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Tensor network simulation of chains of non-Markovian open quantum systems
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We introduce a general numerical method to compute the dynamics and multitime correlations of chains of
quantum systems, where each system may couple strongly to a structured environment. The method combines
the process tensor formalism for general (possibly non-Markovian) open quantum systems with time-evolving
block decimation for one-dimensional chains. It systematically reduces the numerical complexity originating
from system-environment correlations before integrating them into the full many-body problem, making a wide
range of applications numerically feasible. We illustrate the power of this method by studying two examples.
First, we study the thermalization of individual spins of a short XYZ Heisenberg chain with strongly coupled
thermal leads. Our results confirm the complete thermalization of the chain when coupled to a single bath, and
they reveal distinct effective temperatures in low-, mid-, and high-frequency regimes when the chain is placed
between a hot and a cold bath. Second, we study the dynamics of diffusion in a longer XY chain, when each site
couples to its own bath.
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I. INTRODUCTION

A key challenge in the field of open quantum systems is the
description of systems that couple strongly to structured envi-
ronments. In general, these systems do not admit time-local
(Markovian) equations of motion and thus make a non-
Markovian description necessary [1,2]. Such non-Markovian
open quantum systems generally suffer from exponential
growth of complexity with the memory time of the environ-
ment in a very similar way as the complexity of many-body
quantum systems grows with the number of relevant sites.
There is even a range of interesting physical scenarios that
include both many-body quantum systems and strongly cou-
pled structured environments [3–7]. Such scenarios are of
importance for fundamental research, such as the study of
strong-coupling quantum thermodynamics [8–13], as well as
technological and biological applications [14–20]. However,
almost all methods for the study of many-body systems only
consider closed or Markovian dynamics, while methods for
the study of non-Markovian open quantum systems are gen-
erally restricted to small system sizes (we briefly review the
exceptions below [21–32]).

Notably, the most commonly applied approaches for
open quantum systems, such as the time-convolutionless,
Nakajima-Zwanzig, and Gorini-Kossakowski-Sudarshan-
Lindblad (GKSL) master equations [1], aim at correctly
describing the reduced system dynamics, but they are gener-
ally unsuitable for obtaining correct multitime correlations.
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In many experiments, the observed quantities are, however,
related to multitime correlations, such as the fluorescence and
absorption spectra in molecular spectroscopy, and bunching
and antibunching of photons in quantum optics experiments.
Even the exact knowledge of the evolution of the reduced
density matrix is not sufficient to correctly describe multitime
correlations. The common approach to invoke the so called
“quantum regression theorem” [33] relies on the Born
approximation and thus assumes weak coupling between
the system and environment [34,35]. Particularly interesting
scenarios, however, involve strong coupling to both the
neighboring parts of a many-body system and the continuous
set of modes of a thermal bath. In such cases, correlations
between the system and environment play an important role
for the correct computation of the two-time correlations, but
they cannot be encoded in the reduced density matrix alone.

In this paper, we introduce a numerical method that enables
the computation of the dynamics and multitime correlations
of chains of non-Markovian open quantum systems. As dis-
cussed below, it is based on a representation of the process
tensor in a matrix product operator form (PT-MPO) which
encodes the complex system-environment correlations and
allows the compression of the influence of the environment
to capture the most physically relevant sector of the exponen-
tially large state space [36–47]. We illustrate the use of this
method by studying two examples. We first consider two-time
correlations of an XYZ spin chain strongly coupled to its en-
vironment in both equilibrium and nonequilibrium scenarios.
We verify that for coupling to a single bath, the computed
two-time correlations obey the fluctuation-dissipation the-
orem (FDT), and we contrast this with the failure of a
widely used approximate approach. For two baths at dif-
ferent temperatures, we can define a frequency-dependent
effective temperature T (ω) and identify different behavior
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in low-, mid-, and high-frequency regimes. In addition to
this, we study a 21-site anisotropic XY spin chain with a
non-Markovian bath attached to every site. In particular, we
compute the dynamics of an initial excitation in the middle
of the chain and find diffusive behavior with diffusion rates
depending on the XY-anisotropy and the coupling strength to
the baths.

The remainder of the paper is organized as follows.
Section II provides an overview of the PT-MPO approach and
its extension to one-dimensional chains. Section III discusses
the application of this method to the XYZ model with leads,
while Sec. IV discusses the application to diffusion in the XY
model. Appendixes provide further details on the algorithm,
and on the details of computations for the two examples.

II. PROCESS TENSORS AND TIME-EVOLVING
BLOCK DECIMATION

A. Overview of the method

In this section, we outline a general numerical tensor net-
work method to study multitime correlations of chains of
open quantum systems—further details of the algorithm and
its performance are given in Appendix A. Each system may
individually couple strongly to a structured environment. The
method is applicable to a wide variety of different environ-
ments, such as boson, fermion, and spin baths. The only
restriction on the environments is that the associated PT-MPO
can be efficiently constructed.

The PT-MPO is based on the process tensor formalism,
which is a general operational approach to non-Markovian
open quantum systems. Its central object—the process tensor
(PT) [48]—is a multilinear map from the set of all possible
system control operation sequences to the resulting output
states. It allows the computation of any multitime correlation
function of the system by inserting control operations at the
respective times. The PT exists for any environment and is
also called the quantum comb [49], (generalized) influence
functional [36,42], and process matrix [50]. Generically, it is
a high-rank tensor that grows exponentially with the num-
ber of time steps. In many cases, however, it is possible to
systematically discard negligible correlations and express the
PT as a tensor network [51] in a matrix product operator
(MPO) form [52], allowing a numerically efficient represen-
tation. The necessary bond dimension of a PT-MPO reflects
the degree of non-Markovianity in the interaction [53]. For
different environments, different methods for the construction
of a PT-MPO exist. For linearly coupled Gaussian bosonic
environments, one can directly construct a tensor network
that yields a PT-MPO [36,37,39,47]. Other approaches [40,42]
allow the construction of PT-MPOs for any environment that
can be approximated by a finite set of independent degrees
of freedom. It is also possible to construct PT-MPOs directly
from experimental measurements [43].

The tensor network we propose for a chain of open quan-
tum systems is presented in Fig. 1(c), and it can best be
understood by first considering the simpler tensor networks
for a single closed [Fig. 1(a)] and a single open quantum
system [Fig. 1(b)]. The purple circle with one leg in Fig. 1(a)
represents the vectorized initial density matrix of the system.

FIG. 1. Tensor networks for the simulation of a single closed
(a), a single open (b), and a chain of open quantum systems (c).
The purple circles represent the initial system states. The green
squares and green rectangles represent the system propagators. The
red and green shaded areas highlight the PT-MPOs and the TEBD
propagators, respectively. In panel (c) the superoperators AL and BL

are inserted to calculate the two-time correlation 〈B̂3(2 δt )Â5(1 δt )〉.

The green boxes with two legs represent the propagator matri-
ces US = exp(LSδt ) in Liouville space for a short time step
δt , where LS = −i[ĤS, ·] is the system Liouvillian associ-
ated with the system Hamiltonian ĤS . The entire diagram in
Fig. 1(a) has one unconnected leg and thus represents a vector,
namely the vectorized system density matrix after three time
steps.

Figure 1(b) shows the tensor network for the evolution of a
single open quantum system. The red shaded region contains
a PT-MPO obtained by one of the methods mentioned above.
This tensor network relies on a Suzuki-Trotter expansion of
the total propagator e−iĤδt into propagators e−iĤSδt e−iĤE δt of
the pure system part ĤS and the remainder ĤE , plus higher-
order terms O(δt2). The time step δt must be chosen small
enough such that these higher-order terms can be neglected.
The entire tensor network represents the vectorized system
density matrix after three time steps taking the environment
influence into account.

Figure 1(c) shows the proposed tensor network for the
simulation of a chain of system-environment pairs, which is
a combination of the network shown in Fig. 1(b) with time-
evolving block decimation (TEBD) in Liouville space [54,55].
We assume a total Hamiltonian of the form

Ĥ =
N∑

n=1

(
ĤS

n + ĤE
n

) +
N−1∑
n=1

K̂n,n+1, (1)

with N system-environment pairs and nearest-neighbor cou-
plings K̂n,n+1 among the systems. Note that we assume that
each environment is coupled only to one system site. Mod-
els in which environments simultaneously couple to multiple
sites or directly among each other are outside the scope of this
work. For each system site, the effects of interactions with its
environment can thus be encoded in separate PT-MPOs (the
red shaded areas). Because the chain interacts repeatedly with
the environment (at multiple times), it is important to have a
correct encoding of multitime correlations as captured by the
process tensor. The green shaded areas represent the propa-
gation of the closed system chain for short time steps δt . For
ease of presentation, Fig. 1(c) shows the tensor network for the
propagation of the closed chain in a first-order Suzuki-Trotter
splitting among the chain sites, but higher-order expansions
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are also possible. Here, the time step needs to be chosen
small enough such that the Suzuki-Trotter expansion of the
evolution is valid for both the system-environment and the
internal system-system coupling terms. Also for ease of pre-
sentation, the tensor network shown in Fig. 1(c) is restricted to
uncorrelated initial states. We present the full tensor network
for a second-order Suzuki-Trotter expansion and correlated
initial states in Appendix A. For a Markovian environment
(for which the internal legs of the process tensor disappear
[53]), this tensor network reduces to a TEBD network in
Liouville space.

This method is also related to an approach introduced by
Bañuls et al. [56,57] to study a subsystem of an infinite chain
by contracting a conventional TEBD network in the spatial
direction, which can be understood as the construction of
a PT-MPO. Turning back to Fig. 1(c), the two additional
blue diamond-shaped matrices show how a tensor network
of this form can be used to extract multitime correlations
such as 〈B̂m(t2)Ân(t1)〉 for arbitrary system operators Â, B̂ at
sites n, m and times t1, t2, respectively. For this, we multiply
the system propagators with the left acting superoperators
AL(ρ) = Âρ at time step t1 and BL at time step t2. We provide
this method as a part of the open-source Python package
OQuPy [47].

B. Scaling and comparison to other approaches

The PT-MPO approach is limited to chains whose state
can be well approximated by an MPS of some finite bond
dimension χ , as well as environments whose process tensor
can be well approximated by an MPO of bond dimension
ξ . The computational complexity is then dominated by per-
forming the singular value decompositions (SVD) involved
in compressing the spatial MPS after the application of the
system propagators. In the worst case, the largest matri-
ces involved are of the dimension (χξd2) × (χξd2), where
d is the Hilbert space dimension of a single site. We suggest
a contraction and SVD sequence that reduces this dimen-
sion to (ηd2) × (ηd2) with χ � η � χξ in Appendix A.
The overall simulation of an N-site chain for K time steps
thus takes O(NKη3d6) operations. This algorithm is, like
the canonical TEBD algorithm, well suited for parallel com-
puting, since each pair of neighboring sites can be evolved
separately.

We note that alternative numerical approaches to compute
the dynamics of chains of sites coupled to individual
environments exist [21–32]. A method proposed by Suzuki
et al. [25] is based on the transfer-matrix approach and
restricted to Gaussian bosonic environments as well as
diagonal system-system couplings (with respect to the local
system basis). The modular path integral (MPI) method
[24] was originally based on the same assumptions, but it has
recently been extended to more general cases [29,30]. Another
approach is based on a quantum state diffusion method, also
assuming Gaussian bosonic environments [31]. Recently,
Bose and Walters proposed a multisite decomposition of the
tensor network path integral (MS-TNPI) [32], which is similar
to the method presented in this paper, but again restricted
to Gaussian bosonic environments and comparatively short
memory times (only four time steps are presented). In the

FIG. 2. Trace distance between the thermal Gibbs state of the
closed five-site spin chain and the approximate steady state of the
chain coupled to the bath with varying coupling strength α. A fit
shows that this difference is vanishing at a linear order in α (i.e., a
quadratic order in bath couplings gk) in a weak-coupling limit.

special case in which only the end sites couple to environ-
ments, methods such as time-evolving density matrices using
orthogonal polynomials (TEDOPA) can be used, where the
baths are mapped to extended chains [21,22,27].

These alternative approaches attempt to tackle the nu-
merical complexity of both the system-system and the
system-environment correlations simultaneously. In contrast
to that, the PT-MPO approach tackles these challenges se-
quentially by first systematically reducing the numerical
complexity originating from system-environment correlations
before integrating them into the full many-body problem. Fur-
thermore, the PT-MPO approach is not restricted to bosonic
environments or short memory times [40,42]. Altogether, this
enables us to tackle a much broader class of problems.

III. EQUILIBRATION OF AN XYZ SPIN
CHAIN WITH THERMAL LEADS

To illustrate the use of this method, we now turn to the
study of an XYZ spin chain with strongly coupled thermal
leads. We also use this example to demonstrate a general
approach, employing the FDT, to study the thermalization of
subsystems even when the coupling to their environment is
strong. We consider the chain Hamiltonian

ĤXYZ =
N∑

n=1

εnŝz
n +

N−1∑
n=1

∑
γ∈{x,y,z}

Jγ ŝγ
n ŝγ

n+1, (2)

where ŝγ
n = σ̂

γ
n /2 denote the spin-1/2 operators at site n. We

choose Jx = 1.3, Jy = 0.7, and Jz = 1.2 to break the symme-
tries of the Heisenberg model, and we start with homogeneous
on-site energies εn = 1. We set h̄ = kB = 1 and express all
frequencies and times in units of some characteristic fre-
quency and its inverse.

A. Spin chain coupled to a single bath

As a first check, we couple a single bath at temperature
T = 1.6 to only the first site of a short (N = 5) chain, as
sketched in Fig. 3(e). We aim to confirm that at the steady state
each spin has come to thermal equilibrium at temperature T .
The bath couples to the chain through an operator on the first
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FIG. 3. Two-time correlations of the steady state for the σ̂ z ob-
servable of the middle spin in a five-site chain coupled to a single
bath at temperature T = 1.6. The solid and dashed lines show the
results obtained employing the PT-MPO approach and a two-spin
driving protocol [63–65], respectively. The panels show the dissipa-
tion spectrum (a), the fluctuation spectrum (b), their ratio (c), and
the corresponding effective temperature (d). The PT-MPO results
overlap with the expected FDT tanh( ω

2T ) (dotted line) in (c) and show
no frequency dependence in (d), confirming complete thermalization.
Panel (e) shows a sketch of the five-site spin chain coupled to a
single bath. Panel (f) shows a sketch of a model in which the bath
has been replaced by two additional spins, which are driven to their
local thermal Gibbs state with a GKSL master equation.

site (which we choose to be ŝy
1) with

ĤE
1 =

∞∑
k=0

[
ŝy

1(gkb̂†
k + g∗

kb̂k ) + ωkb̂†
kb̂k

]
, (3)

where b̂(†)
k are bosonic lowering (raising) bath operators.

The gk parameters are determined by the spectral density
J (ω) = ∑

k |gk|2δ(ω − ωk ), which we choose to take the form
J (ω) = 2αω exp(−ω2/ω2

c ). We use a coupling strength α =
0.32 and cutoff frequency ωc = 4.0, which are of the same
order of magnitude as the parameters for a quantum dot exci-
ton interacting with its phonon environment given in units of
ps−1 [58].

1. Comparison to Gibbs state in the weak-coupling limit

Perturbation theory predicts that, in a weak-coupling limit,
the reduced chain density matrix of the full thermal state
differs from the Gibbs state of the chain Hamiltonian at a
quadratic order in the bath coupling [59]. The dimensionless
coupling strength α is proportional to the square of the bath
coupling amplitudes |gk|2, i.e., α ∝ ∑

k |gk|2. Assuming that
the chain thermalizes with the bath in the long time limit, we
thus expect to find a difference between the reduced steady
state and the Gibbs state of the chain Hamiltonian that is
proportional to α in a weak-coupling limit. Figure 2 shows
the trace distance for various coupling strengths α. A fit to the
data shows that the results are consistent with the expectation.

While it is reassuring that this method leads to known
results in a weak-coupling limit, it seems desirable to vali-
date that the spin chain has thermalized for finite coupling
strengths α. The exact reduced thermal chain state in such

cases is, however, unknown and we thus lack a reliable ref-
erence [59]. As mentioned in the Introduction, beyond the
reduced density matrix there is additional information en-
coded in multitime correlations. We can use this information
to validate that the chain and environment have indeed ther-
malized by checking the consistency of two-time correlations
with the FDT.

2. Checking thermalization through the fluctuation-dissipation
theorem

The FDT [60,61] states that for a thermalized quantum
system at temperature T , the ratio of the fluctuation and dissi-
pation spectra with respect to any observable Â must be

SA(ω)

χ ′′
A (ω)

= coth

(
ω

2T

)
. (4)

Here, the fluctuation spectrum SA(ω), also known as the
symmetrized quantum noise spectral density [62], is the
Fourier transform of the Keldysh Green’s function SA(τ ) =
1
2 〈{Â(τ ), Â(0)}〉. Similarly, the dissipation spectrum χ ′′

A (ω) is
the imaginary part of the Fourier transformed linear-response
function χA(τ ) = i(τ )〈[Â(τ ), Â(0)]〉 and quantifies the den-
sity of states for transitions driven by the operator Â.

The validity of the FDT is a general and exact result of
statistical quantum mechanics and does not involve any weak-
coupling approximations. Weak coupling (i.e., linear-response
theory) is, however, generally invoked in considering how one
could measure these two-time correlations in an experiment.
This can be done by weakly coupling a measurement device
to the degree of freedom Â of the system and recording its
fluctuation and dissipation spectra. As such, the temperature
found from checking the FDT for a particular observable cor-
responds to weakly coupling a thermometer to that part of the
system. Even here, although we assume Â couples weakly to
the measurement device, it may still couple strongly to other
parts of the system and environment. Figure 3 shows the simu-
lation results for the fluctuation and dissipation spectra for the
σ̂ z observable of the middle spin of the five-site chain with a
system-environment coupling strength of α = 0.32. The solid
lines show the results obtained using the PT-MPO technique
(for the details of the numerical simulation, see Appendix B).
Figure 3(c) shows the ratio of the dissipation and fluctuation
spectra, which has the shape of a hyperbolic tangent. Inverting
the FDT and plotting a frequency-dependent effective temper-
ature,

T (ω) = ω

2 artanh[χ ′′(ω)/S(ω)]
, (5)

in Fig. 3(d) we can see from the perfectly flat line that the
two-time correlations are consistent with the FDT at the ex-
pected temperature. We find similar results for all other spins
and observables, and no dependency on the chosen initial
chain state.

3. Comparison to two-spin GKSL driving

Figure 3 also shows the results of a different, widely
applied numerical method to study the thermodynamic prop-
erties of spin chains [63–65]. In this approach, two additional
spins are attached to the end of the chain and driven towards
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FIG. 4. The dissipation spectrum (a) and effective temperature
(b) at steady state for the σ z observable of each spin in a nine-site
spin chain placed between a hot (Thot = 1.6) and cold (Tcold = 0.8)
bath. Panels (c) and (d) show the results for the same chain with
additional on-site disorder εn = 1 + xn for a random draw of xn from
a uniform distribution in (−1.6, 1.6). The thickness of the lines in
panel (b) and (d) represents an estimate of the numerical error. Panel
(e) shows a sketch of the nine-site spin chain coupled to two thermal
baths at different temperatures, and it serves as a legend for the line
colors used in the other panels.

their local two-spin thermal Gibbs state with a time local
master equation of GKSL form in the hope that this will
thermalize the rest of the chain.

To compute the dashed lines in Fig. 3, we employed the
two-spin bath protocol introduced in [63]. For this we at-
tach two additional spins (at positions n = −1 and 0) to the
left-hand side of the first spin and construct a Liouvillian
LB, which drives these two spins towards the Gibbs state of
their local Hamiltonian as described in Sec. 2.4 of Ref. [63].
Because the augmented TEBD method reduces to the canon-
ical TEBD in Liouville space when no PT-MPOs are added
to the network, we can use the exact same approach and
implementation as described above. For this, we simply do
not attach any PT-MPO to the network, and instead substitute
LK ′

−1,0 → LK ′
−1,0 + LB to include the time local driving terms.

As can be seen from the figure, the two-time correlations
obtained using this method strongly deviate from the FDT and
are thus incorrect.

B. Effective temperature in a thermal gradient

Having demonstrated the expected thermalization for a
single bath, we now turn to an XYZ spin chain of length
N = 9 coupled to two thermal leads at different temperatures,
as sketched in Fig. 4(e). Thermalization in this larger system
would be challenging to address with other methods. Using
the PT-MPO method, we couple one bath at temperature
Thot = 1.6 to the first spin and one bath at Tcold = 0.8 to the
last spin [see Fig. 4(e)], using the same spectral density and
coupling operator ŝy as before. Figures 4(a) and 4(b) show
the dissipation spectrum χ ′′(ω) and the effective temperature
T (ω) for the σ̂ z observable of each spin.

In Fig. 4(b) we observe that at a mid-frequency range
(between roughly 0.5 and 2.0) the inner spins adopt a common

FIG. 5. Local density of states χ ′′(ω) for the closed nine-site spin
chain with respect to σ̂ x

n , σ̂ y
n , and σ̂ z

n for each site n, and the clean
(a)–(c) and disordered case (d)–(f). We obtained these results
from exact diagonalization and included a line broadening with a
Lorentzian shape for each mode (with a width of 0.1) in order to
approximate the effect of the environment. The color of lines corre-
sponding to different sites matches those shown in Fig. 4.

intermediate effective temperature, while at higher frequen-
cies (above approximately 3.0) each spin adopts an effective
temperature between that of the hot and cold bath depending
on its position. In the following, we suggest an idea for why
this kind of behavior might arise.

We first consider the eigenstates of the closed XYZ spin
chain, which consist of a set of delocalized “bulk” states
and localized “surface” states. The surface states are mainly
localized each at one end of the chain, but they reach into
the bulk with an exponentially decaying tail. This can be
shown quantitatively by plotting the local density of states on
each site; this is shown in Fig. 5. For the chain parameters
chosen here, the density of states for the closed spin chain
slowly vanishes above a frequency of approximately 2.5 [see
Fig. 5(c)]. In the mid-frequency range, the density of states
for the inner spins is dominated by the bulk states. When
we include the coupling to the environments, the bulk states
hybridize weakly with both environments due to their equal
and small overlap with the two outer spins, which leads to the
intermediate common temperature of the inner spins. For the
higher frequencies, however, the tail of the density of states is
dominated by the surface states. This is because the surface
states have a large overlap with either the first or last spin
and thus hybridize strongly with the left or right environment,
respectively. Because the coupling of a spin with the left
and right surface states depends strongly on its position, the
effective temperature it adopts depends on its position as well.
This picture is also consistent with the dissipation spectrum
plotted in Fig. 4(a), showing different behavior for the inner
and outer spins.

Since the explanation suggested above depends on the
difference between delocalized bulk states and localized
surface states, it can be tested by adding disorder to localize
the bulk states. This is shown in Fig. 4(d). For all figures with
disorder, we use the following energies: εn = 1 + xn, with
xn=(0.16, 0.69, 0.33, 0.14,−0.24, 0.47,−0.20, 1.25, 1.48).

033078-5



FUX, KILDA, LOVETT, AND KEELING PHYSICAL REVIEW RESEARCH 5, 033078 (2023)

FIG. 6. The dissipation spectrum (a) and effective temperature
(b) at steady state for the σ̂ x observable of each spin in a nine-site
spin chain placed between a hot (Thot = 1.6) and cold (Tcold = 0.8)
bath. Panels (c) and (d) show the results for the same chain with
additional on-site disorder.

With the addition of disorder, all states become localized.
We clearly see that this destroys the collective common
temperature at mid-frequencies, as expected.

Response functions for σ̂x and σ̂y

Figures 6 and 7 show the dissipation spectra and the ef-
fective temperature with respect to the observables σ̂ x and
σ̂ y, and thus complement Fig. 4. In all three figures, we used
the same on-site disorder as described above. The effective
temperature plots in Figs. 6(b) and 7(b) do not show the
distinct low-, mid-, and high-frequency regions as in Fig. 4(b).
However, the results are still consistent with the explanation
suggested above. For the operators σ̂ x,y we see the density of
states extend to higher frequencies [see Figs. 5(a) and 5(b)].
This is because these operators couple spaces with different
values of

∑
n ŝz

n, and the energies of these states are split by
the on-site field εn.

For the clean chain (without disorder), the inner spins tend
to assume a collective common temperature at frequencies
where their density of states is larger than the density of
states for the outer spins. Conversely, at higher frequencies
where the density of states of the outer spins is dominant, the
surface states have an increased influence, and the effective
temperature is more spread out.

FIG. 7. The dissipation spectrum (a) and effective temperature
(b) at steady state for the σ̂ y observable of each spin in a nine-site
spin chain placed between a hot (Thot = 1.6) and cold (Tcold = 0.8)
bath. Panels (c) and (d) show the results for the same chain with
additional on-site disorder.

FIG. 8. The dynamics of the XY spin chain with strongly cou-
pled (α = 0.16) bosonic environments on each site starting from
an initial excitation in the middle of the chain. The panels (a) and
(b) show the dynamics of the excitation probability pn(t ) of the spin
at site n for an XY interaction anisotropy of η = 0.04. The panels
(c) and (d) show the difference between pn(t ) for the anisotropic
case (η = 0.04) and p′

n(t ) for the isotropic case (η = 0.0). Panel (e)
shows a sketch of the 21-site spin chain where each spin couples to
its individual environment.

IV. A 21-SITE ANISOTROPIC XY SPIN CHAIN WITH
INDIVIDUAL ENVIRONMENTS

To further demonstrate the power of our proposed method,
we study the dynamics of a 21-site (an)isotropic XY spin
chain, for which each spin couples strongly to its own
structured bosonic environment, as sketched in Fig. 8(e).
We study the spread of a single initial excitation in the
middle of the chain for two different environment coupling
strengths α ∈ {0.16, 0.32} and for a zero and nonzero XY
coupling anisotropy η ∈ {0.0, 0.04}. The total Hamiltonian
we consider is

Ĥ = ĤXY +
10∑

n=−10

ĤE
n , (6)

with the (an)isotropic XY chain Hamiltonian

ĤXY =
10∑

n=−10

ŝz
n +

9∑
n=−10

[
(1 − η)ŝx

nŝx
n+1 + (1 + η)ŝy

nŝy
n+1

]
,

(7)
and the environment Hamiltonians

ĤE
n =

∞∑
k=0

[
ŝz

n(gn,kb̂†
n,k + g∗

n,kb̂k ) + ωn,kb̂†
n,kb̂n,k

]
, (8)

where ŝγ
n are the spin-1/2 operators on site n, and b̂(†)

n,k are
bosonic lowering (raising) operators of the kth mode of the
nth environment. We again take the gn,k parameters in order to
give an Ohmic spectral density, Jn(ω) = 2αω exp(−ω2/ω2

c ),
for all environments. We choose a cutoff frequency ωc = 4.0
and assume that all environments are initially at thermal
equilibrium at temperature T = 1.6.
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FIG. 9. The dynamics of the XY spin chain with strongly cou-
pled (α = 0.32) bosonic environments on each site starting from
an initial excitation in the middle of the chain. The panels (a) and
(b) show the dynamics of the excitation probability pn(t ) of the spin
at site n for an XY interaction anisotropy of η = 0.04. The panels
(c) and (d) show the difference between pn(t ) for the anisotropic case
(η = 0.04) and p′

n(t ) for the isotropic case (η = 0.0).

As a first step, we compute the PT-MPOs for each environ-
ment employing the PT-TEMPO method [36,37,39] and its
implementation in the open-source Python package OQuPy
[47]. Because the environment Hamiltonians and temperature
are identical for each environment, we only need to compute
one PT-MPO for each coupling strength α ∈ {0.16, 0.32}, and
we can then augment each site of the TEBD tensor network
with a separate copy.

Figures 8 and 9 show the chain dynamics for the environ-
ment coupling strengths α = 0.16 and 0.32, respectively. The
panels (a) and (b) each show the dynamics of the probability
pn(t ) to find the spin at site n in the z-basis “up” state for the
anisotropic case with η = 0.04. The panels (c) and (d) each
show the difference between the anisotropic case pn(t ) and
the isotropic case p′

n(t ). In contrast to the isotropic case, the
total spin excitation number is not preserved in the anisotropic
case, for which we observe an approximately linear growth
over time.

Finally, to help interpret these results, we plot the mean-
squared displacement

MSD(t ) = 1∑
n pn(t )

10∑
n=−10

pn(t ) × n2 (9)

in Fig. 10. The MSD appears to grow linearly at later times,
i.e., it shows diffusive dynamics in all four cases. The results
suggest a larger diffusion constant for stronger anisotropies
as well as for weaker environment coupling strengths. For the
very early-time dynamics, however, the MSD appears to be
independent of the environment coupling strength.

V. CONCLUSIONS

We have presented a numerical method for computing
multitime correlations of many-body quantum systems in the

FIG. 10. The mean-squared displacement (MSD) of an initial
excitation in the XY spin chain with strongly coupled bosonic envi-
ronments on each site for four combinations of environment coupling
strength α and XY coupling anisotropy η. After some early time dy-
namics (shown in the inset), the MSD grows approximately linearly
in time, suggesting a diffusive spread of the excitation.

presence of strongly coupled and structured environments,
and we have demonstrated that two-time correlations can be
used to study thermalization of subsystems. A key ingredient
of this method is the PT-MPO, which encodes the influence
of the environment and reduces it to the most physically rel-
evant sector of the state space. Compressing the environment
influence before tackling the full many-body problem greatly
reduces the effective dimension of the computation and makes
the simulation of a large class of many-body open quantum
systems numerically feasible.

Using this approach, we studied two examples. Our
first example showed how the FDT can reveal when a
nonequilibrium steady state has in fact reached a thermalized
state. We also showed how it can reveal features of the
nonthermalized state that occurs in the presence of a
temperature gradient. Our second example showed the
ability of the method we present to model more complex
situations with baths coupled to every site.

We note that the PT-MPO approach can be applied to
various other many-body tensor network methods [66–70] and
that it can be modified to compute full-counting statistics of
heat transfer [71]. It thus enables the development of a ver-
satile set of numerical tools to study dynamics, correlations,
and thermodynamic properties of many-body open quantum
systems.

The numerical method introduced in this paper is available
through the open source Python package OQuPy [47]. The
code and numerical data for the two presented examples is
available at [72].
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APPENDIX A: PROCESS TENSORS AND TEBD

In this Appendix, we present details of our numerical
method that combines the process tensor approach to open
quantum systems with time-evolving block decimation
(TEBD). This method allows us to compute multitime
correlations of one-dimensional (1D) many-body quantum
systems in the presence of strongly coupled and structured
environments. We assume a total Hamiltonian of the form

Ĥ =
N∑

n=1

(
ĤS

n + ĤE
n

) +
N−1∑
n=1

K̂n,n+1. (A1)

It consists of on-site system Hamiltonians ĤS
n , on-site system-

environment interaction parts ĤE
n , and nearest-neighbor

coupling terms K̂n,n+1 for each of the N sites. Formally, we
require each of these operators to be in the set of bounded
linear operators B(H) on the appropriate Hilbert space H.
If HS

n and HE
n denote the system and environment Hilbert

spaces of the nth site, then ĤS
n ∈ B(HS

n ), ĤE
n ∈ B(HS

n ⊗ HE
n ),

and K̂n,n+1 ∈ B(HS
n ⊗ HS

n+1).
In principle, the on-site system Hamiltonians can be

completely absorbed in the definition of the on-site system-
environment interactions. However, we will see below that
it is often useful to separate the pure system part from the
interaction part as much as possible. In addition to the to-
tal Hamiltonian in Eq. (A1), we will also allow for on-site
time-local dissipative processes described by a local master
equation of GKSL form.

In the following, we derive the construction of the TEBD
tensor network augmented with the process tensor approach,
and we present a suitable contraction algorithm. Finally, we
will show how to extract the intermediate time chain dynamics
as well as multisite multitime correlations.

1. Tensor network construction

The entire following calculation is carried out in Liouville
space, i.e., we consider superoperators that act on the space of
vectorized density matrices. As a start, we consider the formal
solution of the von Neumann equation for the total density
operator at time t ,

ρ(t ) = eLtρ(0), (A2)

with the total Liouvillian L = −i[Ĥ, ·]. We can separate the
total Liouvillian into a chain and environment part

L = Lchain +
N∑

n=1

LE
n , (A3)

where

Lchain =
N∑

n=1

LS
n +

N−1∑
n=1

LK
n,n+1, (A4)

with each Liouvillian corresponding to a part of the total
Hamiltonian. As mentioned above, the system Liouvillians
may additionally include dissipative terms, i.e.,

LS
n · = −i

[
ĤS

n , ·] +
∑

k

(
L̂†

n,k · L̂n,k − 1

2
{L̂†

n,kL̂n,k, ·}
)

, (A5)

with GKSL operators L̂n,k ∈ B(HS
n ).

As a first approximation, we divide the total propagation
into M short time steps δt , and we perform a second-
order Suzuki-Trotter splitting [73] between the chain and the
environment terms,

eLt = [ eLδt ]M (A6)

� [ eLchain
δt
2 e(

∑N
n LE

n δt ) eLchain
δt
2 ]M (A7)

=
[

eLchain
δt
2

(
N∏

n=1

eL
E
n δt

)
eLchain

δt
2

]M

, (A8)

where the last equality follows from the fact that the LE
n act

on disjoint spaces. For ease of presentation, we now apply
this propagator to a total initial state that is separable between
the chain and each environment, i.e., ρ(0) = ρ̃chain

⊗
n ρ̃E

n .
We comment below how this can be extended to initially
correlated states. Let us now consider the reduced chain state,
which we obtain by performing the partial traces over all
environments, i.e., TrE := Tr{⊗n HE

n }. Assuming an initial sep-
arable state and the approximate propagator from the third line
of Eq. (A8), Fig. 11(a) expresses ρchain(t ) := TrE eLtρ(0) as a
tensor network for three time steps.

So far, the tensor network in Fig. 11(a) is unsuitable for car-
rying out a numerical computation. The tensors representing
the interaction with the environment (red tensors) explicitly
involve the environment Hilbert spaces, and the chain prop-
agators eLchain

δt
2 (green tensors) are still assumed to be exact,

with a total dimension of dim(HS
n )4N . This is impractical for

any generic environment and any chain of significant length.
In the following, we present how to construct the tensor
network in Fig. 11(c) instead, which is then suitable for an
efficient numerical computation.

First, we consider the part of the tensor network that con-
sists of the environment initial state ρ̃E

n , the interaction prop-
agators eL

E
n δt , and the final environment trace TrHE

n
, which

we draw again on the left-hand side of Fig. 11(b). Together,
these tensors constitute a multilinear map, which is—per
definition—the process tensor of the system-environment in-
teraction Hamiltonian ĤE

n for the initial state ρ̃E
n [48]. In

principle, each process tensor is of dimension dim(HS
n )4M ,

but in many cases it can be efficiently represented by a
matrix product operator (MPO) with a truncated bond dimen-
sion. This truncated bond dimension depends on the specific
Hamiltonian ĤE

n , and it can be understood as a measure
of quantum non-Markovianity for the environment interac-
tion at hand [53]. We have briefly described a few of the
currently available methods for the computation of process
tensors in MPO form (PT-MPO) for various environments
[36,37,39,40,42,43,47] in the main text. The right-hand side
of Fig. 11(b) shows such a PT-MPO for three time steps.
In Fig. 11(c) we have replaced the process tensors with the
PT-MPOs obtained by one of the methods mentioned above.
Given that the computation of such a PT-MPO is often numer-
ically involved, it can be beneficial to absorb all pure on-site
system terms into LS

n and reuse the PT-MPO for any identical
occurrences of the LE

n environment interactions.
Next, we consider the chain propagators eLchain

δt
2 . To

decompose these large tensors into smaller tensors, we per-
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FIG. 11. Tensor networks combining process tensors and TEBD. (a) Tensor network for three time steps using a second-order
Suzuki-Trotter splitting between a five-site chain and its environments. (b) A process tensor (left-hand side) and the corresponding PT-MPO
(right-hand side). (c) Full tensor network for a five-site chain using a second-order Suzuki-Trotter splitting in both environment and intersite
coupling. (d) Full tensor network to compute the two-time correlation 〈B̂(2δt ), Â(1δt )〉.

form another second-order Suzuki-Trotter splitting (this time
among the chain sites), making use of the fact that the
chain Hamiltonian only contains on-site and nearest-neighbor
terms. Higher-order expansions and long-range couplings are
also possible [70,73]. This standard procedure leads to a
TEBD tensor network for the chain evolution in Liouville
space [54,55]. For this, we first absorb the on-site system
Hamiltonians ĤS

n into the nearest-neighbor terms K̂n,n+1 by
defining

K̂ ′
n,n+1 := K̂n,n+1 +

⎧⎪⎪⎨
⎪⎪⎩

ĤS
1 + 1

2 ĤS
2 for n = 1,

1
2 ĤS

N−1 + ĤS
N for n = N − 1,

1
2 ĤS

n + 1
2 ĤS

n+1 otherwise,

(A9)

such that Lchain = ∑N−1
n=1 LK ′

n,n+1. A first-order Suzuki-Trotter
splitting, for example, then yields

eLchain
δt
2 = exp

(∑
n

LK ′
n,n+1

δt

2

)
(A10)

= exp

(∑
n odd

LK ′
n,n+1

δt

2
+

∑
n even

LK ′
n,n+1

δt

2

)
(A11)

�
∏
n odd

eL
K ′
n,n+1

δt
2

∏
n even

eL
K ′
n,n+1

δt
2 . (A12)

In Fig. 11(c) we replace the half-time-step chain propagators
eLchain

δt
2 with a second-order Suzuki-Trotter splitting, which

is of a similar form to the first-order splitting presented in

Eq. (A12) and consists of two-body gates of the form eL
K ′
n,n+1

δt
4 .

Finally, we insert the initial chain state as a matrix product
state (MPS) in Vidal form [74]. Although the pure chain
propagation works completely analogously to TEBD, each
of the � tensors of the MPS needs to have an extra leg that
corresponds to the entanglement of the chain site with its
environment. We will call this MPS the augmented MPS. For

initially uncorrelated chain-environment states, the MPS has
initially no such legs. In such cases, we nonetheless include
dummy legs of dimension 1. These are indicated with dot-
ted lines in Fig. 11(c). We do this such that the contraction
algorithm for the first time step is of the same form as for
all later steps, as well as to include the case of an initially
correlated state [48], for which the dimension of the dotted
lines is >1.

2. Contraction algorithm

Figure 11(c) shows the full tensor network for three time
steps of a five-site chain. To contract such a network, we
propose to absorb the tensors into the augmented MPS line
by line. This involves two different types of contraction se-
quences, which we describe in the following.

The first type is a contraction of the augmented MPS
with the chain propagators, which consist of two-site nearest-
neighbor gates. We suggest a sequence of operations in
Figs. 12(c)–12(h). Compared to the canonical TEBD, this se-
quence includes some additional operations for the augmented
legs with the aim of minimizing the size of the intermedi-
ate tensors involved. Figures 12(c)–12(h) show the proposed

operations for applying a two-body gate G = eL
K ′
n,n+1

δt
4 to an

augmented MPS:

(c-d) Contraction:
BL := λn−1�n and BR := �n+1λn+1.

(d-e) Truncated singular value decomposition:
U B

L �B
LV †B

L :� BL and U B
R �B

RV †B
R :� BR.

(e-f) Contraction:
D := �B

L V †B
L λn GU B

R �B
R .

(f-g) Truncated singular value decomposition:
U D�DV †D :� D and λ̃n := �D.
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FIG. 12. Contraction algorithms for the PT-MPO and augmented MPS. (a) Construction of the fourth cap tensor C (4)
n of the PT-MPO at

site n. (b) Construction of the third cap tensor C (3)
n . (c)–(h) Contraction and decomposition sequence for the application of a two-site gate G on

the augmented MPS. (i),(j) Contraction of the augmented MPS with a PT-MPO tensor. (k),(l) Contraction of the augmented MPS with the cap
tensors, yielding a canonical MPS in Liouville space.

(g) Insert identities:
λn−1λ

−1
n−1 = 1 and λ−1

n+1λn+1 = 1.

(g-h) Contraction:
�̃n := λ−1

n−1U
B
L U D and �̃n+1 := V †DV †B

R λ−1
n+1.

We use a relative singular value truncation threshold ε,
which we typically set to be of the order 10−6. Let Ũ �̃Ṽ † = X
be an exact singular value decomposition of the matrix X ∈
Ca×b. We then choose the truncated bond dimension χ to be as
small as possible, while maintaining ‖�̃ − �‖2 < ε max[�̃].
Here, U ∈ Ca×χ , � ∈ Cχ×χ , and V † ∈ Cχ×b denote the trun-
cated matrices, and ‖�̃ − �‖2 is the 2-norm of the discarded
singular values.

The other type of operation that occurs when absorbing the
tensor network line by line is the contraction of the augmented
MPS with the subsequent parts of the PT-MPOs. Figures 12(i)
and 12(j) show the contraction of an augmented MPS site (�n)
with a single tensor of a PT-MPO (Pn). This contraction only
updates the � tensors of the augmented MPS, where the bond
legs of the PT-MPOs become the new augmented legs of the
augmented MPS.

We point out that the contraction sequences described
above only act locally on a short part of the augmented MPS
for each step. This contraction scheme is therefore well suited
for parallel computing.

3. Intermediate chain evolution

As presented thus far, this method would only yield a
reduced chain state at the final time step. We can, however,
extract the reduced density matrix of the chain for every inter-
mediate time step by temporarily removing the correlations of
the augmented MPS with the environment. This can be done
using the so called containment property of process tensors,
which allows the generation of process tensors for a smaller

set of time slots by tracing over all later time slots [48].
For this we construct the tensors C(m)

n (which we call cap
tensors), as shown in Figs. 12(a) and 12(b). Applying these
cap tensors to the augmented MPS at time step m removes
the augmented leg and yields a canonical MPS that represents
the vectorized reduced density matrix of the chain at that time
[see Figs. 12(k) and 12(l)].

4. Multisite multitime correlations

Finally, we explain how to compute multisite multitime
correlations. As an example, we could be interested in
the correlation 〈B̂(2δt ), Â(1δt )〉, with Â and B̂ acting on
the fifth and third spin of a five-site chain, respectively.
More generally, we consider all correlations C of the form

C =
〈

P∏
p=1

Ĉp(mpδt )

〉
, (A13)

with P time-ordered operators acting on possibly different
chain sites Ĉp ∈ B(HS

np
) at times mpδt . This can be written as

C = Tr

⎡
⎣ P∏

p=1

(
CL

p eL(mp−mp−1 )δt
)
ρ(0)

⎤
⎦ (A14)

= Tr

⎡
⎣ P∏

p=1

(
CL

p [ eLδt ](mp−mp−1 )
)
ρ(0)

⎤
⎦, (A15)

with m0 := 0 and the left acting superoperators CL
p := Ĉp ·.

To represent Eq. (A15) as a tensor network, we replace the
full propagators eLδt with the same construction as above.
This leads to the same tensor network as in Fig. 11(c), but
with additionally inserted superoperators and with additional
traces over the chain sites at the top of the network. We
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FIG. 13. The bond dimensions of the augmented MPS during the
propagation of the nine-site spin chain placed between two baths
from the initial to the approximate steady state, for the clean (a) and
disordered (b) case.

exemplify this in Fig. 11(d) for the above example of
〈B̂(2δt ), Â(1δt )〉. Finally, we mention that for out-of-time
ordered correlations, the operators need to be inserted as
right-acting superoperators CR

p := · Ĉp instead.

APPENDIX B: DETAILS OF CALCULATIONS FOR XYZ
SPIN CHAIN WITH THERMAL LEADS

In this Appendix, we present further details and results
of the spin-chain simulations discussed in the main text. We
comment on the process tensor computation and explain how
we use the PT-MPO approach to TEBD to compute the fluc-
tuation and dissipation spectra.

1. Process tensor computation

The method introduced above requires precomputed PT-
MPOs to capture the interactions with the environments. We
consider bosonic baths with an Ohmic spectral density, a cou-
pling strength of α = 0.32, and a cutoff frequency ωc = 4.0
[see Eq. (3) and the text following]. A suitable method for
the computation of the corresponding PT-MPO is a process
tensor adoption of the time-evolving matrix product operator
(PT-TEMPO) method [36,37,39,47]. Such a computation has
three convergence parameters: the time step δt , the maximal
number of memory steps �Kmax, and the relative singular
value truncation threshold εTEMPO. The product δt �Kmax

is the maximal correlation time of the environment that is
included in the computation. The environment correlation
function

C(τ ) =
∫ ∞

0
J (ω)

[
cos(ωτ ) coth

(
ω

2T

)
− i sin(ωτ )

]
dω

(B1)

drops at time t = 8.0 below 10−3 of its maximum value. Con-
sistent with this, we find the choice of δt = 0.2, �Kmax = 40,
and εTEMPO = 10−6 to be adequate. We comment on checking
the convergence of the simulations in more detail below. We
carried out the computation of the PT-MPOs using the open-
source package OQuPy [47]. It took approximately 4 min to
calculate a process tensor with 1600 time steps on a single
core of an Intel i7 (8th Gen) processor. The resulting process
tensors have a maximal bond dimension of 37 and 44 for the
temperatures Thot = 1.6 and Tcold = 0.8, respectively.

FIG. 14. The maximal bond dimension of the nine-site spin chain
augmented MPS as a function of time after the application of σ̂ x

n ,
σ̂ y

n , and σ̂ z
n for each site n and the clean (a)–(c) and disordered case

(d)–(f).

2. Multitime correlations and fluctuation
and dissipation spectra

To extract dissipation and fluctuation spectra, we first
evolve the spin chain from the initial state at time ti = 0.0
to the approximate steady state at time tss. During the TEBD
propagation, we used a relative singular value truncation of
εTEBD = 10−6. We found that for all scenarios considered,
tss = 192.0 (960 steps) is long enough to reach an approx-
imate steady state. For the results presented in this paper,
we have chosen the initial state of each spin to be ρ̃S

n ∝
exp(− εnŝz

2Tn
), where Tn = Thot and Tn = Thot + n−1

8 (Tcold − Thot )
for the five-site and the nine-site chains, respectively. As ex-
pected, we found the same steady state and the same two-time
correlations when starting from other random initial product
states.

Then, to compute two-time correlations such as 〈B̂(tss +
τ )Â(tss)〉 with respect to some single-site operators Â and B̂,
we apply the left-acting superoperator AL = Â· to the steady
state and compute the expectation value of B̂ for all later times
up to the final time t f = 320.0. We can thus compute the
two-time correlations 〈σ̂ z

n (tss + τ )σ̂ z
n (tss)〉 of spin n for all τ

up to τmax := t f − tss with a single propagation starting from
the steady state. It is important to point out that the expression
“steady state” refers to the state of the whole (chain and en-
vironments) and not just the reduced chain state. Because the
two-time autocorrelations of the chain depend on the steady-
state correlations of the chain with the environment, it is vital
to continue the propagation from the full augmented MPS,
incorporating entanglement with the environment, at time tss.

With this, we obtain 〈σ̂ z
n (tss + τ )σ̂ z

n (tss)〉 for all
τ ∈ (0, τmax), which we identify with 〈σ̂ z

n (τ )σ̂ z
n (0)〉ss at

the steady state. Using〈
σ̂ z

n (τ )σ̂ z
n (0)

〉
ss = 〈

σ̂ z
n (0)σ̂ z

n (−τ )
〉
ss

= 〈
σ̂ z

n (0)σ̂ z
n (τ )

〉∗
ss, (B2)

we can construct commutators and anticommutators for
τ ∈ (−τmax, τmax) and employ a fast Fourier transformation
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on this interval to compute the fluctuation and dissipation
spectra.

To check the convergence of the simulations with respect to
the computation parameters, we study the finite differences of
our results with respect to altered parameters. We performed
simulations substituting δt = 0.2 → 0.15, �Kmax = 40 →
30, εTEMPO = 10−6 → 10−5 for the process tensor computa-
tion; and εTEBD = 10−6 → 10−5, tss = 192.0 → 160.0, and
τmax = 128.0 → 160.0 for the augmented TEBD evolution.
We found that the resulting differences are dominated by
the variation of εTEBD, and we thus use these differences
as an estimate for the numerical error. We plot this error
estimate in Figs. 4(b) and 4(d) by broadening the lines ap-
propriately. For all other plots (see Figs. 3, 6, and 7), the
estimated error is smaller than or similar to the thickness of
the lines.

We carried out all computations employing code that we
have made public as part of the open-source python pack-
age OQuPy [47]. The total propagation for the single bath
five-site chain took 68 min on a single core of an Intel i7
(8th Gen) machine. For the nine-site chain, the propagation
from the initial state to the steady state took 8 h 6 min on four
cores of an Intel Xeon E5-2695 machine. The propagation
after the application of the first σ̂ z

n took between 6 h 37 min
and 8 h 39 min, depending on the site n to which it was
applied.

3. MPS bond dimension during two-time calculations

Figure 13 shows the bond dimensions of the augmented
MPS during the propagation of the spin chain from the ini-
tial to the approximate steady state. As expected, the bond
dimension is larger towards the middle of the chain. It appears
that the transient dynamics of the chain passes through a
state with a significantly higher entanglement entropy among
the sites compared to the steady state, signaled by the bond
dimension peak at about t = 8.0. Panel (c) of Fig. 14 shows

the maximal bond dimension of the augmented MPS as a
function of time after the application of σ̂ z

n for each site n
of the clean spin chain. It shows a similar behavior to the
bond dimension during the initial propagation, and it peaks at
approximately τ = 7.0. In Figs. 14(a) and 14(b) we observe a
plateau at its highest value before it drops towards the end of
the simulation.

APPENDIX C: DETAILS OF CALCULATION
FOR 21-SITE XY SPIN CHAIN

We choose δt = 0.2, �Kmax = 40, εTEMPO = 10−6 for the
process tensor computation, and we find converged dynamics
for PT-MPOs with a small bond dimensions of ξ = 26 and 37
for α = 0.16 and 0.32, respectively.

The computation of the chain dynamics through the
augmented TEBD tensor network depends strongly on the
anisotropy η. For a given relative singular value truncation
threshold εTEBD, the maximal necessary bond dimension χ

increases with larger anisotropy. Considering the entire dy-
namics for coupling strength α = 0.32 and choosing εTEBD =
10−6, we find χ = 204 and 382 for η = 0.0 and 0.04, respec-
tively. While for the isotropic case χ settles to a constant
value after the initial quench, we find that χ slowly grows
(approximately linearly) over time for the anisotropic case.
This is consistent with the intuition that the additional exci-
tations in the system due to the anisotropy lead to a growth
of the subspace in which the most relevant spin dynamics
takes place. Further simulations suggest that even for the
anisotropic case, the bond dimension χ is, however, indepen-
dent of the chain length, which means that the computation
scales approximately linearly with system size. The most
challenging computation numerically was the chain dynamics
for α = 0.32 and η = 0.04, for which the entire computation
took 46 h on a single computing node using 32 Intel Xeon
E5-2695 CPUs.
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