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We study the generation of single-photon pulses with the tailored temporal shape via nonlocal spectral fil-
tering. A shaped photon is heralded from a time-energy entangled photon pair upon spectral filtering and
time-resolved detection of its entangled counterpart. We show that the temporal shape of the heralded photon is
defined by the time-inverted impulse response of the spectral filter and does not depend on the heralding instant.
Thus one can avoid post-selection of particular heralding instants and achieve substantially higher heralding rate
of shaped photons as compared to the generation of photons via nonlocal temporal modulation. Furthermore,
the method can be used to generate shaped photons with a coherence time in the ns-µs range and is particularly
suitable to produce photons with the exponentially rising temporal shape required for efficient interfacing to a
single quantum emitter in free space.

I. INTRODUCTION

Single-photon optical pulses with the desired temporal
shape, i.e. desired temporal envelope of the electro-magnetic
field, can be produced from time-energy entangled photon
pairs either via nonlocal temporal [1] or spectral [2–6] mod-
ulation [7]. Both shaping methods can be implemented using
various sources of entangled photon pairs and can be poten-
tially scalable to produce multiple shaped photons. Also, both
methods are seemingly highly related to each other and can
be described in a unified formalism [6]. One might even think
that it does not matter which modulation one uses on a given
entangled resource, except for the difference in the shaping
procedure. But there is an important difference between these
methods on which we focus in this work.

When using the first method (see Fig. 1(a)) the shaped pho-
ton is produced by temporal modulation and frequency re-
solving detection of its entangled counterpart. The modula-
tion function uniquely defines the temporal shape of the her-
alded photon, while the outcome of the frequency-resolving
detector defines the central frequency of the heralded photon
[1]. Therefore, post-selection on the detected frequency is re-
quired to produce a shaped photon with the desired central
frequency, which is important for the efficient interaction of
the photon with a single two-level atom [8–10], or a quantum
memory [11, 12]. However, such post-selection lowers the
generation rate of shaped photons and limits the applicability
of this shaping method.

We show in this work that the situation is different when
the shaped photon is produced from an entangled photon pair
via spectral filtering and time-resolved detection of its entan-
gled counterpart (see Fig. 1(b)). The filter function uniquely
defines the spectral shape of the photon and its central fre-
quency, and the heralding instant defines the timing of the
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produced shaped photon. Heralding instants are not known
in advance, but they can be used as synchronization signals
for further applications of heralded shaped photons. For ex-
ample, when a heralded photon is supposed to be stored in a
quantum memory, then the storage process can be synchro-
nized using a heralding instant of the photon. To be more spe-
cific, the heralding instant of the shaped photon can be used
as a synchronization signal in the case of a quantum memory
based on a three-level scheme [11], where the control pulse
needs to be properly synchronized with a single-photon pulse.
Therefore, all heralding events can be used without the need
of post-selection. Compared to the case of temporal modula-
tion the generation rate of shaped photons can be substantially
increased.

In this paper we theoretically analyze the generation of
shaped photons from time-energy entangled photon pairs us-
ing a nonlocal spectral filtering method. We demonstrate its
main features and, particularly, estimate the heralding rate
of shaped photons achieved with the method. In Sec. II we
present a simple description of the method assuming perfect
temporal correlations of photon pairs. In Sec. III we derive
a general expression for the shape of the photon heralded
from photon pairs with the finite correlation time and estimate
the heralding probability of photons. In Secs. IV and V we
model the generation of photons with an exponentially ris-
ing temporal shape from practical source of entangled photon
pairs, such as cavity-assisted spontaneous nonlinear process.
In Sec. VI we consider an interaction of a single photon and a
two-level atom and estimate maximum excitation probability
of the atom, when a photon has an exponentially rising tem-
poral shape. In Sec. VII we consider the effect of potential
experimental imperfections on the shaping performance and
in Sec. VIII we estimate the application range of the shaping
method. Sec. IX concludes the paper.
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FIG. 1. Generation of temporally shaped single-photon pulses from time-energy entangled photon pairs via (a) nonlocal temporal modulation
or (b) nonlocal spectral filtering. As an example, the generation of photons with the exponentially rising temporal shape is considered. Time-
energy entangled photons are called signal and idler, for convenience. The photons are correlated in the time domain, i.e. their conditional
temporal width tc is smaller than unconditional width tu: tc � tu. In (a) idler photon is modulated with the exponentially rising wave-
form, with the characteristic modulation time tm. In (b) idler photon passes spectral filter with the Lorentzian transmission function with the
characteristic bandwidth ωm ∼ t−1

m . Inset shows the corresponding amplitude (solid line) and phase (dashed line) of the impulse response of
the spectral filter. In the first case, post-selection of the particular outcome of the frequency-resolving detector is required to herald a signal
photon with the desired temporal shape and carrier frequency. The post-selection is performed with a spectral resolution ωd. In the second
case, detection instant defines timing of the heralded shaped photon. Characteristic temporal resolution of the detector is td. All clicks herald
signal photons with identical temporal shape and can be used without post-selection.

II. SHAPING WITH MAXIMALLY ENTANGLED
PHOTONS

Here we present a simple model of the generation of tempo-
rally shaped photons from entangled photon pairs using non-
local spectral filtering [13]. Principal scheme of the shaping
procedure is shown in Fig. 1(b). We call photons of an en-
tangled pair as signal and idler and approximate the entangled
state of a photon pair in the time domain as follows:

|Ψ〉si ∝
∫

dt|t〉s|t〉i, (1)

where |t〉 = â†(t)|0〉 stands for a single-photon state. An
optical pulse in such a quantum state causes the detector to
trigger at the moment of time t. Hereafter, integration limits
are infinite.

The expression (1) implies that the detection moment of
signal/idler photon is uncertain, but these moments are per-
fectly correlated. Making the substitution |t〉 ∝

∫
dω eiωt|ω〉

for the signal and idler single-photon states in (1), one gets
the following representation of the entangled state in the fre-

quency domain:

|Ψ〉si ∝
∫

dω|ω〉s| − ω〉i, (2)

where |ω〉 = â†(ω)|0〉 denotes a single-photon state with the
photon frequency ω. Hereafter, frequencies of signal and idler
fields are counted relative to corresponding central frequen-
cies of fields. The expression (2) shows that entangled pho-
tons which are perfectly correlated in time also possess perfect
anti-correlations in frequency. The physical reason is the fol-
lowing - in a physical process of the photon pair generation
the photons are generated instantly (hence perfect correlation
in time) and their total energy is well-defined (hence perfect
anto-correlation in frequency).

At the next step of the shaping method the idler photon is
sent to the spectral filter. The effect of the filter on the pho-
ton is described in the frequency domain by a complex trans-
mission function F (ω). It gives a probability amplitude for a
photon with a frequency ω to pass the filter. In the time do-
main the filter is described by the impulse response function
F(τ) =

∫
F (ω)e−iωτ dω/2π, which defines the probability

amplitude for a single photon |τ〉 to pass the filter with the
time delay τ . If the idler photon passes the filter, then the re-
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sulting quantum state of the photon pair is obtained from (1)
and (2) using the following substitutions:

|ω〉i → F (ω)|ω〉i, (3)

|t〉i →
∫

dτF(τ)|t+ τ〉i (4)

A photocount of the detector at the time instant t′ corre-
sponds to the detection of an idler photon in the state: |t′〉i ∝∫

dω′eiω′t′ |ω′〉i. This detection event heralds a signal photon
in the following conditional quantum state:

|ψ〉s ∝ i〈t′|Ψ〉si ∝
∫

dωF (−ω)eiωt′ |ω〉s. (5)

The last expression shows that the spectral shape of the her-
alded photon is defined by the frequency-reversed filter func-
tion F (ω). The inversion is due to the initial frequency anti-
correlations of signal and idler photons (2). Applying the
Fourier transformation to (5), one gets the corresponding con-
ditional state of a signal photon in the time domain

|ψ〉s ∝
∫

dtF(t′ − t)|t〉s. (6)

The expression shows that the temporal shape of the heralded
photon is defined by time-reversed impulse response of the
filter: ψs(t|t′) ∝ F(t′− t). The following distinctive features
of the shaping method are related to this result.

First, the temporal shape of the heralded signal photon can
be controlled by choosing the spectral filter with a specific
spectral function. The spectral filter can be implemented with
an optical interferometer [3, 14], optical cavities [4, 15–17],
an atomic ensemble [18, 19], etc.

Second, the heralding instant t′ defines the timing of the
heralded shaped photon. This is illustrated in Fig. 1(b), where
detector photocounts at different time instants herald pho-
tons which have identical shapes and are synchronized with
the heralding instants. Therefore, post-selection of particular
heralding instants is not required, and a higher heralding rate
of shaped photons can be achieved. This property of shaping
via the spectral filtering makes it substantially more practical
compared to the photon shaping via the temporal modulation
[1].

The third feature is the time reversal of the filter response
which can be useful for several quantum optics tasks. For
example, one can generate a single photon with the rising ex-
ponential profile using a spectral filter with the exponentially
decaying impulse response which can be implemented with
the combination of optical cavities [15]. Such shaped photons
are required for the efficient excitation of a two-level quantum
emitter in free space [8–10], photon coupling to an atomic en-
semble [20], and efficient photon loading into an optical cavity
[21, 22].

III. SHAPING WITH NON MAXIMALLY ENTANGLED
PHOTONS. HERALDING PROBABILITY

Above we analyzed the generation of shaped signal pho-
tons assuming that the entangled photons are perfectly corre-

lated in time and anti-correlated in frequency (see (1) and (2)).
Here we consider a more realistic case, when the correlations
of photons are non-perfect, and we derive a more general ex-
pression for the shape of signal photons produced via nonlocal
spectral filtering. We will also derive the conditions necessary
for the method to work and we estimate the heralding proba-
bility of shaped photons.

The general time-energy entangled state of two photons
reads as [23]:

|Ψ〉si =

∫∫
dtdt′Ψ(t, t′)|t〉s|t′〉i (7)

=

∫∫
dω dω′Φ(ω, ω′)|ω〉s|ω′〉i. (8)

Here Ψ(t, t′) and Φ(ω, ω′) are temporal and spectral prob-
ability amplitudes. Their squared modulus defines the joint
probability density to detect signal and idler photons at time
instants t and t′ or with frequencies ω and ω′, respectively.
The amplitudes are related via the two-dimensional Fourier
transformation. Fig. 2 shows schematically the joint probabil-
ity densities in the time and frequency domains. The functions
are stretched along diagonals, that means the photons are cor-
related in time and anti-correlated in frequency. tu,c and ωu,c
depict characteristic unconditional/conditional temporal and
spectral widths of photons. These widths are related via the
Fourier transformation and satisfy the following uncertainty
relations [24, 25]: tuωc ∼ 1 and tcωu ∼ 1. Thus, correlations
of photons in time (tu � tc) imply their anti-correlations in
frequency (ωu � ωc). Also ωm and tm denote the characteris-
tic passband of the filter and its corresponding response time.
These quantities fulfill the uncertainty relation tmωm ∼ 1.

Filtering of the idler photon is described by the following
transformation of spectral and temporal joint probability am-
plitudes, respectively

Φ(ω, ω′)→ F (ω′)Φ(ω, ω′), (9)

Ψ(t, t′)→
∫

dτF(τ)Ψ(t, t′ − τ). (10)

The detection of the idler photon at time instant t′ announces
the signal photon in the conditional state. The state reads in
the frequency and temporal domains, respectively

|ψ〉s ∝ i〈t′|Ψ〉si

∝
∫

dω

[∫
dω′F (ω′)Φ(ω, ω′)e−iω′t′

]
|ω〉s (11)

=

∫
dt

[∫
dτF(τ)Ψ(t, t′ − τ)

]
|t〉s. (12)

The last two expressions are generalizations of the expres-
sions (5) and (6), respectively, for the case of arbitrarily en-
tangled photon pairs. The expressions in square brackets give
the shape of the heralded signal photon, in the frequency and
time domains, respectively. In general, the shape depends on
the initial entanglement of photons, filter function and herald-
ing instant.
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FIG. 2. Joint probability densities of entangled photons are represented by blue ellipses in frequency (left) and time (right) domains.
ωu, tu denote unconditional spectral and temporal width of signal/idler photons and ωc, tc denote conditional ones. The ellipses tend to anti-
diagonal/diagonal lines in the limit of perfectly correlated photons. Spectral filtering of the idler photon and its successful time-resolved
detection heralds shaped signal photon such that: its spectral shape is defined by the frequency-reversed transmission function of the filter (see
(5)) and its temporal shape is defined by the time-reversed impulse response of the filter (see (6)).

In the limit of perfectly correlated photons, the correlation
time tc of photons is the smallest parameter in a shaping ex-
periment and unconditional temporal spread tu is the largest
one, i.e.:

tc � tm � tu, (13)

where tm is the characteristic response time of the filter. The
equivalent inequality in the frequency domain is:

ωc � ωm � ωu. (14)

It means that the filter pass band ωm is larger than conditional
spectral spread of photons ωc and smaller then the uncondi-
tional one ωu. Corresponding probability densities tend to
blue straight diagonal lines in Fig. 2. Using the approxima-
tions Ψ(t, t′) ∝ δ(t − t′) and Φ(ω, ω′) ∝ δ(ω + ω′) in (11)
and (12) one reproduces the results of the previous section,
namely, the photon shape is defined by the filter function (see
Eqs. (5) and (6)).

Assume that after the filter all idler photons are used as her-
alds for shaped signal photons, i.e. no post-selection of detec-
tion outcomes is performed (see Fig. 1(b)). Then the herald-
ing probability of shaped photons is defined by the fraction
of idler photons that have passed the filter. It can be formally
calculated as

R =

∫∫
dω dω′ |F (ω′)Φ(ω, ω′)|2 (15)

≈ ωm

ωu
=
tc
tm
. (16)

The last two expressions are estimations of the heralding
probability using characteristic spectral and temporal widths.

Heralding probability is a probability that photons with un-
conditional spectral width ωu will pass a filter with the pass-
band ωm.

For the comparison, the heralding probability of shaped
photons produced via the temporal modulation (see Fig. (1)(a)
and [1]), can be estimated as: R′ ≈ tm

tu
ωftc. Here, the ratio

tm/tu 6 1 is a probability that idler photon with unconditional
temporal spread tu passes the temporal modulator within the
time window tm. Second term ωftc � 1 represents the re-
duction of heralding probability due to the selection of out-
comes of the frequency-resolving detector within the narrow
frequency range ωf � tm. Such post-selection is required to
produce photons with a well-defined central frequency. Since
this term is absent in expression (16) the heralding probability
of the shaped photon achieved via nonlocal spectral modula-
tion can be substantially higher than the heralding probability
provided by nonlocal temporal modulation method. Namely,
the enhancement factor is R/R′ ≈ 1/ωftm � 1. Below we
consider the generation of shaped photons using a particular
source of entangled photons.

IV. GENERATION OF PHOTONS WITH AN
EXPONENTIALLY RISING TEMPORAL SHAPE FROM

SINGLE PHOTON PAIRS

Here we consider the generation of photons with the ex-
ponentially rising temporal shape, which are required for the
efficient interaction with a two-level quantum emitter in free
space [8–10], with an ensemble of atoms [20], for coupling to
a quantum memory [11, 12], to an optical [21] or a supercon-
ducting resonator [26]. As a resource, we consider pairs of
time-energy entangled photons with the following joint prob-
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ability amplitude of a single pair:

Ψ(t, t′) ∝ e−|t−t
′|/2tc ,

where 0 ≤ t, t′ ≤ tu
(17)

This joint amplitude shows that the probability to detect a sig-
nal/idler photon is non-zero and constant within the time in-
terval of duration tu. Signal and idler detection instants are
correlated with the correlation time tc. Such entangled photon
pairs can be produced in cavity-assisted spontaneous paramet-
ric down-conversion (SPDC) [27], or spontaneous four-wave
mixing (SFWM) [28]. For these sources tc is defined by the
photon lifetime in the cavity. tu depends on the generation
process. It is defined by the duration of the pump pulses that
drive the nonlinear process in the pulsed pump regime. In the
continuous pump regime tu is defined by the average time in-
terval between successively generated photon pairs and can be
estimated as the inverse average rate of photon pairs n̄−1.

To produce a signal photon of exponentially rising temporal
shape with the rise time tm, the spectral filter in the heralding
arm should have an exponentially decaying impulse response
with the response time tm. Such a filter can be implemented
using a high-finesse optical cavity or a combination of optical
cavities [15, 16]. The transmission function of the required
filter and its impulse response read, respectively:

F (ω) = (1− 2iωtm)
−1
,

F(t) =
1

2tm
e−t/2tmΘ(t),

(18)

where Θ(t) is the Heaviside step function. Substituting (17)
and (18) into (9 - 12) one gets expressions for the joint state of
photons after the filter and the heralded state of a signal pho-
ton, both in frequency and temporal domains. Fig. 3(a) shows
the normalized temporal distribution of idler photons calcu-
lated as

∫
dt′|Ψ(t, t′)|2, using (10). Fig. 3(b) shows the tem-

poral distribution of signal photons heralded upon detection
of idler photons at different time instants, which are marked
with vertical dashed lines. The time instants are random and
come from the quantum measurement process. One sees that
heralded signal photons are synchronized with the heralding
instants. For heralding instants t′ ∈ (tm, tu], the temporal
shapes of photons are identical and reproduce smoothed ris-
ing exponent, i.e. time-reversed impulse response of the filter
placed in the heralding arm. The smoothing is due to the finite
correlation time of the photon pairs.

However, for signal photons heralded in the beginning
and the end of the time interval, there are deviations from
the properties stated above. Namely, for heralding instants
t′ ∈ [0, tm), the photon shape depends on the heralding
instant and represents itself a distorted rising exponent. For
heralding instants t′ > tu the signal photon is not synchro-
nized with the heralding instant. These deviations are due
to the model of entangled photon pairs used (see expres-
sion (17)), namely, due to the assumption that the photon pairs
span only a finite time window. When the condition tm � tu
is fulfilled, then most of the heralded photons have exponen-
tially rising temporal shape.

(a) Idler

(b) Signal

FIG. 3. (a) Temporal distribution of idler photons before (dashed
line) and after (solid line) spectral filter in the idler arm. (b) Tempo-
ral distribution of signal photons conditioned upon detection of idler
photons at time instants t′1, t′2, t′3 (solid curves). Dashed curves rep-
resent distributions obtained without spectral filtering of idler pho-
tons and reproduce second-order cross-correlation function. The
functions are normalized to unity at their maximum. The relation be-
tween parameters is chosen as following: tu : tm : tc = 150 : 10 : 1.
The heralding probability for these parameters is R ≈ 0.17 accord-
ing to (15).

We now assume that all idler photons, that went trough the
filter, are used to herald shaped signal photons. Then for
parameters of the example presented in Fig. 3 the heralding
probability reads according to (15): R = 0.17. It coincides
well with an estimation obtained from (16). For comparison,
the probability to herald shaped signal photons using the tem-
poral modulation and frequency resolving detection of idler
photons, is estimated as R′ ≈ 0.02 (see [1]). Thus, the first
method allows to achieve the heralding probability, which is
ten times higher than the heralding probability achieved by the
second method, when the same sources of entangled photons
are used.

V. GENERATION OF SHAPED PHOTONS FROM A
CONTINUOUS STREAM OF ENTANGLED PHOTON PAIRS

Here we consider a more advanced model to describe the
generation of photons with a given temporal profile using non-
local spectral filtering. We consider spatially single-mode sig-
nal and idler fields with slowly varying amplitudes âs,i(t).
Squared modules of these amplitudes define fluxes of sig-
nal and idler photons. We use the Heisenberg formalism to
describe the transformation of the fields during the shaping
procedure. We assume that the fields are stationary and their
properties are fully characterized by the following first order
auto- and cross-correlation functions, respectively (see, for
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example, [29]):

G
(1)
ss,ii(t, t

′) = 〈â†s,i(t)âs,i(t
′)〉 = n̄e−

|t−t′|
2tc

(
1 +
|t− t′|

2tc

)
,

(19)

G
(1)
si (t, t′) = 〈âs(t)âi(t

′)〉 =

√
n̄

2tc
e−
|t−t′|
2tc . (20)

Right hand sides represent correlation functions of fields
which are generated via SPDC or SFWM process in a sym-
metric low-loss nonlinear optical cavity in the low pump
regime (see, for example, [27, 28]). The expressions imply
that the average fluxes of signal and idler photons are n̄ and
the correlation time of the fields is tc .

Filtering of the idler field performed in the shaping method
is described by the following transformation of the field am-
plitude similar to (4)

âi(t)→
∫

dτF∗(τ) âi(t+ τ), (21)

where F(τ) is the impulse response of the filter. The aver-
age flux of idler photons after the filter can be obtained by
combining (21) and (19). Particularly, one gets the following

explicit expression for the photon flux when a filter with the
exponentially decaying impulse response is used (18):

n̄′i = G
(1)
ii (t, t) = n̄

(2t−1c + t−1m )

tm(t−1c + t−1m )2
= [tm � tc] ≈ n̄

2tc
tm
.

(22)

The expression shows that the flux of idler photons after the
filter is reduced by 2tc

tm
times. Furthermore, the expression

gives the heralding probability of signal photons, if all idler
photons after the filter are used as heralds:

R =
n̄′i
n̄

=
(2t−1c + t−1m )

tm(t−1c + t−1m )2
(23)

= [tm � tc] ≈
2tc
tm

(24)

It confirms the estimation of the heralding probability ob-
tained above (16).

The cross-correlation function of signal and idler fields af-
ter the idler filtering is obtained by substituting (21) into (20).
The coincidence detection of signal and idler photons is char-
acterized by the following normalized second-order cross-
correlation function of the signal and idler fields g(2)si (t, t′):

g
(2)
si (t, t′) = 1 +

|G(1)
si (t, t′)|2

ns(t)n′i(t
′)

= 1 +
1

2n̄tc

1

1 + 2tm
tc


(

2−(1+ tc
tm )e(1− tc

tm )(t−t′)/2tc

1− tc
tm

)2

e(t−t
′)/tm , t 6 t′

e−(t−t
′)/tc t > t′

(25)

The expression shows that the correlations are stationary after
the filtering of the idler field. The first term of the function
describes accidental coincidence detection of photons and the
second term describes coincidence detection due to the detec-
tion of photons of a correlated photon pair. The later repro-
duces smoothed time-inverted impulse response of the filter,
under the condition tc � tm. Furthermore, the second term
exceeds the first one when

tm � n̄−1, (26)

i.e. when the number of photon pairs per response time of the
filter is smaller than one. This condition reproduces the right-
hand side of the condition (13), provided a continuous stream
of photon pairs is used.

Summing up, the obtained result confirms the interpreta-
tion that the detection of idler photon in the considered shap-
ing method heralds a signal photon with the temporal shape
determined by the impulse response of the filter. The pho-
ton shape does not depend on the heralding instant, but it is
synchronized with the heralding instant. When one uses a
continuous stream of narrowband photon pairs with the prop-
erties described by the functions (19, 20) and apply a filter
with the exponentially decaying impulse response (18), then a

non-normalized temporal shape of the heralded photon reads:

ψs(t|t′) ∝


(

2−(1+ tc
tm )e(1− tc

tm )(t−t′)/2tc

1− tc
tm

)
e−(t

′−t)/2tc , t 6 t′

e−(t−t
′)/2tc t > t′.

(27)

VI. EXCITATION OF A TWO-LEVEL ATOM WITH AN
EXPONENTIALLY SHAPED PHOTON

Here we consider the excitation of a two-level atom through
4π solid angle illumination with an exponentially shaped
single-photon pulse (27). It is known that the probability of
finding the atom in the excited state depends on the photon
temporal shape and is maximal for the exponentially rising
shape with the rise time of the shape matched to the atom ra-
diative lifetime [8–10]. Maximum excitation probability can
be used to quantify the quality of the exponential shape of
single photons generated via the described above method of
nonlocal filtering.

To estimate the excitation probability we use the analogy
between the dynamics of the excitation of a two-level atom
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FIG. 4. Time-dependent probability p(t) (solid blue line) of finding
a two-level atom in the upper state upon free space mode-matched
excitation of the atom with a single-photon resonant pulse with expo-
nentially rising temporal shape |ψs(t)|2 (gray dashed line) produced
via nonlocal filtering (see Exp. (27)). The parameters are chosen the
same as in Fig. 3, i.e. tm : tc = 10 : 1. Temporal shape of the
photon is normalized to unity at the maximum. Maximum excitation
probability for given parameters is pmax = 0.95 and it is achieved at
t = 0 that is the heralding instant of the shaped photon.

with a single photon and loading of a photon into a single-
sided optical cavity [21, 30]. Then the excitation probability
at the time instant t reads as

p(t) =

t∫
−∞

(
|ψs(t

′)|2 − |ψ̃s(t
′)|2
)

dt′, (28)

where ψs(t) is the temporal shape of the photon and ψ̃s(t) =

(2/tm)
∫

e−(t−t
′)/tmψs(t

′) dt′−ψs(t) is a shape of the photon
scattered by the atom. Fig. 4 shows the time-dependent prob-
ability of finding a two-level atom in the upper state which is
excited with shaped single photon (27) heralded at the time
instant t′ = 0. The temporal shape of the photon is shown
in Fig. 4 by the dashed line. The values of tc and tm are the
same as in Fig. 3. Notably, the moment of maximum excita-
tion probability is synchronized with the heralding instant of
the shaped photon (in Fig. 4 this moment is t = 0).

The maximum excitation probability pmax = maxtp(t) of
the atom with the shaped photon (27) can be calculated ana-
lytically

pmax =
ε

ε+ 1/2
, where ε = tm/tc. (29)

Fig. 5 shows both the maximum excitation probability and the
heralding probability of the shaped photons (23) as functions
of the parameter ε.

VII. INFLUENCE OF POTENTIAL IMPERFECTIONS

Here we consider several experimental imperfections which
can affect the properties of the shaped photons heralded using

0.1 0.5 1 5 10

0.2

0.4

0.6

0.8

1.0

FIG. 5. Gray dashed line denote heralding probability (23) of pho-
tons with the exponentially rising temporal shape (25) as a function
of ε = tm/tc. Solid blue line denotes maximal excitation probability
(29) of a two-level atom achieved via the full solid angle illumina-
tion with the single photon. The rise time of the exponential photon
shape is matched to the radiative lifetime of the atomic transition.

nonlocal spectral filtering and we present experimental condi-
tions to reduce effects of these imperfections.

First, the finite temporal resolution of the detector td in the
heralding arm (see Fig. 1(b)) results in a corresponding un-
certainty of the heralding instant of the shaped signal photon.
The effect is negligible if the resolution td is shorter than the
temporal duration of the heralded photon defined by the tem-
poral response of the filter, i.e. td � tm.

Second, a drift of the filter central transmission frequency
by ωd affects the spectral and temporal properties of the her-
alded photon. Particularly, in the limit of perfect frequency
anti-correlations of the photons, a positive shift of the fil-
ter frequency by ωd results in a negative shift of the spec-
trum of the heralded photon by the same amount as can be
seen from Fig. (2). The effect is negligible if the frequency
shift is smaller than the bandwidth of the heralded photon, i.e.
ωd � t−1m .

VIII. ESTIMATIONS OF ACHIEVABLE PARAMETERS

Here we consider temporal durations and temporal shapes
of photons which are achievable with the discussed shaping
method. Conditions (13) and (26) can be summed up as the
following inequalities for the temporal duration tm of shaped
photons

{tc, td} � tm � {tcoh, n̄
−1} (30)

The duration is limited from below by the correlation time
tc of photon pairs, which are used as an entangled resource,
and by the temporal resolution of the detector td in the herald-
ing arm. For SPDC-/SFWM-based sources of entangled pho-
tons the time is defined by the phase-matching bandwidth in a
nonlinear medium (fs-ns range) or by the photon lifetime in a
cavity-assisted configuration (ns range). The temporal resolu-
tion of modern single-photon detectors is tens to hundreds of
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picoseconds. Furthermore, for SPDC-/SFWM-based sources
of entangled photon pairs the coherence time tcoh of the pump
laser (µs-ms range) limits the maximal tm. Therefore, dis-
cussed shaping method is suitable to produce shaped photons
from ns to µs. Also the number of photon pairs per time con-
stant of the filter tm should be smaller than one, i.e. n̄ tm � 1.
This limits the flux of shaped photons to MHz÷GHz range.

Notably, the impulse response of any passive spectral filter
fulfills a general causality condition, namely, the response de-
pends on past and current inputs, but not on future ones. This
can be formally expressed as F(τ < 0) = 0 in (6). This con-
dition implies that the shape of the heralded photon always
terminates at the heralding instant. In other words, only the
shapes with a distinctive end can be produced with the pro-
posed shaping method.

The range of achievable photon durations and a relatively
simple way to produce photons with an exponentially rising
temporal shape show that the method is particularly useful
to produce photons suitable for efficient interaction with sin-
gle quantum emitters, such as single atoms or ions. To in-
crease the heralding probability of shaped photons, it is ad-
vantageous to use entangled photons, such that their uncon-
ditional bandwidth ωu is close to the desired bandwidth ωm
of shaped photons, as it follows from the expression (16).
Thus, such sources of narrowband entangled photon pairs, as
cavity-assisted SPDC/SFWM (see, for example, [19, 28]) and
SFWM in an atomic ensemble [4, 22], are particularly attrac-
tive for the efficient generation of shaped photons suitable to
excite single quantum emitters.

As an example, we estimate parameters of a source of en-
tangled photon pairs, which is suitable to produce shaped pho-
tons for the efficient photon-atom coupling. We set the max-
imum excitation probability to be pmax ≈ 90% and the pulse
duration to be tm = 35ns. It follows from (29) and Fig. 5 that
photon pairs with a correlation time of not more than tc = 7 ns
are required. Furthermore, the flux of entangled photon pairs
is limited by the condition n̄ � t−1m = 30 MHz according
to (13). The heralding probability for the above parameters is
R ≈ 0.3 (see Fig. 5) and the average flux of heralded shaped
photons is limited by n̄s � n̄R = 10 MHz.

IX. CONCLUSIONS

We studied a method to produce temporally shaped photons
from entangled photon pairs via nonlocal spectral filtering.

Namely, a temporally shaped photon is produced via spectral
filtering and time resolving detection of its entangled counter-
part. We establish conditions on the entanglement properties,
parameters of the spectral filter and temporal resolution of the
detector, which ensure that the shape of the heralded photon is
defined by the time-reversed impulse response of the spectral
filter in the heralding arm.

We show that the method has several distinguishing fea-
tures as compared to shaping via the nonlocal temporal mod-
ulation [1]. First, heralded photons are synchronized with the
heralding instants and have the same temporal shape. Second,
post-selection of outcomes of a time-resolving single-photon
detector is not required to produce identically shaped photons
with the same central frequency. As a result, the shaped pho-
tons are produced at a much higher rate, exceeding the one
attainable by nonlocal temporal modulation of photons [1].
Third, when a heralded shaped photon is used to excite a two-
level atom in free space then the moment of the maximum ex-
citation probability is synchronized with the heralding instant.
Fourth, the method imposes very moderate requirements on
the experimental resources. Given a source of entangled pho-
tons, the method requires just two shaping components to pro-
duce shaped photons: a spectral filter and a time-resolving
photon detector. Finally, the method provides shaped photons
in the broad range of durations from ns to µs. This method
is particularly suitable for producing photons with a rising ex-
ponential shape, which are required for efficient light-matter
quantum interface. For example, one can use an optical cavity
as a shaping filter, which has required exponentially decaying
impulse response.

The studied heralded shaping via the spectral filtering
alongside with the shaping method based on the temporal
modulation [1] constitute a toolbox to produce shaped photons
with different durations and shapes in a heralded and poten-
tially scalable way. We anticipate that such methods will push
forward quantum optics experiments with temporally shaped
photons.
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