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In quantum many-body dynamics admitting a description in terms of non-interacting quasiparti-
cles, the Feynman-Vernon influence matrix (IM), encoding the effect of the system on the evolution
of its local subsystems, can be analyzed exactly. For discrete dynamics, the temporal entangle-
ment (TE) of the corresponding IM satisfies an area law, suggesting the possibility of an efficient
representation of the IM in terms of matrix-product states. A natural question is whether and
how integrable interactions, which preserve stable quasiparticles, affect the behavior of the TE.
While a simple semiclassical picture suggests a sublinear growth in time, one can wonder whether
interactions may lead to violations of the area law. We address this problem by analyzing quantum
quenches in a family of discrete integrable dynamics corresponding to the real-time Trotterization of
the interacting XXZ Heisenberg model. By means of an analytical solution at the dual-unitary point
and numerical calculations for generic values of the system parameters, we provide evidence that,
away from the non-interacting limit, the TE displays a logarithmic growth in time, thus violating the
area law. Our findings highlight the non-trivial role of interactions, and raise interesting questions
on the possibility to efficiently simulate the local dynamics of interacting integrable systems.

While computing the exact properties of many-body
quantum systems out of equilibrium remains a formidable
problem, the past two decades have witnessed the de-
velopment of powerful numerical techniques allowing for
accurate approximations. This is especially true in one
dimension, where the dynamics can be simulated using
algorithms based on matrix-product states (MPSs) [1–7].
Even in this case, however, the generic linear growth of
the entanglement entropy [8, 9] poses a major obstacle
for the MPS representation of the time-evolving state [7].

When one is interested in the dynamics of local observ-
ables, it is natural to expect that much of the informa-
tion encoded in the wavefunction is irrelevant, and that
alternative approaches can be devised retaining only the
data needed to reconstruct the local physics. A promis-
ing idea in this direction was put forward in Ref. [6]
(see also [10, 11]), which proposed an MPS algorithm
to describe the dynamics induced on local subsystems.
Crucially, the efficiency of the method is insensitive to
the growth of the standard entanglement entropy. In-
stead, it is related to the so-called temporal entanglement
(TE) [12], which is naturally understood as the entangle-
ment generated along a space-time rotated direction [6].
This approach has recently received renewed interest in
connection to the study of space-time dualities in Flo-
quet kicked Ising chains [13, 14] and dual-unitary quan-
tum circuits [15], see [16–29]. In addition, similar ideas

motivated related constructions exploiting space-time ro-
tation in generic quantum-circuit dynamics [30–35].

Recently, the approach developed in Ref. [6] has been
understood in more physical terms based on the so-called
Feynman-Vernon Influence Matrix (IM) approach [12],
where one views the system as an environment for its
local subsystems. Complete information on the local dy-
namics is encoded in the IM, which can be thought of
as a wavefunction in a multi-time Hilbert space. The
TE is then simply defined as the bipartite entanglement
entropy of the IM.

For time-discrete evolution, it has been argued that the
scaling of the TE provides valuable information about the
nature of the dynamics [36–38], displaying, for instance,
a slow growth in many-body localized phases [38]. Still,
despite a few interesting examples [16, 39–42], our under-
standing of the TE scaling remains largely incomplete.

As an important exception, a very detailed characteri-
zation of the TE can be achieved for systems that can be
mapped onto non-interacting fermions, as it was exempli-
fied for infinite-temperature states in the transverse-field
kicked Ising chain [36]. Here, the IM can be computed
analytically, generically displaying a Bardeen-Cooper-
Schrieffer-like structure and, as a prominent feature, the
corresponding TE entropy obeys an area-law scaling, per-
sisting throughout the system’s phase diagram.

Since the analysis of Ref. [36] relies on the quasiparticle
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FIG. 1. (a) A system of L qubits is initialized in a product state and evolved via a brickwork quantum circuit, with two-site
gate defined in Eq. (2). “Folding” the circuit, the left and right IMs determine the evolution of local subsystems. Fixing a site
j, the Floquet operator decomposes into U = UintUE as described in the main text. The right IM is illustrated: Uint consists
of the highlighted gates, while the gray and white gates are part of UE . The operator T̃ defines the dual transfer matrix. (b)
Cartoon of the quasiparticle picture for the TE. In the folded picture, backward and forward world lines for each quasiparticle
are superimposed, leading to the prediction of sublinear growth for the TE. (c) Growth of the TE for the non-interacting

case. In the plot we set Jx = 0.3, Jy = 0.5, J ′ = 0, while the system is initialized in the product state ρ0 =
⊗

k ρ
(k)
0 , with

ρ
(k)
0 = e−βσ

z
k/Zk and Zk = Tr[e−βσ

z
k ].

description of the model, it is natural to ask about the
fate of the TE area law in the presence of integrable in-
teractions, which preserve the stable quasiparticles. Be-
sides its interest per se, this question has also implica-
tions on the possibility to efficiently simulate the (dis-
crete) quench dynamics of interacting integrable models,
a task which is known to be very hard from the analytical
point of view [43–45].

Here we tackle this question by studying a fam-
ily of integrable dynamics corresponding to the real-
time Trotterization of the interacting XXZ Heisenberg
model [46, 47]. We focus on the quench dynamics from
generic initial states, thus generalizing the setting con-
sidered in Ref. [36] to truly non-equilibrium situations.
Based on a simple quasiparticle picture [8, 48–52], we ar-
gue that the TE scaling must be sublinear in time. We
provide evidence that, although the area law is preserved
for a large class of initial states in the non-interacting
case, the TE exhibits a generic logarithmic growth in
the presence of interactions, violating the area law. We
conjecture this to be a generic feature of interacting in-
tegrable systems, and discuss some interesting questions
raised by our results.

The model.— We consider a spin-1/2 chain with L
sites and periodic boundary conditions, and study the
driven dynamics defined by a two-step unitary operator
U = Uodd Ueven , with

Uodd =

L/2∏
n=1

U2n,2n+1, Ueven =

L/2∏
n=1

U2n−1,2n , (1)

where

Un,n+1 = e−iJxσ
x
nσ

x
n+1−iJyσ

y
nσ

y
n+1−iJ

′(σznσ
z
n+1−11) (2)

is a two-site gate expressed in terms of Pauli matrices.
We denote by |0〉j , |1〉j the states in the local computa-
tional basis (eigenbasis of σzj ). Unless stated otherwise,

in the following we will set Jx = Jy = J . This model was
introduced in Refs. [46, 47] as a paradigmatic example
of an integrable, periodically driven spin chain and can
be thought of as a Trotterized XXZ Heisenberg evolu-
tion. These Floquet dynamics can be represented as a
brickwork circuit, as illustrated in Fig. 1(a).

For J ′ = 0, the model reduces to the XY spin chain,
mappable to free-fermion dynamics by a Jordan-Wigner
transformation, while for Jx = Jy = π/4 the quantum
circuit generated by repeated application of the Floquet
operator U is dual-unitary [15]. In general, for arbitrary
J , J ′, the system displays an extensive number of lo-
cal conservation laws [46, 47] and the Floquet spectrum
may be obtained exactly via a standard Bethe ansatz ap-
proach [53, 54]. The corresponding quasiparticle struc-
ture bears similarities to that of the well-known XXZ
Heisenberg Hamiltonian [53, 55].

The quench protocol and the IM.— We study a quench
problem in which the system is initialized in simple trans-
lationally invariant product states (either pure or mixed),
and analyze the subsequent evolution in the thermody-
namic limit L→∞ (this setting also includes the special
case of infinite-temperature initial states ρ0 = 11/2L).

The IM formalism [12] may be introduced starting
from the time-evolved expectation value Tr[ρ(t)Oj ] =
Tr[ρ0(U†)tOjU t] of a local observable Oj at site j. Tak-

ing for simplicity an initial state ρ0 =
⊗

k ρ
(k)
0 , the parts

of the system to the left and right of j will be treated
as environments for the spin j. The IMs associated with
them arise from integrating out the environment degrees
of freedom, treating the trajectory of spin j as an external
parameter. Focusing on the right environment k > j, we
can obtain an explicit expression for the IM employing a
Keldysh path integral representation, where forward and
backward spin trajectories are “folded” on a closed time
contour. We introduce a subsystem-environment decom-
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position of the Floquet operator U = Uint UE , where Uint

is the gate acting on spins j and j + 1, and UE acts only
on spins k > j, which can be done in a natural way
exploiting the brickwork structure, cf. Fig. 1(a). Defin-
ing the partial matrix elements of Uint as the operators

[Uint]s,σ = [Uj,j+1]sσ acting on spin j+ 1 only (where s, σ
are the input and output states of spin j), the IM |Ft〉 is
the vector with coordinates depending on the trajectories
{s±τ , σ±τ } as

Ft

[
σ±τ , s

±
τ

]
= TrE

(
[Uint]s+t ,σ

+
t
UE · · · UE [Uint]s+1 ,σ

+
1
UEρE0 U

†
E

[
U†int

]
σ−1 ,s

−
1

U†E · · · U
†
E

[
U†int

]
σ−t ,s

−
t

)
, (3)

where TrE ≡ Trk>j and ρE0 ≡
⊗

k>j ρ
(k)
0 , cf. Fig. 1.

The IM of a longer environment can be computed from
that of a shorter one, leading to an exact self-consistency
equation in the thermodynamic limit [6, 12]. As de-
picted in Fig. 1, this can be formalized by introducing
a dual transfer matrix T̃ generating the evolution in a
“rotated direction”: the self-consistency equation then
simply reads T̃ |Ft〉 = |Ft〉 [6, 10, 12] and completely
determines the IM |Ft〉 at all times t.

The TE and the quasiparticle picture.— The quan-
tity of interest in this work is the TE entropy, denoted
by Sτ (t). In order to define it, we consider a biparti-
tion of the multi-time Hilbert space of spin trajectories,
cut into two regions with time labels 0 ≤ t′ ≤ τ and
τ + 1/2 ≤ t′′ ≤ t. Here t′, t′′ ∈ (0, t) are half integers
[in Eq. (1) we use the convention where each time corre-
sponds to two update steps]. The TE is the von Neumann
entanglement entropy [56] of the state |Ft〉 associated
with this bipartition.

We recall that the growth of the standard entangle-
ment entropy after a quantum quench in integrable sys-
tems can be quantitatively captured by a well-known
quasiparticle picture [8, 48–52]. In essence, one postu-
lates that the quench can be modeled as a process creat-
ing at each point in space uncorrelated pairs of entangled
quasiparticles spreading through the system with oppo-
site momenta. Given two disjoint regions A and B, their
entanglement then grows proportionally to the number
of pairs with one quasiparticle in A and the other in B.
When supplemented with model-dependent data, this re-
sults in a quantitative prediction for the linear growth of
the entanglement entropy, which has been proved ana-
lytically for non-interacting chains [48] and extensively
tested numerically in interacting models [51, 52, 57–59].

Heuristically, we may apply this picture to the TE, cf.
Fig. 1(b). Now for each quasiparticle pair we have to
keep track of both the forward and backward evolution.
Although these trajectories are correlated, they end up
being superimposed in the folded spacetime. As a con-
sequence, given a “space slice”, all correlated quasiparti-
cles occupy the same temporal position on the Keldysh
contour and quasiparticles are not able to transport en-
tanglement at different time sites. One concludes that no

TE is generated between disjoint temporal regions after
the quench [60].

A similar heuristic argument already appeared in
Ref. [6]. However, there it was stated in terms of non-
interacting localized excitations and supported by the
analysis of a circuit of swap gates [10]. In contrast, we
insist that the picture presented here is in terms of the
stable collective quasiparticles of integrable models. As
such, it is expected to hold in the scaling limit of large
times and to only provide predictions for the leading-
order behavior of the TE. That is, the above argument
suggests that the TE in integrable systems must asymp-
totically grow sublinearly in time.

This prediction is consistent with the TE area law scal-
ing found in Ref. [36] for the infinite-temperature kicked
Ising chain, i.e.

maxτ [Sτ (t)] ≤ c , ∀ t , (4)

where c is a constant. This result was derived by mapping
the system to non-interacting fermions and construct-
ing a gapped quasi-local parent Hamiltonian for |Ft〉.
The area law (4) has been numerically confirmed exploit-
ing a covariance-matrix approach for efficient evaluation.
A similar analysis can be carried out in our model for
J ′ = 0, for which Eq. (1) is mapped onto a free-fermion
evolution. In addition, although Eq. (4) was originally
shown for infinite-temperature states [36], the covariance-
matrix approach can be generalized to any Gaussian ini-
tial state [61], allowing us to confirm Eq. (4) for different
values of Jx, Jy and various quenches. An example of
our data is shown in Fig. 1(c).

In the following, our goal is to test the prediction of the
quasiparticle picture and the area law scaling (4) in the
presence of interactions. We provide evidence that, while
the TE growth is indeed sublinearly in time, interactions
bring about logarithmic violations of the area law.

Exact IM at the dual-unitary point.— In principle, the
integrability of the model allows one to diagonalize the
rotated transfer matrix T̃ via the Bethe ansatz and obtain
an explicit expression for the IM [62, 63]. However, the
wave-function obtained in this way is too complicated
to be handled, and it is not known how to extract its
entanglement entropy or other physical quantities.
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FIG. 2. Maximum TE Smax = maxτ [Sτ (t)] as a function of time for different values of Jx = Jy = π/4+ε and J ′ = π/4+K. (a)

TE at the dual-unitary point ε = 0 and irrational K/π = ln(2), quenching from |Ψ0〉 = |+〉⊗L. The plot is obtained evaluating
the entanglement entropy of the analytical MPS solution (5). We also show the TE for rational values of K/π approximating
ln(2), revealing a discontinuous asymptotic behavior of the TE, described in the main text. (b) TE at ε = 0.05, J ′ = 1 after

quenching from the infinite-temperature state. (c–d) Same plot for the Néel initial state |Ψ0〉 = |01〉⊗L/2. The parameters used
are J ′ = 1 and ε = 0.05 (c), ε = 0.08 (d). Dotted lines are a guide to the eye to emphasize the logarithmic growth.

In order to get some analytical insight, we therefore
consider the special point J = π/4, for which the dy-
namics is dual-unitary [15]. While in this case it was
shown that the TE is vanishing for a class of fine-tuned
initial states [16], here we are interested in its behavior
for generic ones. To be concrete, we consider a product
state |Ψ0〉 = |+〉⊗L, with |+〉 = (|0〉+ |1〉)/

√
2, although

our results generalize to arbitrary two-site shift invariant
states |Ψ0〉 = |ψ〉1,2 ⊗ |ψ〉3,4 ⊗ · · · ⊗ |ψ〉L−1,L.

The Bethe ansatz description remains non-trivial at
J = π/4 [53]. Nonetheless, the form of the gate in Eq. (2)
becomes very simple, allowing us to obtain an exact MPS
expression for the IM. Interestingly, we do this avoiding
Bethe ansatz techniques and relying instead on methods
borrowed from analytical tensor-network theory [41, 64].
We consign the details of our derivation to the SM [61],
while here we simply report the final result of our analy-
sis.

Setting J ′ = π/4 +K, we find that the left IM admits
an MPS description of the form

〈Ft| = 〈v|A[1] ·B[2] ·A[3] ·B[4] · · ·A[2t−1]|w〉 . (5)

Here, A, B are tensors with four physical indices labeled
by 00, 01, 10, 11 and bond dimension 2t + 1. The corre-
sponding matrices are defined by the elements

[A00]α,β = δα,β cos[2Kα] , (6a)

[A01]α,β = δ1,α−β cos[2K(α− 1)] , (6b)

[A10]α,β = δ1,β−α cos[2Kβ] , (6c)

[A11]α,β = [A00]α,β , (6d)

and

[B00]α,β = δα,β exp[2Kiα] , (7a)

[B11]α,β = δα,β exp[−2Kiα] , (7b)

[B01]α,β = [B10]α,β = 0 , (7c)

where α, β = −t,−(t − 1), . . . , t − 1, t. In addition, the
boundary vectors are defined (in the same basis) by the

elements |v〉α = δα,0 and |w〉α = 1. A similar expression
holds for the right IM [61].

As an immediate consequence of the above MPS rep-
resentation, we obtain a bound for the TE

maxτ [Sτ (t)] ≤ log(2t+ 1) ∼ log(t) , (8)

yielding a rigorous proof for its sublinear growth. De-
spite the simplicity of the solution, the TE displays very
interesting features. First, we find that the asymptotic
behavior at large times is not continuous as a function of
K. In order to see this, we take K = nπ

m , where n and m
are coprime integers. In this case, it is easy to see that
the MPS (5) can be compressed to one with finite bond
dimension: due to the periodicity of the trigonometric
functions, the infinite matrices A[i] and B[i] can be trun-
cated to the first m lines and columns, so that the TE is
in fact bounded by a constant. However, this compres-
sion is not possible when K/π is irrational, suggesting a
truly logarithmic growth in this case.

In order to verify this, we evaluated numerically the
TE for irrational values of K/π, which can be done very
efficiently since the MPS form of the IM is known ex-
actly. An example of our data is reported in Fig. 2(a),
providing clear evidence of a true logarithmic growth. In
the plot, we also show the TE corresponding to ratio-
nal values approximating K/π [65]. In other cases, we
observe that the TE might display extremely long ini-
tial pleateaux, which we attribute to the vicinity of K/π
to rational numbers with small denominator, see [61].
This, in general, makes it challenging to extrapolate the
asymptotic behavior from finite-time data. Therefore,
while the upper bound (8) is rigorous, given the highly
irregular behavior of the TE at the dual unitary point,
our numerical evidence should be taken cum grano salis
in this case. Still, for the accessible time scales, our data
consistently point to an indefinite growth of the TE for
generic J , thus violating the area law [66].
Numerical study for generic interactions.— Away

from the dual-unitary and non-interacting points, the IM
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may be obtained using MPS numerical methods. Follow-
ing Refs. [6, 10, 12], we represent the dual transfer matrix
T̃ as a matrix product operator (MPO), and compute its
leading eigenvector using either the density-matrix renor-
malization group (DMRG) [7], or plain iterative meth-
ods [6]. In order to push the available simulation times,
we focus on initial states displaying U(1) symmetry, al-
lowing us to enforce it explicitly in the local tensors [67].
Finally, throughout our simulations we used the bond di-
mension D as a control parameter, always checking con-
vergence with respect to it.

We first consider the infinite-temperature state for dif-
ferent values of J , J ′. Away from J = π/4, we find no
evidence of a TE area law for rational values of K/π. In
general, we observe an initial linear increase of the TE,
followed by an eventual logarithmic growth. An exam-
ple of our numerical data is shown in Fig. 2(b): for the
available times, curves corresponding to increasing D are
seen to converge to a straight line in logarithmic scales.

Next, we turn to the TE from non-equilibrium initial
states. In order to preserve U(1) symmetry, we have cho-

sen the Néel state |Ψ0〉 = |01〉⊗L/2. Here we observe that
the TE is larger compared to the infinite-temperature
state and increasing as we move away from the dual-
unitary point. Our numerical data are shown in Fig. 2.
Although simulation times are limited in this case, we
still observe a convincing logarithmic growth emerging
after an initial short-time regime. Altogether, our analyt-
ical and numerical results consistently point to a generic
logarithmic violation of the TE area law in the presence
of interactions, which we thus conjecture to be a general
feature of interacting integrable systems.

Outlook.— In this work we have studied the TE in
integrable discrete dynamics. Starting from a heuristic
quasiparticle picture and based on analytical and numer-
ical evidence in the prototypical XXZ Heisenberg model,
we have put forward that the TE generically grows log-
arithmically in time, violating the area law scaling away
from non-interacting regime.

Our findings raise several questions. First, it would
be interesting to put our conjecture on rigorous grounds
or establish it through exact calculations away from
the dual-unitary point. From the computational point
of view, instead, it would be important to understand
whether and how the sublinear growth of the TE may be
exploited for an efficient computation of the IM and its
approximation in terms of MPS.

Finally, while we have only focused on discrete dynam-
ics, it would be very interesting to perform a systematic
analysis of the Trotter limit of continuous-time evolution.
Preliminary numerical results suggest that the TE could
be vanishing in this limit, similarly to what happens in
the non-interacting case studied in Ref. [36]. This would
indicate that a continuous MPS ansatz [68, 69] could be
successfully employed in this limit. We hope that our
work will motivate further investigations in these direc-

tions.
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Supplemental Materials

Here we provide the technical calculations supporting the results presented in the main text.

Computation of the TE for free fermions

In this section, we extend the analysis of Ref. [36] to the case of non-equilibrium initial states. We consider the
XY-model, defined by Eq. (2) with J ′ = 0. In this case the evolution can be mapped to free fermion dynamics and
the IM can be computed exactly. We outline this calculation in the following.

As a first step, the spin model is rewritten in terms of fermionic creation and annihilation operators by means of a
Jordan-Wigner transformation,

σ+
j = eiπ

∑
l<j c

†
l clcj σ−j = c†je

−iπ
∑
l<j c

†
l cl σzj = (1− 2c†jcj).

Making these substitutions in Eq. (3), one obtains a trace expression over exponentials with quadratic fermionic
operators in the exponent. For its evaluation, it is convenient to cast it into a Grassmann path integral such that
Gaussian integration techniques can be applied. To this end, we substitute resolutions of the identity in terms of
Grassmann coherent states between all operator products in Eq. (3) [36]. In the environment, we introduce the
Grassmann fields ξ̄±τ = (ξ̄±τ,n=1, ξ̄

±
τ,2, .., ξ̄

±
τ,N )T and ξ±τ = (ξ±τ,n=1, ξ

±
τ,2, .., ξ

±
τ,N )T at all sites n of the environment at time

steps τ ∈ {0, 1
2 , .., t}. The superscript ± labels the forward and backward branch on the Keldysh contour, respectively.

Moreover, we define Grassmann fields η̄±τ , η
±
τ with τ ∈ {1, .., t} that analogously describe the degrees of freedom of

the system. With this, the IM becomes:

Ft

[
{η̄±τ , η±τ }

]
=

∫ [ t∏
τ=0,1/2,..

dξ̄±τ dξ
±
τ

]
e+ξ̄+

t ξ̄−t

(
〈η̄+
t , ξ̄

+
t | UintUodd |η+

t , ξ
+
t−1/2〉 · e

−ξ̄+
t−1/2

ξ+
t−1/2 · 〈ξ̄+

t−1/2| Ueven |ξ+
t−1〉

· · · 〈η̄+
1 , ξ̄

+
1 | UintUodd |η+

1 , ξ
+
1/2〉 · e

−ξ̄+
1/2

ξ+
1/2 · 〈ξ̄+

1/2| Ueven |ξ+
0 〉 e−ξ̄

+
0 ξ+

0 · 〈ξ̄+
0 | ρE0 |ξ

−
0 〉 · e−ξ̄

−
0 ξ−0

· 〈ξ̄−0 | U†even |ξ−1/2〉 · e
−ξ̄−

1/2
ξ−
1/2 · 〈η̄−1 , ξ̄

−
1/2| U

†
oddU

†
int |η

−
1 , ξ

−
1 〉

· · · 〈ξ̄−t−1| U†even |ξ−t−1/2〉 · e
−ξ̄−

t−1/2
ξ−
t−1/2 · 〈η̄−t , ξ̄−t−1/2| U

†
oddU

†
int |η

−
t , ξ

−
t 〉

)
. (S9)

To evaluate the single terms in Eq. (S9), we first note that

〈η̄, ξ̄| UintUodd |η, ξ〉 = 〈η̄, ξ̄n=1| Uint |η, ξn=1〉 · 〈¯̃ξ| Uodd |ξ̃〉 ,

where
¯̃
ξ and ξ̃ contain only Grassmann variables for n > 1. Next, the Grassmann Kernel of the two-site gates need

to be evaluated. For the XY-model with Un,n+1 = exp
(
− iJxσxnσxn+1 − iJyσynσ

y
n+1

)
, they read:

F (ξ̄n, ξ̄n+1, ξn, ξn+1) = 〈ξ̄n, ξ̄n+1|Un,n+1 |ξn, ξn+1〉

= cos(Jx − Jy) exp
[
− i sin(Jx+Jy)

cos(Jx−Jy) (ξ̄nξn+1 + ξ̄n+1ξn) + i tan(Jx − Jy)(ξ̄n+1ξ̄n + ξnξn+1)

− 2
sin Jx sin Jy
cos(Jx−Jy) (ξ̄nξn + ξ̄n+1ξn+1)

]
eξ̄nξn+ξ̄n+1ξn+1 ,

where we have suppressed the labels for time index and
Keldysh branch. Furthermore, for a thermal initial state

of the form ρE0 =
N
⊗
n=1

e−βσ
z
n (we neglect normalization

here since it is not relevant for our purpose), we find for
the Grassmann Kernel of the initial state: 〈ξ̄| ρE0 |ξ〉 =

e−β exp
(
e2β

N∑
n=1

ξ̄nξn

)
. Making the appropriate substi-

tutions in Eq. (S9), one arrives at an integral of the
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form:

Ft({η̄τ , ητ}) ∼

∫ [ t∏
τ=0,1/2,..

dξ̄′τdξ
′
τ

]
(

exp
[1

2

t∑
τ,τ ′=0,1/2,..

(
ξ̄′τ
ξ′τ

)
A

(τ,τ ′)
E

(
ξ̄′τ ′
ξ′τ ′

)]

× exp
[ t∑
τ,τ ′=1

(
η̄τ
ητ

)
A

(τ,τ ′)
S

(
η̄τ ′

ητ ′

)]

× exp
[ t∑
τ=1

t∑
τ ′=0,1/2,..

(
η̄τ
ητ

)
A

(τ,τ ′)
int

(
ξ̄′τ ′
ξ′τ ′

)])
, (S10)

where we defined ξ′τ ≡ (ξ+
τ , ξ

−
τ )T and ητ ≡ (η+

τ , η
−
τ )T

(and analogously for the variables with a bar). Using
standard relations for Gaussian Grassmann integrals, Eq.
(S10) can be rewritten as:

Ft({η̄τ , ητ}) ∼ exp

[
t∑

τ,τ ′=0

(
η̄τ
ητ

)
B(τ,τ ′)

(
η̄τ ′

ητ ′

)]
,

(S11)

with

B(τ,τ ′) = A
(τ,τ ′)
S +

1

2

(
AintA

−1
E AT

int

)(τ,τ ′)

.

The state in Eq. (S11) can be represented as BCS wave-

function of the form |Ft〉 ∼ exp(
∑
i,j Bij ĉ

†
i ĉ
†
j), from

which we can infer the correlation matrix Λ that uniquely
determines the IM. The correlation matrix Λ depends
only on the matrix B and is independent of the normal-
ization of |Ft〉 in particular. By defining a bipartition of
the system in temporal direction and viewing one part
as subsystem, one can compute the TE from the reduced
correlation matrix of that subsystem [74]. In Fig. 1(c),
we show the maximal TE, i.e. for each physical evolution
time t, we choose the temporal cut in such a way that
the TE is maximized.

Exact IM at the dual unitary point

Here we outline the calculations leading to the exact
MPS representation for the IM at the dual-unitary point.
We consider the following parametrization for the two-
site gate

U1,2[K] = e−i[
π
4 σ

x
1σ

x
2 +π

4 σ
y
1σ

y
2+(π4 +K)σz1σ

z
2 ] . (S12)

This can be rewritten as

U1,2[K] = S exp [−iKσz1σz2 ] = exp [−iKσz1σz2 ]S , (S13)

where S is the swap operator. We focus on quantum
quenches from two-site shift invariant product states

|Ψ0〉 = |ψ〉1,2 ⊗ |ψ〉3,4 ⊗ · · · ⊗ |ψ〉L−1,L. Although the
method presented in the following can be extended to
generic |ψ〉j,j+1, here we consider the simplest case where
|Ψ0〉 is one-site shift invariant, and choose for concrete-

ness |Ψ0〉 = |+〉⊗L, where |+〉 = (|0〉+ |1〉)/
√

2.
We start by analyzing the folded circuit, which we rep-

resent pictorially (for t = 2) as

(S14)

where black dots denote the folded identity, while two-
tone circles correspond to the folded product state
|+〉 |+〉. Before tackling the computation of the IM, it
is convenient to analyze the so-called light-cone trans-
fer matrix, indicated in Eq. (S14) by a shaded area. It
was introduced in Ref. [75] and it is easy to see that its
right fixed point is always a product state of maximally
entangled Bell pairs.

In order to compute the left fixed point, we will make
use of a graphical “zipper-equation”, which appeared in
Ref. [64] in the context of the classical asymmetric exclu-
sion process. There, it was presented as a tensor-network
reformulation of the solution found in Ref. [76]. In the
literature of quantum quenches, zipper equations of sim-
ilar form were previously exploited to obtain analytical
results in interacting quantum cellular automata [40–42].

As a starting point, we first look for a solution of the
fixed-point equation for a formally infinite transfer ma-
trix. Supposing that the time direction has no bound-
aries, we may interpret the transfer matrix as obtained
by sequential application of the dual gates as

. (S15)

We assume that in the bulk the fixed point can be written
as an MPS with the same tensor A at each site. Follow-
ing [64], we observe that a sufficient condition to find a



9

solution is that there exists a tensor B which satisfies the
zipper equation

B

A

=

A

B

. (S16)

Of course, for a finite time t, the light-cone transfer
matrix has boundaries, which have to be taken into ac-
count. Denoting by 〈v| and |w〉 the boundary vectors of
the MPS, one can see that the following give a sufficient
condition for the MPS to be a left fixed point

A

v

B

v

= , (S17a)

B

= Aw

w

. (S17b)

In the following, we use k to label the four local basis
states in the folded picture, i.e. k = 00, 01, 10, 11. We will
find a solution to the bulk and boundary equations (S16)
and (S17), automatically yielding an MPS solution for
the left fixed point.

We note that the first of the boundary conditions (S17)
does not depend on the initial state. It states that
〈v|Bk = 0 for k 6= 00, 11. We thus set B01 = B10 ≡ 0, for
which it is automatically satisfied. Next, we introduce

f(k, `) =


0 if k, ` ∈ {00, 11}

or k, ` ∈ {01, 10}
(−1)s(k)+s(`) otherwise ,

where s(00) = s(10) = 1, s(01) = s(11) = 0. Eq. (S16)
can be rewritten as

AkB` = B`Ake
2iKf(k,`) . (S18)

Let λ0 be an eigenvalue of B00 with eigenvector |λ0〉.
Assuming λ0 6= 0, Ar00 |λ0〉 6= 0, we have that Arα |λ0〉 is
an eigenstate of B00 with eigenvalue e−2iKr. Excluding
the special case where K/π is a rational number, the
eigenvalues e−2iKr are all different, implying that B00

must be infinite dimensional. We thus make the ansatz

B00 = diag(. . . , e−4iK , e−2iK , 1, e2iK , e4iK , . . .) . (S19)

Now, A00 and A11 commute with B00, and since all its
eigenvalues are different, they must be diagonal in the
same basis, namely

A00 = diag(. . . , a−1, a0, a1 . . .) , (S20a)

A11 = diag(. . . , a′−1, a
′
0, a
′
1 . . .) . (S20b)

On the other hand, A00 and A11 also commute with B11,
which we can thus take diagonal in the same basis

B11 = diag(. . . , b−1, b0, b1 . . .) , (S21)

where bk must be determined. Next, using that A01,
and A10 permute the eigenvectors of B00 cyclically [which
follows from (S18)] they must take the form

[A01]α,β = δ1,α−β ãβ , α, β ∈ Z , (S22a)

[A10]α,β = δ1,β−αã
′
α , α, β ∈ Z . (S22b)

Eqs. (S22), together with the commutation rela-
tions (S18), allow us to fix the coefficients bα in Eq. (S21),
yielding

B11 = b0diag(. . . , e4iK , e2iK , 1, e−2iK , e−4iK , . . .) .
(S23)

where b0 is an overall constant. As it will be manifest
later on, for the initial state chosen we can set b0 = 1.

It remains to fix the constants in Eqs. (S20), (S22) and
the vectors 〈v|, |w〉. Using Eq. (S17b) for k = 00, 11, we
obtain

[A00]α,β = [A11]α,β =
1

2
cos(2Kα)δα,β . (S24)

Next, using Eq. (S17a), we get

|v〉 = (. . . , 0, 0, 1, 0, 0 . . .) . (S25)

Now, Eq. (S17b) for k = 10 read

1

4
(B00e

2iK +B11e
−2iK) |w〉 = A10 |w〉 . (S26)

Using (S22) and after a little guess work, we immediate
see that a solution is given by

|w〉 = (. . . , 1, 1, 1, . . .) , (S27)

and

[A10]α,β =
1

2
δ1,β−α cos[2Kβ] . (S28)

Similarly, repeating the same steps for k = 01, we have

1

4
(B00e

−2iK +B11e
2iK) |w〉 = A01 |w〉 , (S29)

which straightforwardly yields

[A01]α,β =
1

2
δ1,α−β cos[2K(α− 1)] , (S30)

completely fixing the tensors of left fixed point.
Although the MPS solution which we have found is de-

fined in terms of infinite-dimensional matrices, it is im-
mediate to see that the boundary conditions allow one to
truncate them at each finite time t. Putting all together,
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for a given time t, we have that the left fixed point of the
light-cone transfer matrix is given by the MPS

〈LLC| =

A

A

v

w

A

A

A

= 〈v|A ·A · . . . ·A︸ ︷︷ ︸
2t−1

|w〉 , (S31)

where vα = δα,0, wα = 1 and (dropping an overall factor
1/2)

[A00]α,β = δα,β cos[2Kα] , (S32a)

[A01]α,β = δ1,α−β cos[2K(α− 1)] , (S32b)

[A10]α,β = δ1,β−α cos[2Kβ] , (S32c)

[A11]α,β = [A00]α,β , (S32d)

with α, β = −(2t− 1),−(2t− 2), . . . , 2t− 2, 2t− 1.
We will use the above result to obtain the left IM. We

start by the explicit representation for the left fixed point
of the light-cone (〈LLC|) and standard (〈L|) transfer ma-
trices in terms of the two-site gates, reading (for t = 3)

〈LLC| = (S33a)

〈L| = (S33b)

We recognize that the bottom-left corner of 〈L| is the
fixed point of the light-cone transfer matrix for shorter

time. Therefore, using our previous result, we have

〈L| = A

A

v

A

w

. (S34)

It is straightforward to see that the tensor B satisfies
the identity

B =

v v

. (S35)

Applying it to Eq. (S16), this yields

A

=

A

B

v

v

. (S36)

Finally, we can use (S36) to simplify Eq. (S34): Starting
from the leftmost corner, and applying iteratively (S36)
and the zipper condition (S16), we get

〈L| =

A

B

v

A

B

w

A

= 〈v|A ·B ·A ·B . . . ·B ·A︸ ︷︷ ︸
2t−1

|w〉 . (S37)

Now, because the only non-zero matricesBk are diagonal,
it is immediate to see that the infinite matrices Ak and
Bk can be truncated to be square matrices with α, β =
−t,−t+ 1, . . . t− 1, t.

Eq. (S37) holds for arbitrary values of K, yielding an
MPS solution whose bond dimension increases linearly
with t. However, it can be compressed to an MPS with
finite bond dimension when K/π is a rational number

K/π = n/m , (S38)

with n,m ∈ Z. In this case, because of the periodic-
ity of the trigonometric and exponential functions in the
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tensors A and B, it is easy to show that the correspond-
ing matrices can be truncated to the first m lines and
columns. After reshaping, we obtain

[A00]α,β = δα,β cos[2K(α− 1)] , (S39a)

[A11]α,β = [A00]α,β , (S39b)

[A01]α,β = δ1,mod(α−β,m) cos[2K(β − 1)] , (S39c)

[A10]α,β = δ1,mod(β−α,m) cos[2Kα] , (S39d)

and

[B00]α,β = δα,β exp[2Ki(α− 1)] , (S40a)

[B11]α,β = δα,β exp[−2Ki(α− 1)] , (S40b)

[B01]α,β = [B10]α,β = 0 , (S40c)

with 1 ≤ α, β ≤ m.
Here we have illustrated the derivation for the left IM.

A similar computation can be carried out for the right
one, starting from the SW-NE light-cone transfer matrix,
yielding

|R〉 = 〈v|B ·A ·B ·A . . . ·A ·B︸ ︷︷ ︸
2t−1

|w〉 . (S41)

In order to evaluate the entanglement entropy of the
exact solution in Eq. (S37), we resort to numerical cal-
culations with MPS of finite size. While the times acces-
sible with this method are of the order of 105, we notice
that there can be very large finite-size effects that make
the extrapolation of the asymptotic behavior sometimes
challenging. As shown in Fig. S3, plateaux of arbitrarily
long times can occur when an irrational K is close to a ra-
tional approximation with small denominator. Indeed, if
an irrational K/π is ε-close to a rational number Krat/π
with small denominator, the TE for K/π will approxi-
mately follow the behavior of Krat/π until a time which
increases with 1/ε. If ε is sufficiently small, the curve for
Krat may well have saturated before that time, so that
the curve for K will display a long initial plateau. An ex-
ample of this behavior is shown in Fig. S3 for K/π =

√
2.

In this case, despite an initial plateau, we clearly see an
eventual growth for the TE for increasingly better ratio-
nal approximations of K.

This example shows that, because of the very fine-
tuned nature of the dual-unitary point, the behavior of
the TE is extremely irregular in this case. Therefore,
our numerical evidence at the dual unitary point should
be taken cum grano salis. Still, for the accessible time
scales, our data consistently point to an indefinite growth
of the TE for generic values of J .

FIG. S3. TE at the dual-unitary point for different values of
K/π close to

√
2, quenching from |Ψ0〉 = |+〉⊗L. The solid

lines are obtained with Eqs. (S39), (S40).
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