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Locating the critical endpoint of QCD and the region of a first-order phase transition at finite baryon
chemical potential is an active research area for QCD matter. We provide a gravitational dual description of
QCDmatter at finite baryon chemical potential μB and finite temperature using the nonperturbative approach
from gauge/gravity duality. After fixing all model parameters using state-of-the-art lattice QCD data at zero
chemical potential, the predicted equations of state and QCD trace anomaly relation are in quantitative
agreement with the latest lattice results. We then give the exact location of the critical endpoint as well as the
first-order transition line, which is within the coverage of many upcoming experimental measurements.
Moreover, using the data from our model at finite μB, we calculate the spectrum of the stochastic
gravitational wave background associated with the first-order QCD transition in the early Universe, which
could be observable via pulsar timing in the future.
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I. INTRODUCTION

As one of the most interesting and fundamental chal-
lenges of high-energy physics, the phase diagram of QCD
has been intensively studied. It involves the behavior of
strongly interacting matter under extreme conditions [1–3],
ranging from cosmology and astrophysics to heavy-iron
collisions. Due to the strong interaction in the nonpertur-
bative regime, it has not been possible to obtain the full
QCD phase diagram directly from QCD in terms of the
temperature T and the baryon chemical potential μB or the
baryon number density nB. While lattice QCD can provide

reliable first-principles information at zero density [4–6], it
fails at finite density due to the famous sign problem [2].
Note, however, that the lattice data can be extrapolated to
finite μB via different systematical schemes [7–9], but this is
only reliable for small μB. Meanwhile, many effective low-
energy models have been proposed to study the QCD phase
diagram under certain conditions, such as [10–12], for
which it is difficult to match the lattice QCD data quanti-
tatively. Nevertheless, the QCD matter is now believed to be
in a hadronic phase of color-neutral bound states at low T
and small μB, while it is deconfined at high T and large μB,
known as the quark-gluon plasma. These two phases are
separated by a transition at small μB and are expected to
change into a first-order transition for higher μB. The critical
point between them is the QCD critical endpoint (CEP),
which has been under active investigation by experiments
and theoretical calculations.
On the other hand, the gauge/gravity duality [13–16]

provides a powerful nonperturbative approach to solving the
strongly coupled non-Abelian gauge theories by mapping to
a weakly coupled gravitational system with one higher
dimension. In particular, it provides a convenient way to
incorporate real-time dynamics and transport properties at
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finite temperatures and densities. Previous studies (e.g.,
[17–21]) have provided a strong indication that holography
can make quantitative description of the properties of QCD
in the nonperturbative regime. The construction of the QCD
phase diagram in such a holographic approach was initiated
by [22,23], where the Einstein-Maxwell-dilaton (EMD)
theory was used to mimic properties in the QCD phase
diagram. Since then, several attempts have been made
toward the direction of the phase diagram in the T − μB
plane (see e.g., [24–32]). In the spirit of effective field
theory, the model parameters of the bulk gravitational theory
should be fixed by matching with lattice QCD results.
Therefore, it is crucial to use up to date lattice simulation for
reliable prediction at finite μB.
In this paper we construct a holographic QCD (hQCD)

model in which all parameters are fixed using state-of-the-art
lattice QCD data [6] at μB ¼ 0, generated by highly
improved stagger fermion action. Moreover, all thermody-
namic quantities are computed directly from the holographic
renormalization and the so-called thermodynamic consis-
tency relations [33]. Our prediction for the thermodynamic
observables at finite μB is in quantitative agreement with the
latest lattice results that are available for μB=T < 3.5 [9]. We
also calculate both the chiral and gluon condensates.
Remarkably, we show for the first time in holography that
the gluon condensate agrees with the lattice simulation
regarding the QCD conformal anomaly. We then manage
to make precise predictions for the QCD phase diagram at
finite μB, in particular a first-order line and a CEP located at
TC ¼ 105 MeV and μC ¼ 555 MeV. Interestingly, the
location of our CEP can be checked in the near future by
many important upcoming facilities. Moreover, the strong
first-order phase transition (SFOPT) in the early universe
is an important source of the stochastic gravitational
wave (GW) background (see, e.g., [38–41] and references
therein). While various scenarios of new physics beyond the
Standard Model of particle physics have been considered to
engineer an SFOPT in the literature, our present model
provides a scenario for phase transition GWs within the
Standard Model.

II. HOLOGRAPHIC MODEL

We begin with the five-dimensional EMD theory

S ¼ 1

2κ2N

Z
d5x

ffiffiffiffiffiffi
−g

p �
R −

1

2
∇μϕ∇μϕ

−
ZðϕÞ
4

FμνFμν − VðϕÞ
�
; ð1Þ

with a minimal set of fields for capturing the essential
dynamics. Here κ2N is the effective Newton constant. In
addition to the metric gμν that characterizes the geometry,
the real scalar ϕ (known as a dilaton) encodes the running
of the gauge coupling, and the Maxwell field Aμ accounts

for a finite baryon density. ZðϕÞ and VðϕÞ are two
phenomenological terms that will be fixed by matching
to the lattice QCD at μB ¼ 0.
The hairy black hole reads

ds2 ¼ −fðrÞe−ηðrÞdt2 þ dr2

fðrÞ þ r2dx23;

ϕ ¼ ϕðrÞ; At ¼ AtðrÞ; ð2Þ

where dx23 ¼ dx2 þ dy2 þ dz2 and r is the holographic
radial coordinate with the asymptotical anti–de Sitter (AdS)
boundary at r → ∞. Denoting the event horizon as rh at
which f vanishes, the temperature and entropy density can
be obtained as

T ¼ 1

4π
f0ðrhÞe−ηðrhÞ=2; s ¼ 2π

κ2N
r3h; ð3Þ

while the baryon chemical potential μB and density nB can
be obtained from At at the AdS boundary, we read the
energy density ϵ and pressure P directly by the dual stress-
energy tensor via the holographic renormalization [42,43].
We refer to the Supplemental Material for more details [44].
Then, the equation of state (EOS) and transport properties
can be determined precisely. The form of V and Z is
partially motivated by the one in [17,22,23], although these
models were not able to simultaneously fit the lattice data
for equilibrium and near-equilibrium features quantitatively.
By global fitting the state-of-the-art lattice data [6,9]

with (2þ 1)-flavors at zero net-baryon density (see Fig. 1),
the hQCD model can be fixed to be

VðϕÞ ¼ −12 cosh½c1ϕ� þ
�
6c21 −

3

2

�
ϕ2 þ c2ϕ6;

κ2N ¼ 2πð1.68Þ; ϕs ¼ 1085 MeV;

ZðϕÞ ¼ 1

1þ c3
sech½c4ϕ3� þ c3

1þ c3
e−c5ϕ; ð4Þ

with c1 ¼ 0.7100, c2 ¼ 0.0037, c3 ¼ 1.935, c4 ¼ 0.085,
c5 ¼ 30. Here ϕs ¼ rϕjr→∞ is the source term of the scalar
field ϕ, which essentially breaks the conformal symmetry
and plays the role of the energy scale. The fitting results are
presented in the upper panel of Fig. 1. In addition to the
EOS, the specific heat CV ¼ ðdϵ=dTÞμB , and the second-
order baryon susceptibility χB2 ¼ ðdnB=dμBÞT=T2 at zero
density, which are important quantities characterizing QCD
transition, agree with the lattice data quantitatively.
Given the local bulk description of QCD (4), we also

calculate the gluon condensate and the condensates for
u, d, s quarks in the spirit of the Karch-Katz-Son-Stephano
model [45] by introducing appropriate probe actions. The
temperature dependence of these condensates is in quanti-
tative agreement with the lattice simulations [6], see the
lower panel of Fig. 1. Remarkably, the trace anomaly
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ðϵ − 3PÞ is found to be consistent with the summation of
the quark and gluon condensates. It is the first time that this
relation is realized in a holographic setup (see the
Supplemental Material [44] for technical details).
So far, our holographic model is completely fixed, and

there are no free parameters. In Fig. 2, we compare the
holographic results with the latest lattice QCD [9] which
combines the Taylor-expanded approach and the analytical
continuation approach. The holographic predictions are in
quantitative agreement with the lattice results available for

small chemical potentials, which strongly supports our
hQCD model.

III. QCD PHASE DIAGRAM

Having completely fixed the holographic model, we can
now construct the phase diagram in the T − μB plane by
numerically solving a series of black holes. We find that, as
μB increases, the crossover on the T-axis is sharpened into a
first-order line at the CEP (see Fig. 3). Since the transition
from μB ¼ 0 up to the CEP is a smooth crossover, there is
no unique way to determine the transition temperature in the
literature. Some suitable probes characterizing the drastic
change of degrees of freedom between the quark-gluon
plasma (QGP) and the hadron resonances gas are the
minimum of the speed of sound cs and the maximum
increasing point of χB2 . The transition lines of the two probes
are shown in Fig. 3. The transition temperatures of the
probes at zero μB compare well with the predictions of
lattice QCD for the same up to the quark-hadron transition
region around 140–160MeV [46–48]. Although they do not
coincide quantitatively in the crossover region, they show
similar behavior and are in the same order of magnitude.
Moreover, they come together at the critical point μC.
For a baryon chemical potential above μC, the QCD

transition becomes a first-order transition for which the
free energy can uniquely determine the transition point
from the holographic calculation (see the solid black line in
Fig. 3). The first-order line decreases monotonically with
μB. Although we cannot see when the line will terminate,
our numerics suggest that the transition temperature
becomes significantly small, approximately larger than
μB ∼ 1050 MeV, beyond which no stable black holes have
been found. In this region, color superconductivity or
related phenomena might be set in.
The CEP predicted by our hQCD model is located at

TC ¼ 105 MeV, μC ¼ 555 MeV (the red dot in Fig. 3).
Therefore, there is no first-order phase transition in the
region with μB=T < μC=TC ≈ 5.3, which is consistent with
the thermodynamics of Fig. 2. We also show the location
of CEP from different models and note that the current
best lattice estimate suggests that CEP is likely above
μB ∼ 300 MeV [61,62]. The variation in priorities is con-
siderable, but most of them are close to the transition line we
found. Moreover, compared to other predictions, our CEP is
close to those obtained by the Schwinger-Dyson equation
[53,54] or the functional renormalization group [57],
respectively. Nevertheless, all our predictions are at least
qualitatively consistent with the consensus expectations for
the QCD phase diagram. Interestingly, the predicted loca-
tion of CEP is within the coverage of the STAR fixed target
program (FXT) and future (FAIR [63,64], JPARC-HI and
NICA [65]) experimental facilities [60]. Therefore, our
prediction can be verified in the near future.

FIG. 1. Thermodynamics and condensates at μB ¼ 0. Upper
panel: The pressure P, the trace anomaly θ≡ ϵ − 3P, the specific
heat CV , and the baryon susceptibility χB2 . Lower panel: The
condensates for (A) the u, d quarks, (B) the s quark, and (C) the
gluon. Data with error bars and the pink band are from lattice
QCD [6,9], while solid red curves are from our hQCD model. Nτ

is the temporal extent in lattice QCD. Following lattice QCD
notations, the condensates of the light (l ¼ u, d) quarks and the s
quark are normalized by there values at zero temperature. The

gluon condensate hβðgÞ
2g G2iT is subtracted by its vacuum value,

where βðgÞ is the β-function and g is QCD gauge coupling.
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IV. GRAVITATIONAL WAVES FROM
QCD PHASE TRANSITION

An important feature associated with the first order QCD
transition in the early universe is the generation of a
stochastic background of GWs, for which bubbles of the
broken phase nucleate and expand in the presence of a
plasma background of false vacuum. The GWs can be
generated in three processes; bubble collisions, sound
waves, and magnetohydrodynamic turbulence. Some pre-
liminary studies of the GW spectra from holographic QCD
have been summarized in [66]. It has been recognized that
higher-order corrections prevent true runaway transitions
from occurring [67], thus the bubble wall terminal velocity

vw < 1. For these nonrunway bubbles, the GWs will be
dominated by sound waves for which the energy spectrum
reads [68]

h2ΩGWðfÞ ¼ 8.5 × 10−6
�
100

gn

�
1=3

�
Hn

β

��
κα

1þ α

�
2

× vw

�
f

fSW

�
3
�

7

4þ 3ðf=fSWÞ2
�
7=2

; ð5Þ

with the peak frequency

fSW ¼ 1.9× 10−8
�
1

vw

��
β

Hn

��
Tn

100 Mev

��
gn
100

�
1=6

Hz:

ð6Þ

The strength of the GW spectrum depends on many
parameters that can be obtained from our holographic
model. We discuss each of these quantities in turn.
Tn is approximated by the critical temperature of the

first-order transition, see the solid black line in Fig. 3.
Beyond the bag model approximation, the phase transition
strength α is given by [39]

α ¼ θþ − θ−
3wþ

����
T¼Tn

¼ ϵþðTnÞ − ϵ−ðTnÞ
3wþðTnÞ

; ð7Þ

between the false (þ) and true (−) vacuums, where
θ ¼ ϵ − 3P is the trace anomaly, and w ¼ ϵþ P is the
enthalpy. Note that the numerator of (7) is the latent heat for
the first-order QCD phase transition at Tn. The effective
number of degrees of freedom gn ¼ 45sþ=ð2π2T3

nÞ. We fix
vw to the typical values vw ¼ 0.95 for which the kinetic
energy efficiency coefficient κ ¼ α

0.73þ0.083
ffiffi
α

p þα
. The only

free parameter is the inverse time duration of the phase
transition β=Hn.
Measurements of primordial element abundances and the

anisotropy spectrum of the cosmic microwave background
(CMB) yield a strong constraint on the baryon sector,
characterized by the baryon asymmetry ηB ≡ nB=s.

FIG. 3. The QCD phase diagram predicted from our model. The
minimum of cs and the maximally increasing point of the χB2 are
denoted by dashed red and cyan lines, respectively. The first-
order phase transition line (solid black line) is determined by free
energy. Our result for the location the CEP is TC ¼ 105 MeV,
μC ¼ 555 MeV (bold red dot). The CEP obtained by different
approaches are presented as well, including the Schwinger-Dyson
equation (DSE), the Nambu-Jona-Lasinio model (NJL), and the
functional renormalization group (FRG). DSE: D1-D6 are from
[49–54]. NJL: PNJL is from [55] and NJL1 from [56]. FRG:
F1-F2 are from [57,58]. The coverage of RHIC [59], the STAR
fixed target program (FXT), and future (FAIR, JPARC-HI, and
NICA) experimental facilities [60] is also indicated at the top of
the figure.

FIG. 2. The entropy density s (left) and the pressure P (right) at small chemical potentials. Our holographic computations (solid curves)
are compared with the latest lattice QCD results from [9].
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The observation value ηobB ≈ 10−10 [69]. This quantity is
conserved except during baryogenesis and a first-order
phase transition. Thus, to apply to the cosmological QCD
phase transition, the baryon asymmetry after the first-order
transition in our model should be compatible with ηobB in the
later evolution of the Universe. Near the CEP, our model
yields ηB ∼ 10−2, which is eight orders of magnitude larger
than the observation. Nevertheless, the value of ηB for
the true vacuum at the first-order phase transition line
decreases significantly as μB increases. In particular,
around μB ¼ 1000 Mev, ηB reaches the same order of
magnitude as the cosmological observation.
We therefore show the GW energy spectrum for μB ¼

1000 Mev (μB=T ≈ 20) in Fig. 4, for which the cosmologi-
cal QCD phase transition is first order and does not violate
the constraint of a tiny baryon asymmetry. This transition
point is very close to the CEP by NJL model [56] (the green
triangle at the bottom right of Fig. 3). To account for the
uncertainty in the duration β=Hn, we will scan the space
with 2 ≤ β=Hn ≤ 80. The energy density of GWs can reach
10−9 around 10−7 Hz. While out of reach of the Laser
Interferometer Space Antenna (LISA), it can be detected by
the International Pulsar Timing Array (IPTA) and the Square
Kilometer Array (SKA). The detection from the North
American Nanohertz Observatory for Gravitational Wave
(NANOGrav) is possible for extreme scenarios with small
values of β=Hn ∼Oð1Þ.
Moreover, the QCD first-order phase transition with μB <

1000 Mev could also be realized in the early Universe by
considering the “little inflation” [71,72] (see e.g., [73–75]
for earlier work and the SM). In this scenario, the large
baryon asymmetry, which can be generalized by the

well-established Affleck-Dine baryogenesis [76] is diluted
by a short period of inflation in which the Universe is
trapped in a false vacuum state of QCD. We find that the
e-folding number sufficient to dilute the baryon number in
the little inflation scenario is at most 7. Another scenario for
a first-order QCD transition in agreement with observation
is to consider a large lepton asymmetry [77,78], which we
leave for future work.

V. DISCUSSION

We have built a holographic model to confront the
phase diagram in (2þ 1)-flavor QCD. The thermodynam-
ics behaviors (EOS, transport, and condensates) are
quantitatively matched with the latest lattice QCD simu-
lation. The model has captured the characteristic QCD
transition properties and offered a reliable first-order
transition line and CEP in the QCD phase diagram at
finite μB. The predicted location of CEP and the GW
energy spectrum of SFOPT from our hQCD model are
within the detectivity of upcoming experimental facilities
and, therefore, could be verified in the future. Moreover,
our EOS at finite density could be crucial for supporting
the experimental programs towards QCD matter, e.g.,
heavy-ion collisions.
Dedicating to a precise characterization of QCD matter,

particularly the properties and differences of the quark-
gluon plasma and hadronic phases along the first-order
phase transition, is an interesting direction for further study.
We have set up the preliminary hQCD model to investigate
the phase transition in the QCD phase diagram quantita-
tively. Many other relevant physical quantities should be
considered to complete the phase diagram. Moreover, the
present study should be embedded in the framework of a
more general and multidimensional view of the QCD phase
diagram, including magnetic field, isospin, and rotation.
It will be interesting to consider real-time dynamics far
from equilibrium.
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FIG. 4. Stochastic GW spectra predicted from the first-order
QCD phase transition at μB ¼ 1000 MeV where the baryon
asymmetry matches the observation today. Parameters extracted
from our holographic model are ðTn; α; gnÞ ¼ ð49.53 MeV;
0.33; 185Þ with the variation of β=Hn. The amplitude of
GWs decreases as β=Hn is increased. The sensitivities of
four GW detectors (NANOGrav, LISA, IPTA and SKA) are
displayed [70].
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