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The symmetry energy and its density dependence are crucial inputs for many nuclear physics
and astrophysics applications, as they determine properties ranging from the neutron-skin thickness
of nuclei to the crust thickness and the radius of neutron stars. Recently, PREX-II reported a
value of 0.283 ± 0.071 fm for the neutron-skin thickness of 208Pb, implying a slope parameter
L = 106±37 MeV, larger than most ranges obtained from microscopic calculations and other nuclear
experiments. We use a nonparametric equation of state representation based on Gaussian processes
to constrain the symmetry energy S0, L, and R

208Pb
skin directly from observations of neutron stars with

minimal modeling assumptions. The resulting astrophysical constraints from heavy pulsar masses,
LIGO/Virgo, and NICER clearly favor smaller values of the neutron skin and L, as well as negative
symmetry incompressibilities. Combining astrophysical data with PREX-II and chiral effective field
theory constraints yields S0 = 33.0+2.0

−1.8 MeV, L = 53+14
−15 MeV, and R

208Pb
skin = 0.17+0.04

−0.04 fm.

Introduction– The symmetry energy S(n) is a cen-
tral quantity in nuclear physics and astrophysics. It
characterizes the change in the nuclear-matter energy
as the ratio of protons to neutrons is varied and thus
impacts, e.g., the neutron-skin thickness of nuclei [1–3],
their dipole polarizability [4, 5], and the radius of neu-
tron stars (NSs) [6, 7]. This information is encoded in
the nuclear equation of state (EOS), described by the
nucleonic energy per particle, Enuc/A, a function of to-
tal baryon density n and proton fraction x = np/n for
proton density np. The energy per particle is connected
to the bulk properties of atomic nuclei for proton frac-
tions close to x = 1/2, i.e., symmetric nuclear matter
(SNM) with ESNM/A = (Enuc/A)|x=1/2. As the neutron-
proton asymmetry increases (or the proton fraction x
decreases) the energy per particle increases, reaching a
maximum for x = 0, i.e., pure neutron matter (PNM)
with EPNM/A = (Enuc/A)|x=0. PNM is closely related
to NS matter. The symmetry energy characterizes the
difference between these two systems:

S(n) =
EPNM

A
(n)− ESNM

A
(n) . (1)

Crucial information is encoded in the density depen-
dence of S(n), which is captured by the slope parameter
L and the curvature Ksym defined at nuclear saturation
density, n0 ≈ 0.16 fm−3,

L = 3n
∂S(n)

∂n

∣∣∣∣
n0

, Ksym(n) = 9n2
∂2S(n)

∂n2

∣∣∣∣
n0

. (2)

As d(ESNM/A)/dn = 0 at n0, L describes the pressure of
PNM around n0. S0 = S(n0) and L are of great interest

to nuclear physics [5, 8, 9] and astrophysics [10–12]. Ex-
perimental [4, 5, 13, 14] and theoretical [15–18] determi-
nations consistently place S0 in the range of 30–35 MeV
and L in the range of 30–70 MeV. Recently, however,
the PREX-II experiment reported a new result for the
neutron-skin thickness of 208Pb [19], R

208Pb
skin , a quantity

strongly correlated with L (see, e.g., [1–3]). The mea-
surement of R

208Pb
skin = 0.283 ± 0.071 fm (mean ± stan-

dard deviation), including PREX-I and PREX-II data,
led Ref. [20] to conclude that L = 106 ± 37 MeV. This
value is larger than previous determinations, and thus
presents a challenge to our understanding of nuclear mat-
ter, should a high L value be confirmed precisely.

In this Letter, we address this question by constrain-
ing S0, its density dependence L, and R

208Pb
skin directly

from astrophysical observations. We adopt a nonpara-
metric representation for the EOS [22, 23] to minimize
the model dependence of the analysis, in contrast to other
astrophysical inferences, e.g., Refs. [24–27]. Nonparamet-
ric inference allows us to explore a multitude of EOSs
that are informed only by a NS crust model at densities
n < 0.3n0, where the EOS uncertainty is small, com-
bined with the requirements of causality and thermody-
namic stability at higher densities. Following Ref. [28],
the possible EOSs are weighed based on their compati-
bility with gravitational-wave (GW) and electromagnetic
observations of NSs (massive pulsars and X-ray timing
with NICER). By calculating S0, L, Ksym and R

208Pb
skin for

each of these EOSs, we obtain astrophysically informed
posterior distributions for these key nuclear properties.
Furthermore, we study how L and R

208Pb
skin change as con-

straints from nuclear theory are included up to progres-
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Figure 1. Correlations between the symmetry energy S0, the slope parameter L, and the neutron skin thickness of 208Pb
R

208Pb
skin . We show the nonparametric prior (grey), the nonparametric posterior conditioned on astrophysical observations

(green), and the nonparametric posterior conditioned on an average over four χEFT calculations (up to ≈ n0) and astrophysical
observations (blue). Joint distributions show the 68% (shaded) and 90% (solid lines) credible regions. Shaded bands (pink)
show the approximate 68% credible region for parameters constrained by PREX-II: R

208Pb
skin [19] and the resulting constraints

on L using the correlation from Ref. [21]. Note how the inclusion of the astrophysical observations shifts the peak in the
marginal distributions for S0, L, and R

208Pb
skin , a trend that is reinforced by the addition of χEFT information. We also show

the one-dimensional marginal distributions for the symmetry incompressibility Ksym in a separate panel.

sively higher densities.

Nonparametric inference for the EOS– We connect
NS observables to S0, L, and Ksym using a nonpara-
metric representation of the EOS based on Gaussian
processes (GPs) [22, 23]. The GPs model the uncer-
tainty in the correlations between the sound speed in
β-equilibrium at different pressures, but do not specify
the exact functional form of the EOS, unlike other pa-
rameterizations [29–37]. The nonparametric EOSs con-
sequently exhibit a wider range of behavior than para-
metric EOSs, mitigating the impact of modeling as-
sumptions. The nonparametric EOS inference proceeds
through Monte-Carlo sampling from a prior constructed
as a mixture of GPs to obtain a large set of EOS realiza-
tions. Each EOS is then compared to astrophysical ob-
servations via optimized kernel density estimates (KDEs)
of the likelihoods, resulting in a discrete representation
of the posterior EOS process as a list of weighted samples
(see [23, 28] for more details). The posterior probability

of a given EOS realization, which we label by its energy
density εβ , is calculated as

P (εβ |{d}) ∝ P (εβ)
∏
i

P (di|εβ), (3)

where {d} = {d1, d2, . . . } is the set of observations,
P (di|εβ) are the corresponding likelihood models, and
P (εβ) is the EOS realization’s prior probability. The
specific likelihoods used in this work are as follows:
(a) Pulsar timing measurements of masses for the two
heaviest known NSs (PSR J0740+6620 [38, 39], PSR
J0348+0432 [40]) modeled as Gaussian distributions with
means and standard deviations 2.08 ± 0.07M� and
2.01 ± 0.04M�, respectively; (b) GW measurements
of masses and tidal deformabilities in the binary NS
merger GW170817 [41] from Advanced LIGO [42] and
Virgo [43]; and (c) X-ray pulse-profile measurements of
PSR J0030+0451’s mass and radius assuming a three-
hotspot configuration [44] (see also Ref. [45], which yields
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EPNM/A [MeV] S0 [MeV] L [MeV] Ksym [MeV] R
208Pb
skin [fm]

Nonparametric Prior 17.5+14.6
−7.7 33.3+14.7

−8.2 38+109
−41 −255+853

−566 0.14+0.19
−0.09

Nonparametric Astro Posterior 19.3+11.7
−8.5 35.1+11.6

−8.9 58+61
−56 −240+559

−503 0.19+0.12
−0.11

Nonparametric Astro+PREX-II Posterior 21.5+10.8
−8.3 37.3+11.8

−7.5 80+51
−46 −223+608

−565 0.23+0.10
−0.10

χEFT Astro Posterior 16.9+1.5
−1.4 32.7+1.9

−1.8 49+14
−15 −107+124

−128 0.17+0.04
−0.04

χEFT Astro+PREX-II Posterior 17.1+1.5
−1.5 33.0+2.0

−1.8 53+14
−15 −91+118

−130 0.17+0.04
−0.04

Table I. Medians and 90% highest-probability-density credible regions for the studied nuclear properties. We compute R
208Pb
skin

from L using the linear fit reported in Ref. [21], approximating the uncertainty in the fit as described in the text.

comparable results [28]).
Our basic nonparametric prior can also be conditioned

self-consistently on theoretical calculations of the EOS
at nuclear densities, while retaining complete model free-
dom at higher densities [46]. Here we marginalize over
the uncertainty bands from four different chiral effective
field theory (χEFT) calculations: quantum Monte Carlo
calculations using local χEFT interactions up to next-to-
next-to-leading order (N2LO) [47], many-body perturba-
tion theory (MBPT) calculations using nonlocal χEFT
interactions up to next-to-next-to-next-to-leading order
(N3LO) of Refs. [16, 48], and MBPT calculations with
two-nucleon interactions at N3LO and three-nucleon in-
teractions at N2LO (based on a broader range of three-
nucleon couplings) [32, 49]. The resulting marginal-
ized χEFT band overlaps with results for other realis-
tic Hamiltonians, particularly for Argonne- and Urbana-
type interactions [50]. This allows us to account for dif-
ferent nuclear interactions and many-body approaches,
increasing the robustness of our results.

To translate the EOS posterior process into distribu-
tions for the nuclear physics properties, we establish a
probabilistic map from εβ to EPNM/A, S0, L, and Ksym

(described below). Marginalization over the EOS then
yields a posterior

P (EPNM/A, S0, L,Ksym|{d}) =∫
Dεβ P (εβ |{d})P (EPNM/A, S0, L,Ksym|εβ) (4)

informed by the astrophysical observations. Constraints
on R

208Pb
skin are obtained from empirical correlations with

L [21] calculated from a broad range of nonrelativistic
Skyrme and relativistic mean-field density functionals;
see also Refs. [1, 3]. To account for the theoretical uncer-
tainty in the fit of Ref. [2] and mitigate its model depen-
dence, we adopt a probabilistic mapping: P (R

208Pb
skin |L) =

N (µR, σR) with µR(L) [fm] = 0.072+0.00194×(L [MeV])
and σR = 0.0143 fm.
Reconstructing the symmetry energy– Because our non-

parametric EOS realizations are not formulated in terms
of S0, L, or Ksym, we discuss how to extract the nuclear
parameters near n0 directly from the EOS, see the Sup-
plemental Material for more details. The nonparametric

inference provides the individual EOSs in terms of the
baryon density n as well as the pressure pβ and energy
density εβ in β-equilibrium. Each realization is matched
to the BPS crust [51] around 0.3n0. The choice of a single
crust at low densities does not affect our conclusions; see
Sec. V of [52]. The EOS quantities are related to Enuc/A
through ε = n(Enuc/A +mN) with the average nucleon
mass mN . To reconstruct Enuc/A, we correct εβ by the
electron contribution εe,

Enuc

A
(n, x) =

εβ(n)− εe(n, x)
n

−mN . (5)

The proton fraction x(n) is unknown and needs to be
determined self-consistently for each EOS by enforcing
β-equilibrium, µn(n, x) = µp(n, x) + µe(n, x), where
µi(n, x) is the chemical potential for particle species i.
This leads to the condition for β-equilibrium (see [32]
and the Supplemental Material for details),

0 = mn −mp −
∂ (Enuc/A)

∂x
− µe(n, x) . (6)

To extract the symmetry energy from each EOS realiza-
tion, we need to know the dependence of Enuc/A with
proton fraction. Here, we approximate the x dependence
using the standard quadratic expansion,

Enuc

A
(n, x) =

ESNM

A
(n) + S(n)(1− 2x)2 . (7)

Non-quadratic terms are small at n0 and can be neglected
given current EOS uncertainties [53, 54]. Because we only
work around n0, we can characterize the SNM energy
using the standard expansion,

ESNM

A
(n) = E0 +

1

2
K0

(
n− n0
3n0

)2

+ · · · , (8)

where uncertainty in the saturation energy E0, n0, and
the incompressibility K0 is based on the empirical ranges
from Ref. [9]. Combining Eqs. (1) and (5)–(8), we find
that β-equilibrium must satisfy

1− 2xβ
4

(mp −mn + µe(n, xβ))

=

(
εβ − εe(n, xβ)

n
−mN −

ESNM

A
(n)

)
. (9)
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Figure 2. Prior (gray, unshaded), Astro posterior
(green, left/unshaded), and Astro+PREX-II posterior (red,
right/shaded) distributions for L (top) and R

208Pb
skin (bottom)

as a function of the maximum pressure (top axis) or density
(bottom axis) up to which we trust theoretical nuclear-physics
predictions from χEFT (see text for details). Shaded bands
show the approximate 68% credible region from PREX-II [19]
(pink) and from Ref. [13] based on the electric dipole polar-
izability αD (light blue).

We use the relations for a relativistic Fermi gas for the
electron energy density and chemical potential [55].

To summarize, given a nonparametric EOS realization
and a sample from the empirical distribution for each of
the parameters E0, K0, and n0, we reconstruct the pro-
ton fraction in β-equilibrium xβ self-consistently at each
density around nuclear saturation. We then calculate
EPNM/A, S0, L, and Ksym as a function of n and report
their values at the reference density n(ref)0 = 0.16 fm−3.
The neutron-skin thickness is estimated via the empirical
fit between R

208Pb
skin and L, as discussed above.

Results and discussion– The constraints on S0, L,
Ksym, and R

208Pb
skin are shown in Fig. 1. We plot the non-

parametric prior, the posterior constrained by astrophys-
ical data, and the posterior additionally constrained by
the χEFT calculations up to n ≈ n0. As our GPs are
conditioned on χEFT up to a maximum pressure (pmax),
we report the median density at that pressure (the exact
density at pmax varies due to uncertainty in the EOS from
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Figure 3. Correlations between R
208Pb
skin , L, and the radius

of a 1.4M� NS, R1.4. In addition to the priors and poste-
riors shown in Fig. 1, we show the nonparametric (red) and
χEFT (trusted up to n0; light blue) posteriors conditioned on
both astrophysical observations and PREX-II. Astro+PREX-
II posteriors are shaded in the one-dimensional distributions
to distinguish them from the Astro-only posteriors. Joint dis-
tributions show the 68% (shaded) and 90% (solid lines) cred-
ible regions. Shaded bands (pink) show the approximate 68%
credible region from PREX-II.

χEFT). Prior and posterior credible regions are provided
in Tb. I. We find that the PREX-II result for R

208Pb
skin and

the extracted range for L of Ref. [20], 73–147 MeV at 1σ,
are in mild tension with the GP conditioned on χEFT
calculations up to n0, while the GP conditioned only on
astrophysical observations is consistent with both results
and cannot resolve any tension due to its large uncertain-
ties. However, the Astro-only and χEFT posteriors peak
at similar values for L (55–65 MeV), below the PREX-II
result. The astrophysical data does not strongly con-
strain Ksym, but suggests it is negative.

In Fig. 2, we show the evolution of our constraints on
L and R

208Pb
skin as a function of the maximum density up

to which we condition on χEFT, from no conditioning
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all L
30MeV < L ≤ 70MeV

100MeV < L

Figure 4. Median and 90% one-dimensional symmetric pos-
terior credible regions for c2s at each density n with astro-
physical observations for all L (shaded green), 30MeV < L ≤
70MeV (unshaded blue hatches), and 100MeV < L (shaded
purple).

on χEFT to conditioning on χEFT up to n0. The more
we trust χEFT constraints, the larger the tension with
PREX-II results becomes. We estimate a 12.3% probabil-
ity (p-value) that the true R

208Pb
skin differs from the PREX-

II mean at least as much as the Astro+χEFT posterior
suggests, given the uncertainty in PREX-II’s measure-
ment. However, if a hypothetical experiment confirmed
the PREX-II mean with half the uncertainty, this p-value
would be reduced to 0.6%. We also show the estimate for
R

208Pb
skin obtained from an analysis of dipole polarizability

data (α
208Pb
D , [13]), which finds R

208Pb
skin = 0.13–0.19 fm.

The latter agrees very well with both the χEFT results
and the nonparametric GP. See [52] for more compar-
isons, including joint constraints with both R

208Pb
skin and

α
208Pb
D .
In Fig. 3, we present the modeled correlation between

L and R
208Pb
skin as well as the radius of a 1.4M� NS, R1.4.

Besides those shared with Fig. 1, we show posteriors that
are also conditioned on the PREX-II result. Even though
the results for L and R

208Pb
skin are very different for the var-

ious constraints, R1.4 does not significantly change. In-
deed, the mapping from L to R1.4 is broader than often
assumed [6], and we find that R1.4 is nearly independent
of our range for L. Hence, the findings of Ref. [20], in-
dicating that PREX-II requires large radii, include some
model dependence.

Given the mild tension between the PREX-II value of
R

208Pb
skin and that inferred from the astrophysical inference

with χEFT information, we investigate what kind of EOS
behavior is required to satisfy both the PREX-II and as-
trophysical constraints. In Fig. 4 we show the speed of
sound cs as a function of density for the nonparametric

GP conditioned only on astrophysical data for all values
of L, for 30MeV < L ≤ 70MeV, and for L > 100MeV.
We find that the speed of sound generally increases with
density. However, if we assume L > 100 MeV, we find
a local maximum in the median cs(n) just below n0, al-
though the uncertainties in cs are large. The reason for
this feature is that EOSs that are stiff at low densities
(large L) need to soften beyond n0 to remain consistent
with astrophysical data from GW observations, in par-
ticular GW170817. Should the PREX-II constraints be
confirmed with smaller uncertainty in the future, this
might favor the existence of a phase transition between
1–2n0.

In summary, we have used nonparametric GP EOS
inference to constrain the symmetry energy, its den-
sity dependence, and R

208Pb
skin directly from astrophysical

data, leading to S0 = 35.1+11.6
−8.9 MeV, L = 58+61

−56 MeV,
and R

208Pb
skin = 0.19+0.12

−0.11 fm. Folding in χEFT con-
straints reduces these ranges to S0 = 32.7+1.9

−1.8 MeV,
L = 49+14

−15 MeV, and R
208Pb
skin = 0.17+0.04

−0.04 fm. While
these results prefer values below the recent PREX-II val-
ues [19, 20], in good agreement with other nuclear physics
information, the PREX-II uncertainties are still broad
and any tension is mild. Our nonparametric analysis sug-
gests that a R

208Pb
skin uncertainty of ±0.04 fm could chal-

lenge astrophysical and χEFT constraints. Note that the
formation of light clusters at the surface of heavy nuclei
could affect the extracted L value [56]. Finally, our re-
sults demonstrate that the correlation between R1.4 and
L (or R

208Pb
skin ) is looser than analyses based on a spe-

cific class of EOS models would suggest. Extrapolating
neutron-skin thickness measurements to NS scales thus
requires a careful treatment of systematic EOS model
uncertainties. In particular, the PREX-II result does not
require large NS radii. However, if the high L values of
PREX-II persist, this may suggest a peak in the sound
speed around saturation density.

Acknowledgements– R.E. was supported by the
Perimeter Institute for Theoretical Physics and the Kavli
Institute for Cosmological Physics. Research at Perime-
ter Institute is supported in part by the Government of
Canada through the Department of Innovation, Science
and Economic Development Canada and by the Province
of Ontario through the Ministry of Colleges and Uni-
versities. The Kavli Institute for Cosmological Physics
at the University of Chicago is supported by an endow-
ment from the Kavli Foundation and its founder Fred
Kavli. The work of I.T. was supported by the U.S.
Department of Energy, Office of Science, Office of Nu-
clear Physics, under contract No. DE-AC52-06NA25396,
by the Laboratory Directed Research and Develop-
ment program of Los Alamos National Laboratory un-
der project numbers 20190617PRD1 and 20190021DR,
and by the U.S. Department of Energy, Office of Sci-
ence, Office of Advanced Scientific Computing Research,



6

Scientific Discovery through Advanced Computing (Sci-
DAC) NUCLEI program. P.L. is supported by Na-
tional Science Foundation award PHY-1836734 and by
a gift from the Dan Black Family Foundation to the
Gravitational-Wave Physics & Astronomy Center. The
work of A.S. was supported in part by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foun-
dation) – Project-ID 279384907 – SFB 1245. This work
benefited from discussions within IReNA, which is sup-
ported in part by the National Science Foundation un-
der Grant No. OISE-1927130. The authors also grate-
fully acknowledge the computational resources provided
by the LIGO Laboratory and supported by NSF grants
PHY-0757058 and PHY-0823459. Computational re-
sources have also been provided by the Los Alamos
National Laboratory Institutional Computing Program,
which is supported by the U.S. Department of Energy Na-
tional Nuclear Security Administration under Contract
No. 89233218CNA000001, and by the National Energy
Research Scientific Computing Center (NERSC), which
is supported by the U.S. Department of Energy, Office of
Science, under contract No. DE-AC02-05CH11231.

∗ E-mail: reed.essick@gmail.com
† E-mail: itews@lanl.gov
‡ E-mail: plandry@fullerton.edu
§ E-mail: schwenk@physik.tu-darmstadt.de

[1] S. Typel and B. A. Brown, Phys. Rev. C 64, 027302
(2001).

[2] X. Viñas, M. Centelles, X. Roca-Maza, and M. Warda,
Eur. Phys. J. A 50, 27 (2014), arXiv:1308.1008 [nucl-th].

[3] P. G. Reinhard and W. Nazarewicz, Phys. Rev. C 93,
051303 (2016), arXiv:1601.06324 [nucl-th].

[4] A. Tamii, I. Poltoratska, P. von Neumann-Cosel, Y. Fu-
jita, T. Adachi, C. A. Bertulani, J. Carter, M. Dozono,
H. Fujita, K. Fujita, et al., Phys. Rev. Lett. 107, 062502
(2011), arXiv:1104.5431 [nucl-ex].

[5] J. M. Lattimer and Y. Lim, Astrophys. J. 771, 51 (2013),
arXiv:1203.4286 [nucl-th].

[6] J. M. Lattimer and M. Prakash, Astrophys. J. 550, 426
(2001), arXiv:astro-ph/0002232.

[7] A. W. Steiner and S. Gandolfi, Phys. Rev. Lett. 108,
081102 (2012), arXiv:1110.4142 [nucl-th].

[8] M. B. Tsang, J. R. Stone, F. Camera, P. Danielewicz,
S. Gandolfi, K. Hebeler, C. J. Horowitz, J. Lee, W. G.
Lynch, Z. Kohley, et al., Phys. Rev. C 86, 015803 (2012),
arXiv:1204.0466 [nucl-ex].

[9] S. Huth, C. Wellenhofer, and A. Schwenk, Phys. Rev. C
103, 025803 (2021), arXiv:2009.08885 [nucl-th].

[10] K. Oyamatsu and K. Iida, Phys. Rev. C 75, 015801
(2007), arXiv:nucl-th/0609040.

[11] T. Fischer, M. Hempel, I. Sagert, Y. Suwa, and
J. Schaffner-Bielich, Eur. Phys. J. A 50, 46 (2014),
arXiv:1307.6190 [astro-ph.HE].

[12] D. Neill, W. G. Newton, and D. Tsang, Mon. Not. Roy.
Astron. Soc. 504, 1129 (2021), arXiv:2012.10322 [astro-
ph.HE].

[13] X. Roca-Maza, X. Viñas, M. Centelles, B. K. Agrawal,
G. Colò, N. Paar, J. Piekarewicz, and D. Vretenar, Phys.
Rev. C 92, 064304 (2015), arXiv:1510.01874 [nucl-th].

[14] P. Russotto, S. Gannon, S. Kupny, P. Lasko, L. Acosta,
M. Adamczyk, A. Al-Ajlan, M. Al-Garawi, S. Al-
Homaidhi, F. Amorini, et al., Phys. Rev. C 94, 034608
(2016), arXiv:1608.04332 [nucl-ex].

[15] K. Hebeler, J. M. Lattimer, C. J. Pethick, and
A. Schwenk, Phys. Rev. Lett. 105, 161102 (2010),
arXiv:1007.1746 [nucl-th].

[16] I. Tews, T. Krüger, K. Hebeler, and A. Schwenk, Phys.
Rev. Lett. 110, 032504 (2013), arXiv:1206.0025 [nucl-th].

[17] D. Lonardoni, I. Tews, S. Gandolfi, and J. Carlson, Phys.
Rev. Res. 2, 022033 (2020), arXiv:1912.09411 [nucl-th].

[18] C. Drischler, R. J. Furnstahl, J. A. Melendez, and
D. R. Phillips, Phys. Rev. Lett. 125, 202702 (2020),
arXiv:2004.07232 [nucl-th].

[19] D. Adhikari, H. Albataineh, D. Androic, K. Aniol, D. S.
Armstrong, T. Averett, C. Ayerbe Gayoso, S. Barcus,
V. Bellini, R. S. Beminiwattha, et al. (PREX), Phys.
Rev. Lett. 126, 172502 (2021), arXiv:2102.10767 [nucl-
ex].

[20] B. T. Reed, F. J. Fattoyev, C. J. Horowitz, and
J. Piekarewicz, Phys. Rev. Lett. 126, 172503 (2021),
arXiv:2101.03193 [nucl-th].

[21] C. Mondal, B. K. Agrawal, M. Centelles, G. Colò,
X. Roca-Maza, N. Paar, X. Viñas, S. K. Singh, and S. K.
Patra, Phys. Rev. C 93, 064303 (2016), arXiv:1605.05048
[nucl-th].

[22] P. Landry and R. Essick, Phys. Rev. D 99, 084049 (2019),
arXiv:1811.12529 [gr-qc].

[23] R. Essick, P. Landry, and D. E. Holz, Phys. Rev. D 101,
063007 (2020), arXiv:1910.09740 [astro-ph.HE].

[24] N. Alam, B. K. Agrawal, M. Fortin, H. Pais, C. Providên-
cia, A. R. Raduta, and A. Sulaksono, Phys. Rev. C 94,
052801 (2016), arXiv:1610.06344 [nucl-th].

[25] Z. Carson, A. W. Steiner, and K. Yagi, Phys. Rev. D
99, 043010 (2019), arXiv:1812.08910 [gr-qc].

[26] B. Biswas, P. Char, R. Nandi, and S. Bose, (2020),
arXiv:2008.01582 [astro-ph.HE].

[27] T.-G. Yue, L.-W. Chen, Z. Zhang, and Y. Zhou, (2021),
arXiv:2102.05267 [nucl-th].

[28] P. Landry, R. Essick, and K. Chatziioannou, Phys. Rev.
D 101, 123007 (2020), arXiv:2003.04880 [astro-ph.HE].

[29] J. S. Read, B. D. Lackey, B. J. Owen, and J. L. Fried-
man, Phys. Rev. D 79, 124032 (2009), arXiv:0812.2163
[astro-ph].

[30] L. Lindblom, Phys. Rev. D 82, 103011 (2010),
arXiv:1009.0738 [astro-ph.HE].

[31] L. Lindblom and N. M. Indik, Phys. Rev. D 86, 084003
(2012), arXiv:1207.3744 [astro-ph.HE].

[32] K. Hebeler, J. Lattimer, C. Pethick, and A. Schwenk,
Astrophys. J. 773, 11 (2013), arXiv:1303.4662 [astro-
ph.SR].

[33] M. G. Alford, S. Han, and M. Prakash, Phys. Rev. D
88, 083013 (2013), arXiv:1302.4732 [astro-ph.SR].

[34] C. A. Raithel, F. Ozel, and D. Psaltis, Astrophys. J.
831, 44 (2016), arXiv:1605.03591 [astro-ph.HE].

[35] I. Tews, J. Carlson, S. Gandolfi, and S. Reddy, Astro-
phys. J. 860, 149 (2018), arXiv:1801.01923 [nucl-th].

[36] I. Tews, J. Margueron, and S. Reddy, Phys. Rev. C 98,
045804 (2018), arXiv:1804.02783 [nucl-th].

[37] S. Greif, G. Raaijmakers, K. Hebeler, A. Schwenk, and
A. Watts, Mon. Not. Roy. Astron. Soc. 485, 5363 (2019),

mailto:reed.essick@gmail.com
mailto:itews@lanl.gov
mailto:plandry@fullerton.edu
mailto:schwenk@physik.tu-darmstadt.de
http://dx.doi.org/10.1103/PhysRevC.64.027302
http://dx.doi.org/10.1103/PhysRevC.64.027302
http://dx.doi.org/10.1140/epja/i2014-14027-8
http://arxiv.org/abs/1308.1008
http://dx.doi.org/10.1103/PhysRevC.93.051303
http://dx.doi.org/10.1103/PhysRevC.93.051303
http://arxiv.org/abs/1601.06324
http://dx.doi.org/10.1103/PhysRevLett.107.062502
http://dx.doi.org/10.1103/PhysRevLett.107.062502
http://arxiv.org/abs/1104.5431
http://dx.doi.org/10.1088/0004-637X/771/1/51
http://arxiv.org/abs/1203.4286
http://dx.doi.org/10.1086/319702
http://dx.doi.org/10.1086/319702
http://arxiv.org/abs/astro-ph/0002232
http://dx.doi.org/10.1103/PhysRevLett.108.081102
http://dx.doi.org/10.1103/PhysRevLett.108.081102
http://arxiv.org/abs/1110.4142
http://dx.doi.org/ 10.1103/PhysRevC.86.015803
http://arxiv.org/abs/1204.0466
http://dx.doi.org/10.1103/PhysRevC.103.025803
http://dx.doi.org/10.1103/PhysRevC.103.025803
http://arxiv.org/abs/2009.08885
http://dx.doi.org/10.1103/PhysRevC.75.015801
http://dx.doi.org/10.1103/PhysRevC.75.015801
http://arxiv.org/abs/nucl-th/0609040
http://dx.doi.org/ 10.1140/epja/i2014-14046-5
http://arxiv.org/abs/1307.6190
http://dx.doi.org/10.1093/mnras/stab764
http://dx.doi.org/10.1093/mnras/stab764
http://arxiv.org/abs/2012.10322
http://arxiv.org/abs/2012.10322
http://dx.doi.org/10.1103/PhysRevC.92.064304
http://dx.doi.org/10.1103/PhysRevC.92.064304
http://arxiv.org/abs/1510.01874
http://dx.doi.org/10.1103/PhysRevC.94.034608
http://dx.doi.org/10.1103/PhysRevC.94.034608
http://arxiv.org/abs/1608.04332
http://dx.doi.org/10.1103/PhysRevLett.105.161102
http://arxiv.org/abs/1007.1746
http://dx.doi.org/10.1103/PhysRevLett.110.032504
http://dx.doi.org/10.1103/PhysRevLett.110.032504
http://arxiv.org/abs/1206.0025
http://dx.doi.org/10.1103/PhysRevResearch.2.022033
http://dx.doi.org/10.1103/PhysRevResearch.2.022033
http://arxiv.org/abs/1912.09411
http://dx.doi.org/10.1103/PhysRevLett.125.202702
http://arxiv.org/abs/2004.07232
http://dx.doi.org/10.1103/PhysRevLett.126.172502
http://dx.doi.org/10.1103/PhysRevLett.126.172502
http://arxiv.org/abs/2102.10767
http://arxiv.org/abs/2102.10767
http://dx.doi.org/10.1103/PhysRevLett.126.172503
http://arxiv.org/abs/2101.03193
http://dx.doi.org/10.1103/PhysRevC.93.064303
http://arxiv.org/abs/1605.05048
http://arxiv.org/abs/1605.05048
http://dx.doi.org/10.1103/PhysRevD.99.084049
http://arxiv.org/abs/1811.12529
http://dx.doi.org/10.1103/PhysRevD.101.063007
http://dx.doi.org/10.1103/PhysRevD.101.063007
http://arxiv.org/abs/1910.09740
http://dx.doi.org/ 10.1103/PhysRevC.94.052801
http://dx.doi.org/ 10.1103/PhysRevC.94.052801
http://arxiv.org/abs/1610.06344
http://dx.doi.org/10.1103/PhysRevD.99.043010
http://dx.doi.org/10.1103/PhysRevD.99.043010
http://arxiv.org/abs/1812.08910
http://arxiv.org/abs/2008.01582
http://arxiv.org/abs/2102.05267
http://dx.doi.org/10.1103/PhysRevD.101.123007
http://dx.doi.org/10.1103/PhysRevD.101.123007
http://arxiv.org/abs/2003.04880
http://dx.doi.org/10.1103/PhysRevD.79.124032
http://arxiv.org/abs/0812.2163
http://arxiv.org/abs/0812.2163
http://dx.doi.org/10.1103/PhysRevD.82.103011
http://arxiv.org/abs/1009.0738
http://dx.doi.org/10.1103/PhysRevD.86.084003
http://dx.doi.org/10.1103/PhysRevD.86.084003
http://arxiv.org/abs/1207.3744
http://dx.doi.org/10.1088/0004-637X/773/1/11
http://arxiv.org/abs/1303.4662
http://arxiv.org/abs/1303.4662
http://dx.doi.org/10.1103/PhysRevD.88.083013
http://dx.doi.org/10.1103/PhysRevD.88.083013
http://arxiv.org/abs/1302.4732
http://dx.doi.org/10.3847/0004-637X/831/1/44
http://dx.doi.org/10.3847/0004-637X/831/1/44
http://arxiv.org/abs/1605.03591
http://dx.doi.org/10.3847/1538-4357/aac267
http://dx.doi.org/10.3847/1538-4357/aac267
http://arxiv.org/abs/1801.01923
http://dx.doi.org/10.1103/PhysRevC.98.045804
http://dx.doi.org/10.1103/PhysRevC.98.045804
http://arxiv.org/abs/1804.02783
http://dx.doi.org/ 10.1093/mnras/stz654


7

arXiv:1812.08188 [astro-ph.HE].
[38] H. T. Cromartie, E. Fonseca, S. M. Ransom, P. B. De-

morest, Z. Arzoumanian, H. Blumer, P. R. Brook, M. E.
DeCesar, T. Dolch, J. A. Ellis, et al., Nature Astronomy
4, 72 (2020), arXiv:1904.06759 [astro-ph.HE].

[39] E. Fonseca, H. T. Cromartie, T. T. Pennucci, P. S. Ray,
A. Y. Kirichenko, S. M. Ransom, P. B. Demorest, I. H.
Stairs, Z. Arzoumanian, L. Guillemot, et al., (2021),
arXiv:2104.00880 [astro-ph.HE].

[40] J. Antoniadis, P. C. C. Freire, N. Wex, T. M. Tauris,
R. S. Lynch, M. H. van Kerkwijk, M. Kramer, C. Bassa,
V. S. Dhillon, T. Driebe, et al., Science 340, 448 (2013),
arXiv:1304.6875 [astro-ph.HE].

[41] B. P. Abbott, R. Abbott, T. D. Abbott, F. Acernese,
K. Ackley, C. Adams, T. Adams, P. Addesso, R. X. Ad-
hikari, V. B. Adya, et al., Phys. Rev. X 9, 011001 (2019),
arXiv:1805.11579 [gr-qc].

[42] J. Aasi, B. P. Abbott, R. Abbott, T. Abbott, M. R.
Abernathy, K. Ackley, C. Adams, T. Adams, P. Addesso,
R. X. Adhikari, et al. (LIGO Scientific Collaboration),
Class. Quant. Grav. 32, 074001 (2015), arXiv:1411.4547
[gr-qc].

[43] F. Acernese, M. Agathos, K. Agatsuma, D. Aisa, N. Alle-
mandou, A. Allocca, J. Amarni, P. Astone, G. Balestri,
G. Ballardin, et al. (Virgo Collaboration), Class. Quant.
Grav. 32, 024001 (2015), arXiv:1408.3978 [gr-qc].

[44] M. C. Miller, F. K. Lamb, A. J. Dittmann, S. Bogdanov,
Z. Arzoumanian, K. C. Gendreau, S. Guillot, A. K. Hard-
ing, W. C. G. Ho, J. M. Lattimer, et al., Astrophys. J.
Lett. 887, L24 (2019), arXiv:1912.05705 [astro-ph.HE].

[45] T. E. Riley, A. L. Watts, S. Bogdanov, P. S. Ray, R. M.
Ludlam, S. Guillot, Z. Arzoumanian, C. L. Baker, A. V.
Bilous, D. Chakrabarty, et al., Astrophys. J. Lett. 887,
L21 (2019), arXiv:1912.05702 [astro-ph.HE].

[46] R. Essick, I. Tews, P. Landry, S. Reddy, and D. E.
Holz, Phys. Rev. C 102, 055803 (2020), arXiv:2004.07744
[astro-ph.HE].

[47] J. E. Lynn, I. Tews, J. Carlson, S. Gandolfi, A. Gezerlis,
K. E. Schmidt, and A. Schwenk, Phys. Rev. Lett. 116,
062501 (2016), arXiv:1509.03470 [nucl-th].

[48] C. Drischler, K. Hebeler, and A. Schwenk, Phys. Rev.
Lett. 122, 042501 (2019), arXiv:1710.08220 [nucl-th].

[49] K. Hebeler and A. Schwenk, Phys. Rev. C 82, 014314
(2010), arXiv:0911.0483 [nucl-th].

[50] S. Gandolfi, J. Carlson, and S. Reddy, Phys. Rev. C 85,
032801 (2012), arXiv:1101.1921 [nucl-th].

[51] G. Baym, C. Pethick, and P. Sutherland, Astrophys. J.
170, 299 (1971).

[52] R. Essick, P. Landry, A. Schwenk, and I. Tews, arXiv e-
prints , arXiv:2107.05528 (2021), arXiv:2107.05528 [nucl-
th].

[53] C. Drischler, V. Soma, and A. Schwenk, Phys. Rev. C
89, 025806 (2014), arXiv:1310.5627 [nucl-th].

[54] R. Somasundaram, C. Drischler, I. Tews, and
J. Margueron, Phys. Rev. C 103, 045803 (2021),
arXiv:2009.04737 [nucl-th].

[55] N. Chamel and P. Haensel, Living Rev. Rel. 11, 10
(2008), arXiv:0812.3955 [astro-ph].

[56] J. Tanaka, Z. Yang, S. Typel, S. Adachi, S. Bai, P. van
Beek, D. Beaumel, Y. Fujikawa, J. Han, S. Heil, et al.,
Science 371, 260 (2021).

[57] B. A. Brown, Phys. Rev. Lett. 85, 5296 (2000).

Supplemental Material

EXTRACTING NUCLEAR PARAMETERS FROM
NONPARAMETRIC EQUATIONS OF STATE IN

β-EQUILIBRIUM

In the following, we provide detailed information on
how to reconstruct the symmetry energy and its density
dependence from our nonparametric Gaussian-process
(GP) realizations of the equation of state (EOS) in β-
equilibrium. The nuclear EOS can be described by the
nucleonic energy per particle, Enuc/A(n, x), from which
S(n) is obtained as

S(n) =
Enuc

A
(n, 0)− Enuc

A

(
n,

1

2

)
. (10)

The nonparametric inference provides the EOS in β-
equilibrium, from which the nucleonic energy per particle
must be reconstructed.

Each EOS realization is represented in terms of the
baryon density n, the energy density εβ and the pressure
pβ in β-equilibrium. The energy density is related to the
energy per particle Enuc/A through

ε = n

(
Enuc

A
+mN

)
, (11)

where mN is the average nucleon mass. Because in β-
equilibrium the energy density contains an electron con-
tribution, we correct for this before we can extract the
nucleonic energy per particle,

Enuc

A
(n, x) =

εβ(n)− εe(n, x)
n

−mN . (12)

We use the relations for a relativistic Fermi gas to decribe
the electron contribution [55],

εe(ne) =
m4

e

8π2

(
xr(2x

2
r + 1)

√
x2r + 1

− ln
(
xr +

√
x2r + 1

))
. (13)

In β-equilibrium, the electron density equals the proton
density, ne = xn, and xr = kF /me = (3π2ne)

1/3/me

with the electron mass me = 0.511MeV. Around nuclear
saturation density, the contribution from muons on the
equation of state is negligible (see below for more details).

The proton fraction x(n) is unknown and needs to be
determined self-consistently for each GP EOS realization.
It is constrained by enforcing β-equilibrium,

µn(n, x) = µp(n, x) + µe(n, x) , (14)

where µi(n, x) is the chemical potential for particle
species i. The electron chemical potential is given by

µe(ne) =
√
(3π2ne)2/3 +m2

e , (15)
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while the neutron and proton chemical potentials µn and
µp in asymmetric nuclear matter are given by

µp(n, x) =
∂

∂np

[
n

(
Enuc

A
+mp

)]
= n

∂ (Enuc/A)

∂n
+
∂ (Enuc/A)

∂x
(1− x) + Enuc

A
+mp

(16)

and similarly

µn(n, x) = n
∂ (Enuc/A)

∂n
− ∂ (Enuc/A)

∂x
x+

Enuc

A
+mn ,

(17)

with the neutron and proton masses mn and mp, respec-
tively. This leads to the condition for β-equilibrium,

0 = mn −mp −
∂ (Enuc/A)

∂x
− µe(n, x) . (18)

We need to know the dependence of Enuc/A on the pro-
ton fraction x to extract the symmetry energy. In our
approach, we approximate the x dependence of the nucle-
onic energy per particle by using the standard quadratic
expansion,

Enuc

A
(n, x) =

ESNM

A
+ S0(1− 2x)2 (19)

=
ESNM

A
+

(
EPNM

A
− ESNM

A

)
(1− 2x)2 .

Higher-order terms beyond O(x2) are expected to be
small around n0, and can be safely neglected given cur-
rent EOS uncertainties [53, 54]. Then, the derivative of
the energy per particle with respect to x is given by

∂ (Enuc/A)

∂x
= −4

(
EPNM

A
− ESNM

A

)
(1− 2x) . (20)

We describe the SNM energy using the standard expan-
sion around saturation density n0,

ESNM

A
(n) = E0 +

1

2
K0

(
n− n0
3n0

)2

+ · · · , (21)

where n0, the saturation energy E0, and the incompress-
ibility K0 are constrained empirically. Here, we use the
ranges for these parameters from Ref. [9]:

n0 = 0.164± 0.007 fm−3 , (22)
E0 = −15.86± 0.57MeV , (23)
K0 = 215± 40MeV , (24)

and model our uncertainty in each as a Gaussian with
corresponding mean and standard deviation. Because we
only need to extract information on pure neutron matter
and the symmetry energy in the immediate proximity
of n0 to calculate the empirical parameters S0, L, and

Ksym, higher-order terms in the expansion (21) can be
neglected (see below for more details).

Hence, we find that β-equilibrium must satisfy

1− 2xβ
4

(
mp −mn + µe(n, xβ)

)
=
εβ(n)− εe(n, xβ)

n
−mN −

ESNM

A
(n) . (25)

We solve for xβ for each GP EOS realization around n0,
drawing the parameters E0,K0, and n0 from independent
Gaussian models of their empirical distributions (speci-
fied above). In this way, we marginalize over our un-
certainty in E0, K0, and n0 via Monte Carlo sampling in
the same way that we marginalize over our uncertainty in
the EOS by repeated sampling from our GP prior. With
each EOS realization εβ and set of SNM parameter sam-
ples, we can then calculate the PNM energy per particle
EPNM/A(n), the symmetry energy S0, its derivative L,
and its curvature Ksym as a function of baryon density n.
We stress that we compute these quantities as functions
of density only around n0. Finally, we report their values
at the reference density nref0 = 0.16 fm−3.

Impact of muons and higher-order terms in ESNM(n)
on the extracted S0, L, and Ksym

Here, we justify two assumptions made within our ex-
traction scheme. Specifically, we consider the impact
of muons and of higher-order terms in the expansion of
ESNM in density around n0. Figure 5 compares the dis-
tributions we obtain for S0, L, and Ksym from our prior
conditioned on the N2LO QMC calculations [47]. Specific
values for a few EOS realizations are reported in Table II.
Similar behavior is observed with the other EOS priors,
particularly the other χEFT calculations considered in
this work.

Higher-order terms simply modify our approximation
to ESNM(n), Eq. (21). For example, including a cubic
term leads to

ESNM

A
= E0 +

1

2
K0

(
n− n0
3n0

)2

+
1

6
Q0

(
n− n0
3n0

)3

+ · · ·
(26)

We approximate the uncertainty inQ0 as Gaussian with a
mean of −300MeV and a standard deviation of 100MeV,
based roughly on Table III of [54], drawing a separate
realization for each EOS just as we draw realizations for
the other parameters describing ESNM [Eqs. (22-24)].

Including muons modifies the condition for β-
equilibrium and the relation between the energy density
obtained from our nonparametric EOS realizations and
the nuclear energy per particle. Specifically, charge neu-
trality implies np = ne+nµ and beta equilibrium implies
µe = µµ. These equations can be used to solve for the
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Figure 5. Comparison of extracted distributions of S0, L, and Ksym for a set of O(103) EOS realizations based on N2LO
QMC calculations [47]. Similar behavior is observed with other EOS priors. We report all combinations of including (nµ 6= 0)
or neglecting (nµ = 0) muons and truncating the expansion of ESNM at second order (Q0 = 0) or third order (Q0 6= 0). We see
that including muons or higher-order terms in the expansion of ESNM has a negligible effect on the extracted symmetry energy
and its derivatives.

electron and muon fractions as a function of the proton
fraction at each density. Equation (12) then becomes

Enuc

A
(n, xe, xµ) =

εβ(n)− εe(n, xe)− εµ(n, xµ)
n

−mN ,

(27)
with a corresponding update to Eq. (25) modeling muons
as a degenerate Fermi gas with mµ = 105.658MeV. We
then solve for the proton fraction in β-equilibrium as a
function of density, from which we extract S0, L, and
Ksym as before.

As expected, higher-order terms in the expansion for
ESNM appear to have almost no effect, because we ex-
tract the symmetry energy and its derivatives around n0.
Muons have a larger impact, but the size of the effects is
still much smaller than the statistical uncertainty in the
prior distribution. Table II quantifies the size of the ef-
fect for a few example EOS realizations, typically finding

the change in S0 is O(0.1%), the change in L is O(1%),
and the change in Ksym is O(5%).

THEORETICAL UNCERTAINTY IN THE MAP:
L→ R

208Pb
skin

After extracting L at nref0 from our GP EOS repre-
sentations in β-equilibrium, we employ an approximate
theoretical correlation between L and R

208Pb
skin in order to

compare our results to the PREX experiment. Although
several fits to a variety of theoretical models exist in the
literature (see, e.g., Refs. [2, 13, 21, 57]), we model the
mapping from L to R

208Pb
skin using the 31 models analyzed

in Ref. [21]. Specifically, we assume Gaussian conditional
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nµ = 0, Q0 = 0 nµ 6= 0, Q0 = 0 nµ = 0, Q0 6= 0 nµ 6= 0, Q0 6= 0

S0 L Ksym S0 L Ksym S0 L Ksym S0 L Ksym

31.56 33.4 −269 31.57 33.7 −266 31.56 33.4 −266 31.57 33.7 −263
30.51 31.7 −103 30.51 31.9 −99 30.51 31.7 −103 30.51 31.9 −99
33.00 46.2 −84 33.03 47.0 −75 33.00 46.4 −92 33.03 47.1 −83
33.32 56.4 −53 33.35 57.4 −38 33.32 56.5 −63 33.35 57.5 −48
29.78 39.9 −200 29.78 40.0 −196 29.78 40.0 −209 29.78 40.2 −204

Table II. Quantification of the impact of different assumptions made while extracting S0, L, and Ksym from a few of the EOS
realizations shown in Fig. 5. Each row corresponds to a different EOS realization, and the impact of different assumptions can
be made by comparing different columns within the same row. All values are given in MeV.

uncertainty for R
208Pb
skin given L,

p(R
208Pb
skin |L) =

1√
2πσ2

exp

[
−
(
R

208Pb
skin − µ(L)

)2/
2σ2

]
,

(28)
where

µ(L) [fm] = 0.072414 + 0.001943× (L [MeV])

σ = 0.014279 fm . (29)

Figure 6 demonstrates this uncertainty model’s behavior.
Although one could approximate the theoretical uncer-
tainty with a more complicated model, including nontriv-
ial changes in σ at different L, we find that our simple
Gaussian model reproduces the quantitative scatter in
the residuals very well. This probabilistic mapping thus
explicitly accounts for modeling uncertainty within the
correlation between L and R

208Pb
skin .



11

0.10

0.15

0.20

0.25

0.30

R
20

8
P

b
sk

in
[f
m

]

20 40 60 80 100
L [MeV]

0.04
0.02
0.00
0.02
0.04

R
20

8
P

b
sk

in
−
µ
(L

)

Figure 6. Top panel: Correlation from Eq. (28) (black) for the 31 models considered in Ref. [21] (red dots). Shaded regions
correspond to 1, 2, and 3-σ symmetric credible regions for R

208Pb
skin at each L. Bottom panel: Residuals about µ(L) along

with a cumulative histogram of the observed distribution of residuals and the Gaussian uncertainty model. In the projected
histogram, shaded regions demonstrate approximate 1, 2, and 3-σ uncertainty bands for the empirical distribution function (red
line) given 31 samples from our Gaussian residual distribution (black). The fact that the empirical distribution closely follows
the predicted cumulative distribution demonstrates that our uncertainty model both qualitatively and quantitatively describes
the theoretical uncertainty well.
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