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Abstract. We study graded rings of meromorphic Hermitian modular forms of degree
two whose poles are supported on an arrangement of Heegner divisors. For the group
SUp 2(Ok) where K is the imaginary-quadratic number field of discriminant —d, d €
{4,7,8,11, 15, 19, 20, 24} we obtain a polynomial algebra without relations. In particular
the Looijenga compactifications of the arrangement complements are weighted projective
spaces.

1. Introduction

The ring of symmetric Hermitian modular forms of degree two over the number
field Q(+/—3) was shown by Dern and Krieg [6] to be a polynomial algebra without
relations generated by forms of weights 4, 6, 9, 10, 12. Their proof relies on the
construction of modular forms with special divisors as Borcherds products, and has
been applied to imaginary quadratic fields of other discriminants ([7,19]). However,
by [17], the algebra of symmetric Hermitian modular forms over the unitary group
Uz.2(Ok) or SU;2(Ok) is freely generated if and only if the discriminant of the
underlying number field is —3 or —4, and as the discriminant increases the ring
structure rapidly becomes quite complicated.

In this paper we will instead consider rings M, of meromorphic modular forms
with poles supported on certain rational quadratic divisors. Looijenga [13] found
conditions that guarantee that every nonzero form in M'* has nonnegative weight
and that /\/ll,F itself is finitely generated. The proj of M; is then the Looijenga com-
pactification of the complement of these rational quadratic divisors in the Hermitian
modular fourfold, with properties similar to the Baily—Borel compactification.

Among rings of the form M'* there are a surprising number of examples of free
algebras of modular forms:
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Table 1. Free algebras of meromorphic modular forms. H(d, —) denotes an irreducible
Heegner divisor of discriminant d defined by (1). We add an index i if there are multiple
divisors of the same discriminant

d Hy Generator weights
4 Hy(1/4,-) 2,4,6,8,10

7 H(1/7,-) 2,3,4,7,8

8 H(1/8,-) 2,3,4,6,8

11 H(1/11,-) 2,3,4,5,6

15 Hi(1/15, =) + Hy(1/15, =) 23344

19 H(1/19, =)+ H(4/19, —) 1,2,3,4,5

20 Hy(1/20, =) + Hy(1/20, —) + H(1/5, —) 1,2,3,3,5

24 Hi(1/24, =)+ Hy(1/24, =)+ H(1/6, —) 1,2,3,34

Theorem 1. For each d € {4,7, 8, 11, 15, 19, 20, 24} there is a Heegner divisor
Hy for which the ring of symmetric meromorphic modular forms for the group
SU»»(Ok), K = Q(v/—d) is freely generated. In particular, the Looijenga com-
pactification of the arrangement complement I gk \(Hy — Hy) is a complex weighted
projective space of dimension four.

Here I'k is the group generated by SU» 2(Ok) and a certain reflection o, such
that the modular forms on ' are precisely the symmetric modular forms on
SU»2,2(Ok). The algebras we find are presented in Table 1 below. Note that for
d = 4 we must take the group SU2 2(Ok), rather than the usual modular group
U2.2(Ok). For discriminant d € {4,7, 8, 11} the modular forms are allowed to
have poles precisely on the Siegel upper half-space H, (viewed as the subset of
symmetric matrices in the Hermitian upper half-space Hj) and its conjugates under
the modular group. We prove in Theorem 18 that these are the only such exam-
ples. We do not have a classification of all free algebras of meromorphic Hermitian
modular forms, but from some searching it seems likely that there are none besides
those mentioned above.

Hermitian modular forms of degree two also have the geometric interpretation
as forms on moduli spaces of abelian fourfolds with CM, or of lattice-polarized K3
surfaces of Picard number 16, and the Heegner divisors parameterize varieties with
additional automorphisms. The theorem of Dern—Krieg above can be interpreted
as a statement on K3 surfaces polarized by the root lattice U @ Eg @ Eg, and the
Jacobian of their generators is precisely the discriminant. As discussed in [13], some
interesting moduli spaces can be realized as the complements of Heegner divisors in
orthogonal modular varieties and the GIT compactifications of these moduli spaces
are usually isomorphic to the Proj of the graded ring of meromorphic modular forms
with constrained poles. It is natural to guess that the graded rings found here also
have moduli space interpretations of this sort.
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2. Background
2.1. Lattices and modular forms

Let L = (L, Q) be an even integral lattice of signature (n,2), n > 1, where
Q : L — Z is its quadratic form and (x, y) = Q(x +y) — Q(x) — Q(y) is its
bilinear form. Fix one of the two connected components D(L) of

{[Z1eP(LRC): (Z,2)=0, (Z,Z) <0}

and define A(L) = {Z € LQ C : [Z] € D(L)}. Let O(L) be the orthogonal
group of (L, Q). The full modular group associated with L is

O"(L) ={y € O(L) : y(D(L)) =D(L)}.

For a finite-index subgroup I' < O™ (L), a modular form of weight k € Z and
character x : I' — C* is a holomorphic function f : A(L) — C satisfying

fe2)y=17%f(2), teC
and

f2)=xWfZ), yel

as well as (for n < 2) a boundedness condition “at cusps". A typical choice for I'
is the discriminant kernel

Ot (L)={y eOt(L): yx —x e Lforallx € L'},
where
L'={xelL®Q: (x,y)eZforall y e L}

is the dual lattice. A meromorphic modular form is a meromorphic function f
satisfying the functional equations above as well as a meromorphy condition at
cusps (which again is automatic for n > 2).

For any vector A € L’ of positive norm, define the rational quadratic divisor

D, (L) ={[Z2]1eP(LR®C): (Z,1) =0}.

Let y € L’/L and m be a positive rational number. The union

Hmy)= |J D@ (1)
reL+y
A primitive in L’
Q()=m
islocally finite and ot (L)-invariant and therefore descends to an analytic divisor on
Y, := O"(L)\D(L), called a Heegner divisor of discriminant m. We additionally
define

Hm)y= |J Hm, y)

yeL'/L
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and

Dm) = | J Hm/d?),

deN

such that D(m) is the union of all Dy (L) with A € L’ (not necessarily primitive)
of norm m. Both H (m) and D(m) are O" (L)-invariant.

Modular forms on O (L) can be constructed by lifting modular forms on con-
gruence subgroups of SLo(Z). We follow Borcherds [1] and consider the input
forms into this lift as vector-valued modular forms whose multiplier is the Weil
representation attached to L. When L has even rank this is the representation

0 :SLy(Z) —> C[L'/L] = span(e, : x € L'/L)
definedon § = ((1)_01) and T = (é{)by
jsig(L)/2

(Sey = —— TN
P = T 2 !

yeL’/L
and
p(T)ey =M1Wy,

(This is the dual of the representation p;, of [1] because in our convention L has
signature (n, 2).) A weakly holomorphic vector-valued modular form of weight k
is a holomorphic function F : H — C[L’/L] that satisfies

F(M-1) = (ct +d)*p(M)F (1)

and whose Fourier expansion about oo involves only finitely many negative expo-
nents.

Borcherds [1] defined two singular theta lifts that construct modular forms with
respect to Ot (L). Let k € Ng and let

F(r) = Z Z cm,x)q"ex, q =T

xeLl’/L meZ—Q(x)

be a weakly holomorphic modular form of weight 1 + k — n/2 whose Fourier
coefficients are integers.

() If k = 0, there is a Borcherds product W, which is a meromorphic modular
form with a character (or multiplier system) of weight ¢(0, 0)/2 and divisor

divwp = Y  c(—Q0), WDyL).
reLl’
0)>0
Note that the sum is not taken over primitive vectors, and in particular Wy may be
holomorphic even if some coefficients c(— Q(X), A) are negative. The order of W
on any (primitive) Heegner divisor is then

o0
ord(Wp, Hd, A+ L)) = Zc(—nzd, ni), » e L' with QL) = —d.

n=1
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(2)If k = 1, Borcherds defines a singular additive lift ® g, which is a meromor-
phic modular form of weight k with trivial character on ot (L), all of whose poles
have order k and lie on rational quadratic divisors D; (L) with c(—Q()}), 1) # 0.
When F is holomorphic, this coincides with the Gritsenko lift; in particular, if F
is holomorphic then @ is holomorphic; and if F is a cusp form and k > 2 then
®r is also a cusp form.

Weakly holomorphic input forms F can be computed effectively [20]. Most of
the Borcherds products we will need were already tabulated in Appendix B of [20].

If F is a modular form on the orthogonal group of a signature (n, 2) lattice L
then its restriction, or pullback, to any rational quadratic divisor is a modular form
of the same weight. There is an important generalization of the restriction map
called the quasi-pullback. For any (holomorphic) modular form F (Z) of weight k,
with a zero of order r € Ny on D, (L), we write Z = 3 4+ Aw with 3 C AL and
w € C, and define

QF(3) := lim M
w—0 w’

This defines a modular form on D, (L) of weight k 4+ r which is a cusp form if
r > 0.
The restriction map preserves the space of (singular) additive lifts. Slightly

more precisely, for any form F of weight 1 +k —n/2,k > 1 and any A € L of
norm m > 0, we have the identity

DF = Oyp,
Ds(L)

where O F € M i Ak—n/241 /2(,0“) is the theta-contraction of F, obtained by mul-

tiplying the components by unary theta series of the form 6,(7) = Y, .5 q(”+“)2,

a e %Z and summing up. Ma [14] showed under the assumption of Koecher’s
principle that the quasi-pullback of Borcherds products satisfies the same formula,

QV¥r =Yy,

by showing that both sides define a modular form with the same divisor. This
identity was proved in a different way by Zemel [22] who showed that it holds even
without the assumption of Koecher’s principle.

2.2. Hermitian modular forms of degree two

Fix animaginary-quadratic number field K of discriminant dg , with ring of integers
Ok and dual lattice

Of ={x e K : trg/g(xy) € Zforall y € Ok}.
Let H; be the Hermitian upper half-space of degree two:

Hy={z=x+iy: x,yeC?>? x=xT, y=yT, y positive definite}.
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)

by Mabius transformations: (¢5) - z = (az + b)(cz + d)~! where a, b, ¢, d are
(2 x 2) blocks.
Let

This is acted upon by the split-unitary group

1

—

0
Us2(C)={M eGL4(C): MTIM =1}, J= <?
0

—_—Oo oo

-1 0
0 —
0 0
0 0

I' <Uz2(0k)

be a finite-index subgroup. We denote by A, (") the space of automorphic forms
of weight k, meaning meromorphic functions f : Hy — C that satisfy

fy) =det(cz+d) f(x)., y= () eT.

Any automorphic form extends to a meromorphic section of a vector bundle over
"\ H>; this is a form of Koecher’s principle. If f is holomorphic then it has a Fourier
expansion

f2) = Z cf(B)e2nitr(Bz)

BeAg

where
Ag = [hermitian matrices B = (b;;), bij € (’)’;(},

and where c s (B) may be nonzero only if B is positive semidefinite. The function
S is a cusp form if its nonzero coefficients ¢y (B) only appear when B is positive
definite.

We further define

SU22(Ok) := U 2(Ok) N SL4(C)

and remark that SU 2(Ok) = U22(Ok) if and only if dx # —3, —4.

Hermitian modular forms of degree two are essentially the same as modular
forms on O(4, 2). Indeed, there is an isomorphism between SU2 2(Ok) and the
subgroup

SO (L) = ker(det : O (L) — {£1})
for the lattice

where U is Z* with quadratic form (x, y) — xy and where Ok is the lattice
Ok together with its norm form N /g, and this leads to an identification between
modular forms for these groups which is worked out in detail in [5,10]. The full
discriminant kernel O (L) is generated by SA(J)JF(L) and by the reflection

p:UBUBOk — UdU®Ok, (x1,y1,x2,y2, B) = (x1, ¥1, X2, ¥2, —B),
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whose action on Hy is the involution (7, 3} ) = (%, 7;?) with automorphy factor
(4+1). O* (L) also contains the reflection

c:UU® 0Ok — UdU®Ok, (x1,y1,x2,y2,8) = (x1,¥1,y2, %2, B)

whose action on Hj is the involution ( 5 ﬁﬂ) — ( et ) with automorphy factor
(+1). Finally, we remark that Sot (L) contains the map

[U@U@OKHUGBU@OKy (Xlsy17x2,y2,,3)

= (=Xx1, =y1, —Xx2, =2, B)

whose action on Hy is (5, 31 ) = (%, 7' ) with automorphy factor (—1).
Considering the transformations under o and —p¢ shows that any Hermitian
modular form F of weight k£ without character that arises from a modular form on

o+ (L) (including Maass lifts and Borcherds products) satisfies

F(L))=er((L3) = cver((D ).

where ¢ = 1 if F has trivial character and ¢ = —1 if F has the determinant char-
acter. A Hermitian modular form is called symmetric (resp. skew-symmetric) if it
is invariant (resp. anti-invariant) under the involution (ZT2 a ) > (z“; a ) Symmet-
ric Hermitian modular forms of weight k and trivial character for SU> 2(Ok) can
therefore be identified with modular forms of weight k& and trivial character for
Ot (L).

Let us also mention here that under the local isomorphism from O(4, 2) to
U(2, 2) the rational-quadratic divisors take the explicit form

Aupei= [zesz a-det(z)+tr(Bz)+c=O], a,ce€Z, BEeAg,

and the discriminant of this divisor (the norm of the corresponding A € L') is
disc(Ag4, B,c) = ac — det(B).

The Siegel upper half-space H, always appears as the discriminant 1/|dg | divisor

0 i/Jldkl
) \—i//ldk] 0 i i
mapped biholomorphically to H» under the action of Uj 2(C). One other important
example of a rational-quadratic divisor is

Ao,p,o where B = ); more generally, all other A,.p.. can be

T 21

AO,((I)_Ol),O = { <Z2 w) eHy: = w},

which represents the Heegner divisor H(1). Note that H(1) = H(1,0) is irre-
ducible because the lattice L is maximal. In the language of the orthogonal group

AO <(1) 01) 0 is the mirror of o.
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For any even integer k > 4, the Hermitian Eisenstein series £ may be defined
as the theta lift (i.e. the Borcherds additive lift) of the vector-valued Eisenstein
series

Ecio= ), el-iM,
MeToo\SLo(Z)

orrather the Hermitian modular form corresponding to this modular form on O™ (L);
cf. Sect. 3.3 of [5] for a formula for its Fourier series. The additive lift raises the
weight by one because the lattice we consider has signature (4, 2).

Remark 2. Borcherds products W on H, may have a quadratic character when dg
is even (cf. [5], Lemma 1.5 and Satz 5.4). One can show that the character appears
if and only if W has odd order on the Heegner divisor of discriminant 1/4. In this
case the exponents of the Fourier series do not lie in Ag.

2.3. Free algebras of meromorphic modular forms

Let L = (L, Q) be alattice of signature (n, 2) with locally symmetric space D(L)
defined as in Sect. 2.1. A hyperplane arrangement (in the sense of Looijenga [13])
will mean a finite family of Heegner divisors H (n;, y;), i = 1, ..., N with the
following property: for any one-dimensional intersection £ of hyperplanes A+ with
A primitive and . € L + y;, QL) = n; for some i, the one-dimensional lattice
£ N L is positive-definite.

For such a hyperplane arrangement H let M, i denote the space of meromorphic
orthogonal modular forms of weight k for O™ (L) whichare holomorphic away from
H. Looijenga proved ( [13], Corollary 7.5) that Mk = {0} for all £ < O and that
ME) = C, and further that the algebra

M, =P M,

k=0

is finitely generated. Proj M, has similar properties to the Baily—Borel compacti-
fication of Y7, = O™ (L)\D(L) and is called the Looijenga compactification of the
complement Y\ H.

Remark 3. In the examples corresponding to Hermitian modular forms throughout
the rest of the paper, the hyperplane arrangements H satisfy the stronger property
that any nontrivial intersection of two hyperplanes in H is already disjoint from
D(L). In this case, the quasi-pullback of a modular form in M}( to any hyperplane
M e Hisa holomorphic modular form of weight k — m,, where m, is the
multiplicity of the pole A1. By applying Koecher’s principle to modular forms on
any hyperplane, we see that k > m; . This proves the fact that M; is generated by
modular forms of positive weight in a more elementary way. Here it is essential
that the signature of the lattice is (n, 2) with n > 4.
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We will be interested in examples where ./\/llk is a polynomial ring without
relations. The results of [17] show that whether a given set of modular forms
generates a given graded ring of holomorphic modular forms can be read off of
their Jacobian, and it is natural to guess that similar results apply to M; We will
show that they do. If fj, ..., f, : A(L) — C are meromorphic modular forms of
level I' < O%(L) of weights kg, ..., k, and characters xo, ..., X, and 2o, ..., 2, are
coordinates on A(L), then the Jacobian is

n

J = I (for s fi) = det(0fi/07;) o

After applying the chain rule we see that J transforms as a modular form of weight
n+ Y,k and character

n
X = det®®Xi.
i=0

The Jacobian satisfies the product rule in each component and every mero-
morphic modular form can be written as a quotient f = g/h where g, h are
holomorphic. After applying the equation

1
T/ i fi) = 25 (BTG free fi) = 8- T fi o f))

and the analogous equations in the other components we see that J(fy, ..., f,) 1s
meromorphic with poles at worst where any of fj, ..., f; has a pole.

In the case of Hermitian modular forms the Jacobian becomes the Rankin—
Cohen-Ibukiyama bracket:

kofo kifi kafr k3fz kafa

Tz 8rf0 8l'fl aer 3rf3 8rf4
umwﬂmgw»=®t%m%ﬁ%ﬁ%ﬁ%ﬁ
3zzf0 azzfl 8zzf2 3Z2f3 822f4

awa awfl 8wf2 awf3 8wf4

Throughout the paper, we denote by /\/llﬁ the ring of symmetric meromorphic
Hermitian modular forms on SU3 »(Ok ) with poles along the hyperplane arrange-
ment H, that is, the ring of meromorphic modular forms for o+ (L) which are
holomorphic on D(L) \ H.

Theorem 4. Let fy, ..., f4 € M. Suppose the Jacobian J = J(fo, ..., f1) is
nonzero.

(i) The Jacobian J vanishes on the Heegner divisor D(1) \ H.
(ii) Suppose J has only a simple zero on D(1)\ H, and that all other poles or zeros
of J are contained in the hyperplane arrangement H. Then

./\/lik =C[ fo, ---, fal.

By [17, Theorem 2.5 (2)], the Jacobian J is nonzero if and only if fj, ..., f4 are
algebraically independent.
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Proof. (1) Since the Jacobian has the determinant character for o+ (L), it vanishes
on all mirrors of reflections in the discriminant kernel which are not contained in
H (see [17, Theorem 2.5 (4)]). Recall that the mirrors of reflections in 6+(L) are
exactly the rational quadratic divisors associated with vectors of norm 1 in L. For
the lattices corresponding to Hermitian modular forms, the union of these mirrors
is the Heegner divisor D(1) (in fact, D(1) = H(1) + H(1/4) if 4|dk, otherwise
D(1) = H(1)). This proves the desired claim.

(ii) This is essentially the same argument as used in [17, Theorem 5.1]. Let
f5 € /\/ll6 be a modular form of minimal weight ks that does not lie in the subring
generated by fp, ..., fa, and compute the determinant by cofactor expansion:

ko fo .- ka fa4 ks fs 5 . A
0=det | kofo . kafaksfs | =D (~D'kifidis Ji =T (foows frr s f5):
Vio..Vfa VSfs i=0

Each J; vanishes on D(1) \ H and by assumption (ii) is a multiple of J in the ring
Mfk, say J; = J - gi; and of course g5 is 1. This yields the representation

4 .
(=D)'k
fs=) —— fisi
. 5
i=0
Each g; lies in C[fy, ..., f4] by minimality of fs; but then f5 also lies in
Cl fo, ..., fa], a contradiction. O

Remark 5. Theorem 4 generalizes in an obvious way to meromorphic modular
forms on orthogonal groups of lattices of higher rank. We will construct some free
algebras of meromorphic modular forms on lattices of higher rank in a separate

paper.

Remark 6. If fo, ..., fa freely generate the algebra of symmetric modular forms,
then any skew-symmetric modular form (that is, a modular form with the determi-
nant character) vanishes on D(1) \ H as in the proof of Theorem 4, and is therefore
a multiple of J = J(fp, ..., fa) under the assumption in Theorem 4 (ii). It follows
that the full ring of meromorphic modular forms is

CLfo, s fas J1/(T* = P(fos ey f12))

for a uniquely determined polynomial P.

3. Modular forms with poles on the Siegel half-space

In this section we consider the simplest possible hyperplane arrangement in Hy:
the Siegel upper half-space H, together with its images under SU» 2(Ok). The
intersection of any two hyperplanes in this arrangement determines a Heegner
divisor in H, whose irreducible components have discriminant at most 1/|d |, and
is therefore empty whenever dx ¢ {—3, —4}. By a separate computation one can
check that this holds when dx = —4. (In more detail: for any norm 1/4 vectors
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u,v € 2U @ Ok for which ut and v' are images of Hy, we have (u, v) € % + 7

and therefore
(u,u) {u,v)\ _ 1/2 (u,v)
det ((u,v) (v, v)> = det ((u,v) 1/2 ) =0,

sou-Nv= is not positive definite and has empty intersection with H.) The condition
fails when dg = —3; indeed, in this case, there is a cusp form of weight 9 that
vanishes only on the orbits of H, cf. [6].

We will show by cases that the rings of meromorphic Hermitian modular
forms with poles confined to these hypersurfaces are, when the underlying number
field has discriminant —4, —7, —8 or —11, freely generated by forms of weights
2,4,6,8,10;and 2, 3,4, 7, 8;and 2, 3, 4, 6, §;and 2, 3, 4, 5, 6 respectively. Finally
we will prove that the ring in question cannot be generated by only five forms for
any other discriminant.

3.1. Discriminant —4

Symmetric Hermitian modular forms for the group I' = SU5 2(Z[i]) correspond

to modular forms for the discriminant kernel of the root lattice L = 2U @ 2A, i.e.
000010

Z° with Gram matrix S = | 92999 |. Through this correspondence the I'-orbit
010000
100000

H, : 77 = z}is anirreducible Heegner divisor
of discriminant 1/4 hyperplanes:

H := H(1/4,(0,0,0,1/2,0,0))
= U{xl : 2 €(0,0,0,1/2,0,0) 4+ 7% A2TSx =1/2}.

Remark 7. There are two I'-orbits of discriminant 1/4 divisors, i.e. H and
H(1/4,(0,0,1/2,0,0,0)). One is represented by the Siegel half-space H,, and
the other by

{zeH;: t1r(<1(/)2 1(/)2) 72)=0={zeHy: z1 = —22}.

Under the full Hermitian modular group Uz 2(Z[i]) these orbits coincide. It is
crucial that we consider only the subgroup I' because there are modular forms
holomorphic away from Ho\(I' - Ho UT - {z : z; = —z»}) of negative weight
such as the form ¢, ! below, and therefore the spaces of these modular forms are
not finite-dimensional. The ring of holomorphic modular forms for this group was
determined by Dern and Krieg [6], building on earlier work of Freitag [9].
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The Weil representation attached to S admits the weight (—1) weakly holomor-
phic vector-valued modular form

8n(2r)* n(t)?
n@ @0t T !
32n(27)%n4r)*
ERTESE
= q71/4 (6(0,0,1/2,0,0,0) + 6(0,0,0,1/2,0,0))
+8ep — 329" %e(0,0,1/2,1/2,0,0) + 0(g*'*)

F_i(7) =

(6(0,0,1/2,0,0,0) + 5’(0,0,0,1/2,0,0))

€(0,0,1/2,1/2,0,0)

where as usual n(t) = q1/24 I—[,‘io=1 (1 —¢™). The Borcherds lift of F_; is a weight
4 modular form ¢4 with quadratic character and simple zeros on both I'-orbits of
discriminant 1/4 hyperplanes (i.e. on the Heegner divisor H (1/4)). There is also a
weakly holomorphic vector-valued modular form

G_1(t) = q 'ep + 68eo + 4928q1/26(0,0,1/2,1/2,0,0) + ..

which lifts to a skew-symmetric Borcherds product ®34 of weight 34 with simple
zeros exactly on the Heegner divisor D(1) = H(1) U H(1/4). In weight one we
have (up to scalar multiple) a unique weakly holomorphic modular form Fi(t)
whose image under the singular additive lift is a weight two meromorphic modular
form ¢, with double poles only on H:

Fi(t) = q71/4€(0,0,o,1/2,0,0) —2€(0,0,0,0,0,0) + 56611/26(0,0,1/2,1/2,0,0) + ...

Besides ¢7, ¢4 we also need the Hermitian Eisenstein series &4, &, 19 of
weights 4, 6, 10, which are defined as the additive lifts of vector-valued Eisenstein
series of weights 3, 5, 9, respectively, following Sect. 2.2.

Theorem 8.
M., = Cln, &4, &6, 63, E10]-

Proof. We will first show that ¢2, &4, &, ¢4, E10 are algebraically independent.
Under the pullback map to (0,0, 1/2,0,0, 0)1, the images of ¢, &4, & and an
appropriate linear combination of £4&6 and &g are the algebraically independent
Siegel modular forms of weight two (with a double pole on the diagonal) and
weights 4, 6, 10. (Note that this is not the copy of Hy on which we allow poles;
nevertheless, the restrictions there can also be interpreted as Siegel modular forms.)
By construction, ¢4 has a double zero there. This implies the algebraic independence
(cf. Remark 9).

Now the Jacobian J = J(¢2, &4, &, qﬁ, &10) is nonzero, holomorphic away
from the divisor H, has weight

wi(J) =2+4+6+8+10+4 =34,

and it vanisheson D(1)\H = H(1,0)UT' -{z : z1 = —22},80J /P34 € /\/l(!) =C.
The claim follows by applying Theorem 4. O
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Remark 9. Here we are using the fact that, if functions Ay, ..., A, on D(L) and
A € L’ of positive norm are given such that the restrictions of &y, ..., hy,_; to At
are algebraically independent, but the restriction of %, vanishes identically, then
hi, ..., h, are algebraically independent. It is enough that 4, is not algebraic over
C(hy, ..., hy—1), which is true because all powers of &, have different orders of
vanishing. We will also use this argument in the next sections.

Remark 10. Note that ¢4 is squared because of its nontrivial character x. One can
also apply Theorem 4 to see that the algebra of modular forms for ker() is the free
algebra on ¢», &4, &, Pa, £10, as their Jacobian is a nonzero multiple of ®34/¢a.

Remark 11. In the notation of [6] the meromorphic form ¢, is the form

a6 + bE1o + chio

N %

where a&4E + b1y + cPip is the unique linear combination that vanishes on
(0,0,1/2,0,0,0)*.

(0]

3.2. Discriminant —7

The signature (4, 2) lattice whose modular forms correspond to degree-two modular
forms for the group I' = SU» 2(Ok) with K = Q(+/=7)is L = 75 with Gram

matrix . Generators and relations for the ring of holomorphic modular

=l =l=lele)

0
0
0
0
1
0

SO—NOO
SO —OO
[elelelelo ]
[elelelelelg

forms were determined in [19]. We will compute the ring of meromorphic modular
forms holomorphic away from the Siegel upper half-space:

./\/l'* = {f € Ai, f holomorphic on Hy\(T" - Hj)}.

Recall that the I'-orbit of H is the Heegner divisor H (1/7).
Since the discriminant is prime, we can construct input forms into the singular

lift from weakly holomorphic modular forms in M:k “(To(7), x) using the Bruinier—
Bundschuh correspondence [4] (see also the constructions in [19]). The Borcherds
product W associated with an input form ) o c(n)q" in this convention has

divisor
divw =" ( 3 c(—f)sf)H(d),

d>0  f2|4

where 67 is 1 if p|f and 8§y = 1/2 otherwise, and the weight of W is as usual
half of the constant coefficient. There is a symmetric Borcherds product ¢»7 and a
skew-symmetric product ®,g obtained from the weight (—1) forms

F (1) =2 2 +6g~ " + 14 — 384> —96¢° + ...
and

G_1(t) =q "+ 147" + 56 + 4522¢° + 27846¢° + ...
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with divisors
divg; =3H(1/7)+ HQ2/7), divdog =T7H(1/7)+ H(1),
and there is a weight 1 form
Fi(t) =2¢7"' =24 50¢% — 52¢° £ ...

that lifts to a meromorphic Hermitian modular form ¢, with order two poles exactly
on I' - H,. Finally we need the weight 2 vector-valued modular form

P (T) = q71/7(e(0,0,1/7,5/7,0,0) — €(0,0,6/7,2/7,0,0))
5/7)

+136]3/7(6(0,0,5/7,4/7,0,0) —€(0,0,2/7,3/7,0,0)) + O(q
which lifts to a meromorphic form ¢3 with triple poles on I" - H.
In the notation of [19],

2
my myg

= —, = —, = b7.
(03] b 3 by @7 7

Let &4 and &g be the Eisenstein series of weight 4 and 8 for I' = SU» 2(Ok)
respectively.

Theorem 12.

M., = Clea, ¢3, &4, b7, El.

Proof. The algebraic independence of ¢, ¢3, E4, ¢7, E follows immediately from
that of the (holomorphic) modular forms ¢y¢7, p3¢7, E4, ¢7, E3. The Jacobian
J (&4, P7, E3, P27, P3¢p7) can be shown to be nonzero by direct computation (for
this one needs at least the first 8 Fourier—Jacobi coefficients), or the algebraic inde-
pendence can be derived from the results of [19]. We carried out this computation
in SageMath [15] using code available at [18]. The Jacobian

J = J($2, $3, &4, 97, &)

has weight 28 and vanishes on the Heegner divisor H (1), so J/®g3 € ME) =C.
The claim follows from Theorem 4. |

This implies that, up to a nonzero constant multiple, the Jacobian of the holomorphic
forms above is

J(Ea, d7, Es, 27, P3p7) = 93T (92, B3, Ea, P17, Es) = 3 Dag € Map.
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3.3. Discriminant —8

0
0
% . We will use
0
0

OO#OOO
OOOOO'—‘

00 0
00 1

The lattice L we take in this section has Gram matrix 88 8
01 0
10 0
ho

the weakly holomorphic modular forms of weight (—1) w
begin

se Fourier expansions

F_1() = g Y%¢0,0,1/2,0,0,0) + 26~ /3(€0,0,0,1/4,0.0) + €(0,0,0,3/4,0,0))

qqqqq

—-1/2

G_1(t) =q '7€0,0,0,1/2,0,0) — 4q_1/8(€<0,o,0,1/4,0,0) + €(0,0,0,3/4,0,0))

»»»»»

sssss

These lift to Borcherds products /3, ¢3, ®27 with the following properties:
(1) 3 is a weight 3 cusp form with a quadratic character and divisor

divys =2H(1/8) + H(1/4);
(2) ¢3 is a meromorphic weight 3 form with trivial character and divisor
divgs = =3H(1/8) + H(1/2);
(3) ®77 is a skew-symmetric cusp form of weight 27 with divisor
div®y7; =8H(1/8) + H(1/4) + H(1).

The form ¢3 can also be constructed as a singular additive lift. We also need the
meromorphic form ¢, defined as the singular additive lift of the weight 1 form

Fi(r) = q_l/8(€(0,0,0,1/4,0,0) + €(0,0,0,3/4,0,0)) — 2€(0,0,0,0,0,0) + .- € Mi(p),

which has double poles on H (1/8) and is holomorphic elsewhere.
Let M; be the ring of meromorphic modular forms that are holomorphic on
Ho\(T" - Ha) = Ho\H(1/8).

Theorem 13.

M., = Clgn, ¢3, 4, Y3, ]
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Proof. The product ¢» 1//32 is the unique weight 8 cusp form in the Maass subspace
(cf. [11]) that vanishes on the Heegner divisor H (1/4); this is the additive lift of
the vector-valued cusp form

1/ /

4€<o,o,1/2,1/2,0,0) — 24! 26(0,0,0,1/2,0,0) + 8615/8(€<o,0,1/2,1/4,0,0)
+€(0,0,1/2,3/4,0,0)) + ... € $7(p).

q

Using the Fourier—Jacobi expansions (with at least the first 8 coefficients) of the
holomorphic forms ¢, w%, @3 w32, &4, ¢32, &g as computed in SageMath [15] we find
that their Jacobian is not identically zero. It follows that

T =J($2. ¢3. E4. 93, &) € My

is nonzero and vanishes on the reflective divisor D(1) = H(1) + H(1/4), so
J/Po7 € ./\/lé) = C and the claim follows from Theorem 4. O

Remark 14. The ring structure of holomorphic modular forms for this group was
determined by Dern and Krieg in [7]. As before, if x is the character of i3 then
the algebra of modular forms for ker(y) is freely generated by ¢», ¢3, &4, V3, &3,
with Jacobian ®27/v3.

3.4. Discriminant —11

We use the lattice L with Gram matrix . Since the discriminant is

i =l=lelele]
(el elelelw]
[elely Slele)
[elelo i)
Sooco—o
Soocoo—

prime, we again have the Bruinier—Bundschuh isomorphism between vector-valued
modular forms and the minus-space of modular forms of level I'g(11) with the
quadratic character. In weight (—1) there are weakly holomorphic modular forms
with Fourier expansion beginning

F_i(t) =2¢72 4+ 107" + 10 — 12¢% — 40¢° + ...
G_1(t) =2¢7* =8¢~ + 64 469> — 150¢° £ ...
H_1(t) = ¢ " +22¢7" + 48 4 5284 +79204° + ...

They lift to Borcherds products ¢s, ¢3, ®24 with the properties

(1) ¢s is a weight 5 cusp form with divisor
divgs =5H(1/11) + H3/11);
(2) ¢3 is a meromorphic weight 3 form with divisor
divgs = —=3H(1/11) + H(4/11);
(3) ®y4 is a skew-symmetric cusp form of weight 24 with divisor

div @y = 11H(1/11) + H(1).
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We will also use the singular additive lift ¢» of the weight 1 form
Fit)=q¢ ' = 14+7¢>+7¢° +19¢7 + ...

which is holomorphic except for double poles on I - H. Define M., to consist of
meromorphic modular forms holomorphic on Hp\(I" - H) = Ho\H(1/11).

Theorem 15.
M., = Cl@a. ¢3. E4. 5. E6].

Proof. By a similar argument to the previous section, ¢ ¢s is the unique weight 7
cusp form in the Maass space. A direct computation in SageMath [15] using the
first 8 Fourier—Jacobi coefficients shows that the Jacobian of the (holomorphic)
modular forms ¢o¢s, P3¢5, E4, P35, £ is not identically zero, which implies that
b2, 93, Ea, P5, Eg are algebraically independent. Their Jacobian

J = J($2, 3, &4, P5, Ep)

has weight 24 and vanishes on H(1), so J/®y4 € /\/lé) = C and the claim follows
from Theorem 4. O

Remark 16. The ring of holomorphic modular forms was computed in [19].

3.5. A nonexistence theorem

We will show that the four cases above account for all freely generated algebras
of Hermitian modular forms that are holomorphic away from Hy. Let K be an
imaginary-quadratic number field of discriminant dx and let ./\/l}{ be the space
of meromorphic Hermitian modular forms of weight k£ whose poles lie only on
conjugates of Hp.

Lemma 17. dim M'l <1

Proof. The Fourier—Jacobi expansion of any holomorphic Hermitian modular form
h takes the form

o0
h( (% fb)) = ha(r.21. 22

n=0

In particular, if & has weight one, then for any A € Ok, the form A, (7, Az, Xz) isa
Jacobi form of weight one (and index Nk p2) and vanishes identically by a theorem
of Skoruppa (cf. [8], Theorem 5.7). Therefore the zeros of each h, are dense in
H x C? so all &, vanish identically. This shows that there are no holomorphic
Hermitian modular forms of weight one (without character) for any discriminant.

Now suppose f, g € /\/l'l are linearly independent. Since a weight one form
in M'l can have at worst a simple pole on Hj with constant residue, some linear
combination of f and g must be holomorphic on H, and therefore holomorphic
everywhere. This cannot happen by the previous paragraph. O
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Theorem 18. Suppose |dx| > 11. Then M; cannot be generated by only five
modular forms.

Proof. Suppose M; is generated by five modular forms f1, ..., f5 of weights
ki, ..., k5. Since the intersection of any two hyperplanes in the arrangement is dis-
joint from H, the boundary components of the Looijenga compactification have
dimension at most two. Using an argument analogous to [17, Theorem 3.5 (2)], we
find that the Jacobian

J=J(f1,.. f5)

has only a simple zero on the Heegner divisor

b= B D),

reL, Q=1

a (not necessarily simple) zero or pole on the Siegel upper half-space, and no
zeros or poles otherwise. By the Bruinier converse theorem [3] it is the Borcherds
lift of a vector-valued modular form F € Mil(p). We can fix p to be the Weil
representation of the lattice Ok, as this yields the same Weil representation as
2U @ Ok. The form F then has principal part

F(r)=q 'eo+mq """ \(e, + e_,) + 2 wt(J)eg + O(q"/1")

for some m € Z, (the multiplicity of Hj in the divisor of J), where v = ——

N
Ok /Ok.

Consider the theta-contraction ¢ F' to the sublattice Z € Ok, which corresponds
to the quasi-pullback of J to Hj. The Looijenga condition implies that 9 F €
M!_l /2 (pz) is a modular form with principal part g e+ 0(q?) at infinity, which
determines it uniquely:

OF(t) = (g7 4+ 70 +131976g + ...)eo + (32384¢°/* + ..)e1 2.

Since the weight of J increases or decreases by the multiplicity m under the quasi-
pullback to H,, we find

35 =wt(J) +m.

The dual representation p* admits a modular form of weight three, which can
be constructed as the Serre derivative of the usual theta series:

1 1
G(r) = Z_m'@/(r) — B0,

where O(t) = ero*;( gNk/eMe, In particular the Fourier expansion of G has
the form

G(t):—ieo+(L—i>ql/‘d’<|(€ +e_y) £ :i:éqeo—i-
12 ldx| 12 vV T T g
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for a unique pair of cosets v € (’)#}; /Ok . If we write

Foy= Y fiDeadG@m = Y  g(e
xEOi/OK XEO?(/OK

then) ", €Ot Ok frx(t)gx (1) is a weakly holomorphic modular form of weight two
and therefore has constant term zero. This yields the identity

23 70 —2m 1 1
———+2m(———)=
6 12 ldg| 12
which implies m = |dg|. This relation can also be proved using the approach to
classify reflective modular forms in [16].

Since ki, ..., ks > 1 and by Lemma 17 at most one of the generators can have
weight one, we have

35—|dg|l =wt(J) = k1 +ky + ks + ks + ks +4
>14242424+24+4=13

and therefore |dx| < 22. To rule out the possibilities dx = —15, —19, —20 we
apply Borcherds’ obstruction theorem [2], according to which vector-valued cusp
forms of weight three for the dual representation p* yield linear relations among
the vanishing orders of a Borcherds product along Heegner divisors. Unlike the
cases with |dg| < 11, the discriminants dx = —15, —19, —20 yield cusp form
spaces of dimension at least two, and by computing a basis for them (cf. Appendix
B of [20]) we see that there are no Borcherds products with zeros only on the Siegel
upper half-space and the divisor D(1). O

Remark 19. The nonexistence of the potential Jacobian does not follow from merely
computing the dimension of the obstruction space. The discriminant dxy = —23
already yields an example: despite a three-dimensional space of cusp form obstruc-
tions, Appendix B of [20] shows the existence of a skew-symmetric form @,
of weight 12 with a simple zero on H (1), an order 23 zero on the Siegel upper
half-space, and no other zeros. Our argument above shows that this cannot be the
Jacobian of a set of algebra generators.

4. Rings of modular forms with multiple poles

We will consider rings of meromorphic Hermitian modular forms with poles
on Heegner divisors that are not necessarily conjugate to the Siegel upper half-
space. For the discriminants |dg | € {15, 19, 20, 24} we find additional hyperplane
arrangements H such that the rings of meromorphic modular forms that are holo-
morphic away from H are polynomial algebras without relations.
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4.1. Discriminant —15

The lattice L has Gram matrix . There are two =£-pairs of orbits of

i =l=lelele]

i =l=l=lw}
[=lely Slelw)]
SO—OO
Sooco—O
Soocoo—

0
norm 1/15 vectors under the discriminant kernel, so the discriminant 1/15 Heegner
divisor splits into two irreducible components:

H(1/15) = H(1/15, (0,0, 1/15, —2/15,0, 0))
+H(1/15,(0,0,4/15, —8/15, 0, 0)),

the first of which represents the upper half-space Hj. There are weight (—1) weakly
holomorphic vector-valued modular forms with Fourier expansions beginning

F_i(r) = 6]_4/15(6(0,0,2/15,—4/15,0,0) + €(0,0,—2/15,4/15,0,0))
+7g 7" (e(0,0,4/15,-8/15,0,0) + €(0,0,-4/15,8/15,0,0))
— 47" (e(0,0,1/15,-2/15,0,0) + €(0,0,—1/15,2/15,0,0))
_ 415
G_i1(r) =¢q (€(0,0,-8/15,1/15,0,0) + €(0,0,8/15,—1/15,0,0))
+7¢ 7 (e(0,0,1/15,-2/15,0,0) + €(0,0,-1/15,2/15,0,0))
—4q7 Y5 (e0.0.4/15.-8/15.0.0) + €(0.0.—4/15.8/15.0.0))
H _ o 150-1/15
—1(7) =g~ €0,0,0,0,0,0) + 15¢ (€(0,0,1/15,—2/15,0,0)
+ €(0,0,~1/15,2/15,0,0) + €(0,0,4/15,—8/15,0,0) T €(0,0,—4/15,8/15,0,0))

aaaaa

that lift to meromorphic Borcherds products, respectively labelled ¢3, 13, ®29 of
weights 3, 3, 20. The form &, is a skew-symmetric cusp form with simple zeros
on H (1) and all other zeros contained in H (1/15), and the forms ¢3, 13 have triple
poles along one of the two components of H (1/15) and are holomorphic elsewhere.

We additionally need the following additive lifts with singularities: the form ¢,
which is the additive lift of the weight one weakly holomorphic form

Fi(v) = ¢ "15(e0,0,1/15,-2/15,0,0) + €(0,0,—1/15,2/15,0,0) + €(0,0,4/15,—8/15,0,0)
+€(0,0,—4/15,8/15,0,0)) — 2€(0,0,0,0) + .-

and the forms ¢4, ¥4 coming from the weight three weakly holomorphic forms

F3(0) = ¢~/ (e(0,0,-1/15.2/15.0.0) + €0.0.1/15.-2/15.0.0))
—5q"(€00.0.1/3.1/3.0.0) + €0,02/3.2/3.0.0) + -
G3(1) = ¢~ (e(0,0,-4/15.8/15.0.0) + €(0.0,4/15,8/15,0,0))
=5 (€(0.0,1/3.1/3.0.0) + €0.0.2/3.2/3.0.0) + -
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In particular, ¢, has double poles on both components of H (1/15), and each of ¢4,
¥4 have fourth-order poles on exactly one of the components.

The ring of meromorphic modular forms M; consists of modular forms which
are holomorphic away from the divisor

H(1/15) = H(1/15, (0,0, 1/15, —2/15,0, 0))
+H(1/15, (0, —1,4/15, —8/15, 1, 0)).

Theorem 20.
M., = Clgn. ¢3. V3. 4. Ya).

Proof. We will outline an argument to show that these meromorphic forms are
algebraically independent that avoids computing any Jacobians directly. Consider
the succesive restrictions to subgrassmannians in the following chain of signature
(n, 2) sublattices:

L — (Zvy + Zvy 4+ Zvsy + Zvg + Zvs) — (Zvy + Zvy + Zvs + Zvg)
— (Zvy + Zvy + Zv3)

where

v =(1,0,0,0,0,0), v, =(0,2,0,—1,-3,0), v3 =1(0,0,0,0,0, 1),

vy =(0,0,0,0,1,0), vs =(0,0,1,0,0,0).
The lattices above are constructed as the intersections uf-, uf- N u%‘ and uf- ﬂuj‘ ﬂu3L
where

uy =(0,0,2/15,-4/15, -1,0), uz = (0,0, 8/15, —1/15,0,0),
us =(0,1,1,0,2,0) € L.

.. . /001
The rank three lattice in the end has Gram matrix (0 —4 0) and the modular forms

100
on its orthogonal group are simply elliptic modular forms of level I'g(2) (and double
the starting weight). The images of the generators under these restriction maps are
computed using theta-contraction as suggested in section 2.1:

¢ > Pé > PPy > 1+48g+624q% +1344¢° + ..

¢3 — 0 — 0 — 0

w3 [and Pl//3 = 0 (and 0

¢s > Py — Py > q—8¢°+12¢° + ..

Vi > Pys > Py > q— 8q2 + 12q3 + ..
Here, P denotes the ordinary restriction map (not the quasi-pullback discussed
in section 2.1, which is not even a ring homomorphism). In particular one finds
Pp3 = 0; Pz # 0 but P2yr3 = 0; and one also finds P2(¢s — ¥4) # O but

P3(¢4 — 1¥4) = 0. (The vanishing of the Borcherds products is clear from their
divisors, as #1 and u, appear in the principal part of F_; and G_, respectively.)
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This implies successively that the sets {¢2, @a}, {2, ¢4, Y4}, {¢2, Pa, Ya, Y3} and
finally {¢2, Pa, Va, Y3, ¢3} are algebraically independent by Remark 9.

Similarly to the previous cases, we find that the Jacobian of the five forms is a
nonzero multiple of the predicted Jacobian ®;¢ and therefore that these forms are
generators of M. m]

Remark 21. The maximal discrete extension of the Hermitian modular group [12]
contains Atkin—Lehner involutions which swap the two pairs of Heegner divisors
of discriminant 1/15, and in particular swap the pairs {¢3, ¥3} and {¢4, ¥4}.

4.2. Discriminant —19

In this case L is the lattice with Gram matrix . We will again construct

—o0000
o—ocooo
co~Noo
cozg—oo
cooco—o
coococo—

modular forms using the Bruinier—Bundschuh isomorphism (cf. section 3.2) from
weakly holomorphic modular forms of level I'g(19) and quadratic character x
lying in the minus-space. There are forms of weight (—1) with Fourier expansions
beginning

Foi(t)=2¢%4+2¢* -8 ' +6+12¢> + ...
G 1(t) =2¢7 +2¢g7 4 +10g7 " +8—6¢% + ...
H 1(t) =2~ +10g7 " + 10+ 204> £ ...
J(t) =g 2 4+2¢7* +30¢g7" +38+198¢% + ...

which lift to Borcherds products ¢3, ¢4, ¢s5, @19 with divisors

divegs = H(6/19) + H(4/19) —3H(1/19),
divgy = H(5/19) + H(4/19) + 6H(1/19),
divegs = H(7/19) +5H(1/19),
div®i9 = H(1) + H(4/19) + 16H(1/19).
The forms ¢4, ¢5, P19 are cusp forms of weights 4,5, 19, with ®j9 skew-
symmetric, and ¢3 is meromorphic with triple poles on the Siegel upper half-space
and its conjugates. (In fact it can also be constructed as a singular additive lift.)

We will be interested in the ring of meromorphic modular forms M., that are
holomorphic away from

D(4/19) = H(1/19) U H(4/19).

Besides the Borcherds products above, we also need the singular additive theta lift
¢ of the weight 0 (vector-valued) modular form

Fo(r) = ¢ P (e2y — e_2y) —2¢7 % (ey — e_y) + 0(g*")
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where v € L’ can be any vector of norm 1/19, as well as the singular lift ¢, of the
modular form

Fi(t) =297 =24 6¢% + 104 £ ... € M}~ (To(19), x).

(In Fop we cannot use the Bruinier—Bundschuh isomorphism because the weight of
the lift is odd.) In particular, ¢; has simple poles on both H(1/19) and H(4/19),
and ¢, has double poles only on H(1/19). Let M'* be the ring of meromorphic
modular forms that are holomorphic away from the divisor D(4/19).

Since @19 has a simple zero on H (1) and all other zeros contained in D(4/19),
we expect it to be the Jacobian of a system of generators.

Theorem 22.
M., = Clg1, ¢2, ¢3, pa, ¢5].

Proof. Using a similar argument to the discriminant (—15) modular group, we
consider the restrictions to subgrassmannians with respect to the following chain
of sublattices:

L — (Zvy + Zvy + Zvs + Zvg + Zvs) — (Zvy + Zvy + Zvs + Zvg)
— (Zvy + Zvy + Zv3)

where

V1 = (17 0’ Oa 07 07 0)’ V2 = (05 27 Oa _13 _37 0)7 V3 = (O’ 07 O’ 05 07 1)7
V4 = (05 17 1’ _17 _370)7 Vs = (0’ 19 1709 2’ O)’

i.e. the sublattices uli, ulL N uz{ ull N u2L N 1,t3L with primitive vectors

uy =(0,-1,5/19,9/19,1,0), ur =(0,0,8/19,3/19, 1, 0),
uz = (0,0,10/19,-1/19,0,0) € L.

00 1
The lattice Zv| + Zv, + Zvz has Gram matrix (0 -2 0) and its modular forms

are elliptic modular forms of level one of twice thle %tz?rting weight. At the final
stage in this restriction process the form ¢; gets a pole, so we instead consider the
(holomorphic) cusp form ¢>f¢>4 of weight 6. We obtain the following images under
the restriction maps (again denoted P):

b >  P¢ Y — 14 240g + 2160¢> + ...
b3 = 0 = 0 = 0
¢4 > Py —  P¢y = 0
o5 = Pgs = 0 = 0

Plps > P(@ids) >  PHPIps) > q—24¢7+ ..

The point at which the products ¢3, ¢4, ¢s vanish in this process can be read imme-
diately off of the principal part of their input forms because u; has norm 6/19, u»
has norm 7/19 and u3 has norm 5/19 (such that ¢3 vanishes on uf-; ¢4 vanishes on
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u3 ; and ¢5 vanishes on u5 L. The level one forms E4(z) and A(7) in the rightmost
column are algebraically independent, so this is also true for {¢», ¢1 ¢a}. By con-
sidering the point at which zeros appear in this process one finds successively that
the sets {¢2, p7¢u, Pa}, {2, P74, Pa, s}, (B2, dIda, da, b5, ¢3} are algebraically
independent.

The Jacobian of @1, @2, @3, Pa, @5 is therefore nonzero and has weight 19. By
the same argument used previously it must equal @19 and the forms generate ./\/llk
O

4.3. Discriminant —20

The lattice L in this case has Gram matrix

—ooooo
~o~oooo
8 coowmnoo
cogooo
5 oooo~—0
coocoo—

—

We will use the weakly holomorphic modular
-1/2

orms of weight (—1)

F_i(t) = q " 2e.0.1/2.1/2.00 + 4~ (€0.,0,0.1/5.0.0) + €(0.0.0.4/5.0.0)

—4g7"2(e(0,0,0,1/10,0.0) + €(0,0.0,9/10.0.0)

+ €(0,0,1/2.2/5,0,0) + €(0,0,1/2,3/5,0,0)) + 6€(0,0,0,0,0,0) + ---
G_1(t) = q e, 1/2,1/10,0,0) + €(0,0,1/2,9/10,0,0))

+ ¢ (e.0.0, 1/5,0,0) + €(0,0,0,4/5,0,0))

+ 447 2%(e(0,0,0,1/10,0,0) + €(0,0,0.9/10,0,0)

+€(0.0.1/2.2/5.0.0) t €(0,0.1/2.3/5.0.0)) + 10€(0,0,0.0,0.0) + ---
H_1(1) = ¢ '€(0,0.0.0.0.0) + 4" (€(0,0.0.1/5.0.0) + €(0.0,0.4/5.0.0))

+ 164 7"%(£(0,0,0,1/10,0,0) + €(0,0,0,9/10,0,0) + €(0,0,1/2,2/5,0,0)

+€(0,0,1/2,3/5,0,0)) + 36€(0,0,0,0,0,0) + ---

which lift to Borcherds products ¢3, ¢5, ® g with trivial character, ®g being skew-
symmetric. ¢3 is meromorphic with triple poles on both components of H (1/20),
and ¢s, @13 are cusp forms. In the notation of Appendix B of [20] these are the
products

w@)
@3 = U , 05 = Y5, Pig = Y3vs.

We also need the singular theta lifts ¢1, ¢o, 3 of weights 1, 2, 3 of the weakly
holomorphic modular forms

Fyo(r) = 61_1/5(6(0,0,0,1/5,0,0) — €(0,0,0,4/5,0,0))
—2g7"2%(e0,0,0,1/10,0,0) + €(0,0,1/2.3/5.0.0) — €(0.0,0,9/10,0.0)
—€(0,0,1/2,2/5,0,0)) Tt ...

Fi () = ¢7%°€e0,0,0,1/10,0,0) + €(0,0,0.9/10,0,0) + €(0,0.1/2,2/5,0,0)
+€(0,0,1/2,3/5,0,0)) — 2€(0,0,0,0,0,0) + ---

Fa(t) = ¢~ %e0,0,1/2,2/5,0.0) — €0,0,1/2,3/5.0,0)) + ---
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In particular, ¢ has simple poles on H(1/5) and both components of H (1/20);
¢2 has double poles on both components of H (1/20); and 3 has triple poles only
on the component of H (1/20) which is not conjugate to the Siegel upper half-space
under I'.

The ring M., will consist of meromorphic modular forms that are holomorphic
away from

D(1/5) = H(1/5) + H(1/20, (0,0, 0, 1/10, 0, 0))
+H(1/20, (0,0,1/2,2/5,0,0)).

@3 has simple zeros on the reflective divisors H (1) and H (1/4) and its other zeros
lie in D(1/5), so we expect it to be the Jacobian of a set of generators. Note that
H(1/20, (0,0,0,0,1/10, 0, 0)) represents the Siegel upper half-space.

Theorem 23.

M., = Clg1, ¢2, 3, V3, ¢51.

Proof. Let A := (0,0,1/2,0,0,0) € L'. The lattice AL is the root lattice 2U &
A1(5) and the modular forms on its orthogonal group are paramodular forms of
level 5, for which generators were determined in [21]. Among them are (up to
scalar) uniquely determined cuspidal Gritsenko lifts g¢, g7 of weights 6 and 7 and
holomorphic Borcherds products bs, bg of weights 5 and 8. We find that the images
of the generators under this pullback map are

@1 go/bs, ¢2 > g7/bs, ¢3 > bg/bs, Y3 = 0, ¢5+—> bs.

In particular, to show that {¢1, ¢2, ¢3, V3, ¢5} is algebraically independent it is
sufficient to prove that {g¢/bs, g7/bs, bg/bs, bs} is algebraically independent. By
direct computation we find that the Jacobian

1
J(g6/b5a g7/b51 bg/b59 bS) = l?](g6’ 87, b87 bS)
5

is not identically zero. By the argument we have used in the previous sections, the
forms ¢1, ¢2, 3, Y3, ¢5 have Jacobian @ g and freely generate the ring ./\/llk O
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4.4. Discriminant —24

. We need the weakly

00
00

In this section L is the lattice with Gram matrix 8 8
01
0

1
holomorphic modular forms of weight (—1) whose Fourier expansions begin

A_1(m) = q 0,012,000 + 4 %(€(0.0.0,1/6.0.0) + €(0.0.0.5/6.0.0))
+ 24724 (e(0,0.0.1/12.0.0) + €(0.0.0.5/12.0.0) + €(0.0,0.7/12.0.0)
+€00,0,0,11/12,0,0) + 4€(0,0,0,0,0,0) = ---

B_1(0) = ¢ 7/%(e(0,00,1/4,0.0) +€0,0.03/4.0.0) =24~ °(€(0,0,0,1/6,0.0)
+€00,00.5/6.00) =4~ **(€(0,00,1/12,0,0) + €0,0.0,5/12,0,0
+€(0,0,0,7/12,0,0)  €(0,0,0,11/12,0,0)) + 4€(0,0,0,0,0,0) % ...

C-1(0) = ¢ %0,00.1/200 +4~*(€0,00.1/6.0,0
+¢00.0.0.5/6.0.0) = 44~ (€0,0.0.1/12.0.0) + €0.0.0.5/12.0.)
+ €(0,0.0.7/12.0,0) + €(0,0.0,11/12.0,0)) + 6€(0,0,0,0.0.0) + ---

D_1(v) = ¢ 7/ (€0.0.1/2.1/12.0.0) + €(0.0.1/2.11/12.0.0))
+q7°(e0,0,0,1/6.0,0) + €0,0,0,5/6,0.0))

+ 6977 (£00,0.0.1/12,0.0) + €(0.0,0.11/12.0.0) — 4q~"/**(€(0,0.0.5/12.0.0)
+€00.00.7/12.00) +6€0,0000.0 + --

J1(0) = ¢ "€0.00.00.0) +267°(€(0.0.0.1/6.0.0) + €(0.0.0.5/6.0.0))
+ 1697 724(e0,0.0,1/12,0,0) + €0,0,0,5/12.0,0) + €(0,0,0,7/12,0,0)
+€0,0.0.11/12,0,0) + 34€(0,0,0.000) + ---

These lift to Borcherds products labelled ¢», Y2, ¢3, Y3, P17 respectively, with
divisors

dive, = H(1/4) + H(1/6) +3H(1/24, (0, 0,0, 1/12, 0, 0))
+3H(1/24,(0,0,0,5/12, 1,0)),
divyn, = H(3/8) — 2H(1/6) — 2H(1/24, (0,0, 0, 1/12,0, 0))
—2H(1/24,(0,0,0,5/12, 1,0)),
dives = H(1/2) + H(1/6) — 3H(1/24, (0,0,0, 1/12,0, 0))
—3H(1/24,(0,0,0,5/12, 1,0))
divys = H(7/24) + H(1/6) + TH(1/24,(0,0,0,1/12,0,0))
—3H(1/24,(0,0,0,5/12, 1, 0)),
divdy7 = H(1) + H(1/4) +2H(1/6) + 18H (1/24, (0,0, 0, 1/12, 0, 0))
+ 18H(1/24,(0,0,0,5/12, 1, 0)).

The product ¢, is holomorphic but has a quadratic character under I' =
SU2 2(Z[+/—6]); the products Y2, ¢3, W3 are meromorphic with trivial character
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and poles of order equal to their weight (indeed, they can also be constructed as
additive lifts); and @17 is a skew-symmetric cusp form. In the notation of Appendix
B of [20]

B B wé2) B W5(3) B wS(Z)
b2 =Y, Yo = v ¢3 = 0y Y3 = by

(The form @7 does not appear in those tables as its weight is too high.) We will
also need a singular additive lift ¢; of weight one whose input form is

Fo(r) = ¢7%(e(0,0,0,1/6,0,0) — €0,0,0,5/6,0,0))
- 26]_1/24(6’(0,0,0,1/12,0,0) — €(0,0,0,5/12,0,0) t €(0,0,0,7/12,0,0)
—€(0,0,0,11/12,0,0)) * ...
such that ¢ has simple poles on both components of H(1/24) and on H(1/6).

The ring M., (I") will consist of meromorphic modular forms that are holomor-
phic away from

D(1/6) = H(1/6) + H(1/24,(0,0,0,1/12,0, 0))
+H(1/24,(0,0,0,5/12, 1, 0)).

Here H(1/24,(0,0,0, 1/12,0, 0)) represents the Siegel upper half-space. Note
that &7 has simple zeros on H (1) and H(1/4) and all other zeros in D(1/6).

Theorem 24.

ML(T) = Clg1, V2, ¢3, V3, $31.

Proof. If 1 :=(0,0,1/2,1/12,0,0) € L', then AL is the root lattice 2U @ A; (7)
and its modular forms are paramodular forms of level 7. Generators of such
paramodular forms were determined in [21]; among them are a unique (up to scalar)
Gritsenko lift g5 in weight 5 and Borcherds products b4, bg, b7 of weights 4, 6, 7.
Under the pullback to A1 the generators map as follows:

@1 > g5/ba, V2 > be/ba, ¢3 > by/ba, Y3 +> 0, ¢3 > ba.

Therefore the algebraic independence of ¢1, V2, @3, V3, ¢>§ follows from the non-
vanishing of the Jacobian

1
Jo = J(g5/ba, bs/bs, b7/b4, by) = b—31(gs, be, b7, bs).
4
By computing the Fourier series of these forms in SageMath [15] as in Section
3.2 we find that the fourth Fourier-Jacobi coefficient of Jy is nonzero. As in the
previous sections, we find that ¢, V2, ¢3, V3, gb% have Jacobian J = ®;7 and
therefore freely generate the ring M. O

Similarly to some of the previous sections, if x is the character of ¢» then we
have M (ker(x)) = Clg1, ¢2, Y2, ¢3, ¥3] with Jacobian ®17/¢;.
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