into the air displays a
peak at wypr. This peak, though, is smeared out for realistic
values of the quasiparticle damping 7.. The inset illustrates
that the photocurrent serves as a drive that emits radiation
into the air and the superconductor.

II. BULK POLARITON SCENARIO

In this section, we consider a simplified phenomenolog-
ical model, where we assume the presence of a broadband
photocurrent, Eq. (1) of the main text, but we neglect
stripes and do not take into account how they modify
the dielectric properties of the sample. This is a bit ar-
tificial because the photocurrent generation itself is ex-
pected to occur due to the stripes [16]. Nevertheless, this
approach allows us to separate the response due to the
bulk Josephson plasmons from the surface modes since
the latter remain silent because they lie outside the light
cone, as shown in Fig. 1(a) of the main text. In other
words, the emission we compute below comes entirely due
to the bulk excitations.

To get the emission properties in this model, we first
solve the Maxwell equations in each media. In the air,
we have an outgoing plane wave, which we write as:

—twx /c—iwt —iwzx /c—iwt
Bair,y = Bae / ; Eair,z = CBae / ; (85)

where B, (w) encodes the amplitude of this plane wave.
In the superconductor, the solution reads:

Bmat,y = Bmeiqmz_thv (86)

where ¢, (w) is yet an unknown wave vector that depends
on w, and By, (w) is the amplitude of this medium har-
monic. From the fourth Maxwell equation, we obtain the



electric field in the sample:

2
gmC
Emat,z = - Bm

We,

eiqmz—iwt' (S?)

By plugging this into the third Maxwell equation, we get:
q2, = w?e.(w)/c*. Now, using the generalized Fresnel
boundary conditions, derived in the main text, we finally
obtain:

dJ;
Ho NL = f(w)ﬂodJNL. (88)
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This is the central result of this section, which we turn
to discuss in detail.

Figure S1 shows the amplitude f(w) of the emitted into
the air radiation as a function of frequency w. We find
that even though the photocurrent is flat for w < wjpr,
f(w) is peaked at wypr, i.e., the superconductor acts a
low-frequency filter to the featureless drive Jyp,(w). The
reason for this peaked behavior is the enhanced due to
the van Hove singularity density of states of bulk c-axis
Josephson plasmons at w = wypr. We now turn to dis-
cuss the dependence of f(w) in more detail. First, at large
frequencies w 2 wjpr, where the photon dispersion in-
side the sample (bulk polariton) becomes approximately
linear, the drive can emit light into both the air and the
material. The fraction of how much it emits into the
air is entirely determined by the relative speed of light
¢/¢m = \/Escab in the air to that in the superconduc-
tor. For instance, in case ¢ = ¢,,, half of the radiation
would go into the air and the other half into the sample.
Second, for small frequencies w — 0, we find that f(w)
becomes suppressed and, in particular, f(0) = 0. The
reason for this is that fundamentally, the superconductor
can easily screen dc current, not allowing a low-frequency
electric field to develop.

We comment that the peak at wjpr can be smeared
out by finite .. For realistic parameters, this smearing
effect is profound, and the resulting emission spectrum
is too broad to explain the experiment [16]. In contrast,
the surface scenario provides sharp emission even if ~,
is notable essentially because the Umklapp photocurrent
resonantly drives the surface modes.

We turn to discuss an additional argument why the
bulk scenario is inconsistent with the experimental phe-
nomenology. In the experiment [16], the emission was
detected in two LBCO samples corresponding to two dif-
ferent dopings. These samples have stripes with differ-
ent relative strengths and out-of-plane coherence lengths,
and the resulting emission was more intense and much
narrower in frequency for the sample with stronger, more
coherent stripes. The issue with the bulk scenario, how-
ever, is that the far-field reflectivity, which entirely de-
termines the emission properties associated with the bulk
modes, is known to be insensitive to the stripes [16, 57].
Therefore, the bulk plasmons are expected to produce

B,(w) =

similar radiation in the two samples, with the same line-
shapes independent of the stripe correlation length and,
thus, disagreeing with the experiment. In contrast, the
emission from the surface Josephson plasmons is acutely
sensitive to the CDW order, further justifying our ex-
pectation that the observed phenomenon comes from the
surface modes.

III. SURFACE JOSEPHSON PLASMONS AT
LARGE MOMENTA

In the main text, we considered bulk c-axis Josephson
plasmons with flat dispersion, as encoded in momentum-
independent electric permittivity (3). If one is interested
in small momenta close to the light cone ¢ ~ w/c, then
this approach is well-justified. However, we also encoun-
tered in the main text the situation of Bragg mixing of
surface modes with small momenta to those that have
large momenta ¢ ~ Qcpw. For these latter modes, it
might be essential to consider the momentum depen-
dence of £(w,q), as we do in this section. On the phe-
nomenological level, the leading correction to the flat c-
axis dispersion comes from the effects of quasiparticle
compressibility, which, in turn, sets a very large Thomas-
Fermi momentum scale grr. We expect that in cuprates
Qcow S grr S 27 /ap, implying that: i) Qcpw is still
small enough so that one can essentially disregard mo-
mentum dependence of (w, q) for ¢ < Qcpw; ii) the lat-
tice reciprocal momentum 27 /aq is large, and effects of
compressibility cannot be ignored at such a momentum
scale [59]. In the literature, the dispersions of the usual
surface plasmons and the surface Josephson plasmons in
stacked 2D metals and anisotropic superconductors have
been discussed in various geometries, including infinite
half-space, thin film [60], and spherical particles [61]. In
our theory, we go beyond previous treatments of surface
Josephson plasmons by including the effects of quasipar-
ticle compressibility, which allows us to capture the dis-
persion of surface excitations at large momenta of the
order of QCDW-

We describe the electric response of superconductors
within the two-fluid model [62], where the total electric
current J = J,, + J; is represented as a sum of the quasi-
particle contribution J,, and the one due to the superflow
Js. For the normal component, we write Ohm’s law but
take into account the effects of electrochemical potential
du = dp/x, where dp represents the electric charge den-
sity and x is the compressibility:

J, =06(E —Vou). (S9)
For simplicity, we assume that the quasiparticle conduc-

tivity tensor 6 = diag(oap, 0ap, 0c) is frequency and mo-
mentum independent. For the superconducting part, we



write London’s equation:

O Js = ANE — Vép). (S10)

Within the BCS theory, the tensor A= diag(Aap, Aap, Ac)
is proportional to [1|?, where v is the superconducting
order parameter. We also have the continuity equation:

O0p+V-J =0. (S11)

Using 6oV - E =6p and V x B = ug(J,, +Js) + 0, E/c?,
we evaluate the dielectric tensor of the material:
daqp

€ap(q,w) = adap + (o — 1) 55—, (S12)
dTr
where
w2 iy,
a=1—-a4 = S13
e e ($13)

Here we used that A, = eqw, and o, = €9y, and defined
the Thomas-Fermi momentum as ¢%n = x/go. Equa-
tion (S12) implies that the c-axis Josephson plasmon dis-
persion is no longer flat: w?(q,) = wipr (1 + ¢2/¢3p). In
the limit gtp — 0o, we reproduce the result in Eq. (3),
up to unimportant for this discussion anisotropy factors.

We turn to investigate plane waves in this dispersive
medium and plug in the usual ansatz:

B — Byﬂ ezq,x—&-zqzz—uut’

E = (Ezi‘ + EZ;:’)eiQEJC'HQzZ—’Lwt.

(S14)
(S15)

Using the third and fourth Maxwell equations, we ob-
tain an implicit equation on ¢, (q,,w): det M(q,,w) =0,
where M is a 2 X 2 matrix given by
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This secular equation is only bi-quadratic in q,.. By solv-
ing it, we find four roots, out of which only two describe
waves that decay into the sample (¢, = ik, so that

Re k:S,IL),Re k:g) > 0). We choose these roots such that

in the limit grp — oo, the harmonic ky(,lL) reduces to the
result (5) of the main text:

[k(D]? = gc(ﬁ _ wj) [1 (e —&c)’a 4 }
m Eap 2 £ce2,Ghp
(S16)

Notably, as grp — 00, the second root kﬁ,%) ~ grp di-
verges, which essentially means that the second harmonic
can be disregarded, as we elaborate below.

Our subsequent task is to study the surface collective
excitations. Since for given ¢, and w, we have two distinct
harmonics in the sample, we write the following ansatz:

| Byeka® <0
Bz — equz—zwt{ o€ ) €T (817)
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Amplitudes By, B, and Bs are related to each through
appropriate boundary conditions, which we turn to de-
rive. From the first Maxwell equation, we obtain:

50(Emat,a: - Eair,x) = 5PQD, (818)

where dpop is the two-dimensional surface charge density,
which we assume to be nonzero. Faraday’s law gives:

Emat,z = Eair,z- (Slg)

From Ampere’s law, we obtain that the two-dimensional
surface current flows along the z-axis, Jop || £, which, in
turn, gives:

Biat,y — Bair,y = HoJ2D, - (S20)

By integrating the continuity equation (S11) near the
surface, we finally get:

6t502D + 8ZJ2D,,Z + Jmat,z =0. (821)

We note that the third term represents the 3-dimensional
current density, reflecting the fact that the surface charge
can leak into the bulk of the sample. To obtain a closed
system of equations, we use the medium equations and
find:

iw(e b — 1 0,0, F
ﬂOJmat,x = 7% Emat,ac - %ﬂw}y
TF
wq
MOJQD,Z = _CQq; ( c 1)[Emat,z - Eair,z]-
TF

These medium relations, together with Eqgs. (S17)-(521),
form a closed set of equations, which allows us to ob-
tain the spectrum of the surface Josephson plasmons at
arbitrary momenta.

While the above set of equations can be directly (nu-
merically) solved, here we aim at understanding the ef-
fects of quasiparticle compressibility perturbatively, to
the leading order in g72. To this end, one can neglect

the second strongly damped harmonic k,(qz) in Eq. (S17)
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and solve the following boundary problem:

Emat,z = Eair,Za
_wgs(ec —1)

2 2 [Emat,m -
Gy

Bmat,y - Bair,y = Eair,m]-
We remark that this perturbative approach satisfies the

continuity equation (S21) to the leading order in qﬁ%. In

other words, the role of the harmonic £ is to satisfy the
charge conservation at higher orders. For the spectrum
of surface Josephson plasmons, we obtain the following
approximate equation:

1 2 c ]- c 2 c ]-
= 14 EE 2D )] + =5 e D) (s22)
a 4Ty ko €cldTR
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FIG. S2. Dispersion ws(q:) of the surface excitations for large
momenta g, ~ qrr, where the effects of quasiparticle com-
pressibility become notable. In contrast to the behavior at low
momenta near the light cone (inset), see also Fig. 1(a), where
ws(q-) displays a quick saturation near wypr, now ws(q-) is no
longer flat. In cuprates, we expect Qcow < grr S 27/ao. In
this case, the stripes momentum Qcpw is still quite small,
ws(Qcpw) =~ wiypr, and the effects of compressibility are
unimportant at this scale. At the same time, the lattice mo-
mentum 27 /ao is large resulting in ws(27/ao) being substan-
tially different from wjpr.

Figure S2 shows the resulting dispersion wg(q,). While at
low momenta, ¢, < qTF, we reproduce the same behavior
as in Fig. 1(a), i.e., ws(q.) shows a quick saturation near
wypR, at larger momenta, ws(q,) becomes dispersive. In
particular, for momenta ¢, 2 grr, we expect that w(g,)
will be substantially different from wjpr. The result in
Fig. S2 implies that for the interpretation we offer in the
main text to be consistent, in the experiment, we should
have Qcpw S g1 S 27/ap so that w(Qopw) ~ wipR-
This latter requirement is essential from the perspective
of back folding of the modes with momenta ¢, ~ Qcpw,
which should have frequency close to wjpg-

IV. BULK VS SURFACE CONTRIBUTIONS TO
THE SPECTRUM OF OUTGOING RADIATION

So far, we primarily studied strongly anisotropic su-
perconductors with wgp > w.. A unique feature of such
materials is that the surface modes saturate at the fre-
quency immediately below the bulk Josephson plasmon
resonance wjypr. 1his makes distinguishing whether the
features in the spectral function of outgoing radiation
arise from the surface or bulk modes difficult. To resolve
this question, here we solve the problem for isotropic
superconductors, where the surface plasmon frequency
wypRr/ V2 is well separated from the bulk.

Figure S3 shows the emission spectral function f(w) in
isotropic superconductors. For Jy = 0, f(w) displays a
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FIG. S3. Emission spectrum f(w) in a system with we, =
we = 1THz, vap = v = 0.1THz, €xc,ab = €co0,e = 1,
A = 0.1. In such isotropic superconductors, bulk and sur-
face resonances have notably different energies. This allows
us to conclude that the homogeneous component Jy of the
photocurrent drives the bulk plasmons only, while the Umk-
lapp one Jy affects the surface plasmons, in turn, providing
a sharp resonant structure of f(w).

double-peak structure near the bulk resonance: the dip
that appears at wypr corresponds to the bulk plasmon
splitting in the striped phase due to the hybridization
between zero and finite momentum bulk modes. Impor-
tantly, once Jy # 0, f(w) exhibits an additional sharp
peak at the surface resonance. This confirms both that
the sharp resonance in Fig. 2 is due to the surface Joseph-
son plasmons and that surface Josephson plasmons can
only be resonantly excited by a nonzero Umklapp pho-
tocurrent. We remark that the bulk features are not
severely renormalized by Ji;. We conclude that the zero
momentum photocurrent Jy drives bulk modes and leads
to a broad emission, while the Umklapp photocurrent Jy
primarily drives surface excitations and leads to a sharp
peak at the surface plasma resonance — see the inset in
Fig. S3 for a summary.

V. REFLECTION FROM A MEDIUM WITH
BRAGG MIXING

Here we compute the reflection coefficient r, of the
medium with stripes. Following the discussion in the
main text, cf. Egs. (9)-(10), we write the magnetic field

as (g, = 0):

Bair,y _ [aa(efkaa: + rpekaw) + ﬂaekam+in]67iwt7 (823)
Bmat,y _ [amef)\w:(l + ,ylein)

+ ﬁme_)\Zz(;)’Q + ein)]e—iwt. (824)
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FIG. S4. Reflectivity R(w) in anisotropic (left) and isotropic
(right) superconductors with stripes. Provided the amplitude
A of the CDW order is nonzero, there occur new features in
R(w) near the bulk plasmon resonance wypr. At the same
time, as indicated in the right panel, no features occur at
the surface resonance, implying that the far-field photons are
coupled only to the bulk plasmons. Parameters in the left
(right) panel are the same as in Fig. 2 (Fig. S3).
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Now, the coefficients «aq, Ba, m, Bm are related to each
through the appropriate Fresnel boundary conditions,
which in turn give an implicit equation on r,: det N = 0,
where

1 L e K21 1 L e K21 )7
rp+1  e2—A2Nkorp—1 \rp+1 sngQ)\gkarpflw
N: c I’%Q c ]’%2 (825)
1 77”1) 1 c__ fm
(i) REEVEIwS

For A =0, we reproduce the familiar expression:

rp = Sta = Fim (S26)
ccka + km

We compare the usual Josephson plasma edge appear-
ing in the reflectivity spectra of a layered superconduc-
tor without stripes to reflectivity spectra renormalized by
the stripes in Fig. S4 (left). We find that for A # 0, the
Bragg mixing between zero momentum, g, = 0, and fi-
nite momentum, q, = Qcpw, gives rise to a plasma edge
splitting. As shown in Fig. S4 (right), where following the
preceding section, we consider isotropic superconductors
and confirm that the new features in Fig. S4 (left) come

(

from the bulk. In other words, far-field measurements,
even in the presence of the CDW order, are sensitive to
the bulk and not the surface excitations. However, up to
relatively large stripe amplitudes, A ~ 0.1es ¢, the new
features appear negligible and can be easily missed within
the experimental precision. This is consistent with reflec-
tivity experiments in stripes which have reported only a
single plasma edge. For this reason, in our calculations
for terahertz emission, we use the value of A = 0.1ex ¢
as a reasonable upper limit to the stripe amplitude.
Notably, we find that the coupling to finite momentum
modes can drastically enhance terahertz emission even
though reflectivity probes are essentially insensitive to
these modes up to large values of the stripe strength A.
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