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We construct an inspiral-merger-ringdown eccentric gravitational-wave (GW) model for binary black holes
with non-precessing spins within the effective-one-body formalism. This waveform model, SEOBNRv4EHM,
extends the accurate quasi-circular SEOBNRv4HM model to eccentric binaries by including recently com-
puted eccentric corrections up to 2PN order in the gravitational waveform modes, notably the (l, |m|) =

(2,2), (2,1), (3,3), (4,4), (5,5) multipoles. The waveform model reproduces the zero eccentricity limit with an
accuracy comparable to the underlying quasi-circular model, with the unfaithfulness of . 1% against quasi-
circular numerical-relativity (NR) simulations. When compared against 28 public eccentric NR simulations
from the Simulating eXtreme Spacetimes catalog with initial orbital eccentricities up to e ' 0.3 and dimension-
less spin magnitudes up to +0.7, the model provides unfaithfulness < 1%, showing that both the (2, |2|)-modes
and the higher-order modes are reliably described without calibration to NR datasets in the eccentric sector. The
waveform model SEOBNRv4EHM is able to qualitatively reproduce the phenomenology of dynamical captures,
and can be extended to include spin-precession effects. It can be employed for upcoming observing runs with
the LIGO-Virgo-KAGRA detectors and used to re-analyze existing GW catalogs to infer the eccentricity pa-
rameters for binaries with e . 0.3 (at 20 Hz or lower) and spins up to . 0.9− 0.95. The latter is a promising
region of the parameter space where some astrophysical formation scenarios of binaries predict mild eccentric-
ity in the ground-based detectors’ bandwidth. Assessing the accuracy and robustness of the eccentric waveform
model SEOBNRv4EHM for larger eccentricities and spins will require comparisons with, and, likely, calibration to
eccentric NR waveforms in a larger region of the parameter space.

I. INTRODUCTION

Most inspiraling binaries observed by ground-based
gravitational-wave (GW) detectors are likely to form via iso-
lated binary evolution [1–14] and are expected to circular-
ize [15] by the time they enter the detector frequency band.
However, a small fraction of binaries may have non-negligible
orbital eccentricity in the LIGO, Virgo or KAGRA [16–18]
frequency band if they form through dynamical captures and
interactions in dense stellar environments, such as globular
clusters [19–39] or galactic nuclei [40–47], and through the
Kozai-Lidov mechanism [48, 49] in triple systems [50–56].
Thus, measuring eccentricity in the GW signal from merg-
ing binaries provides key information about the origin and the
properties of the population of such binaries [57–62].

So far, the observed GW events detected by LIGO and
Virgo [63–65] are consistent with quasi-circular binary coa-
lescences. Nevertheless, there are increasing efforts to search
for eccentricity signatures in the current GW events [66–73].
With upcoming upgrades of ground-based detectors and third-
generation detectors like the Einstein Telescope or the Cosmic
Explorer [74–77], as well as future space-borne detectors like
LISA and TianQin [78, 79], the fraction of GW events with
non-negligible orbital eccentricity is expected to significantly
increase [80–83]. Therefore, developing accurate waveform
models that include the effects of eccentricity is essential to
detect eccentric binaries, infer their properties, and provide
information on their astrophysical origin.

Gravitational waveforms from inspiraling eccentric bina-
ries have been developed within the post-Newtonian (PN)
formalism [84–100]. Numerical-relativity (NR) simulations
for eccentric binary black holes (BBHs) were produced in
Refs. [70, 101–106], but they are still limited to a small region

of the binary’s parameter space and do not cover the entire
bandwidth of ground-based detectors (unless the binary total
mass is larger than ∼ 70M� [106]). Under the assumption
that the binary circularizes before merger, inspiral-merger-
ringdown (IMR) (hybrid) waveforms, in time or frequency-
domain, have been developed in Refs. [105, 107, 108] by com-
bining the inspiral phase from PN with the merger and ring-
down signal from either NR or the effective-one-body (EOB)
formalism. Recently, NR surrogate models for equal-mass
non-spinning eccentric binaries were built in Refs. [106] by
directly interpolating NR simulations. Guided by compar-
isons with NR simulations, Ref. [109] has proposed a method
to include eccentricity effects in existing quasi-circular IMR
waveform models for low eccentricity. Regarding systems
with matter content, like binary neutron stars or neutron-star–
black-hole binaries, there have been also efforts to produce
eccentric NR simulations [110–112], as well as analytical
work studying the coupling between eccentricity and tidal ef-
fects [113–115]. However, complete eccentric IMR waveform
models including matter effects have not been developed, yet.

Within the efforts to model IMR waveforms for eccen-
tric BBHs, the EOB formalism [116, 117] has recently seen
a lot of progress [118–126]. The EOB formalism is a
framework that combines information from PN theory, NR
and BH perturbation theory to accurately describe the inspi-
ral, merger and ringdown of a binary coalescence (see e.g.,
Refs. [124, 127–139]). The current eccentric EOB waveform
models are constructed by improving the EOB description of
the eccentric inspiral and plunge, but they still employ a quasi-
circular merger-ringdown model [121–124]. Nevertheless,
this approach has been able to construct EOB waveforms that
are faithful to existing, although limited, (public) NR wave-
forms from the Simulating eXtreme Spacetimes (SXS) catalog
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with eccentricity smaller than 0.3 and mild spins.
In this paper, we develop a multipolar eccentric EOB wave-

form model that builds on the quasi-circular SEOBNRv4HM
model [133] for BBHs with aligned spins1 and includes re-
cently derived eccentric corrections up to 2PN order [126],
including spin-orbit and spin-spin interactions, in the (l, |m|) =

(2,2), (2,1), (3,3), (4,4), (5,5) multipoles. This eccentric
waveform model, henceforth SEOBNRv4EHM, has comparable
accuracy to the quasi-circular SEOBNRv4HM model in the zero
eccentricity limit when compared to quasi-circular NR wave-
forms, and produces unfaithfulness< 1% against eccentric NR
simulations [107] from the SXS collaboration. When restrict-
ing to the (2, |2|)-modes we refer to the model as SEOBNRv4E,
in analogy to the quasi-circular case, which corresponds to
the SEOBNRv4 model in Ref. [131]. Furthermore, we develop
generic initial conditions for elliptical orbits including two ec-
centric parameters. We also implement hyperbolic-orbit ini-
tial conditions, and we briefly show the ability of the model
to reproduce the phenomenology of hyperbolic encounters,
thus paving the path to the description of generic BBH coa-
lescences.

This paper is structured as follows. In Sec. II, we out-
line our multipolar eccentric EOB waveforms, and describe
how the eccentricity effects are introduced in each building
block of the model, notably the conservative and dissipative
dynamics and the gravitational waveform modes. We also de-
velop initial conditions for elliptic orbits including two ec-
centric parameters. In Sec. III, we assess the accuracy of
the multipolar eccentric waveform model by comparing it
against 141 NR waveforms in the quasi-circular limit, and to
28 public eccentric NR waveforms from the SXS waveform
catalog [140, 141]. We develop an algorithm to estimate the
best matching parameters between the eccentric EOB and NR
waveforms, analyze the robustness of the model across param-
eter space and start to estimate for which source’s parameters
and eccentricity, we could anticipate biases in inference stud-
ies if quasi-circular–orbit waveforms were used. In Sec. IV,
we summarize our main conclusions and discuss future work.
Finally, in Appendix A we list the eccentric corrections to the
waveform modes obtained in Ref. [126], in Appendix B we
describe details of the implementation of the eccentric wave-
forms modes, and in Appendix C we provide the expressions
of the dynamical quantities needed for calculating the initial
conditions for eccentric orbits.

In this paper, we use geometric units, setting G = c = 1 un-
less otherwise specified.

II. ECCENTRIC EFFECTIVE-ONE-BODY WAVEFORM
MODEL

Here, we develop the multipolar eccentric aligned-spin
SEOBNRv4EHMwaveform model building on the quasi-circular

1 To ease the notation we use the term aligned spins when referring to
aligned/anti-aligned spins.

aligned-spin SEOBNRv4HM model [133], which has been used
by LIGO to detect GW signals and infer binary proper-
ties [63–65]. More specifically, we provide a brief description
of the (conservative) dynamics in Sec. II A, waveform modes
in Sec. II B, and initial conditions in Sec. II C.

The EOB formalism maps the two-body dynamics of ob-
jects with masses mi and spins SSS i, with i = 1,2, into an effec-
tive dynamics of a test-spin with mass µ = m1m2/(m1 + m2)
and spin SSS ∗ moving in a deformed Kerr metric with mass
M = m1 + m2 and spin SSS Kerr. The deformation parameter is
the (dimensionless) symmetric mass ratio ν = µ/M. As we are
limiting to spins aligned to the orbital angular momentum, the
only (dimensionless) spin component on which the dynamics
and the waveform depend is χi = SSS i · L̂LL/m2

i , where L̂LL is the unit
vector in the direction perpendicular to the orbital plane.

A. Effective-one-body dynamics

The EOB conservative dynamics is governed by the
EOB Hamiltonian, calculated from the effective Hamiltonian
through the energy map [116]

HEOB = M

√
1 + 2ν

(
Heff

µ
−1

)
. (1)

When both spins are aligned with the orbital angular momen-
tum, the motion is restricted to a plane. This implies that
the dynamical variables entering the Hamiltonian are the (di-
mensionless) radial separation r ≡ R/M, the orbital phase φ,
and their (dimensionless) conjugate momenta pr ≡ Pr/µ and
pφ ≡ Pφ/µ. We use the same effective Hamiltonian, Heff, as
described in Refs. [130, 142], augmented with the param-
eters (K,dSO,dSS,∆t22

peak) calibrated to NR waveforms from
Ref. [131].

The dissipative dynamics within the EOB formalism is de-
scribed by a radiation-reaction (RR) force F , which enters the
Hamilton equations of motion, as [129, 143]

ṙ = ξ(r)
∂ĤEOB

∂pr∗
(r, pr∗ , pφ),

φ̇ =
∂ĤEOB

∂pφ
(r, pr∗ , pφ),

ṗr∗ = −ξ(r)
∂ĤEOB

∂r
(r, pr∗ , pφ) + F̂r,

ṗφ = F̂φ, (2)

where the dot represents the time derivative d/dt̂, with respect
to the dimensionless time t̂ ≡ T/M, ĤEOB ≡HEOB/µ, and F̂φ ≡
Fφ/M. The equations are expressed in terms of pr∗ ≡ pr ξ(r),
which is the conjugate momentum to the tortoise-coordinate
r∗, and ξ(r) ≡ dr/dr∗ can be expressed in terms of the poten-
tials of the effective Hamiltonian [143].

In the case of the SEOBNRv4HM waveform model, the com-
ponents of the RR force are computed using the following re-
lations [117, 144]

F̂φ = −
ΦE

ω
, F̂r = F̂φ

pr

pφ
, (3)
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where ω = φ̇ is the (dimensionless) orbital frequency, and ΦE
is the energy flux for quasi-circular orbits written as a sum
over waveform modes using [127, 128]

ΦE =
ω2

16π

8∑
l=2

l∑
m=−l

m2
∣∣∣∣∣DL

M
hlm

∣∣∣∣∣2 , (4)

where DL is the luminosity distance between the binary sys-
tem and the observer. The above relation is only valid for
quasi-circular orbits as it assumes the relation between energy
and angular-momentum fluxes ΦE =ωΦJ , which is only valid
for quasi-circular orbits.

We note that in the SEOBNRv4HM model, eccentric effects
are already partially included in the radial component of the
RR force F̂r since it is proportional to pr, whereas the tangen-
tial component of the RR force F̂φ does not contain eccentric
corrections. Recently, Ref. [126] derived the eccentric cor-
rections of the RR force up to 2PN order, including spin-orbit
and spin-spin interactions, in a factorized form [127, 128]. We
have explored adding those corrections to both components of
the RR force in the SEOBNRv4HM model. However, we find,
when doing it, that the late-inspiral dynamics can lead to dif-
ferences with respect to the one of the SEOBNRv4HM model,
affecting the inclusion of the merger-ringdown signal that is
inherited from the SEOBNRv4HM model. This in turn, can lead
to differences between our new model and SEOBNRv4HM in the
quasi-circular orbit limit, and, for some binary configurations,
to the degradation of the model performance when compared
to quasi-circular NR simulations. Since the goal of this pa-
per is to develop an eccentric waveform model that reduces
to the SEOBNRv4HM model in the quasi-circular limit and is
faithful to the current (public) SXS NR eccentric waveforms
(which have eccentricity smaller than 0.3), we choose to retain
the conservative and dissipative dynamics of the SEOBNRv4HM
model and introduce the eccentric corrections of Ref. [126]
only in the gravitational modes. The latter are not used to
compute the fluxes employed to construct the RR force. We
leave the inclusion of the eccentric corrections to the RR force
for the next generation of EOBNR models [145], which will
be recalibrated to quasi-circular NR simulations2.

B. Effective-one-body gravitational waveforms

As in previous EOBNR models, we represent the inspiral-
plunge signal of the SEOBNRv4EHM waveforms as:

hinsp-plunge
lm = hecc

lm Nlm, (5)

where the hecc
lm ’s are the factorized EOB gravitational

modes [127, 128], including the 2PN eccentric corrections de-

2 The quasi-circular TEOBResumS model [132] does not include the radial
component of the RR force F̂r , but its extension to eccentric orbits [123]
includes a non-zero F̂r that is linear in pr , adds eccentric corrections at
Newtonian order in F̂φ, and is recalibrated to NR waveforms in the quasi-
circular orbit limit.

rived in Ref. [126], while the Nlm’s are the so-called nonquasi-
circular (NQC) terms. More specifically, the hecc

lm terms are
written as:

hecc
lm = hN

lm S eff (T qc
lm + T ecc

lm ) ( f qc
lm + f ecc

lm )eiδlm , (6)

where hN
lm is the Newtonian (leading-order) quasi-circular (qc)

term, S eff is an effective source term, T qc
lm resums the leading

logarithms in the tail effects, while δlm contains phase cor-
rections, and f qc

lm ensures that the PN expansion of hqc
lm agrees

with the PN expressions for the modes in the quasi-circular
orbit limit. The explicit expressions for the above terms
can be found in Refs. [128, 131, 133, 146]. Furthermore,
the term T ecc

lm includes eccentric corrections to the leading-
order hereditary part, while f ecc

lm contains the eccentric cor-
rections to the 2PN instantaneous part, including the Newto-
nian (leading-order) term. Note that the eccentric corrections
are not introduced in δ`m. We note that the eccentric-orbit
terms are provided in the Supplemental Material of Ref. [126],
and for completeness, we write them in Appendix A for the
(l, |m|) = {(2,2), (2,1), (3,3), (4,4), (5,5)} modes.

We use the same expression of the NQC correction as in the
SEOBNRv4HM model, that is [131, 133]

Nlm =

1 +
p2

r∗

(rω)2

alm
1 +

alm
2

r
+

alm
3

r3/2


× exp

iblm
1

pr∗

rω
+ blm

2

p3
r∗

rω

 ,
(7)

where the coefficients (alm
1 ,a

lm
2 ,a

lm
3 ,b

lm
1 ,b

lm
2 ) are fixed by re-

quiring that the amplitude, its first and second derivatives,
as well as the GW frequency and its first derivative agree
for every (l,m)-mode with values extracted from NR wave-
forms [133] (i.e., the NR input values). However, as we shall
discuss below, we orbit-average the NQC corrections (7) in
the eccentric SEOBNRv4HM waveform model.

Both the eccentric corrections to the waveform and the
NQC terms are designed to improve the accuracy of the EOB
waveforms. However, we find that modifications to both have
to be introduced in order to improve the faithfulness of the
EOB model to NR simulations. The eccentric corrections
to the modes are derived from PN and EOB theory, thus
they increase the accuracy of the inspiral part of the eccen-
tric model. Nonetheless, in the strong-field regime, very close
to the merger-ringdown attachment time [131, 133], we found
that they can lead to high unfaithfulness with respect to NR
waveforms. This is due to the fact that they can modify by
orders of magnitude the NR input values (in particular the
amplitude, frequency and their derivatives) used to compute
the coefficients in the NQC terms. To mitigate this effect, we
introduce a sigmoid function that makes the eccentric correc-
tions, f ecc

lm and T ecc
lm , vanish at merger,

w(β, tβ; t) =
1

1 + e−β(t−tβ) , (8)

where we choose β = 0.09 and tβ ≡ tωpeak −300, being tωpeak the
time when the peak of ω ≡ φ̇ occurs.



4

Moreover, the NQC corrections to the waveform defined in
Eq. (7) become highly oscillatory during an eccentric inspi-
ral, as all the dynamical quantities composing its ansatz have
increasing oscillations with increasing eccentricity. One ap-
proach to circumvent the oscillatory behaviour of the NQC
function is the application of a window function [122–124],
like the sigmoid in Eq. (8), close to merger. This window
function forces the NQC function to approach unity during
the inspiral, and have significant effects only near merger.

Here we develop an alternative approach, which consists in
orbit averaging the dynamical quantities entering the ansatz of
the NQC corrections, so that it is a monotonic function during
the whole evolution. The rationale is that the genuine oscilla-
tions due to the orbital eccentricity are already included in Eq.
(6), thus the role of the NQC corrections is merely to improve
the GW amplitude and frequency of the EOB model during
plunge and merger using inputs from NR.

Any dynamical quantity X(t) can be orbit-averaged at the
ith-orbit passage as follows,

Xi =
1

ti+1− ti

∫ ti+1

ti
Xi(t)dt, (9)

where (ti, ti+1) correspond to times defining the complete or-
bits. We note that in order to perform the orbit average cal-
culation, we need to identify the times, ti, which define suc-
cessive orbits. In practice, we can choose either the maxima
or the minima of any orbital quantity to identify the orbits. In
the case of the orbital separation, these times correspond to
the turning points, either apastron or periastron passages. We
decide to use the time of the maxima to perform the orbit aver-
age in Eq. (9), and we associate each orbit average value to an
intermediate time defined as ti = (ti+1 + ti)/2 [103]. From Eq.
(7) it can be seen that the dynamical quantities entering the
NQC corrections are r(t), pr∗ (t) and ω(t). Thus, the NQC cor-
rections implemented in the model can be expressed in terms
of the orbit-average quantities as,

Nlm =

1 +
p2

r∗

r2ω2

alm
1 +

alm
2

r
+

alm
3

r3/2


× exp

iblm
1

pr∗

rω
+ blm

2

p3
r∗

rω

 ,
(10)

where the coefficients (alm
1 ,a

lm
2 ,a

lm
3 ,b

lm
1 ,b

lm
2 ) are computed as

in Eq. (7). Hence, the modes in SEOBNRv4EHM can be ex-
pressed as follows,

h
insp-plunge
lm = hN

lm S eff Tlm flm eiδlm Nlm, (11)

Tlm = T qc
lm +

[
1−w(β, tβ; t)

]
T ecc

lm , (12)

flm = f qc
lm +

[
1−w(β, tβ; t)

]
f ecc
lm . (13)

where the NQC terms Nlm are given by Eq. (10). The full
details of the orbit averaging procedure can be found in the
Appendix B.

The procedure described above ensures that during an ec-
centric inspiral there are no unphysical oscillations coming

from the oscillatory nature of the dynamical variables in the
NQC correction, while the windowing applied to the eccentric
terms close to merger ensures that the circularization hypothe-
sis at merger is fulfilled, making the input values of the eccen-
tric model closer to the ones of the underlying quasi-circular
model. In Sec. III D, we quantify the validity in parameter
space of the approximations used to treat the NQC correc-
tions. Furthermore, in Secs. III B and III C, we show that
this procedure provides a quasi-circular limit with an accu-
racy comparable to the underlying quasi-circular SEOBNRv4HM
model, and a high faithfulness when compared to eccentric
NR simulations.

C. Eccentric initial conditions

We now complete the eccentric waveform model with the
specification of the initial conditions for elliptical orbits and
hyperbolic orbits.

The gravitational signal emitted by an aligned-spin eccen-
tric BBH system is described by 6 intrinsic parameters: the
component masses m1 and m2 (or equivalently mass ratio
q = m1/m2 and total mass M = m1 + m2), the dimensionless
spin components χ1 and χ2 introduced at the beginning of
Sec. II, the orbital eccentricity e, and a radial phase param-
eter ζ. For the parameter describing the position of a point on
an ellipse, several options with different physical meaning are
possible: mean anomaly, relativistic anomaly, true anomaly,
etc.. Here, we adopt the relativistic anomaly. In General Rel-
ativity, for BBH systems, the total mass is just a scale param-
eter that can be set to 1. Thus, the initial conditions for the
EOB evolution of the SEOBNRv4EHM model depend only on
5 parameters, which have to be specified at a certain starting
frequency ω0.

Since the eccentricity parameter e is gauge dependent, we
can choose a measure of the eccentricity that is as convenient
as possible for the numerical implementation. The only re-
quirement is that, in the zero eccentricity limit, we recover the
quasi-circular initial conditions [144] used in the SEOBNRv4HM
model. Reference [126] derived such initial conditions for ec-
centric orbits assuming the periastron as the starting point.
Here, we generalize those initial conditions to start from an
arbitrary point on the orbit, thus making the eccentric initial
conditions depend on both e and ζ.

We use the eccentricity e defined in the Keplerian
parametrization of the orbit

r =
1

up(1 + ecosζ)
, (14)

where up is the inverse semilatus rectum, and ζ the relativis-
tic anomaly, which equals 0 at periastron and π at apastron.
Given the initial orbital frequency ω0, eccentricity e0, rela-
tivistic anomaly ζ0, masses, and spins, we obtain the initial
conditions for r0 and pφ0 in absence of radiation reaction by
solving the following equations:[

∂ĤEOB

∂r

]
0

= −
[
ṗr(pφ,e, ζ)

]
0
,

[
∂ĤEOB

∂pφ

]
0

= ω0, (15)
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with pr(pφ,e, ζ) and ṗr(pφ,e, ζ) given by the 2PN-order ex-
pressions given in Eqs. (C3) and (C4) of the Appendix C.

Using the solution for r0 and pφ0, we obtain the initial con-
dition for pr0 by numerically solving[

∂ĤEOB

∂pr

]
0

=
[
ṙ(0) + ṙ(1)

]
0
, (16)

where ṙ(0) is the 2PN-order expression for ṙ at zeroth order
in the RR effects (see Eq. (C5)), while ṙ(1) is the first-order
term in the RR part of ṙ, for which we use the quasi-circular
expression derived in Ref. [144]

ṙ(1) = −
Φ

qc
E

ω

∂2ĤEOB/∂r∂pφ
∂2ĤEOB/∂r2

, (17)

being Φ
qc
E the quasi-circular energy flux given in Eq. (4).

Finally, the initial value pr0 is converted into the tortoise-
coordinate conjugate momentum pr∗0, using the relations in
Sec. II A, so that together with r0 and pφ0, it can be intro-
duced in Eqs. (2) to evolve the EOB equations of motion.

It is worth to compare our initial orbital eccentricity eIC
0 ,

with the eccentricity measured directly from the orbital fre-
quency, eωorb , and the eccentricity computed from the fre-
quency of the (2,2) mode, eω22 , by using the following ec-
centricity estimator [105, 147]

eω =
ω1/2

p −ω
1/2
a

ω1/2
p +ω1/2

a

, (18)

where ωa and ωp correspond to the frequency, either the or-
bital or (2,2)-mode frequency, at apastron and periastron, re-
spectively.

Starting at periastron (ζ = 0), we produce a sample of
5 × 105 points randomly distributed in the parameter space
q ∈ [1,20], χ1,2 ∈ [−0.9,0.9] and eIC

0 ∈ [0.01,0.3], and compute
the relative difference between e0

IC and e0
ω22

or e0
ωorb

. In the up-
per panel of Fig. 1, we show the relative difference between
eIC

0 and e0
ω22

for some non-spinning configurations with mass
ratios q = {1,4,8,10,15,20}. For the same cases we show in
the inset of Fig. 1 the relative difference between e0

IC and e0
ωorb

.
We observe that the relative difference for e0

ω22
is ∼ 24%, while

for e0
ωorb

is significantly lower ∼ 6%. Moreover, the depen-
dence on mass ratio is smaller than 1%, in relative difference,
with the exception of the lower eccentricity cases where the
measurement of the eccentricity has also a larger error, which
we estimate to be ∼ 3%. We also note that with increasing
values of e0

IC the relative differences decrease, especially for
the eccentricity measured from the orbital frequency.

In the lower panel of Fig. 1, we fix the mass ratio q = 2,
and vary the spin values χ1 = χ2 = {−0.8,−0.5,0,0.5,0.8} for
the same range of initial eccentricities as in the upper panel.
The results show that the relative error between e0

ω22
and e0

IC is
∼ 22–25% when varying the spin values. These variations are
quite similar to the results obtained when varying the mass
ratios. The relative error between e0

ωorb
and e0

IC is ∼ 5–8%,
which is also very close in magnitude to the non-spinning

0.05 0.10 0.15 0.20 0.25 0.30
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1|

0.05 0.10 0.15 0.20 0.25 0.30

0.02

0.04

0.06

0.08

|e0 IC
/e

0 or
b

1|

 q = 1
 q = 4

 q = 8
 q = 10

 q = 15
 q = 20

0.05 0.10 0.15 0.20 0.25 0.30

e0
IC

0.100

0.125

0.150

0.175

0.200

0.225

0.250

|e0 IC
/e

0 22
1|

0.05 0.10 0.15 0.20 0.25 0.30

0.02

0.04

0.06

0.08

|e0 IC
/e

0 or
b

1|

 = -0.8
 = -0.5

 = 0.0
 = 0.5

 = 0.8

Figure 1. Top panel: Relative difference between the initial eccen-
tricity from the initial conditions of SEOBNRv4EHM, e0

IC , and the ini-
tial eccentricity computed from the frequency of the (2,2) mode,
e0
ω22

, of SEOBNRv4EHM as a function of e0
IC in the range [0.02,0.3] for

non-spinning configurations with mass ratios q = {1,4,8,10,15,20}.
Lower panel: Same quantity as in the upper panel for a configuration
with fixed mass ratio q = 2, same range of e0

IC , and distinct equal-spin
values χ1 = χ2 = {−0.8,−0.5,0,0.5,0.8}. The insets of both panels
show the relative difference between e0

IC and the eccentricity mea-
sured from the orbital frequency of SEOBNRv4EHM e0

ωorb
, for the same

configurations as in the larger panels.

case. However, in the lower panel of Fig. 1, one can appre-
ciate that the relative errors vary more with spins than with
mass ratio, specifically for positive spins the relative errors
with respect to e0

ω22
are 1–2% larger than for negative spins,

while the relative errors for e0
ωorb

follow the inverse depen-
dence with spins.

When considering the larger dataset of 5× 105 configura-
tions, we find that the relative error between eIC

0 and e0
ω22

has
an average of ∼ 30% error, with the largest difference of 40%
for low eccentricities, where the errors in measuring the ec-
centricity are also larger due to the difficulties in determining
the maxima and minima. For the relative error between eIC

0
and e0

ωorb
, the average value is ∼ 6%, reaching up to ∼ 14%

for low values of the eccentricities. The results show a better
agreement between e0

IC and e0
ωorb

than between e0
IC and e0

ω22
.
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Figure 2. Waveform characteristics for a mass ratio q = 1.5 non-spinning configuration with initial parameters r0 = 104M, pφ0 = 3.97 and
E0/M = 1.012. Top row: From left to right, the two first panels show the real part of the 22-mode waveform in time domain, the first plot
displays the full domain of the waveform while the second one zooms in into the merger part. The third panel displays the trajectory r(ϕ) in
polar coordinates. Each circle corresponds to a constant value of the orbital separation, which is marked on the figure. Bottom row: From left
to right, the real part of the (2,1), (3,3), (4,4), (5,5) modes in time domain zooming in close to the merger and ringdown regions.

The relation between these different definitions of eccentric-
ity can be derived using PN theory, and it will be presented in
future work [148].

We note that the results reported in Fig. 1 quantify differ-
ences between the eccentricity specified in the SEOBNRv4EHM
model and two other possible definitions of the eccentricity.
We remark that even though there is no unique definition
of the eccentricity, this kind of quantitative analysis will be
required in future parameter-estimation analysis of eccentric
GW sources with the LIGO, Virgo and KAGRA detectors in
order to reliably compare the results among different eccentric
waveform models.

Finally, we have also implemented hyperbolic-orbit initial
conditions for the SEOBNRv4EHM model. The hyperbolic ini-
tial conditions are specified by the initial energy E0 and angu-
lar momentum pφ0 at infinity, which in practice we take at an
initial orbital separation r0 = 104M. We fix a value of the an-
gular momentum pφ0, and choose a value of the initial energy
E0/M. The choice of E0/M is typically done between the en-
ergy with zero radial momentum Emin = HEOB(r0, pφ0, pr∗0 =

0) and the energy at the last stable circular orbit (LSO) Emax =

HEOB(rLSO, pφLSO, pLSO
r∗ ) [149–151]. Then, we solve the fol-

lowing equation for pr∗0 ,

E0 ≡ HEOB(r0, pφ0, pr∗0). (19)

This procedure to set the initial conditions for hyperbolic or-
bits is very similar to the one used in the literature [149, 150],

although we note that others are possible, for instance, one
could express the initial conditions in terms of the initial ve-
locity and impact parameter [152–154]. In Fig. 2, we show the
trajectory of a dynamical capture, as well as, the real part of
the different multipoles in the SEOBNRv4EHMmodel. Although
the model is able to reproduce the behavior of dynamical cap-
tures and hyperbolic encounters, we focus in this paper on the
eccentric bound orbit case, and leave a thorough and quanti-
tative analysis of the hyperbolic orbits, including comparison
to NR results to the future.

III. PERFORMANCE OF THE MULTIPOLAR
ECCENTRIC EFFECTIVE-ONE-BODY WAVEFORM

MODEL

In this section, we first assess the accuracy of the multipolar
eccentric waveform model SEOBNRv4EHM against the quasi-
circular and eccentric NR waveforms at our disposal, using the
faithfulness function, which is a metric introduced to quantify
the closeness of two waveforms. Then, we explore the robust-
ness and validity of the SEOBNRv4EHM model in the region of
parameter space where we do not yet have NR waveforms. Fi-
nally, we evaluate the unfaithfulness between IMR eccentric
waveforms and quasi-circular ones to estimate in which part
of the parameter space and for which values of the eccentricity
we expect large biases in recovering the source’s properties if
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quasi-circular orbit waveforms were used.

A. Faithfulness function

The GW signal emitted by an eccentric aligned-spin BBH
system depends on 13 parameters. In Sec. II C, we have intro-
duced the 6 intrinsic parameters describing the source proper-
ties of such a system. There are 7 additional parameters which
relate the source and detector frames, notably the angular po-
sition of the line of sight measured in the source frame (ι, ϕ0),
the sky location of the source in the detector frame (θ,φ), the
polarization angle ψ, the luminosity distance of the source DL
and the time of arrival tc.

The signal measured by the detector takes the form:

h(t) =F+(θ,φ,ψ)h+(ι,ϕ0,DL,ΘΘΘ, tc; t)
+ F×(θ,φ,ψ)h×(ι,ϕ0,DL,ΘΘΘ, tc; t),

(20)

where ΘΘΘ = {m1,2,χ1,2,e, ζ}, and F+(θ,φ,ψ) and F×(θ,φ,ψ) are
the antenna-pattern functions [155, 156]. Equation (20) can
be written in terms of an effective polarization angle κ(θ,φ,ψ)
as

h(t) =A(θ,φ) [h+ cosκ+ h+ sinκ] , (21)

where the definition of A(θ,φ) can be found in Refs. [133,
136], and we have removed the dependences of κ, h+ and h× to
ease the notation. The GW polarizations can be decomposed
as

h+− ih× =

∞∑
l=2

m=+l∑
m=−l

−2Ylm(ϕ, ι)hlm(ΘΘΘ; t), (22)

where hlm(ΘΘΘ; t) represents the gravitational waveform modes,
and Y−2

lm (ϕ, ι) are the -2 spin-weighted spherical harmonics.
We introduce the inner product between two waveforms h1

and h2 [155, 156] as

〈h1|h2〉 = 4<
∫ fmax

fmin

ĥ1( f )ĥ∗2( f )
S n( f )

d f , (23)

where the star denotes complex conjugate, the hat the Fourier
transform, and S n( f ) is the one-sided power-spectral den-
sity (PSD) of the detector noise. In this work we use the
Advanced LIGO’s zero-detuned high-power design sensitiv-
ity curve [157]. When both waveforms are in band, we use
fmin = 10Hz and fmax = 2048Hz, as the lower and upper
bounds of the integral. For NR waveforms where this is not
the case, we set fmin = 1.05 fstart, where fstart is the starting
frequency of the NR waveform.

The agreement between two waveforms — for example, the
signal, hs, and the template, ht, observed by a detector, can be
assessed by computing the faithfulness function [133, 136],

F (Ms, ιs,ϕ0s, κs) = max
tc,ϕ0t ,κt

 〈hs|ht〉
√
〈hs|hs〉〈ht |ht〉

∣∣∣∣∣∣ ιs=ιt
ΘΘΘs(ts=t0s )=ΘΘΘt(tt=t0t )

 .
(24)

In Eq. (24) the inclination angle of the signal and the tem-
plate are set to be the same, while the coalescence time, az-
imuthal angle and effective polarization angle of the template
(t0t ,ϕ0t , κt), are adjusted to maximize the faithfulness of the
template. This is a typical choice made when comparing
waveforms with higher-order modes [133, 136, 158]. It is con-
venient to introduce the sky-and-polarization averaged faith-
fulness to reduce the dimensionality of the faithfulness func-
tion and express it in a more compact form [133, 136],

F (Ms) =
1

8π2

∫ 1

−1
d(cos ιs)

∫ 2π

0
dϕ0s

∫ 2π

0
dκsF (Ms, ιs,ϕ0s, κs).

(25)
Another useful metric to assess the closeness between wave-
forms is the signal-to-noise (SNR)-weighted faithfulness
[136]

F SNR(Ms) =
3

√√√√∫ 1
−1 d(cos ιs)

∫ 2π
0 dκs

∫ 2π
0 dϕ0s F

3(Ms, ιs,ϕ0s, κs) SNR3(ιs,ϕ0s, κs)∫ 1
−1 d(cos ιs)

∫ 2π
0 dκs

∫ 2π
0 dϕ0s SNR3(ιs,ϕ0s, κs)

, (26)

where the SNR is defined as

SNR(ιs,ϕ0s, θs,φs, κs,DLs,ΘΘΘs, tcs) ≡
√

(hs,hs). (27)

In Eq. (26) the weighting by the SNR takes into account the
dependence on the phase and effective polarization of the sig-
nal at a fixed distance. Finally, we introduce the unfaithfulness
or mismatch as

M = 1−F . (28)

B. Comparison against quasi-circular numerical-relativity
waveforms

We begin by assessing the accuracy of the SEOBNRv4EHM
waveform model in the zero eccentricity limit, focusing on
the unfaithfulness against the set of quasi-circular NR wave-
forms used to calibrate and validate the SEOBNRv4HM model.
The public NR waveforms are available in the SXS waveform
catalog [140] produced with the Spectral Einstein code (SpEC)
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[159]. The parameters of the public and non-public 141 NR
waveforms are listed in the Appendix F of Ref. [133].

In order to simplify our analysis, we restrict first to
the (2, |2|)-modes waveforms, and then include higher order
modes. For the dominant (2, |2|)-modes the faithfulness can
be simplified with respect to Eq. (24) as the inclination angle
of the signal is not usually considered due to the angular de-
pendence of the −2Y2±2 harmonics, and the fact that κ, ι and ϕ
are degenerate [160]. Therefore, the faithfulness function for
the quasi-circular (2, |2|)-modes waveforms can be expressed
as

F22(Ms,ϕ0s) = max
tc,ϕ0t

 〈hs|ht〉
√
〈hs|hs〉〈ht |ht〉

∣∣∣∣∣∣
ΘΘΘs(ts=t0s )=ΘΘΘt(tt=t0t )

 .
(29)

In practice, we remove the dependence of the faithfulness on
the azimuthal angle of the signal by evaluating Eq. (29) in
a grid of 8 values for ϕ0s ∈ [0,2π], and averaging the result
to obtain F 22. The optimization over the coalescence time
of the signal is efficiently computed by applying an inverse
Fourier Transform [161] and we analytically optimize over
the coalescence phase of the template [160]. From Eq. (29)
one can define the mismatch or unfaithfulness as,

M22 = 1−F 22. (30)

The condition ΘΘΘs(ts = t0s ) = ΘΘΘt(tt = t0t ) in Eq. (29) enforces
that the intrinsic parameters of both the template and the sig-
nal are the same at the start of the waveform t = t0. This im-
plies that the component masses m1,2, or equivalently the mass
ratio q = m1/m2 ≥ 1 and the total mass M = m1 + m2, and the
dimensionless spins χ1,2 of the signal and the template are
identical at t0 [136].

For the calculation of the unfaithfulness we consider a total-
mass range of 20M� ≤ M ≤ 200M�. We show in Fig. 3 the
22−mode unfaithfulness maximized over the total-mass range
for the SEOBNRv4 and SEOBNRv4E models. We remind that
the SEOBNRv4 model was calibrated requiring an unfaithful-
ness for the 22-mode against the 141 NR waveforms of at most
of 1%. It is interesting to note that the SEOBNRv4E eccentric
model achieves a similar accuracy, with the median of the dis-
tribution slightly larger than the one of the SEOBNRv4 model.
This is due to the fact that the SEOBNRv4E model contains ec-
centric corrections, which were not available when calibrating
the SEOBNRv4 model to NR in the quasi-circular limit.

The higher order multipoles included in SEOBNRv4EHM
are the same as in SEOBNRv4HM (i.e., (l, |m|) =

{(2,1), (3,3), (4,4), (5,5)}). When computing the unfaith-
fulness of the models with higher modes against NR, we
include in the NR waveforms all the modes with l ≤ 5 as
done in Ref. [133]. To ease the visualization of the results,
we compute the SNR-weighted mismatches defined in
Eq. (26), and average over the signal inclination, azimuthal
and effective polarization angles. In practice, the average
is performed over three different inclination angles of the
signal ιs = {0,π/3,π/2}, and for each inclination angle we
make a grid of 8× 8 for κs,ϕ0s ∈ [0,2π]. In Fig. 4, we show
the SNR-weighted mismatches for the SEOBNRv4HM and

10 4 10 3 10 2 10 1

maxM 22
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15
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un

ts

SEOBNRv4
SEOBNRv4E

Figure 3. Distribution of the maximum unfaithfulness of SEOBNRv4
(orange) [131] and the new SEOBNRv4E (blue) against the public 141
quasi-circular NR simulations of Ref. [131]. The total mass range
considered is 20M� ≤ M ≤ 200M�. The calculations are done with
the Advanced LIGO’s zero-detuned high-power design sensitivity
curve [157]. The vertical dashed orange (blue) lines correspond to
the median values of the SEOBNRv4 (SEOBNRv4E) distributions.

SEOBNRv4EHM models against the quasi-circular NR wave-
forms at our disposal. Again, we note that the mismatches
of the SEOBNRv4EHM model are very similar to the ones of
the SEOBNRv4HM model. There are a few cases at high total
masses for which both models have unfaithfulness above 1%,
but not larger than 1.5%, as reported also in Ref. [133]. This
indicates that the higher-order modes in the eccentric model
have a comparable accuracy to the ones of the underlying
quasi-circular model in the zero eccentricity limit.

C. Comparison against eccentric numerical-relativity
waveforms

The calculation of the unfaithfulness assumes that the in-
trinsic parameters of both template and signal are identical
at the start of the evolution, that is we use the condition
ΘΘΘs(ts = t0s ) = ΘΘΘt(tt = t0t ) in Eq. (24). In the eccentric case,
this would imply that the mass ratio, q, total mass, M, dimen-
sionless spins, χ1,2, eccentricity, e and relativistic anomaly, ζ,
of both the signal and the template are the same at the start
of the waveform. While the spins and mass parameters are
uniquely fixed in the non-precessing spinning case, the eccen-
tricity and relativistic anomaly cannot be uniquely identified
with respect to the NR waveforms. Consequently, when com-
paring a waveform model against eccentric NR waveforms 3,
an optimization over the initial eccentricity and relativistic

3 Except in the case of the eccentric NR surrogate model [106], which is
constructed with the same definitions of eccentricity and mean anomaly
used to measure these parameters from NR waveforms.
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Figure 4. SNR-weighted unfaithfulness, as defined in Eq. (28), as
a function of the total mass, in the range 20M� ≤ M ≤ 200M�, be-
tween the SEOBNRv4HM (pink) and SEOBNRv4EHM (green) models and
the SXS quasi-circular NR waveforms used in Ref. [133]. The calcu-
lations are done with the Advanced LIGO’s zero-detuned high-power
design-sensitivity curve [157], which is an estimate for the upcoming
O4 run. The horizontal black dashed line indicates the 1% unfaith-
fulness value.

anomaly has to be performed to take into account the differ-
ent definition of eccentricity between the model and the NR
waveforms.

In the case of the SEOBNRv4EHM model, to reduce the di-
mensionality of the parameter space, we use the initial con-
ditions for eccentric orbits starting at periastron (ζ = 0), and
we compute the eccentric EOB waveforms by specifying the
initial eccentricity, e0, and starting frequency, ω0. Thus, when
computing the faithfulness of the model against eccentric NR
waveforms we have to maximize over e0 and ω0. Further-
more, here we compute the unfaithfulness using also another
publicly available eccentric EOB model, TEOBResumSE 4

[121, 123, 124], for which we also specify initial conditions
at periastron, and optimize over the initial eccentricity and
starting frequency of the model. We note that although the
TEOBResumSE can include higher-order modes, we use here
only the (2, |2|)-modes, as we have found that in the presence
of eccentricity some of the higher-order modes develop un-
physical behaviors close to merger and ringdown. These fea-
tures are likely due the treatment of the NQC corrections in
the eccentric case, as already reported in Ref. [124].

First, we focus on the (2, |2|)-modes only waveforms. We

4 In this work, we use the eccentric branch of the public bitbucket
repository https://bitbucket.org/eob_ihes/teobresums with the
git hash 39e6d7723dacb23220ff5372e29756e5f94cb004, which is the
latest a the time of this publication.

define the eccentric faithfulness function as follows,

F ecc
22 (Ms,ϕ0s) = max

t0t ,ϕ0t ,e0,ω0

 〈hs|ht〉
√
〈hs|hs〉〈ht |ht〉

∣∣∣∣∣∣
ΘΘΘs(ts=t0s )=ΘΘΘt(tt=t0t )

 .
(31)

For completeness, we introduce here also the unfaithfulness
function as

M
ecc
22 = 1−F

ecc
22 . (32)

From Eq. (31) one observes that in the eccentric case two
additional numerical optimizations have to be performed, as
compared to the quasi-circular case (see Eq. (29)). The main
difficulty of estimating such optimal values arises from the
fact that the two additional optimizations cannot be easily
performed with standard optimization algorithms, as the un-
faithfulness has a highly oscillatory behavior as a function of
these parameters. This can be observed in Fig. 5 where we
show the unfaithfulness of the SEOBNRv4E waveform against
the SXS:BBH:1355 waveform as function of the starting fre-
quency. In Fig. 5, the mismatch is computed for a total
mass of 20M� and at fixed initial eccentricity e0 = 0.09 for
the SEOBNRv4Emodel. The high number of local maxima and
minima in the unfaithfulness function makes standard opti-
mization algorithms quite inefficient, and it increases substan-
tially the computational cost of such procedure.

0.004 0.005 0.006 0.007
M 0

10 2

10 1

1
m

ax
t 0t

,
0t

Figure 5. Unfaithfulness of the SEOBNRv4E waveform model against
the SXS:BBH:1355waveform at a fixed initial eccentricity, e0 = 0.09,
as a function of the starting frequency of the model Mω0. The un-
faithfulness is computed at a fixed total mass of 20M�, maximizing
over the coalescence time, t0t , and azimuthal angle, ϕ0t , of the model.

In order to overcome this problem, different eccentric EOB
models use different approaches to estimate the optimal values
for e0 and ω0. In the case of the SEOBNREHM model [119,
120, 122] (not to be confused with our SEOBNRv4EHM model
here), the starting frequency is set to the frequency when the
eccentricity is estimated from the NR waveforms, and then
the initial eccentricity is varied to get the best match against
the NR waveforms. While for the TEOBResumSE model, the

https://bitbucket.org/eob_ihes/teobresums
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eccentricity and starting frequency are varied manually to get
the lowest unfaithfulness against NR [123].

Here, we develop an automatic procedure to perform the
two optimizations over e0 and ω0. The procedure is as fol-
lows:

1) Fix the total mass to the lower bound of the total mass
range used, that is 20M�. In this way, we ensure that
more inspiral part of the NR waveform is in the fre-
quency band of the mismatch calculation.

2) Create a grid in eccentricity of Ne values around the
value of the eccentricity as measured from the NR or-
bital frequency using Eq. (18), eNR

ωorb
, such that e0 ∈

[eNR
ωorb
− δe,eNR

ωorb
+ δe]. The value of δe determines the

eccentricity interval. In the case eNR
ωorb
− δe < 0, we take

the lower bound to be zero.
3) For each value of the eccentricity, generate a grid of

Nω values of starting frequency. The upper bound is
determined by the frequency at which the EOB wave-
form equals the length l of the eccentric NR wave-
form, ωlNR=lEOB

0 , while the lower bound is determined
by a chosen δω. Thus, the frequency grid is ω0 ∈

[ωlNR=lEOB
0 −δω,ω

lNR=lEOB
0 ].

4) For each point in the grid, compute the unfaithfulness
optimizing over the time shift and phase offset of the
template as in Eq. (29).

5) Store the values (eopt
0 ,ω

opt
0 ) which provide the lowest

unfaithfulness.
6) In order to reduce the computational cost, we use the

optimal values, (eopt
0 ,ω

opt
0 ) at 20M� for the whole mass

range.
For the results in this paper we choose Ne = 200, N f = 500,

an eccentricity interval, δe = 0.1, and a starting frequency in-
terval of δ f = 10Hz at 20M�, which translates into δω= 0.006.

The above optimization procedure is tested by computing
the unfaithfulness against the eccentric NR waveforms pub-
licly available in the SXS catalog [107, 140]. In Table I we
summarize the main properties of the NR simulations used in
this work, the optimal values of initial eccentricity and start-
ing frequency of the SEOBNRv4E and TEOBResumSE models,
and the maximum value over total mass range of the unfaith-
fulness of the models against the NR simulations. We note
that there is a particular simulation SXS:BBH:1169 for which
the optimization procedure leads to zero initial eccentricity
for TEOBResumSE. This is a NR simulation with very low ec-
centricity for which the quasi-circular waveform has already
a very low mismatch of 0.78%. The reported value of the
unfaithfulness of TEOBResumSE for this case in Table I is
slightly lower than that reported in Refs. [123, 124]. We have
checked modifications of the grid parameters in the eccentric-
ity and starting frequency grids for the optimization proce-
dure, particularly increasing the resolution up to Ne = 300 and
N f = 1000, but this optimal eccentricity value of zero still re-
mains unchanged. While it is possible that further increasing
the resolution could lead to a slightly lower unfaithfulness, it
also significantly increases the computational cost and there-
fore we opt to use the already calculated value. We also note
that for this particular case (which has low eccentricity and

high spins) the optimization procedure may be affected by the
slight discontinuity of the TEOBResumSE model for small ec-
centricities as already noted in Ref. [72].
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Figure 6. Upper panel: Unfaithfulness of the SEOBNRv4E and
TEOBResumSE models against the 28 eccentric public SXS simu-
lations listed in Table I. The calculations are performed optimiz-
ing over the initial eccentricity and starting frequency at periastron.
Lower panel: Unfaithfulness of SEOBNRv4EHM model against the
same NR waveforms as in the upper panel, but including all modes
with l ≤ 5 in the NR waveforms. The calculations are performed us-
ing the optimal values of eccentricity and starting frequency obtained
from the unfaithfulness computed with SEOBNRv4E. The horizontal
dashed lines in both panels indicate the 1% value of unfaithfulness.

The unfaithfulness of the SEOBNRv4E and TEOBResumSE
models against the dataset of eccentric NR waveforms de-
scribed in Table I are shown in the upper panel of Fig. 6.
We note that the unfaithfulness curves are always below 1%
for the whole dataset and total mass ranges. These results also
indicate that the approximation in step 6) of using the same
optimal values for (eopt

0 ,ω
opt
0 ) for the whole total mass range

is reasonable, as the unfaithfulness does not significantly in-
crease with the total mass range. The bulk of the unfaithful-
ness curves for the SEOBNRv4Emodel is below the ones of the
TEOBResumSE model for the NR dataset considered here. We
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note that the values of the unfaithfulness for the TEOBResumSE
model reported here are similar to the ones in Ref. [123].
However, in a recent publication [124], lower unfaithfulnesses
are reported for the TEOBResumSE model, driven by recali-
brating it to quasi-circular NR waveforms, and by better com-
puting the Fourier transform of the time-domain waveforms,
as remarked in Ref. [124]. (This improved model is not pub-
lic.) As a consequence of those improvements, the main bulk
of the unfaithfulness curves is closer to 10−3 values, and thus,
at a similar level as the SEOBNRv4E model in Fig. 6. We re-
mark that in order to better assess the accuracy of both models,
comparisons against larger datasets of eccentric NR simula-
tions are required. Eventually, Bayesian inference analyses
will be needed to assess biases in the recovered parameters.

The calculation of the unfaithfulness including higher or-
der modes requires three numerical optimizations (initial ec-
centricity, starting frequency and azimuthal angle of the tem-
plate) and an analytical optimization over the effective polar-
ization angle for each single point in the sky of the signal.
Consequently, computing SNR-weighted unfaithfulness aver-
aged over the sky-positions, orientations and inclinations of
the signal becomes computationally prohibitive. In order to
reduce the computational cost, we assume that the optimal
values for the initial eccentricity and starting frequency of the
SEOBNRv4EHMmodel are the same as the ones obtained for the
SEOBNRv4E model, (eopt

0 ,ω
opt
0 ), and we compute the unfaith-

fulness as in the quasi-circular case, numerically optimizing
over the azimuthal angle of the template, and analytically over
the effective polarization angle of the template.

We apply this approximation and compute the unfaithful-
ness between the SEOBNRv4EHM waveforms and the eccentric
NR waveforms, which include all the modes with l ≤ 5. We
show the results in the lower panel of Fig. 6. We can ob-
serve that the curves of the SNR-weighted unfaithfulness for
the multipolar model are always below 1%. This indicates that
the approximation of using the optimal values of (eopt

0 ,ω
opt
0 )

obtained from the unfaithfulness of the SEOBNRv4E model is
a good approximation. When comparing the unfaithfulness
of the SEOBNRv4EHM model against the SEOB model devel-
oped in Ref. [122] (SEOBNREHM), we find that the unfaithful-
ness of SEOBNRv4EHM are always smaller than 1%, which is
not the case for the SEOBNREHM model, which presents some
cases with unfaithfulness as large as 2% [122]. We also note
that the unfaithfulness for the SEOBNRv4EHM model is overall
larger than that for the SEOBNRv4E model, this may indicate
that the higher-order modes in the multipolar model are not
as accurately modeled as the dominant (2,2) mode. However,
we remark that the procedure to compute the unfaithfulness
for the model with higher-order modes is suboptimal as the
values of (eopt

0 ,ω
opt
0 ) are obtained from the SEOBNRv4Emodel,

thus the unfaithfulness results for SEOBNRv4EHM are a conser-
vative estimate. Furthermore, some higher-order modes in the
dataset of the eccentric NR waveforms are affected by numer-
ical noise, which may also affect the unfaithfulness values.
This can also be seen in Fig. 7 where the different multipoles
of the SEOBNRv4EHM waveform model for the optimal values
of (eopt

0 ,ω
opt
0 ), and of the NR waveform SXS:BBH:1364 are

shown. We note that the higher-order modes of the model

have very good agreement with respect to NR, and that the
early inspiral of the NR (5,5)-mode is dominated by numeri-
cal noise. Thus, larger datasets of more accurate eccentric NR
waveforms are required in order to better assess and improve
the accuracy of multipolar eccentric EOB waveform models.

D. Robustness of the model across parameter space

Having assessed the accuracy of the model against the NR
waveforms at our disposal, we now explore the region of va-
lidity of the SEOBNRv4EHM waveform model and identify the
regions of parameter space where the model can be robustly
generated.

One important property of a waveform model is its smooth-
ness under small perturbations of the intrinsic parameters.
In order to test this property, we compute the unfaithful-
ness between the SEOBNRv4E waveforms perturbing the ec-
centricity parameter by δe = 10−7. We perform this test using
the pycbc faithsim function in the PyCBC software [162]
and employ for 106 waveforms randomly distributed in the
following parameter space: χ1,2 ∈ [−0.99,0.99], q ∈ [1,20],
M ∈ [10,100]M�, e0 ∈ [0,0.3]. We choose 19Hz for the start-
ing frequency of the waveforms, and 20Hz for the overlap cal-
culations. We find that only a few cases have unfaithfulness
above 10−8, with the maximum mismatch being 0.3% and the
median mismatch being 0, indicating that the waveform model
behaves smoothly under changes of the eccentricity parame-
ter.

As an example, we show in Fig. 8 the amplitude and fre-
quency of the multipoles in the SEOBNRv4EHM model (i.e.,
(l,m) = {(2,2), (2,1), (3,3), (4,4), (5,5)} modes), as function of
time and aligned at the merger time, for different values
of the mass ratio, for a configuration with initial eccentric-
ity e0 = 0.25, spins (χ1,χ2) = (0.5,−0.75), starting frequency
20Hz and with total mass 60M�. As can be seen, the modes of
the SEOBNRv4EHM model have a smooth behaviour in ampli-
tude and frequency under variation of the mass ratio q = 1–20.
We note that, during the inspiral, in the equal-mass case,
the amplitude of the odd-m modes (except the (2,1) mode)
is very small compared to the unequal-mass configurations.
The same behavior is present in the amplitudes of the quasi-
circular orbit SEOBNRv4HM model. As discussed in Ref. [133]
(see Fig. 2 and text around), this is due to the fact that this
binary configuration has a relatively large asymmetric-spin
parameter χA = (χ1 − χ2)/2 = 0.5, for which, in the equal-
mass (or nearly equal-mass) case the odd-m modes (except
the (2,1)-mode) have very small amplitude during the inspi-
ral, as predicted by PN theory.

We find that the orbit averaging procedure that we apply to
the NQC function works quite well from large negative spins
to mild positive spins, but binary’s configurations with large-
positive spins and small initial separation (or large dimension-
less orbital frequency) can challenge this procedure due to the
last periastron passage occurring very close to merger (see
the Appendix B). This can cause oscillations in the dynamical
quantities in the late inspiral. In order to test the smoothness
of the waveform model in the large-spin region, we compute
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Figure 7. From top to bottom, real part of the (2,2),(2,1), (3,3), (4,4) and (5,5) modes in the time domain. The black curve corresponds to the
NR simulation SXS:BBH:1369, which has mass ratio q = 2, zero spins, and eccentricity eωorb,p = 0.257, while the green curve corresponds to
the SEOBNRv4EHM model for the values of eccentricity and starting frequency that lead to the lowest unfaithfulness for the (2,2) mode.

the unfaithfulness between two waveforms varying the spins
in the region χ1,2 ∈ [0.8,0.99] for 100 mass ratios q ∈ [1,50].
For each mass ratio, we compute the unfaithfulness between a
waveform with χ1 = χ2 = 0.8, initial eccentricity 0.3 at start-
ing frequency of 20Hz and total mass 100M� and waveforms
with the same parameters but varying both χ1,2 ∈ [0.8,0.99].
This choice of total mass, starting frequency and eccentric-
ity implies smaller initial separations of r/M ∼ 11, and thus
corresponds to a challenging case for the quasi-circular as-
sumption of the merger-ringdown signal. The results from
such a test show an oscillatory unfaithfulness surface across
parameter space without sharp features. We also observe that
for χ1,2 & 0.9–0.95 the frequency of the (2,2)-mode can have
small spurious oscillations, thus, the model should be used

with caution in this region of parameter space. Nevertheless,
the model does not show prominent features in the waveform,
and therefore, we recommend that it is used up to spins 0.99,
eccentricity 0.3 and initial frequency up to 20 Hz. We plan to
improve the model in the transition from plunge to merger for
large spins, as soon as we will have access to NR eccentric
waveforms with large spins.

We note that whereas we have probed the validity of the
model through comparisons to the public SXS eccentric wave-
forms and internal consistency tests mostly for mass ratios
q ∈ [1,20] and eccentricities e ∈ [0,0.3] at 20Hz, we can
also generate SEOBNRv4EHM waveforms at higher eccentrici-
ties and mass ratios, as illustrated in Fig. 9, where we show the
plus polarization h+ for a non-spinning BBH with mass-ratio 2
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Figure 8. From top to bottom amplitudes (left panels) and frequencies (right panels) of the (2,2), (2,1), (3,3), (4,4) and (5,5) modes of
SEOBNRv4EHM versus time, aligned at merger, for a configuration with initial eccentricity e0 = 0.25, spins (χ1,χ2) = (0.5,−0.75), starting
frequency 20Hz and total mass 60M�, for a mass ratio range q ∈ [1,20].

and different initial eccentricities e0 = [0,0.3,0.5,0.8]. These
configurations are produced with a starting frequency of 20Hz
defined at periastron, so that, at that time, there are no frequen-
cies in the inspiral higher than the starting frequency. In fact,
we have checked that the model can be robustly generated at
higher eccentricities by producing a large set of (106) wave-
forms randomly distributed in mass ratios q ∈ [1,50], spins
χ1,2 ∈ [−0.99,0.99], initial eccentricity e0 ∈ [0.3,0.9] at a start-
ing frequency of 20Hz for binaries with total mass 80M�. In
the generation of such dataset we do not find any waveform
generation failure. However, lacking NR waveforms to com-
pare against, we are not able to assess the accuracy and robust-
ness of the model in this much larger region of the parameter
space, so we recommend to use the model with caution for
e0 > 0.3.

Finally, we note that the region of parameter space with
eccentricity up to 0.3 at 20 Hz is is of significant astrophysical
interest. In fact, it is expected that most of the GW events
detected with ground-based detectors, such as LIGO, Virgo

and KAGRA, have small eccentricities . 0.1 [34, 35, 50, 61],
which are typically defined at 10Hz.

The studies discussed in this section provide just a glance
of all the internal checks performed to validate and implement
the SEOBNRv4EHM waveform model in LALSuite [163], so
that it is available to the large GW community as a tool to
carry out inference studies of GW signals.

E. Unfaithfulness between eccentric and quasi-circular
waveforms

The impact of eccentricity in GW data analysis — for ex-
ample Bayesian inference or GW searches — has been in-
vestigated in the literature [66–73, 164–168], but it is mostly
restricted to inspiral-only eccentric waveforms. Here, we start
to extend these studies to IMR eccentric waveforms, exploring
the region of parameter space in which we expect biases in es-
timating the source’s properties if quasi-circular–orbit wave-
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Table I. Summary of the eccentric NR simulations used in this work [107, 140]. Each simulation is specified by the mass ratio q = m1/m2 ≥ 1,
z-component of the dimensionless spin vectors, χ1,2, the NR orbital frequency ωorb,p, the eccentricity measured from the NR orbital frequency
eωorb,p , the (2,2)-mode frequency ω22,p, and the eccentricity measured from the (2,2)-mode frequency eω22,p , all evaluated at first periastron
passage. For each simulation we report also the optimal values of the starting orbital frequency and eccentricity at periastron, (ωp, eωp ), for
the SEOBNRv4E and TEOBResumSE waveform models, as well as the maximum mismatch over the total mass range using such optimal values
against the NR waveforms.

Numerical-relativity simulations SEOBNRv4E TEOBResumSE

ID q χ1 χ2 ωorb,p eωorb,p ω22,p eω22,p ωp eωp 1−F̄max[%] ωp eωp 1−F̄max[%]

SXS:BBH:0089 1 -0.5 0.0 0.0128 0.06 0.025 0.048 0.0123 0.064 0.15 0.0111 0.064 0.64

SXS:BBH:0321 1 0.33 -0.44 0.0204 0.06 0.04 0.05 0.0196 0.07 0.22 0.0176 0.067 0.67

SXS:BBH:0322 1 0.33 -0.44 0.0223 0.075 0.0434 0.061 0.0224 0.086 0.35 0.0198 0.085 0.63

SXS:BBH:0323 1 0.33 -0.44 0.0235 0.126 0.045 0.102 0.0226 0.143 0.24 0.022 0.143 0.72

SXS:BBH:0324 1 0.33 -0.44 0.0303 0.246 0.0554 0.172 0.0299 0.297 0.3 0.0287 0.286 0.8

SXS:BBH:1136 1 -0.75 -0.75 0.0244 0.09 0.0475 0.076 0.0231 0.113 0.31 0.0209 0.113 0.24

SXS:BBH:1149 3 0.7 0.6 0.0197 0.048 0.0385 0.037 0.0189 0.045 0.3 0.0164 0.046 0.27

SXS:BBH:1169 3 -0.7 -0.6 0.0156 0.045 0.0306 0.037 0.016 0.046 0.39 0.0115 0.0 0.79

SXS:BBH:1355 1 0.0 0.0 0.0216 0.073 0.0421 0.059 0.0208 0.086 0.23 0.0189 0.07 0.79

SXS:BBH:1356 1 0.0 0.0 0.0182 0.127 0.0347 0.1 0.0179 0.145 0.24 0.0172 0.145 0.66

SXS:BBH:1357 1 0.0 0.0 0.0238 0.139 0.0453 0.112 0.0231 0.162 0.24 0.0224 0.159 0.74

SXS:BBH:1358 1 0.0 0.0 0.0243 0.137 0.0464 0.111 0.0237 0.164 0.14 0.0226 0.148 0.74

SXS:BBH:1359 1 0.0 0.0 0.0247 0.136 0.0472 0.111 0.0238 0.158 0.17 0.0234 0.162 0.69

SXS:BBH:1360 1 0.0 0.0 0.0278 0.192 0.0522 0.156 0.0272 0.232 0.2 0.0259 0.218 0.78

SXS:BBH:1361 1 0.0 0.0 0.028 0.194 0.0528 0.162 0.0277 0.239 0.24 0.0262 0.221 0.7

SXS:BBH:1362 1 0.0 0.0 0.0319 0.255 0.0584 0.193 0.0313 0.308 0.4 0.0305 0.309 0.73

SXS:BBH:1363 1 0.0 0.0 0.0321 0.257 0.0596 0.221 0.0313 0.304 0.48 0.0305 0.307 0.74

SXS:BBH:1364 2 0.0 0.0 0.0215 0.059 0.0421 0.048 0.0203 0.059 0.49 0.0185 0.066 0.46

SXS:BBH:1365 2 0.0 0.0 0.0215 0.083 0.0418 0.067 0.021 0.101 0.25 0.0191 0.101 0.29

SXS:BBH:1366 2 0.0 0.0 0.0239 0.134 0.0456 0.111 0.0233 0.158 0.2 0.0226 0.152 0.29

SXS:BBH:1367 2 0.0 0.0 0.0251 0.125 0.048 0.102 0.028 0.126 0.5 0.0264 0.113 0.92

SXS:BBH:1368 2 0.0 0.0 0.0244 0.132 0.0466 0.107 0.0236 0.151 0.32 0.0233 0.157 0.33

SXS:BBH:1369 2 0.0 0.0 0.0309 0.257 0.0573 0.191 0.0305 0.304 0.35 0.0299 0.308 0.39

SXS:BBH:1370 2 0.0 0.0 0.0315 0.25 0.0585 0.144 0.0312 0.301 0.31 0.0301 0.296 0.45

SXS:BBH:1371 3 0.0 0.0 0.0213 0.078 0.0414 0.063 0.0191 0.101 0.16 0.0191 0.093 0.15

SXS:BBH:1372 3 0.0 0.0 0.0237 0.13 0.0454 0.107 0.0233 0.153 0.19 0.0228 0.153 0.26

SXS:BBH:1373 3 0.0 0.0 0.0239 0.129 0.0458 0.104 0.0234 0.151 0.29 0.0229 0.149 0.21

SXS:BBH:1374 3 0.0 0.0 0.0306 0.248 0.0562 0.206 0.0304 0.294 0.33 0.0296 0.293 0.31

forms were employed.

Using the SEOBNRv4EHM model, we compute the SNR-
weighted unfaithfulness, averaged over the effective polariza-
tion angle and azimuthal angle of the signal, for an inclination
angle of the source ιs = π/3 (Eq. (26)), against the quasi-
circular SEOBNRv4HMmodel in the following parameter space:
q ∈ [1,20], χ1,2 ∈ [−0.95,0.95], and e0 ∈ [0,0.3]. As an exam-
ple, we consider a total mass of 70M� and starting frequency
of 20Hz. We fix the initial conditions at periastron (ζ0 = 0) to
reduce the dimensionality of the parameter space, and we set
the starting frequency of the SEOBNRv4HM waveform, so that

the length of the quasi-circular waveform is the same as the
eccentric one produced with SEOBNRv4EHM.

The unfaithfulness results are shown in Fig. 10. As ex-
pected, we observe that the unfaithfulness becomes increas-
ingly large with eccentricity. We also appreciate a dependence
of the results on the mass ratio and the effective-spin parame-
ter. In the latter case, we observe that the unfaithfulness can be
as large as ∼ 70% for large negative spins, while for positive
spins the largest values occur at χeff ∼ 0.95. The unfaithful-
ness also shows a dependence on the mass ratio, with values
up to ∼ 70% for q ∼ 20, while for comparable masses the un-
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Figure 9. Plus gravitational polarization versus time for a q = 2
non-spinning configuration computed with SEOBNRv4EHM for four
different initial eccentricities e0 = [0,0.3,0.5,0.8], and total mass
M = 100M�. All the configurations have a starting frequency of
20Hz at periastron. We note that for e0 = 0.8 the waveform repro-
duces the burst-like features produced at the periastron passages.

faithfulness can be as large as 30%.

We note that large values of the unfaithfulness can imply
large biases in source’s parameters, if the quasi-circular mod-
els were employed in inference studies against eccentric GW
signals. Moreover, large unfaithfulness can also lead to a loss
in SNR, which can make the GW modeled searches subopti-
mal [164, 165]. The weighting of the unfaithfulness by the
SNR (see Eq. (26)), provides a conservative estimate of the
upper limit of the fraction of detection volume lost. However,
the unfaithfulness results presented here cannot be translated
into an estimate of the sensitivity of a matched-filter search
pipeline. This is because in a matched-filter search, the signal
is compared against templates with different intrinsic param-
eters [161, 169–171], which is not the case of our unfaithful-
ness study, where we have fixed the intrinsic parameters of
the signal and the template to be the same. More compre-
hensive studies with GW signals that cover a large portion of
the parameter space should be pursued in the future to assess
the sensitivity of modeled searches to eccentric signals from
BBHs with non-precessing spins, and quantify the biases in
the estimation of the parameters if quasi-circular–orbit mod-
els were employed.

Figure 10. SNR-weighted unfaithfulness, MSNR = 1−FSNR, aver-
aged over the effective polarization angle and azimuthal angle of the
signal for an inclination angle of the signal ιs = π/3 as described in
Eq. (26), between SEOBNRv4EHM and SEOBNRv4HM in the parameter
space: q ∈ [1,20], χ1,2 ∈ [−0.95,0.95], and e0 ∈ [0,0.3]. The total
mass considered here is 70M�, and the starting frequency is 20Hz.
The calculations are done with the Advanced LIGO’s zero-detuned
high-power design sensitivity curve [157]. In the upper panel, we
show the effective spin parameter, χeff, defined in Eq. (B3), as a func-
tion of SNR-weighted unfaithfulness. In the lower panel, we show
the same quantity as in the upper one, but using mass ratio, q, in the
y-axis. The color bar indicates the value of the initial eccentricity, e0.

IV. CONCLUSIONS

Working within the EOB framework, we have developed
the multipolar eccentric waveform model SEOBNRv4EHM
for BBHs with non-precessing spins and multipoles
(l, |m|) = {(2,2), (2,1), (3,3), (4,4), (5,5)}. The eccentric
waveform model is built upon the multipolar quasi-circular
SEOBNRv4HM model [131, 133]. The inspiral waveform
model SEOBNRv4EHM includes recently computed eccen-
tric corrections up to the 2PN order [126], including the
spin-orbit and spin-spin interactions, in the factorized GW
modes. By contrast the merger and ringdown description
of the SEOBNRv4EHM model is not modified with respect
to the one in the quasi-circular orbit case. Thus, we as-
sume that the binary circularizes by the time it merges,
and this is in agreement with NR simulations for mild
eccentricities [107, 172].

We have generalized the eccentric initial conditions intro-
duced in Ref. [126] to include two eccentric parameters, the
initial eccentricity e0, and the initial relativistic anomaly ζ0.
Both parameters are specified at a certain starting frequency
ω0 along the elliptical orbit. We note that when the binary
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starts its evolution at periastron or apastron, one only needs
to specify (e0,ω0), and this is the choice made in other ec-
centric EOB waveform models in the literature [121–124].
The relativistic anomaly is degenerate with variations of the
initial orbital frequency ω0 at fixed e0. This fact is used to
reduce the dimensionality of the parameter space when com-
paring EOB and NR waveforms in Sec. III C. For applications
like Bayesian-inference studies, having generic initial condi-
tions becomes essential as the parameters of a binary system
are inferred at a fixed reference frequency [64]. Thus, for
parameter-estimation studies, the starting frequency would be
fixed, and the degeneracy between ω0 and ζ0 can no longer be
used to accurately sample the eccentric parameter space.

We have also implemented the initial conditions for hyper-
bolic encounters and dynamical-capture systems, expressing
them in terms of the initial angular momentum and energy
at infinity [149]. As an example we have shown that the
SEOBNRv4EHMmodel can qualitatively reproduce the behavior
of dynamical captures. We leave to the future a quantitative
and detailed study of the accuracy of the model for hyper-
bolic encounters, including comparisons with NR simulations
of unbound systems.

Regarding the accuracy of our model, in the quasi-circular
limit we have found that the unfaithfulness between the (2,2)-
mode only model, SEOBNRv4E, and the publicly available
NR waveforms used to construct and validate the underlying
quasi-circular waveform model, SEOBNRv4 [131], is always
smaller than 1%. When we include the higher order mul-
tipoles, (l, |m|) = {(2,1), (3,3), (4,4), (5,5)}, the unfaithfulness
averaged over sky positions, orientations and inclinations be-
tween SEOBNRv4EHM and the same NR dataset used to val-
idate SEOBNRv4HM, is overall below 1%, with few configu-
rations above that threshold, but below 1.5%, as in the case
of SEOBNRv4HM [133]. Thus, the multipolar eccentric model
has an accuracy comparable to the underlying quasi-circular
model in the zero eccentricity limit.

To asses the accuracy of the model in the eccentric case, we
have developed a maximization procedure of the unfaithful-
ness to estimate the optimal values of eccentricity and starting
frequency. For the (2,2)-mode waveforms, we have found that
the unfaithfulness of the SEOBNRv4Emodel against the eccen-
tric NR waveforms at our disposal, which have eccentricity
. 0.3, is always smaller than 1%. We have also used an-
other eccentric EOB waveform model TEOBResumSE to com-
pute the unfaithfulness against eccentric NR waveforms, and
we have found that the unfaithfulness is also always < 1%.
Overall we find that the unfaithfulness of SEOBNRv4E model
is smaller than the public version of the TEOBResumSEmodel,
at the time of this publication, for the NR dataset at our dis-
posal. We note that in order to set more stringent constraints
on the accuracy of both models, comparisons against larger
datasets of eccentric NR simulations are required.

Considering that the accuracy of the SEOBRv4EHM model
against NR simulations can currently be investigated only up
to eccentricity 0.3, we have assessed the smoothness and ro-
bustness of the SEOBNRv4EHM model in the parameter space
χ1,2 ∈ [0.,0.99], q ∈ [1,50] and e =∈ [0,0.3]. We have found
that some configurations when the spins are large and positive,

notably in the range χ1,2 ∈ [0.95,0.99], lead to spurious oscil-
lations in the amplitude and frequency close to merger. This
is due to the suboptimal procedure used by the SEOBNRv4EHM
model to transit from the late inspiral to the merger and ring-
down. Furthermore, the SEOBNRv4EHM can be generated also
for eccentricity larger than 0.3, however we caution its use
for large eccentricities, especially beyond the inspiral phase,
since the model has been built under the assumption that the
binary circularizes. We emphasize that current GW detectors,
such as LIGO, Virgo and KAGRA will be able to detect ec-
centric GW events with mild eccentricities [34, 35]. Thus,
having a waveform model that can grasp the main character-
istic of eccentric signals up to eccentricity 0.3 is valuable —
for example the SEOBNRv4EHM model could be employed to
search for eccentric signals in the LIGO and Virgo data and to
infer the properties of the eccentric sources.

We remark that in this first eccentric EOBNR model, we
have only included the eccentric corrections up to 2PN or-
der derived in Ref. [126] to the factorized GW modes, while
we have kept the conservative and dissipative dynamics the
same as in the quasi-circular SEOBNRv4HM model. Prelimi-
nary comparisons with a larger set of NR simulations are in-
dicating that better accuracy can be achieved when including
the eccentric corrections [126] also in the RR forces. These
improvements will be included in the next generation of the
EOBNR waveform models currently under construction, that
is the SEOBNRv5 model.

We leave to the near future the development of a reduced-
order-model (ROM) [173, 174] version of the SEOBNRv4EHM
model, so that it can efficiently be used for inference stud-
ies on current GW catalogs and future observations with the
LIGO, Virgo and KAGRA detectors. We also plan to extend
the SEOBNRv4EHM model to precessing binaries, including the
eccentric corrections to the waveform modes of the quasi-
circular spin-precessing SEOBNRv4PHM model [129, 134,
136].
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Appendix A: Eccentric corrections to the waveform modes

In this appendix, we list the eccentric corrections to the
waveform modes obtained in Ref. [126]. These corrections
are written in terms of the dynamical quantities r, pr and ṗr.
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To ease the notation, we define

vφ̇ ≡
( ṗrr2 + 1)1/6

√
r

, (A1)

which is (φ̇)1/3 at leading PN order for generic orbits, and it
reduces to vω ≡ ω1/3 in the circular-orbit limit. We also define
the anti-symmetric mass ratio δ ≡ (m1 −m2)/M and the spin
combinations

χS =
1
2

(χ1 +χ2), χA =
1
2

(χ1−χ2). (A2)

We expand the eccentric part of the leading-order tail term,
T ecc

lm , in Eq. (6), in powers of the eccentricity up to O(e6), and
express it in terms of the dynamical quantities pr and ṗr as de-
scribed in Ref. [126] using the Keplerian parametrization. For
the {(2,2), (2,1), (3,3)} modes, we obtain through 2PN order
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+
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, (A3)
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+
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+
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, (A4)
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33 = −

π
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+
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+
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r

5184
−

2383ir6 pr ṗ3
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+
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+
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+
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+
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. (A5)

For the eccentric term f ecc
lm in Eq. (6), and the modes {(2,2), (2,1), (3,3), (4,4), (5,5)}, we obtain

f ecc
22 =

1− rp2
r + r3v6

φ̇
−2rv2

φ̇

2rv2
φ̇

+ irvφ̇pr +
1
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(
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φ̇
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)
−91
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+ p2
r r
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21ν+ 3r3v6
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+
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r
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r
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r
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]
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28(17ν−16ν2 + 6) + (43ν2 + 13ν−279)r3 p6
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+
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r
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r
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φ̇
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+
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+
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)
+ 24r7v15
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For binaries of equal masses (δ = 0, ν = 1/4), the leading-PN
order of the odd-m modes is proportional to δ, which cancels
with the denominator of χA/δ in the above expressions for the
(2,1) and (3,3) modes, leading to

f ecc,δ=0
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3χA

2cv7
φ̇

(
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−

1
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+
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35r7v14

φ̇
−77r4v8
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φ̇
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)
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φ̇
+ 21r7v14
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−70r4v8

φ̇
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f ecc,δ=0
33 =
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[
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. (A12)

Since the eccentric correction to the (5,5)-mode does not de-
pend on spin at this order, it goes to zero for equal masses.

Appendix B: Implementation of the orbit averaging procedure

In this appendix, we describe in detail the orbit averaging
procedure that we have applied in Sec. II B to the instanta-
neous NQC functions of the waveform.

According to Eq. (9), to orbit average a dynamical quan-
tity we need to define the times, ti, which identify successive
orbits in the evolution. In our implementation, we use the
local maxima and employ a simple algorithm that compares
each element of the time series with the two closest neighbors.
However, these values may strongly depend on the specified

time step, thus, in order to reduce such dependence we fur-
ther compute the parabola passing through this three points
{(ti−1,Xi−1), (ti,Xi), (ti+1,Xi+1)}, and obtain its maxima analyt-
ically,

f (t) = at2 + bt + c, tmax = −b/2a,
∆ = (ti− ti+1)(ti− ti−1)(ti+1− ti−1)

a =
1
∆

[Xi−1(ti− ti+1) + Xi(ti+1− ti−1) + Xi+1(−ti + ti−1))] ,

b =
1
∆

[
Xi−1(−t2

i + t2
i+1) + Xi+1(t2

i − t2
i−1) + Xi(−t2

i+1 + t2
i−1)

]
,

c =
1
∆

[(Xi−1(ti− ti+1)titi+1 + Xi(ti+1− ti−1)ti−1ti+1

+Xi+1titi−1(−ti + ti−1))] ,
(B1)

where tmax is the solution of d f (t)/dt = 0. The found maxima,
and their corresponding times, {ti,Xi}, are then used in Eq. (9)
to compute the orbit-average quantity Xi, and the intermediate
times, ti = (ti+1 + ti)/2 [103], are associated to each Xi.

As our dynamical quantity, we use pr∗ , but when the eccen-
tricity e0 < 0.1, we switch to ṗr∗, because we find that we can
reliably extract the maxima in this quantity even for very small
eccentricities (e0 < 0.01). This is due to the fact that the time
derivative enhances the effects of the eccentric oscillations.

The orbit averaging procedure also requires the introduc-
tion of boundary conditions at the start and at the end of the
inspiral 5. At the start of the inspiral, we simply use the the

5 Once an orbit-average quantity, {〈t〉i, 〈X〉i}, has been computed, it is inter-
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time of the first maximum, tfirst-max. The impact of this choice
is negligible because at this point of the evolution the orbit-
average NQC function is quite smooth. Meanwhile, at the
end of the inspiral, we need to reproduce the plunging be-
havior of the dynamical quantities r,ω, pr∗ to accurately com-
pute the NQC function, as done in the quasi-circular case.
To achieve this goal, we impose that from a certain time,
taverage-end, the orbit-average dynamical quantities follow the
non-orbit–average dynamics. In Fig. 11, we show how the
orbit-average ω and pr∗ are constructed from the instanta-
neous eccentric dynamics for a particular eccentric configu-
ration, q = 3, χ1 = 0.5, χ2 = 0.25, e0 = 0.3. Addition-
ally, the evolution of the quasi-circular quantities is included
in Fig. 11, showing that the orbit-average curves for ω and
pr∗ agree remarkably well with the ones corresponding to the
quasi-circular evolution.

In Fig. 11, the orange vertical line corresponds to
taverage-end, from which the values of the instantaneous, ec-
centric dynamical variables (green dots on the right of the
orange vertical line) are attached, and together with the orbit-
average values (black dots on the left of the orange vertical
line) form the orbit-average curve, which is then interpolated.
Thus, between the time of the last found maximum, tlast-max

(the closest black dot to the orange vertical line), and the
value of taverage-end there are no points to use. If the distance
between tlast-max and taverage-end is too large, one can get un-
physical oscillations coming from interpolation artefacts due
to a too large interpolated interval without points. By con-
trast if taverage-end is very close to tlast-max one could introduce
residual oscillations due to eccentricity, or spurious oscilla-
tions due to the artefacts of the interpolation method, as at
plunge the change of behavior of the dynamical quantities,
especially pr∗ , challenges the interpolation procedure. Fur-
thermore, we note that the position of tlast-max depends sub-
stantially on the spins of the binary. For instance, for high-
negative spins tlast-max typically occurs far from the merger
(tωpeak − tlast-max & 100M), while for high-positive spins tlast-min

can be very close to merger tωpeak − tlast-max . 50M. We use the
following phenomenological prescription for the dependence
of taverage-end with spins,

taverage-end
χ (taverage-end

j ,χlow,χhigh,βχ;χeff) =

taverage-end
0 ×

[
1−w(βχ,χlow;χeff)

]
+ taverage-end

1 ×
[
1−w(βχ,χhigh;χeff)

]
+ taverage-end

2 ×w(βχ,χhigh;χeff),

(B2)

where the function w is the sigmoid defined in Eq. (8), and,
the effective spin parameter is defined as,

χeff =
m1χ1 + m2χ2

M
. (B3)

polated using cubic splines GSL routine [175] so that it can be eval-
uated onto the time grid with a sampling rate corresponding to the one
specified by the user.
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Figure 11. Time evolution of the orbital frequency ω (upper panel),
and the radial momentum pr∗ (lower panel), for a configuration with
q = 3, χ1 = 0.5, χ2 = 0.25. For this configuration, we show the quasi-
circular dynamical quantities (red solid line), the eccentric quanti-
ties with initial eccentricity e0 = 0.3 (solid green line) and the orbit-
average curves (blue dashed line). The black dots, on the left of
the orange vertical line, represent the {ti,Xi} points used to construct
the orbit-average curve, the orange vertical line represents the time
taverage-end = −30M from which the instantaneous quantities are used
to construct the orbit-average curve, and the gray vertical line cor-
responds to time at which the inspiral ends, that is tinspiral-end. The
green dots, on the right of the vertical orange line, corresponds to val-
ues of the instantaneous eccentric quantities, which are used together
with the black dots to generate the interpolated function representing
the orbit-average curve. The insets in both panels zoom into the last
1000M of evolution to better show the behavior of the orbit average
curves at the end of the inspiral.

In Eq. (B2) the indices takes the values j = 0,1,2,
while βχ = 50, {χlow,χhigh} = {−0.5,0.95} and
(taverage-end

0 , taverage-end
1 , taverage-end

2 ) = (60M,30M,20M). In
Fig. 12 the dependence of tχaverage-end on the effective spin
parameter is illustrated. The values of the parameters
{taverage-end

0 , taverage-end
1 , taverage-end

2 ,χlow,χhigh} are chosen af-
ter evaluating the model in a grid of points in parameter
space q = [1 − 20], χeff = [−0.99,0.99], e = [0,0.3] with
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tappend = [10,100], and imposing that the frequency of the
(2,2)-mode does not have oscillations above 20% with respect
to the (2,2)-mode frequency of the quasi-circular SEOBNRv4
model in the last 100M prior to the peak of the (2,2)-mode
amplitude. We note that the current prescription for the
taverage-end parameter is independent of the mass ratio, because
we find that the spin effects are dominant for the mass ratios
we consider here.
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Figure 12. Dependence of the taverage-end
χ parameter defined in Eq.

(B3) on the effective spin parameter. The green (blue) dashed ver-
tical line corresponds to χlow = −0.5 (χhigh = 0.95) values used to

construct taverage-end
χ .

We note that the orbit averaging procedure fails when ec-
centricity goes to zero due to the absence of maxima in the
orbital quantities, as they become non-oscillatory functions.
Hence, in order to have a smooth transition to the quasi-
circular limit, we need a new metric to measure the distance
between the time of the last found maxima, tlast-max, and the
time corresponding to taverage-end

χ . This is due to the fact that
the smaller the eccentricity, the earlier tlast-max occurs in the
inspiral, and thus, the larger the region without points over
which the orbit-average quantities would be interpolated. In
practice, we find that one can use the time at which the inspi-
ral ends6, tinspiral-end (dashed gray vertical line in Fig. 11), in-

stead of taverage-end
χ , because for low eccentricities a difference

of ∼ 30− 100M has negligible impact in the orbit averaging
procedure. Hence, we impose that taverage-end depends on

∆t = tinspiral-end− tlast-max, (B4)

such that the final expression for the taverage-end reads as fol-
lows,

taverage-end(∆t,χeff) = taverage-end
χ (χeff)× [1−w(βt,∆t0;∆t)]

+αt ×w(βt,∆t0;∆t)×∆t,
(B5)

where βt = 0.1, ∆t0 = 350M and αt = 0.75. This choice of pa-
rameters ensures that taverage-end increases as the time at which
the last maximum is found occurs at earlier times in the in-
spiral for low-initial eccentricities, thus smoothly increasing
the region in which the instantaneous variables are used to
construct the orbit-average quantities. These values were set
after testing and evaluating more than 104 waveforms for ini-
tial eccentricities e < 0.1 in the parameter space q = [1,20],
χeff = [−0.9,0.9]. Finally, we only consider the orbit averag-
ing procedure when at least three maxima are found during
the inspiral, otherwise we use the instantaneous dynamics to
construct the NQC function in Eq. (7).

Appendix C: PN expressions for dynamical quantities in the
Keplerian parametrization

In this appendix, we provide the expressions of the dynam-
ical quantities pr, ṗr, and ṙ in the Keplerian parametrization.
They are needed for calculating the initial conditions for ec-
centric orbits, as discussed in Sec. II C.

In the Keplerian parametrization we have:

r =
1

up(1 + ecosζ)
, (C1)

where up is the inverse semilatus rectum and ζ is the rela-
tivistic anomaly. Inverting the Hamiltonian at periastron and
apastron, r± = [up(1± e)]−1, and solving for the energy E and
up through to 2PN order, we obtain

E =
e2−1
2p2

φ

+
1− e2

8c2 p4
φ

[
e2(ν−7)− ν−9

]
+

e2−1
16c4 p6

φ

[
e4(ν2−7ν+ 33)−2e2(ν2 + 9ν−71) + (ν−7)ν+ 81

]
+

1− e4

c3 p5
φ

[
2δχA− (ν−2)χS

]
+

1− e2

2c4L6

{
χ2

S

[
e2

(
−8ν2 + 8ν−3

)
−1

]
+χ2

A

(
3e2 + 1

)
(4ν−1) + 2δχAχS

[
e2(4ν−3)−1

]}
,

up =
1
p2
φ

+
e2 + 3
c2 p4

φ

+
e2 + 3
c4 p6

φ

(
2e2− ν+ 6

)
+

e2 + 3
c3 p5

φ

[
−2δχA + (ν−2)χS

]

6 We refer to the last point of the evolution of the equations of motion given by Eqs. (2).
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+
2

c4 p6
φ

{
χ2

S

[
e2

(
3ν2−3ν+ 1

)
+ ν2− ν+ 1

]
−χ2

A

(
e2 + 1

)
(4ν−1)−δχAχS

[
e2(3ν−2) + ν−2

]}
. (C2)

Inverting the Hamiltonian to obtain pr(E, pφ,r), then substituting Eqs. (C1) and (C2), yields pr(pφ,e, ζ), which is given by the
2PN expansion

pr =
esinζ

pφ
+

esinζ
c2 p3

φ

(
e2 + ecosζ + 2

)
+

e2 sinζ(e− cosζ)
[
−2δχA + (ν−2)χS

]
c3 p4

φ

+
esinζ
4c4 p5

φ

{
8e4 + e2(43−10ν)−12ν+ 22

+
[
8e3 + e(12−20ν)

]
cosζ + e2(3−6ν)cos(2ζ) +χ2

A

[
e2(8ν−2)cos(2ζ) + e2(4−16ν) + e(48ν−12)cosζ + 24ν−6

]
+χ2

S

[
−2e2(1−2ν)2 cos(2ζ) + e2(8(ν−1)ν+ 4) + e(−40(ν−1)ν−12)cosζ −6(1−2ν)2

]
−δχAχS

[
e2(4−8ν)cos(2ζ) + 8e2(ν−1) + e(24−40ν)cosζ −24ν+ 12

]}
. (C3)

Substituting r and pr from Eqs. (C1) and (C3) into ṗr = −∂ĤEOB/∂r, and expanding yields

ṗr =
ecosζ(ecosζ + 1)2

p4
φ

−
e(ecosζ + 1)2

[(
e2(ν−5)− ν−7

)
cosζ + e(cos(2ζ) + 3)

]
2c2 p6

φ

+
e(ecosζ + 1)2 [

−2δχA + (ν−2)χS
]

2c3 p7
φ

×
[
6
(
e2 + 1

)
cosζ − e(3cos(2ζ) + 1)

]
+

e(ecosζ + 1)2

8c4 p8
φ

{
2e

[(
e2(ν−7)−7ν−41

)
cos(2ζ) + 3e2(ν−7)−6eνcos(3ζ) + 11ν−59

]
+

[
e4(3ν2−17ν+ 55)−6e2(ν2 + 3ν−39) + 3ν2− ν+ 95

]
cosζ

}
+

e(ecosζ + 1)2

4c4 p8
φ

{
2δχAχS

[(
e2(19−26ν) + 12ν

)
cos(ζ) + 3e2(2ν−1)cos(3ζ) + 2e(11ν−7)cos(2ζ) + 2e(ν−1)

]
+χ2

S

[(
e2

(
52ν2−52ν+ 19

)
−24(ν−1)ν

)
cos(ζ)− e

(
3e(1−2ν)2 cos(3ζ) + 2

(
22ν2−22ν+ 7

)
cos(2ζ) + 4ν2−4ν+ 2

)]
+χ2

Ae(4ν−1)[−19ecosζ + 3ecos(3ζ) + 14cos(2ζ) + 2]
}
. (C4)

Similarly, for ṙ = ∂ĤEOB/∂pr, we obtain

ṙ =
esinζ

pφ
+

esinζ
2c2 p3

φ

[
e2(−(ν−1))−6ecosζ + ν−3

]
+

e2 sinζ(cosζ − e)
c3 p4

φ

[
2δχA + (2− ν)χS

]
+

e
8c4 p5

φ

{
2e

(
3e2(ν−3) + 11ν−29

)
sin(2ζ) + 3e2(2ν+ 1)sin(3ζ) +

[
e4(3(ν−3)ν+ 7) + e2

(
−6ν2 + 4ν+ 25

)
+ 3ν2 + 27ν−81

]
sinζ

}
+

e
2c4 p5

φ

{
χ2

A sinζ(4ν−1)
[
−3e2 + 2ecosζ + 1

]
+χ2

S sinζ
[
e2

(
8ν2−8ν+ 3

)
−2e

(
2ν2−2ν+ 1

)
cosζ − (1−2ν)2

]
+ 2δχAχS sinζ

[
e2(3−4ν) + 2e(ν−1)cosζ + 2ν−1

]}
. (C5)
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